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Chapter 1

Lattice modeling and particle
coordinates

The modeling of lattice and beam particles used in Xsuite is largely based on the
experience of the MAD [1, 2] and SixTrack [3] programs.
More details on the derivation of the tracking maps and the Hamiltonian formalism
can be found in the references [4, 5, 6, 7, 8, 9, 10, 11].

1.1 Local reference system

This section is adapted from [1].

Figure 1.1: Local Reference System

The beam line or ring to be studied is described as a sequence of beam elements placed
sequentially along a reference trajectory.
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The reference trajectory consists of a series of straight line segments and circular arcs.
The accompanying tripod, as shown in Fig. 1.1, spans a local curvilinear right-handed
coordinate system (x, y, s). The local s-axis is the tangent to the reference orbit and x
and y are perpendicular to s. Typically, x is horizontal and y vertical.
We call ρ the local radius of curvature of the reference trajectory and h the local cur-
vature defined as:

h =
1
ρ

(1.1.1)

1.2 Global reference system

This section is adapted from [1].

The local reference system (x, y, s) may thus be referred to a global Cartesian coordi-
nate system (X, Y, Z) as shown in Fig. 1.2.

Figure 1.2: Global Reference System showing the global Cartesian system (X, Y, Z) in
black and the local reference system (x, y, s) in red with the translation (Xi, Yi, Zi) and
rotation (θi, ϕi, ψi) relating the two.

The positions between beam elements are indexed with i = 0, . . . , n. The local ref-
erence system (xi, yi, si) at position i, i.e. the displacement and direction of the ref-
erence orbit with respect to the system (X, Y, Z) are defined by three displacements
(Xi, Yi, Zi) and three angles (θi, ϕi, ψi).
The above quantities are defined more precisely as follows:
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• X Displacement of the local origin in X-direction.

• Y Displacement of the local origin in Y-direction.

• Z Displacement of the local origin in Z-direction.

• θ is the angle of rotation (azimuth) about the global Y-axis, between the global
Z-axis and the projection of the reference orbit onto the (Z, X)-plane. A positive
angle θ forms a right-hand screw with the Y-axis.

• ϕ is the elevation angle, i.e. the angle between the reference orbit and its projec-
tion onto the (Z, X)-plane. A positive angle ϕ corresponds to increasing Y.

If only horizontal bends are present, the reference orbit remains in the (Z, X)-
plane and ϕ is always zero.

• ψ is the roll angle about the local s-axis, i.e. the angle between the line defined by
the intersection of the (x, y)-plane and (Z, X)-plane on one hand, and the local
x-axis on the other hand. A positive angle ψ forms a right-hand screw with the
s-axis.

Note that the angles (θ, ϕ, ψ) do not follow the usual definition of Euler angles. The
reference orbit starts at the origin and points by default in the direction of the positive
Z-axis.
Internally the displacement is described by a vector V and the orientation by a unitary
matrix W. The column vectors of W are the unit vectors spanning the local coordinate
axes in the order (x, y, s). V and W have the values:

V =


X

Y

Z

 , W = ΘΦΨ (1.2.1)

where

Θ =


cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

 , Φ =


1 0 0

0 cos ϕ sin ϕ

0 − sin ϕ cos ϕ

 , Ψ =


cos ψ − sin ψ 0

sin ψ cos ψ 0

0 0 1

 .

(1.2.2)

When advancing through a beam element, Xsuite (like MAD) computes Vi and Wi by
the recurrence relations

Vi = Wi−1Ri + Vi−1, Wi = Wi−1Si (1.2.3)

The vector Ri is the displacement and the matrix Si is the rotation of the local reference
system introduced by the element i with respect to the entrance of the same element.
The values of Ri and Si are listed below for different physical element types.
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In straight elements the local reference system is simply translated by the length of
the element along the local s-axis.
The corresponding R and S are

R =


0

0

L

 , S =


1 0 0

0 1 0

0 0 1

 . (1.2.4)

A rotation of the element about the s-axis has no effect on R and S, since the rotations
of the reference system before and after the element cancel.
Bending magnets have a curved reference orbit. For both rectangular and sector bend-
ing magnets, the R and S are expressed as functions of the bend angle α:

R =


ρ(cos α− 1)

0

ρ sin α

 , S =


cos α 0 − sin α

0 1 0

sin α 0 cos α

 (1.2.5)

where we have assumed that the bending occurs in the horizontal plane. A positive
bend angle represents a bend to the right, i.e. towards negative x values. For sector
bending magnets, the bend radius is given by ρ, and for rectangular bending magnets
it has the value ρ = L/(2 sin(α/2)). If the magnet is rotated about the s-axis by an
angle ψ, R and S are transformed by

R = TR, S = TST−1 (1.2.6)

where T is the orthogonal rotation matrix

T =


cos ψ − sin ψ 0

sin ψ cos ψ 0

0 0 1

 (1.2.7)

The special value ψ = π/2 represents a bend down.

1.3 Reference particle

We introduce a reference particle with rest mass m0, charge q0, total energy E0, mo-
mentum P0, and relativistic factors β0, γ0. These quantities satisfy

E2
0 = (P0c)2 + (m0c2)2, (1.3.1)

E0 = m0γ0c2, (1.3.2)
P0 = m0β0γ0c, (1.3.3)

β0 =
P0c
E0

=

√
1− 1

γ2
0

, (1.3.4)
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γ0 =
1√

1− β2
0

. (1.3.5)

The reference particle will be used to normalize momentum and energy variables
as well as electromagnetic fields and potentials. For this purpose we introduce the
corresponding reference beam rigidity as

rig0 =
P0

q0
, (1.3.6)

which is the momentum per unit charge used, for example, to normalize multipole
strengths.

