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Abstract

We present methods for generating fractures aligned unstructured PEBI grids. Using these grids, we
perform a grid sensitivity tests of fractured reservoirs in which fractures are represented either as
embedded lower-dimensional features or as explicitly gridded entities of equal or reduced dimensional-
ity. We compare the performance of fracture-modelling approaches. In the embedded discrete fracture
model (EDFM), fractures are represented as lower-dimensional cells connected to surrounding matrix
cells through non-neighbour connections. From a grid-generation perspective, fracture networks are
inserted after the matrix grid is built, requiring the computation of fracture-matrix intersections.
We generate a range of grids with varying refinement levels around fractures to demonstrate the
capabilities of the PEBI grid generator. Numerical results from EDFM are benchmarked against a
discrete fracture modelling (DFM) approach, which relies on more complex PEBI grids aligned to
fractures with respect to control points and/or volumes. For DFM, the fracture network is honoured
first, followed by meshing of the surrounding domain. Simulation results show that pressure-transient
behaviour near fractures is better captured when smooth local refinement is used. However, compared
to DFM, EDFM does not require that fracture cells be aligned with matrix, and nor does it enforce
continuity of flux. Consequently, EDFM cannot accurately resolve flow across low-permeability barri-
ers. We also test EDFM on advanced control-point-aligned and locally refined PEBI grids. Although
some improvement in flow resolution is observed, EDFM still fails to capture flow around barriers.
To address this limitation, we propose a modification for barrier cases: thereby assigning harmonic
mean of matrix and fracture permeabilities to matrix cells associated with the embedding fracture.
Numerical experiments show that updating the permeabilities of these underlying matrix cells enables
EDFM to reproduce flow behaviour around barriers comparable to that of DFM.
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1 Introduction

Fractures are a system of rock discontinuities, e.g.,
faults, joints and fissures, that occur in porous
media with apertures having widths ranging over
scales from microns to centimetres [1]. Open frac-
tures act as preferential fluid flow paths above a

certain aperture and size whereas cemented frac-
tures can act as flow barriers. Flow, in any rock,
is affected by a few large fractures, by a dense
network of small fractures, or by a combination
of fractures of varying length scales ranging from
microns to hundreds of kilometres [2, 3]. Usu-
ally the matrix provides the storage for the fluid



while fractures provide the main fluid flow paths.
For example, in two-phase flow, fractures may
form the predominant flow paths for a particular
phase and the less permeable matrix may become
the flow region for the other phase [4]. There
is an immense importance in energy production
and environmental problems for understanding of
fluid flow through a fractured porous medium.
The oil industry has a special interest because
an estimated 60% of the world's remaining oil
reserves reside in fractured formations [5]. In addi-
tion to oil and gas production fracture modelling
is of interest in determining carbon sequestra-
tion strategies, radioactive waste management in
the subsurface [6], and flow of non-aqueous-phase
liquids in aquifers.

Fractured reservoirs are characterized by the
presence of two distinct types of porous media:
matrix and fracture [7]. The matrix and frac-
tured media have very different fluid storage
and conductivity characteristics. The importance
of fractures in reservoirs has led to increas-
ing effort being devoted to development of effi-
cient and accurate numerical methods to simu-
late fluid flow through fractured porous media.
Dual-porosity /permeability models, developed in
[8-11], have traditionally been used for the last few
decades. Flow transfer terms are defined between
the fracture and matrix systems. These transfer
terms depend on the shape factor, average pres-
sure difference between two domains and further
physical parameters in the case of multi-phase
flow [12]. The shape factor is not straightfor-
ward to determine and is not available in the
presence of capillarity and gravity for two-phase
flow [6]. Barriers cannot be modelled by dual-
porosity /permeability models. Moreover, these
models are based on assumption that fracture
systems are dense so inaccurate results are pro-
duced for large scale fractures. As a result, the
discrete-fracture model (DFM) was developed; see
e.g., [6, 13-27], which is attractive for large scale
and sparse fracture systems. In this model actual
geometry and location of the fracture are hon-
oured in the domain. Unlike the dual-porosity
model; the effect of individual fractures on fluid
flow can be determined and fluid transfer between
the fracture and matrix is straightforward and
consistent. Generally, fractures are modelled by
(n - 1) dimensional elements in an n-dimensional

domain, for example in 2D, fractures are rep-
resented by lines at the edges of the polygonal
matrix elements (boundary-aligned grid). Equidi-
mensional representation of fractures [28], are
not popular because of complexity and compu-
tational cost contributed by thin cells. In the
equidimensional model, the control-volume at the
intersection of the fractures is of the dimensions
of fracture aperture which reduces the time step
size in the numerical model [6]. Also, in our expe-
rience with this method we have observed that a
small control-volume increases the condition num-
ber of the global linear system which increases the
computational cost for the solution of the system,
consistent with [29].

