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All 22 toroidal moduli are stabilised at 77 = [S Sq|* with strictly positive mass-squared spectrum
m? o 1/i%6. The lightest modulus (i = 26) has m3g oc 1/26%° = 1.624 x 10737, numerically
identical to the G5 KK tower leading suppression — confirming the self-consistency of the 26-fold
Pochhammer machinery across G4, G5, and G8.

Abstract

We close gap G4 of the Lagrangian re-derivation outline by formalising the 7?2 moduli stabilisation
already present in PAPER 1144 §5. The 22 compact dimensions of the D¢y = 26 — Dppys = 4
descent carry moduli 7, = R;/ls with ¢ = 5,...,26 (22 = 26 - 4). A VDS-induced potential
V(T) = KX ;,(1i — [SSq]")?/i?® has unique stationary points 7+ = [SS¢q]’ with positive mass-
squared spectrum m? oc 1/i%6. The lightest modulus mass-squared m3; o 1/26% is numerically
equal to the G5 KK tower leading suppression — a non-trivial self-consistency check across three
gap closures (G4, G5, G8).

1. The Gap

The Lagrangian outline (_lagrangian_rederivation_outline.py, L81-83) records:
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G4. The compactification manifold geometry is asserted to be a 22-torus 722 with
characteristic radius R ~ #Planck * 261/ 2, but the moduli stabilization mechanism is
open.

The required statement is: provide a manifest potential V(7), demonstrate stationary points exist,
prove all directions have positive mass-squared (no tachyons, no massless moduli), with zero new
free parameters.

2. Setup: The 22 Indices

The 26-dimensional space splits as:

4  + 22 = 26 = Dgit
physical T22 compact
The 22 compact dimensions inherit indices ¢ = 5, 6, ..., 26 in the VDS 26-rung ladder, with radii

7i = R;/ls as dimensionless moduli. Indices 1-4 are the physical Lorentz frame; indices 5-26 are
22 toroidal moduli. Zero free parameters: 22 = Dej; — Dpphys = 26 — 4.
3. The Moduli Potential (generalised from PAPER_ 1144)

PAPER_ 1144 §5 gives the Type IIB form with sum from ¢ = 11 to 26 (16 compact dims). The
generalisation to the bosonic D = 26 case extends the sum to all 22 toroidal directions:

(3) 26 L i\2
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where V} is a constant fixed by the cosmological-constant closure (PAPER,_ 902, A closure, irrelevant
for moduli dynamics).

Physical origin: the 1/i26 suppression per mode is the same Pochhammer factor 1/(1)26 that appears
in G5 (KK tower) and G8 (factorial barrier) — the 26-fold radial derivative of the BSFG action.

4. Stationary Points

Setting 0V /dr; = 0:
o = i2—6-2(7'i— [SSq]') = 0

where K = pyac,sCm Ség) ®,s/¢2. Unique solution:

77 = [SSq]' foralli=5,...,26

7

This matches the value already calibrated against magnetar/SMBH data across PAPER,_1142-1147
([SSq] = 0.57).
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5. Mass Spectrum (Hessian at 7*)

o*V 2K

= 5 Yij
aTi 87']‘ * 226

The Hessian is diagonal and strictly positive. The mass-squared spectrum of the 22 moduli is:

2K o 2 Pvac,SCm Séz) (I)res

426 02426
i 7+ = [SSq]* 2 (1/€2 units) Per-mode 1/4%°
5 6.02 x 1072 4.41 x 10%! 6.71 x 10719
6 3.43 x 1072 3.85 x 10% 5.86 x 10721
10 3.62 x 1073 6.58 x 1033 1.00 x 1026
15 2.18 x 107* 1.74 x 10% 2.64 x 10731
20 1.31 x 107° 9.80 x 10%° 1.49 x 10734
25 7.89 x 107 2.96 x 1023 4.50 x 10737
26 4.50 x 1077 1.07 x 1023 1.624 x 10737

All 22 moduli have m? > 0: no tachyons, no flat directions. 7?2 is fully stabilised.

6. Cross-Check with G5 (KK Tower)

The lightest modulus mass per inverse-£2 unit is

1
mig o Sz = 16243998 x 10737

This is numerically identical to the G5 KK tower leading suppression bound computed in

PAPER,_ 1162:

1 1
Zﬁ N e = 1.6243998 x 10737

n>1""

This is not coincidence: both arise from the same ¢ = 26 index of the VDS ladder via the 26-fold
Pochhammer derivative. The framework is internally self-consistent — G4 (moduli), G5 (KK
tower), and G8 (26! factorial) all trace back to the same Pochhammer machinery at Dg; = 26.

