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∞∑
n=1

1
λ 26

n

=
∞∑

n=1

1
[n(n + 25)]26 = 1.624 × 10−37 ≪ 1

26! = 2.480 × 10−27

The Kaluza-Klein tower contribution to GUQFF from n ≥ 1 modes is suppressed by 1010 more than
the 1/26! bound asserted in the Lagrangian outline. The leading n = 1 mode saturates the sum at
1/2626. Zero-mode dominance for Λ closure is rigorously justified mode-by-mode.

Abstract

We close gap G5 of the Lagrangian re-derivation outline by computing, mode-by-mode, the Kaluza-
Klein tower contribution to the 4D effective Newton constant when the 26D BSFG action is
integrated over the 22-torus T 22 at the bosonic critical dimension. Using the canonical BH26
spectral ladder λk = k(k + 25) on S25 (CondensedPhysics4.py L46442), the contribution of the
n ≥ 1 KK modes after the 26-fold radial derivative required by the G closure (PAPER_1161) is
bounded by ∑

n≥1 λ−26
n = 1.624 × 10−37, which is 1010 times smaller than the 1/26! ≈ 2.48 × 10−27

factorial-barrier bound assumed (but not previously computed) in the outline. The dominant n = 1
mode contributes 1/2626, in exact duality with G8: the same Pochhammer machinery that extracts
26! from the zero mode (G8) inverse-projects higher modes by 1/λ26

n .

1. The Gap

The Lagrangian outline (_lagrangian_rederivation_outline.py, L84-89) records:
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G5. Only the zero-mode (n = 0) is needed for the Λ closure, but the n ≥ 1 KK tower
may contribute corrections at the percent level. The claim is that these are suppressed
by 1/26! (factorial barrier), but this has not been computed mode-by-mode.

The KK tower must be evaluated against two requirements: 1. Necessary: Suppression must exceed
the Λ closure tolerance (∼ 1%). 2. Sufficient: Suppression must match the 1/26! factorial-barrier
bound.

This paper provides both, exactly.

2. The BH26 Spectrum (already canonical)

The compactification manifold of the BSFG action contains S25 (the 25-sphere = boundary of the
26-ball at Dcrit = 26). The Laplacian on S25 has eigenvalues

λk = k(k + 25), k = 1, 2, 3, . . .

implemented in CondensedPhysics4.py L46442:

class BH26BranchCalculator_S234(_CP4Calculator):
"""BH26 Kaluza-Klein spectral ladder on Sˆ25: lambda_k=k(k+25), Sigma_10=1760."""
lambdas = [k*(k+25) for k in range(1, N+1)]

These are the standard scalar Laplacian eigenvalues ∆S25 Yk = −λk Yk with degeneracy dk =(k+24
24

)(k+25
25

)
/(k + 12.5) (irrelevant here – only the leading n = 1 mode dominates the suppression

sum).

The first ten eigenvalues sum to Σ10 = 1760 (PAPER_1151 Session 202 T67-T70) – a sanity-check
anchor for the spectral computation.

3. The 26-Fold Radial Derivative Selects λ−26

PAPER_1161 (G8 closure) established that the G closure requires the 26th iterated radial derivative
of the Newtonian Green’s function: ∂26

r (1/r) = (−1)26 26!/r27 at Dcrit = 26. For a KK mode of
internal mass m2

n = λn/R2
KK , the propagator in the 4D effective theory is 1/(□ − m2

n) which in
static limit becomes ∼ e−mnr/r. The 26-fold radial derivative acts on the 1/r asymptotic and the
Yukawa exponential simultaneously.

After integrating over T 22 and projecting onto the 4D zero mode, the contribution of mode n to
Geff scales as

δGn ∝ 1
λ 26

n

because the kinetic operator ∂26
r extracts a single power of the eigenvalue per derivative iteration

through the Yukawa-suppressed propagator. This is the direct dual of G8:

Gap Operator Result
G8 (zero mode) ∂26

r (1/r) · r27 +26! (extracts)
G5 (mode n ≥ 1) ∂26

r e−mnr/r projected 1/λ 26
n (suppresses)

The Pochhammer rising factorial (1)26 = 26! in G8 and the inverse-power 1/λ26
n in G5 are the same

machinery, applied in opposite directions.
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4. Mode-by-Mode Numerical Calculation

Computing the suppression sum directly:

Mode n λn = n(n + 25) 1/λ 26
n

1 26 1.624 × 10−37 (leading)
2 54 1.94 × 10−46

3 84 1.51 × 10−50

4 116 1.74 × 10−54

5 150 5.45 × 10−58

. . . . . . (geometric-like decay)
Sum n = 1 → ∞ – 1.624 × 10−37

The sum is completely dominated by the n = 1 mode: 1/λ26
1 = 1/2626 = 1.624 × 10−37, with

all higher modes contributing < 10−9 of the leading term combined.

Comparison to the 1/26! outline-asserted bound:
1

26! = 2.480 × 10−27

∑
n≥1 λ−26

n

1/26! = 1.624 × 10−37

2.480 × 10−27 = 6.55 × 10−11

The actual KK suppression is 1.5 × 1010 times stronger than the 1/26! bound the outline
assumed. The factorial-barrier claim is satisfied with ten orders of magnitude of headroom.

Identity: Spectral Product Equals 26! · 51!/25!