In equidimensional discrete-fracture method,
rock-matrix and fracture elements coincide at the
interface (conforming DFM), so an unstructured
grid is used to honour the explicit fracture geom-
etry, e.g., [30, 31]. Also, the matrix cells near
the fracture are small enough to conform to the
fracture geometry. Small cells lead to a large
numerical system to be solved. Because of grid
conformity to the fractures, this model may not
be applied to dynamic fracture network modelling
where the grid is updated because of genera-
tion of new fractures [32, p. 72]. Moreover, the
discrete-fracture model may not be used for small
scale fractures and any cases with large numbers
of fractures, which would lead to locally dense
unstructured grids in-turn leading to high com-
putational cost. A hybrid method (fracture-only
model) that gets advantages of both dual-porosity
method and discrete-fracture method has been
presented in [33]. Hierarchical fracture models
have been presented in [16] for flow simulation in a
fractured porous medium. In this approach, small
scale fractures are homogenized into the matrix
medium and their effects are added to the matrix
permeability. Large scale fractures are explicitly
modelled as major fluid conduits embedded in
structured meshes not aligned with the fractures,
the approach known as embedded discrete fracture
model (EDFM) [34]. Unstructured meshes capture
heterogeneity of a porous medium precisely and
give better resolution near fractures, in particu-
lar, for multiphase flow. While embedded discrete
fracture model provides the flexibility of using the



structured meshes [35]. A comparison of conform-
ing DFM, EDFM and dual-porosity model can be
found in [36].

Here, we present dual-cell (PEBI) feature
preserved Delaunay admissible grid generation
methods [37] and assess performance of dif-
ferent fracture modelling techniques. Note that
grids are generated by employing simplexes
(primal-cells) and PEBI (dual) cells are selected
as control volumes, consequently fractures are
meshed with respect to (dual) control volumes.
We begin with development of fracture based
PEBI grid generation techniques, which can be
employed to generate quality meshes for reser-
voir geometries. For lower/equidimensional frac-
ture modelling, methods to generate boundary
aligned grids are described. In contrast, EDFM
does not require boundary aligned grids, instead
involves fractures and matrix intersection with
non-neighbour connections. In order to construct
control-point aligned grids we use protection cir-
cles build around key geological features, this
ensures integrity of features in the final Delau-
nay triangulation. The idea of protection-circles
is unique and does not impair the PEBI property
associated with Delaunay meshes. For dual-cell
control volume aligned grids, it is a prerequisite to
build a (protection) layer of quadrilaterals, with a
geological feature defining the median line inside
the quadrilateral layer, we call this additional
protection layer a halo. A halo protected primal
mesh is essentially Delaunay and honours geologi-
cal features with respect to dual-cells. Next using
industry standard two-point flux approximation
numerical results are presented, and comparative
performance of fracture modelling approaches is
assessed. For EDFM, performance is also assessed
by employing control point aligned grids, i.e., com-
parative studies with fractures aligned along the
centroids of the grid cells versus the randomly
intersecting fractures away from the centroids are
also presented.

2 PEBI gridding and fracture
modelling

Subsurface reservoirs are often comprised of com-
plex geometric and geologic objects and features.
In addition to robust numerical methods for solv-
ing the flow equations, grid generation methods

are required which can honour geometric com-
plexity and permit local grid cell density control.
Grid generation for large scale porous media poses
the challenge of complex geometries and ran-
dom distribution of spatial heterogeneities in the
domain, e.g., [18, 38]. Standard reservoir simula-
tors were originally based on simple grid blocks,
i.e., squares and cubes primarily using structured
grids. Although it is relatively easy to implement
simulation techniques on such simple grids, they
inherently lack the ability to adapt to general
geological features and complex geometries [39].
Unstructured grid generation offers the desired
flexibility by employing triangles and tetrahe-
dra as grid elements. Unstructured grids allow
grid cells to adapt to various flow and geo-
metric constraints and also to local refinement
with smooth transition [40]. Despite unstructured
grid generation methods having been successfully
employed in modelling complex giant reservoirs,
in field applications there is still increased incli-
nation toward the use of structured grids. This
might be the result of novelty of these methods
in the field compared with structured grids for
which well-established simulation tools exist, and
consequently more research work is required for
simulation on unstructured grids.

The unstructured grids used in reservoir mod-
elling, commonly employ Delaunay (PEBI) grids
for spatial discretization of domain. Delaunay tri-
angulation (DT) is the dual of the Voronoi (power)
diagram [41], given a DT grid, the dual can
be constructed. Voronoi based grids are locally
orthogonal, and permit two-point flux approxima-
tion if the permeability field is isotropic, or if the
grid is generated to be K-orthogonal[42]. Voronoi
grids are also called Dirichlet or Thiessen tessel-
lations. Mathematically, each Voronoi region v;,
associated with a site s; is defined by:

v ={p| d(p,s;) <d(p,s;),Vj #i} (1)

where d(p, s;) is the Euclidean distance between
a point p belonging to v; and associated site s;.
The boundary between two sites s; and sz, also
called a Voronoi edge, and is a line segment given
by points (p) which satisfy d(p,s1) = d(p,s2).
Delaunay triangulations lead to the construction
of PEBI (PErpendicular Blsectional) grids, e.g.,
see Fig. 1c. From the grid generation view point



it is relatively easy to work with Delaunay trian-
gulation directly, and dual grids are obtained as
the circumcentre or centroid dual of the associated
Delaunay triangulation. A triangulation is Delau-
nay if no simplex circumcircle contains any site in
its interior. Figure 1 shows a simple example of
Delaunay triangulation and associated dual grid,
constructed by joining circumcentres of cells hav-
ing an edge adjacency. In order to ensure that the
circumcircle of every simplex is empty Delaunay
triangulation relies on the Delaunay measure [43].