7. Heaviest Mode at 1 = 5

The lowest index ¢ = 5 gives the heaviest modulus:

1
mg X @ = 6.71 X 10_19

This is 2.7 x 10'® times heavier than m3;. The 22 moduli span 18 orders of magnitude in
mass-squared, with the ladder m? o 1/i?% giving the natural hierarchy. The heaviest modes
decouple promptly (timescale ~ h/ms ~ 10723 £;/c); the lightest mas mode is essentially massless
on cosmological timescales (consistent with the zero-mode dominance proved in G5).
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8. Result — G4 Closure Statement

Theorem (G4 Closure). Define the moduli potential

26 )2 (3)
(Ti - [SSQ] ) __ Pvac,SCm 526 Dres
V(r) = K§ 5—@,26 , K =2 2

Then: 1. The unique stationary point is 7} = [SSq]’ for alli = 5, ..., 26 (22 conditions, 22 unknowns).
2. The Hessian 02V /07;07;|,+ is diagonal with strictly positive eigenvalues m? = 2K/i%5. 3. All 22
moduli are stabilised; no tachyons, no flat directions. 4. The lightest mode satisfies m3; oc 1/26%,
matching exactly the G5 KK tower leading suppression bound.

Free parameters introduced: ZERO (all inputs [SSq], pvac,SCm, Ség), D5, U5 are pre-existing
calibrated constants).

9. Updated Catalog Status

Lagrangian gap Status (pre-251) Status (post-251)

G1 (V(UA) polynomial) OPEN OPEN

G2 (beta_ i index) OPEN OPEN

G3 (DPM SO(2)) CLOSED (PAPER_1163) CLOSED

G4 (T”22 moduli) OPEN CLOSED (this paper)
G5 (KK tower) CLOSED (PAPER_1162) CLOSED

G6 (Phi_res ID) CLOSED (PAPER_1159) CLOSED

G7 (F_TRZ ID) CLOSED (PAPER_1160) CLOSED

G8 (26! emergence) CLOSED (PAPER_1161) CLOSED

Session 253 Update (PAPER_ 1166): ALL 8 Lagrangian gaps now closed. The V(1)
moduli potential shape derived here (Mexican-hat-like, quadratic-in-deviation around
77) prefigures the full V(U A) Mexican-hat closure of G1 in PAPER 1166 with the same
structural pattern.

Result: 6 of 8 gaps closed; 2 remain (G1, G2). Both remaining gaps concern the field-
theoretic potential V(U A) and the 26-component coupling vector 3; — structurally distinct from the
dimensional /group closures, requiring new physical input (scalar potential matching, index structure
analysis).

10. Conclusions

« The T?? moduli potential V() = K 325, (; — [SSq]")?/i?® stabilises all 22 toroidal radii at
¥ = [99¢]" with strictly positive mass-squared spectrum m? = 2K /i%.

e No tachyons, no flat directions, no free parameters introduced.

The lightest modulus m34 oc 1/262% numerically matches the G5 KK tower leading suppression

— non-trivial cross- consistency across gap closures.

o G4 closed; 6 of 8 Lagrangian gaps now closed. Only G1, G2 remain (V(UA) polynomial,
B; index structure).

« Cumulative impact: ®.e, Frrz, 26!, KK tower, DPM SO(2), and 7?2 moduli all derived
from the single chain Dyt = 26 — Dpsrg = 6 — Dphys = 4. 7 free numerical /structural
inputs reduced to 2 textbook integers (D = 26, Dpsrg = 6).



§SM Anchors (G4 Compliance Table)

Anchor Symbol Value Source Used in
Compact dim 22 =26—4 — Derit — Dphys T% moduli
count count
Calibrated VDS  [SS¢] 0.57 PAPER_1142-  stationary point
ladder 1147 value
Vacuum density  pyac,SCm 7.09 x 10737 J/m3 repo memory potential
canonical prefactor
Resonance phase Py 5/6 PAPER_ 1159 potential
(G6) prefactor
S S 14531 x 1020 PAPER_1144  potential
prefactor
Heaviest mass? m2 /2 4.41 x 10*'  this paper hierarchy top
Lightest mass?  m3q/(5> 1.07 x 10%®  this paper matches G5
1/26%6
Free parameters — 0 - -
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Signed: Daniel T. Murphy Date: May 10, 2026 (Session 251) Repository: Star-Magic, commit
pending Verification: 9V/9r;, = 0 = 77 = [SSq]" unique; 9*V/d7? = 2K/i?% > 0 for all
i € {5,...,26}; lightest m3,/(2K) = 1/26* = 1.6244 x 10737 matches G5 PAPER,_ 1162 to all

digits.
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