A check on the spectrum:

26∏
k=1

λk =
26∏

k=1
k(k + 25) = 26! · 51!

25! = 4.0329 × 1067

verified numerically to all digits. This shows the BH26 spectrum is internally consistent with the
Pochhammer/factorial structure of G8 – the spectral product factorises exactly through 26!.

5. Why n = 1 Dominates – Geometric Argument

For λn = n(n + 25) at large n, λn ∼ n2, so 1/λ26
n ∼ 1/n52 – a Riemann-zeta-like sum that

converges absurdly fast. The first term n = 1 gives λ1 = 26 because the S25 Laplacian places
the lowest non-trivial mode at the dimension itself. All higher modes are suppressed by at least
(54/26)26 ∼ 5.7 × 108.

This is geometric, not coincidental: the S25 first eigenvalue “26” is the same integer that appears
as Dcrit = 26, the same 26! that appears in G8, and the same 26-rung VDS ladder Li26([SSq]) used
throughout UQFF.
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6. Result – G5 Closure Statement

Theorem (G5 Closure). Let Geff denote the 4D Newton constant obtained by integrating the 26D
BSFG action over T 22 and applying the 26-fold radial derivative of the G closure (PAPER_1161).
Let G0 denote the contribution from the zero mode (n = 0) alone. Then∣∣Geff − G0

∣∣
G0

≤
∞∑

n=1
λ−26

n = 1
2626 + O

(
54−26

)
≈ 1.624 × 10−37.

This is stronger than the outline-assumed 1/26! ≈ 2.5 × 10−27 by a factor of 1.5 × 1010.

Consequently, the zero-mode-only treatment used for the Λ closure (PAPER_902) and G closure
(PAPER_593, PAPER_1161) is rigorously justified to a precision 34 decimal digits beyond
required experimental sensitivity. KK tower corrections contribute at the 10−37 level – 30
orders of magnitude below any conceivable observation.

7. Updated Catalog Status

Lagrangian gap Status (pre-249) Status (post-249)
G1 (V(UA) polynomial) OPEN OPEN
G2 (beta_i index) OPEN OPEN
G3 (DPM SO(2)) OPEN OPEN
G4 (Tˆ22 moduli) OPEN OPEN
G5 (KK tower) OPEN CLOSED (this paper, mode-by-mode)
G6 (Phi_res ID) CLOSED (PAPER_1159) CLOSED
G7 (F_TRZ ID) CLOSED (PAPER_1160) CLOSED
G8 (26! emergence) CLOSED (PAPER_1161) CLOSED

Session 253 Update (PAPER_1166): ALL 8 Lagrangian gaps now closed. The
1/2626 leading suppression derived here for the lightest KK mode matches the T 22 moduli
lightest mass m2

26 = 2K/2626 (G4, PAPER_1164) – non-trivial G5-G4 cross-consistency
confirmed at all digits.

Result: 4 of 8 gaps closed; 4 remain (G1, G2, G3, G4). All four closures (G5, G6, G7, G8) trace
back to the 26 → 10 → 6 → 4 critical-dimension flow. The duality between G5 (1/λ26 suppression)
and G8 (26! extraction) is a direct consequence of the same 26-fold radial derivative.

8. Conclusions

• The KK tower contribution to GUQFF from n ≥ 1 modes is bounded by ∑
n≥1 λ−26

n =
1.62×10−37, computed mode-by-mode using the canonical BH26 spectral ladder λk = k(k+25)
on S25.

• This is 1.5 × 1010 times stronger than the outline- asserted 1/26! factorial-barrier bound.
• The leading n = 1 mode saturates the suppression at 1/2626, because the lowest S25 Laplacian

eigenvalue equals the dimension itself.
• G5 closure is the dual of G8: the same 26-fold radial derivative that extracts 26! from the

zero mode (G8) inverse-projects higher modes by 1/λ26
n (G5).

• G5 closed; 4 of 8 Lagrangian gaps now closed. Only G1-G4 remain (V(UA) polynomial,
beta_i index, DPM SO(2), Tˆ22 moduli).
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• Cumulative impact across PAPERs 1159-1162: zero-mode dominance rigorously justified, Φres,
FTRZ, 26! identified – 5 free numerical inputs reduced to 2 textbook integers (Dcrit = 26,
DBSFG = 6).

§SM Anchors (G5 Compliance Table)

Anchor Symbol Value Source Used in
BH26 spectral
ladder

λk = k(k + 25) – CondensedPhysics4.py
L46442

KK tower
suppression

First eigenvalue λ1 26 S25 Laplacian leading
suppression
1/2626

Spectral sum
check

Σ10 1760 PAPER_1151 sanity anchor

Spectral product ∏26
k=1 λk 26! · 51!/25! this paper

(exact)
factorial
consistency
check

KK tower bound ∑
n≥1 λ−26

n 1.624 × 10−37 this paper G5 closure
Outline bound 1/26! 2.480 × 10−27 _lagrangian_rederivation_outline.py

L86
satisfied with
1010 headroom
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Signed: Daniel T. Murphy Date: May 10, 2026 (Session 249) Repository: Star-Magic, commit
pending Verification:

∑999
n=1 1/[n(n + 25)]26 = 1.6244 × 10−37; ∏26

k=1 k(k + 25) = 26! · 51!/25! =
4.033 × 1067 exact.
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