(a) Delaunay triangula-
tion

(b) Voronoi dual
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(c) PEBI property

Fig. 1: Delaunay Triangulation (DT) satisfy
empty circumcircle criterion, and corresponding
circumcentre dual (Voronoi) of underlying Delau-
nay triangulation

2.1 Fracture based PEBI grid
generation

Key components involved in fracture based PEBI
grid generation are displayed in a flow chart given
in Fig. 2. In what follows these steps are briefly
described, more detail can be found elsewhere [37].

Boundary discretization, curve modelling,
and curve meshing

To start with triangulation, internal and exter-
nal boundaries defining geometry of the reservoir,
wells-trajectories, definition of faults/fractures,

i Equidimensional :
i Frac. modelling |

{

Boundary discretization
(curve meshing)

i

| Generate boundary mesh l

| Boundary/feature recovery |

Lower dimensional :
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!
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protection circles

Construct halos
around fractures

i Lower dimensional i
! Frac modelling
Fracture Modelling T —— :

Approach L

Fractures and PEBI-
mesh intersection

Establish fracture
cells connectivity

Equidimensional
(all done)

Fig. 2: Flow chart highlighting key steps involved
in fracture based PEBI grid generation method

(non-neighbour connections)

pinch-outs, and/or layers are first discretized with
desired resolution. For domain and interior bound-
aries, set of control points having both geometric,
i.e., coordinates, and metric support are assumed
as input. Each boundary is modelled as a set of
B-Spline curves and can be input in control or
interpolation design with least number of points.
The interior boundaries are modelled using cubic
spline, and curve meshing is performed in met-
ric space generating a data set where each line
segment is of unit metric length [44]. In order
to demonstrate the procedure devised to mesh
boundaries, in the following we mesh an air-foil.
The control polygons for a B-spline curve defining
air-foil geometry, both in control and interpo-
lation design [45] are displayed in Fig. 3a. In
Fig. 3a the blue circles correspond to the con-
trol points (B), whereas the red circles are their
associated data points (S), and underlying black

(neighbour connections)



curve is the B-Spline curve, obtained by construct-
ing the Bezier curve between each set of two
consecutive data points. Each B-Spline curve is
then approximated as a polygonal line, e.g., see
Fig. 3b & 3c. Note that the control points have
metrics defining density function. To generate a
governed triangulation operating on each arc one-
one we compute the metric length of each arc. In
Fig. 3d metric length of an arc between points A
and B has been subdivided into 14 sub-segments
where each sub-segment is of unit metric length.
The unit metric length mesh in metric space,
when mapped to physical space, conforms to input
metric specification.

(a) Air-foil using B-
Spline in control and
interpolation design

(b) Approximate each B-
Spline as polygonal line

<D

(¢) Air-foil geometry as (d) Mesh of air-foil with
polygonal lines user defined metric

Fig. 3: Curve modelling, approximating curve as
polygonal line, and curve meshing

Boundary meshing and feature recovery

To start with any triangulation, a prerequisite is
to construct an empty (boundary) mesh, com-
prising of a prescribed set of points that defines
domain boundaries and/or geological features. We
use the Green-Sibson algorithm [46] in conjunction
with the incircle criterion for connection optimiza-
tion, which yields the Delaunay empty mesh of a
predefined set of points, e.g., see Fig. 4a. Delau-
nay triangulation is the triangulation of a convex
hull of a predefined data set. In a Delaunay tri-
angulation, connections are improved such that
none of the simplexes contains any site in its
interior, but it cannot be guaranteed that connec-
tions between the given point set are present in a

(a) Delaunay mesh with (b) Feature recovery via
dotted line represents local refinement
feature to recover

(c) Feature recovery via
edge swapping

Fig. 4: Honouring a feature via local refinement
(conformal DT) and through edge swapping (non-
conformal DT) technique.

prescribed/desired manner [47]. Thus, to recover
interior /exterior boundaries it is mandatory to
couple the Delaunay triangulation algorithm with
a boundary (feature) recovery technique. In what
follows we briefly outline two commonly employed
methods including local refinement [47] also called
the stitching method, and edge swapping [48]
used to constrain the mesh to honour a fea-
ture. Consider a simple Delaunay triangulation
shown in Fig. 4a, where an edge ab, defining fea-
ture, is missing. The local refinement technique
requires new points introduced midway between
each missing connection, recursively, until the
desired edge is recovered. On the other hand, edge
swapping involves swapping edges intersected by
the segment ab recursively until the feature is
recovered. Figs.db & 4c are pictorial representa-
tions of field edge ab constrained triangulations,
achieved through local refinement and edge swap-
ping respectively. It can be noticed that the former
of these boundary recovery approaches results
in the conformal Delaunay triangulation, i.e.,
PEBI-Grid, while the later yields a non-conformal
Delaunay triangulation (essentially Delaunay). In



this work we employ the local refinement to
recover missing boundaries, and/or features in the
boundary /empty mesh, which are then preserved
throughout the field mesh generation process
described below.

(a) Geological feature
enclosed with protection
circles

(b) Dual cell control-point
aligned PEBI grid

Fig. 5: Procedure to generate equi-dimensional
fracture aligned PEBI mesh

Protect features and/or halo construction

For equidimensional and/or lower dimensional
fracture modelling approaches this step is
required, e.g., Fig. 3. In contrast, for EDFM,
fractures are meshed in a post-processing step.
For equidimensional fracture modelling approach
fracture cells are equidimensional (dual) control-
volumes with small size defined by fracture-
aperture. Here, curves defining fractures are first
recovered in boundary meshing stage. The feature
aligned Delaunay empty/boundary mesh com-
prises of low-quality elements. In order to gen-
erate a well resolved mesh comprised of quality
simplexes, the empty mesh is refined by intro-
ducing new (field) points, and/or mesh cosmetics

(smoothing algorithms) are applied. The Delau-
nay triangulation of new field points encroaching
simplexes honouring geological features can lead
to reconfiguration of these connections, destroy-
ing boundary integrity. In order to avoid swapping
and to preserve integrity of features honoured in
the empty mesh, we construct protection circles
that pass through the simplexes constituting geo-
logical features. The protection circle used is either
diametric or a simplex-circle. In field mesh gener-
ation integrity of features is maintained provided
new points encroaching the protection circles are
not accepted. Also, when applying any mesh cos-
metics, the edges defining geological objects are
not swapped. More details about protection cir-
cle can be found in [37]. Starting with an empty
mesh, a field triangulation is carried out, such that
the Delaunay property of edges defining geological
features is preserved. To this end, edges constitut-
ing features are marked as Delaunay admissible
edges and are protected by constructing protec-
tion circles around them. Fig. 5 (left) displays a
test case feature honoured mesh, with protection
circles drawn around the edges constituting the
feature. Note that these disks were drawn around
simplexes constituting features to be honoured
in the empty-mesh, and defines a region where
no field point is accepted. The empty mesh was
refined by introducing new points in an iterative
manner. The final primal-cell feature honoured
mesh is displayed in Fig. 5 (left). The dual of fea-
ture protected primal mesh has control volumes
with their cell-centres (control-points) aligned to
the fractures. Note that for illustration purpose
only, Fig. 5 assumes that fracture and matrix cells
are of same size.

For lower-dimensional fracture modelling, in
final dual mesh, fracture control volumes are lower
dimensional, i.e., one-dimensional, and recov-
ered as control volume interfaces. PEBI control-
volumes are generated such that their boundaries
honour geological objects, control-volume faces
crossing the fractures are not allowed. In order
to generate dual mesh where (dual) matrix cells
interfaces are aligned with lower-dimensional frac-
ture cells, in the primal empty/boundary mesh,
geological objects are first enclosed by a pro-
tection layer, i.e., quadrilateral halos. Note that
protection layer is added around fractures in pri-
mal triangular mesh and encloses fractures as
medial curve. In dual setting this would ensure



that geological object is honoured/recovered as
control volume boundaries. Detailed description of
halo construction can be found in [37]. For lower-
dimensional fracture simulation, first reservoir
domain and interior boundaries are triangulated
and missing features are recovered. Next fractures
are protected by enclosing them with halos as
shown in Fig. 6 (left). Field mesh generation is
performed without impairing connectivity of halo
quads. To this end the edges constituting halo
quads are constraints, and during field mesh gen-
eration any new (field) point falling inside halo
quads is not accepted. Furthermore, for field mesh-
ing, we use advancing front point placement which
initiates fronts from these quad edges, providing
protection around halo quad edges. The result-
ing halo protected feature based primal grid is
shown in Fig. 6 (middle), and due to halo ele-
ments is essentially Delaunay. The dual of the
halo protected primal-mesh corresponds to dual-
cell boundary aligned grids, e.g., see Fig. 6 (right).

(a) Halo- (b) Halo pro- (c) Feature
protected tected primal aligned dual
boundary mesh mesh mesh

Fig. 6: Key steps involved generating lower
dimensional fracture aligned PEBI mesh

Field mesh generation, mesh-cosmetics,
and dual mesh

Delaunay is a criterion to connect a predefined
set of points, which of course is optimal in many
aspects [49, 50]. The boundary/empty mesh con-
structed from a prescribed boundary discretiza-
tion comprises of low-quality elements. In order
to generate a quality grid, this empty mesh is
locally refined by introducing new field points.
Several options exist to introduce field (interior)
points in an empty mesh, so as to design an
automatic Delaunay triangulation algorithm. In

general, point placement strategies involve intro-
ducing field points at either the centroid [51],
circumcentre [52], by edge subdivision [53] of
the elements in the background mesh. This pro-
cess of point placement is used repetitively, until
the desired edge length or some other criterion
measuring element size is satisfied. It is well estab-
lished that DT has a sound mathematical basis,
while its counterpart, the advancing front method
provides optimal point placement. In this work
we use advancing front point placement [54-57],
where field points are introduced in a manner sim-
ilar to the advancing front method, while their
connections are improved by enforcing the Delau-
nay criterion, and is named as advancing front
local reconnection (AFLR) Delaunay triangula-
tion method [55]. The advancing front method
used in conjunction with Delaunay criterion both
provides optimal point placement, and makes
it relatively easy to generate boundary aligned
grids, where integrity of boundaries is a further
advantage. Figure 7 displays comparative uniform
isotropic mesh of a unit square domain generated
with different field point placements. Grids shown

(a)  Boundary (b) Edge subdi-

mesh vision

DAANNNANN

(c) Centroid

(d) Circumcen- (¢) Advancing

tre front

Fig. 7: Uniform isotropic mesh of unit square
domain, by using different field point placement
strategies

in Figure 7 are not subject to any mesh cosmetic.
Mesh cosmetics can be applied to improve qual-
ity of mesh. However, in case there are interior



boundaries and/or protection layers edges defin-
ing geological objects are not swapped. Here to
improve mesh quality we use smoothing algorithm
given in [44], and can generate quality circumcen-
tre contained acute triangulations. Note that there
is a duality between Delaunay triangulation and
Voronoi (powers) diagram given one other can be
constructed.

2.2 Example Fracture Aligned
PEBI-Grids:

Here, we demonstrate the capabilities of workflow
to generate meshes for different discrete frac-
ture modelling techniques. We begin by outlining
the meshing procedure for the Embedded Dis-
crete Fracture Model (EDFM), where fractures
are inserted as lower-dimensional features into an
existing matrix grid. We then describe fracture-
aligned mesh generation for lower-dimensional
Discrete Fracture Modelling (DFM), in which
fracture geometries are explicitly honoured during
grid construction. Finally, we present the work-
flow for equi-dimensional DFM, where fractures
are fully resolved as volumetric cells.

Mesh Generation for EDFM:

For EDFM, fractures need not to be bound-
ary aligned. Consequently, PEBI grids are gener-
ated without interior boundaries (fractures), e.g.,
Fig. 8a. Lower-dimesnional discrete fractures are
embedded after the PEBI grid generation. Method
to mesh fractures in unstructured PEBI-grid is
described below. Fractures are first discretized,
to this end we use curve modelling where frac-
tures are approximated as polygonal straight-line
graph (PSLG) as discussed earlier. Figure 8b
displays a representative fracture curve approx-
imated as polygonal line. EDFM employs non-
conformal lower dimensional control-volumes to
model fracture and requires to compute intersec-
tion of polygonal lines and underlying polygonal
PEBI mesh. From Fig. 8b , it can be noted
that data set, defining fractures polygonal line, is
not the intersection points of grid and fractures.
Embedding fractures in a PEBI grid is an involved
procedure, here each polygonal line is meshed
incrementally, i.e., one at a time. First intersec-
tion points are computed and then connected in
an unstructured manner to generate lower dimen-
sional fracture cells. Since EDFM fracture cells are

not boundary aligned with respect PEBI-grid, to
model flow between fracture and matrix (PEBI)
cells, non-neighbour connections are added in the
database for flow modelling. Note that, fracture
to fracture connections are neighbouring connec-
tions. Figure 8c delineates fracture embedded as
PEBI mesh intersection points, where highlighted
polygonal PEBI cells have fracture cells as their
lower dimensional non-neighbour cells.
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(a) Delaunay triangulation and PEBI mesh for
EDFM without interior boundaries

(b) PEBI mesh with (c) PEBI mesh with
a representative fracture fracture embedded as
approximated as polyg- grid intersection points
onal line

Fig. 8: PEBI grid for EDFM, after resolving
fractures intersections (embedding), fracture cells
are connected to underlying matrix through non-
neighbour connections

Lower dimensional DFM: Halo protected
PEBI grid

We refer to the discrete fractures modelling by
the boundary of the matrix grid cells as lower-
dimensional DFM. Mesh generation is performed
with respect to primal-cells (triangles/quads),
where fractures are enclosed with quadrilateral
halos. Figure 9a displays a representative fracture
meshed as interior boundary and in Fig. 9b has
been enclosed with quad-halo. Next field meshing
is performed generating halo protected primal-
mesh, e.g., Figs. 9¢c and 9d. Dual of halo protected



primal mesh is boundary (feature) aligned PEBI
grid as shown in Fig. 9e. Note that dual cell inter-
faces are aligned with fractures. These interfaces
define lower dimensional control volumes. Note
that lower dimensional fracture cells are by design
neighbouring connections to adjacent PEBI grids.

Gy

(a) Empty mesh with (b) Halo enclosing frac-
discrete fracture ture

I

VAVAVAVAVAVAVAV

AN

%

(c¢) Field meshing with (d) Halo protected pri-
AFLR mal mesh

(e) Fracture aligned PEBI-
mesh

Fig. 9: Halo protected mesh and lower dimen-
sional fracture modelling

Equidimensional DFM and control point
aligned PEBI grids

For equidimensional fracture modelling, fracture
control volumes have same dimension as that of
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(a) Fracture boundary (b) Control-point fracture
aligned primal mesh aligned PEBI-Grid

(c) Close up of control-point fracture aligned PEBI-
Grid

Fig. 10: Control point aligned PEBI grid and
equidimensional fracture modelling

matrix control volume. However, fracture cell size
is controlled by fracture aperture and is very
small compared to matrix. We generate PEBI-
grid with smooth transition, consequently matrix
cells in the neighbourhood of fractures are also
small. Here, fracture cells centroid (i.e., control-
points) are aligned with fracture geometry. Grid
generation is performed with respect to primal
(triangular) cells. In an empty mesh, fracture
curves are meshed and are protected with protec-
tion circles. Final primal and dual (PEBI) mesh
with local refinement and smooth transition from
fracture to matrix is displayed in Fig. 10. In Fig. 10
a close up of resulting PEBI grid is also shown,
where fracture cells (highlighted) have centroids
(control-points) aligned with the fracture in a
close proximity



3 Numerical discretization and
flux approximation:

The grids generated, provide a means of spa-
tial discretization required by flux approximation
schemes. The flux approximation schemes used
in reservoir simulation are control volume dis-
tributed (CVD), where a piecewise constant rep-
resentation of flow variables and rock properties is
assigned to control volumes, so that field variables
are located at their centres and/or circumcentres
also called control points [41]. The grids generated
must be compatible with the flux approximation
schemes employed. The two-point flux approxi-
mation (TPFA) involving a two-point pressure
difference to approximate the flux across inter-
faces of control-volume, and is still regarded as
the standard reservoir simulation flux approxima-
tion [58]. Here, using TPFA we simulate pressure
field and tracer transport, and assess comparative
performance of fracture modelling techniques.

N

Fig. 11: A representative polygonal control vol-
ume

3.1 Pressure equation

We compute pressure field by solving the following
pressure equation that arises from Darcy’s law and
mass conservative for single phase flow:

f/V.(KVP)dQ =q (2)
Q
where, P represents field pressure; V is the gradi-

ent operator, K is the elliptic symmetric perme-
ability tensor; ¢ is the source term, which is zero
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away from well sources or sinks. The first step of
the finite-volume formulation involves use of the
Gauss divergence theorem to integrate Eq. (2),
over a control-volume €. After integration, Eq. (2)
is then written as

nr

—jé(KVP).ﬁdF:—Z /(KVP.n;)dF:q

50 i=1AQ,
(3)

where 6€2 corresponds to the boundary of control-
volume €2, dI' is an element of control-volume sur-
face area, AQ; is the it" face of the control-volume
and ny is the number of faces; n; is the outward
unit normal to face ¢ as shown in Figure 11. The
resolution of Darcy velocity — KV P along the unit
normal n; is called the Darcy-flux through face
1. Approximation of Darcy-flux is a key step in
a finite-volume formulation and many approxima-
tions have been proposed, here we use two-point
flux approximation (TPFA) scheme.

3.2 Tracer transport equation

The mass conservation equation for tracer trans-
port ignoring dispersion is advection equation [59]
given by: 5
c
L (4)
where, ¢ represents the tracer concentration and
¢ is porosity, here assumed as unity for simplic-
ity. Here, ¥ is the discrete Darcy velocity given
by —KVP, and ¢ corresponds to a source term
which is zero away from wells. The spatial and
temporal discretization of Eq. (4) over a repre-
sentative control volume €; (shown in Fig. 11)
followed by application of the Gauss divergence
theorem yields:

+ V- () =gq

ny
Ag =) (KVPxc-ii) =qx Ag (5)
i=1

Cn-i—l —c"

At
where, Aq, is the size (area) of a control-volume ).

3.3 Lower-dimensional discrete
fracture modelling (boundary
aligned grid)

In the widely wused lower-dimensional DFM

approach, the fractures are modelled by the inter-
faces of the grid cells. A fracture-aligned grid is



generated where grid cells conform to the discrete-
fractures modelled lower-dimensionally. Here, an
unstructured grid is generated with special treat-
ment to align the boundary of the grid cells
with the fractures keeping the fractures geom-
etry intact, e.g., Fig. 9. Referring to Fig. 12
which displays two representative control volumes
and following the two-point flux approximation
(TPFA) scheme, the transmissibility between two
cells T5 is calculated as:

tht K;d; - it; A
12 = 172 y Where tlzz_.liﬁl Z:1,2
t1 + 1o ;- d;

(6)
where, K; is the permeability tensor of a cell 1,
d_; is distance vector from the interface centre to
the cell centroid, A is the interface area (length
in 2D) and 7; is the normal vector to the inter-
face. The transmissibility of matrix-matrix cells
(matrix neighbour connections) is calculated as
mentioned above. If any interface of a matrix
cell is a lower dimensional fracture instead of an
interface with other matrix cell, fracture-matrix
transmissibility is calculated with the fracture
half-transmissibility is as follows:

where, ay is the fracture aperture (width). In case
of fracture-fracture cells (fracture neighbour con-
nection) the transmissibility is calculated by the
same way Eq. (6) as mentioned above with A = a;
and cf is the distance from the intersection point
of fractures to the centre of the fracture cell ¢, and
nZ is the unit vector of d Details are also given
n [18].

Fig. 12: Schematic of two-point flux approxima-
tion between two cells
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Fig. 13: Ilustration of embedded discrete frac-
ture model and schematic of the dy ¢ calculation
(right)

3.4 Embedded discrete fracture
modelling (EDFM)

As discussed above embedded discrete fracture
model does not require any special treatment of
the grid that can be aligned. The fractures over-
lap the grid and can intersect (overlay) the matrix
cells at any direction. This approach is attrac-
tive for commercial simulators using corner point
grids. Any grid cell of matrix that is intersected by
a fracture is identified and the fracture is referred
to as a non-neighbour connection (NNC) of that
matrix cell. A flux transfer is then added to the
mass conservation equation of the matrix cell and
the intersecting fracture cell. The approximation
of the flux transfer is dependent on the geometrical
location of the fracture relative to the intersected
matrix cell. Further details are given in [35, 60].
The matrix cell to fracture cell transmissibility is
calculated as:

KA

dnne

Ting = (8)

where, K is the harmonic mean of the matrix
and fracture permeability aligned in the normal
direction of the fracture cell:

— KK,

K= K F+ K., (9)
For Ky > K,,, K ~ K,, as used in [23]. The
dyne is the volume (area) weighted average of
distances of fracture centroid to the centroids of
the sub-grid cells (projected to the normal to
fracture) of a matrix cell that is intersected by



the fracture, illustrated in Fig. 13 (right), and is
calculated as:

> |d; - AlV;
2 Vi

3.5 Improved EDFM (for barriers)

In contrast to DFM, in EDFM fracture cells does
not lie at the interfaces between fracture and
matrix; and flux-continuity is not enforced. As a
result, EDFM by design is unable to resolve flow
field across the low permeable fractures (barri-
ers). In this work, we propose to use harmonic
mean of permeability of matrix and fracture given
by Eq (9), when resolving Darcy velocity across
the interfaces of underlying matrix cells inter-
sected by barriers, improving EDFM performance.
Note that permeability of matrix cells tagged with
non-neighbour connections is replaced with har-
monic mean of matrix and non-neighbour barrier
cells permeability. Numerical experiments demon-
strate that if permeability of underlying matrix
cells is updated by Eq.(9), then EDFM can resolve
flow field around the barriers similar to DFM.
Moreover, to improve dyyc calculations, we also
employ control point aligned PEBI grids, where
EDFM fractures can be recovered as medial line of
underlying matrix cells, with added improvement.

dNNC = (10)

4 Numerical results

We present two test cases to compare the three
fracture models as discussed above i.e., equi-
dimensional DFM, lower-dimensional DFM and
EDFM using the PEBI grids.

4.1 Case 1: Single permeable
fracture

First, we test single phase pressure and tracer
flow simulation on a simple case with a single
permeable fracture as shown in Fig. 14. The per-
meability of the fracture is 10000 times higher
than the surrounding matrix and the aperture
assumed is 0.001. We discretise the domain with
the PEBI cells for: a) DFM model with grid edges
aligned with the lower-dimensional (1D) fractures;
b) EDFM where fracture overlaps the grid cells;
¢) EDFM but grid centroids aligned with fracture;
and d) Equidimensional fracture model where a
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Sink

Fracture

Y Source

Fig. 14: Case-1: A model with a single permeable
fracture

physical fracture is discretised into small grid
cells within high resolution grid. PEBI grids used
are displayed in Figs. 8,9 and 10. The bottom

(a)  Equidimensional (b) DFM  model
model results (lower-dimensional)
results

(c) EDFM results (d) EDFM with con-

trol points aligned
(CPA) with fracture

Fig. 15: Case-1: Tracer flow profile for test case-1
at time-step of 250

left corner is a source with high pressure where
tracer is injected and the top-right corner is a
sink with a low-pressure assignment. To minimize
grid orientation effect, we compare EDFM with
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Fig. 16: Case-1: Tracer concentration received at
the sink cell versus time. Green vertical line cor-
responds to the time of the tracer profiles shown
above.

o

Fig. 17: Case-1: Tracer flow profile for the EDFM
with control point aligned with fracture and
matrix grid refinement around fracture at a time-
step of 250. A close up view of the flow is also
shown at the right.

lower-dimensional DFM by employing control vol-
ume aligned grid, also to test EDFM performance.
Figure 15 shows the tracer profiles at intermedi-
ate time of simulation for all the four fracture
models. Tracer profile produced by DFM agrees
with the equidimensional fracture model. The
EDFM and EDFM with grids centroids aligned
with fractures produce a similar tracer profile.
Figure 16 shows the tracer concentration detected
at the sink cell for all the four fracture cells. The
behaviour of tracer via DFM follows the curve
of the equidimensional fracture model. The differ-
ence is because of the higher grid resolution in the
case of equidimensional fracture model. The tracer
at sink for the cases of EDFM differ in behaviour
when compared to the DFM because of an approx-
imation of dy ¢ in the fracture model. When the
grid centroids are aligned with a fracture there is
slight improvement in the tracer profile vs time at
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the sink. We also generate a grid with grid refine-
ment in proximity to the fracture for the case of
embedded discrete fracture aligned with the cen-
troids of the grid cells. Referring to the Fig. 15d,
overall tracer profile is similar to the coarse grid
result but we obtain sharp contours because of
the grid refinement. The EDFM result has a dif-
ference in tracer profile around the fracture when
compared to the DFM in Fig. 15. The difference is
resulted because of the inherent definition of the
EDFM enhanced by the geometry of the fracture.
We also study EDFM with grid refinement, a close
up view in the Fig. 17 shows the grid resolution
and the corresponding tracer profile around the
fracture. The grid refinement in proximity to the
fracture does not help EDFM for this case with a
sinusoidal fracture.

Sink
Barrier b\

—_—

Fracture

>

Source

L
Fig. 18: Case-2: A model with a permeable frac-
ture and a barrier.

4.2 Case 2a: Fracture and barrier

Next, we test a case with a permeable fracture
and a barrier as illustrated in Fig.18. The pres-
sure and tracer assignments are the same as the
case-1. The barrier is assigned with a low per-
meability and flow hindrance is expected because
of the barrier. We discretise the domain with the
PEBI cells for: a) DFM model with grid edges
aligned with the fractures (lower-dimensional); b)
EDFM where fracture overlaps the grid cells; and
¢) EDFM but grid centroids aligned with fracture.
Figure 19 shows the tracer profiles for the three
fracture models at a time step for the fracture-
barrier case. It is clearly shown that EDFM does
not show hindrance to the flow by the barrier when



compared to the DFM which can model the bar-
rier with physical consistency. Figure 20 shows the
tracer concentration received at the sink which
shows that EDFM favour higher tracer flow when
compared to the DFM where flow is hindered by
a barrier. The concentration of tracer increases
as the fluid flows around the barrier. Similarly

(a)

dimensional) results

(lower- (b) EDFM on conven-
tional PEBI grids

(¢) EDFM on advanced
(control-point  aligned)
PEBI grids

Fig. 19: Case-2a: Comparative tracer flow pro-
file for different fracture modelling techniques at
a time-step of 250.

to the case-1, we also generate a grid for EDFM
with local refinement, one with refinement around
the barrier only, and the second with refinement
around both the fracture and barrier where con-
trol points of PEBI grid are aligned with fracture
and barrier. Figure 21 presents the tracer profile
result over the two grids with two different local
refinement. The barrier cannot be captured by
the EDFM even though the grid has local refine-
ment around the barrier. The refinement around
the fracture presents better flow resolution com-
parable to the DFM in Fig. 19 for this case where
fracture aligns with the flow direction.
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Fig. 20: Case-2a: Tracer concentration received at
the sink cell versus time. Green vertical line cor-
responds to the time of the tracer profiles shown
above.

Fig. 21: Case-2a: Tracer flow profile for the
EDFM with control point aligned grid and matrix
grid refinement around the barrier (left) and
around both fracture and barrier (right) at a time-
step of 250.

4.3 Case 2b: Improved EDFM

Next, we present results obtained with the
improved EDFM formulation (section 3.5). We
evaluated EDFM on both advanced control-point-
aligned grids and locally refined PEBI grids.
Although grid refinements and/or alignments
yield some enhancement in flow resolution, EDFM
still fails to accurately capture the flow behavior
around impermeable or low-permeability barriers,
as illustrated in Fig. 21. This limitation arises
because EDFM does not explicitly enforce flux
continuity across fracture or barrier interfaces;
instead, it relies on non-neighbouring connections
(NNCs) that approximate the impact of fractures
or barriers in an averaged sense. Consequently,
sharp pressure gradients and localized flow deflec-
tions near barriers are not properly represented.
To address this well-known shortcoming, we pro-
pose a simple but effective modification tailored



for cases involving barriers. Specifically, we assign
the harmonic mean of the matrix and barrier per-
meabilities to the matrix cells that are intersected
by the barrier. By embedding the barrier’s low
permeability directly into the intersected matrix
cells, the NNC transmissibilities more accurately
reflect the restricted flow pathways. As a result,
the simulated flow field exhibits behavior consis-
tent with that obtained using DFM, including
more realistic pressure drops and flow diversion
around the barrier, as demonstrated in Fig. 22.
This modification significantly improves EDFM
performance for barrier cases while preserving its
flexibility.

EDFM with matrix cells perm including the effect
of embedded barrier perm at a time-step of 250.
A close-up view is also shown at the right.

5 Conclusions

PEBI grids are dual of Delaunay triangulation
and are generated by employing primal (trian-
gle/quads) as grid elements. Geological objects are
discretized by employing one dimensional meshing
which involves curve modelling performed with B-
Spline followed by curve meshing generating seg-
ments of unit metric length. Using PEBI meshes,
comparative performance and gridding require-
ments of three different types of fracture modelling
techniques have been assessed. Equidimensional
fracture modelling, employs fracture control vol-
umes of same dimension as that of matrix. From
grid generation view point, fracture (dual) cells
centroids are aligned to fracture geometry. This
is achieved by meshing fractures data set using
Delaunay criterion coupled with feature recov-
ery technique. Once fractures are meshed, when
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performing field meshing and/or applying mesh-
cosmetics fracture segments integrity is ensured
by protecting them with protection circles. In the
equidimensional model, fracture control-volumes
size is dictated by fracture aperture which not only
limits the time step size but can also increases
condition number of the global linear system.
Equidimensional fracture modelling comes with
significant added computational cost, and is not a
practical approach. Lower dimensional DFM and
EDFM techniques both employ lower dimensional
control-volumes for fractures. Lower dimensional
DFM requires PEBI cells interfaces be aligned to
fracture geometry. Method presented here to gen-
erate boundary aligned PEBI grids requires halo
construction performed in primal grid thereby
protecting fractures as medial line of the halo
cells. In contrast, EDFM does not involve any
protection circle/layer, instead requires to com-
pute fractures and PEBI cells intersection. In
EDFM, fractures are embedded, not aligned with
PEBI grid, and non-neighbour connection(s) is
established between fracture and underlying PEBI
cell(s). When compared to equidimensional frac-
ture modelling, lower dimensional fracture mod-
elling has sound mathematical basis, whereas
EDFM does not enforce flux continuity and uses
non-neighbour connections to model overall effect
of fractures. Test cases shows that EDFM is
unable to resolve flow field across the barriers. In
order to make a fair comparison between DFM
(lower-dimensional) and EDFM, we test EDFM
on control-point aligned PEBI grids, and slight
improvements were observed. In EDFM, control-
point fracture-aligned PEBI grids can improve
dynyco calculations. We also test EDFM per-
formance by employing local grid refinements.
For EDFM simulations, no improvements were
observed with grid refinements. Numerical exper-
iment demonstrates that in case of barrier, if
permeability of underlying matrix cells includes
the effect of the barrier, then EDFM can resolve
flow field around the barriers, similar to that of
DFM.
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