1.4 Electromagnetic potentials and fields

The electromagnetic fields E and B can be derived from the potentials Φ(x, y, s, t) and
A(x, y, s, t), where

A(x, y, s, t) = Ax(x, y, s, t)x̂(s) + Ay(x, y, s, t)ŷ(s) + As(x, y, s, t)ẑ(s) (1.4.1)

and for which:

E = −∇Φ− ∂A
∂t

= −∂xΦx̂− ∂yΦŷ− 1
1 + hx

∂sΦẑ− ∂tA (1.4.2)

B = ∇×A =

(
∂y As −

∂s Ay

1 + hx

)
x̂ +

(
∂s Ax − ∂x(1 + hx)As

1 + hx

)
ŷ +

(
∂x Ay − ∂y Ax

)
ẑ.

(1.4.3)

We use the reference particle properties to define normalized potentials:

a(x, y, s, t) =
q0

P0
A(x, y, s, t) (1.4.4)

φ(x, y, s, t) =
q0

P0c
Φ(x, y, s, t) (1.4.5)

1.5 Convention for multipole expansion of magnetic fields

This section is adapted from [1].

1.5.1 Straight magnets (h = 0)

Xsuite, like MAD, uses the following Taylor expansion for the magnetic field compo-
nents. Using a complex notation for the field (By + iBx) and the position (x + iy) we
write:

By + iBx =
∞

∑
n=0

(Bn + iAn)

n!
(x + iy)n (1.5.1)
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where, assuming that the field is piece-wise constant along s and that the local curva-
ture h is zero, the coefficients Bn and An are the on-axis derivatives of the transverse
field components:

Bn =
∂nBy

∂xn

∣∣∣∣
x=0, y=0

, An =
∂nBx

∂xn

∣∣∣∣
x=0, y=0

. (1.5.2)

The associated longitudinal vector potential for straight elements can be written as

As(x, y) = −ℜ
(

∞

∑
n=0

(Bn + iAn)

(n + 1)!
(x + iy)n+1

)
, (1.5.3)

so that By + iBx = −(∂x − i∂y)As yields the field expansion above.
We define the normal multipole coefficients Kn and the skew multipole coefficients
K̂n using the reference beam rigidity from Eq. (1.3.6):

Kn =
Bn

rig0
(1.5.4)

and

K̂n =
An

rig0
(1.5.5)

Using these coefficients, the field expansion and the longitudinal vector potential can
be written as

By + iBx = rig0

∞

∑
n=0

(Kn + iK̂n)

n!
(x + iy)n, (1.5.6)

As(x, y) = − rig0ℜ
(

∞

∑
n=0

(Kn + iK̂n)

(n + 1)!
(x + iy)n+1

)
. (1.5.7)

The normalized longitudinal potential as introduced in Sec. 1.4 is then

as(x, y) =
q0

P0
As(x, y) = −ℜ

(
∞

∑
n=0

(Kn + iK̂n)

(n + 1)!
(x + iy)n+1

)
. (1.5.8)

In the special case where only K0, K1, and K2 are non-zero (all Kn≥3 = 0 and K̂n = 0),
the normalized longitudinal potential reduces to

as(x, y) = −
[

K0x +
K1

2

(
x2 − y2

)
+

K2

6

(
x3 − 3xy2

)]
. (1.5.9)

1.5.2 Curved magnets (h ̸= 0)

In the case of curved magnets (h ̸= 0), multipole components are still defined as the
derivatives at the symmetry point of the magnet:

Bn =
∂nBy

∂xn

∣∣∣∣
x=0, y=0

, (1.5.10)
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An =
∂nBx

∂xn

∣∣∣∣
x=0, y=0

. (1.5.11)

and the corresponding normalized multipole coefficients Kn and K̂n are defined as
before:

Kn =
Bn

rig0
, K̂n =

An

rig0
. (1.5.12)

The field and potential expansions are more complex than in the straight case as they
must satisfy Eq. 1.4.3 together with the definitions (1.5.10) and (1.5.11).
For the special case where only K0, K1, and K2 are non-zero, a truncated expansion for
the normalized potential is:

as(x, y, s) = −K0

(
x− hx2

2(1 + hx)

)
− K1

(
1
2
(x2 − y2)− h

6
x3
)

− K2

(
1
6
(x3 − 3xy2)− h

24
(x4 − y4)

)
(1.5.13)

1.6 Particle coordinates

Xsuite uses as independent variable the position along the reference trajectory s. We
call t the time coordinate, i.e. the time at which the particle passes the position s.
Xsuite can track particles of different species within the same particle ensemble. We
call m and q the rest mass and charge of the individual particle and we introduce the
coefficient:

χ =
q
q0

m0

m
(1.6.1)

In the “longitudinal plane”, i.e. the space spanned by time and energy coordinates,
we can use any of the following pairs of conjugate variables:

ξ = s
β

β0
− βct τ =

s
β0
− ct ζ = s− β0ct δ =

P m0
m − P0

P0
(1.6.2)

δ =
P m0

m − P0

P0
pτ =

1
β0

E m0
m − E0

E0
pζ =

1
β2

0

E m0
m − E0

E0
ℓ = βct (1.6.3)

where variables in the same column are canonically conjugate.
These variables can be easily related to each other:

E = mγc2 = P0c
(

pτ +
1
β0

)
, (1.6.4)

P = mβγc = P0(1 + δ) (1.6.5)

β =
Pc
E

=

√
1− 1

γ2 =

√
1− 1− β0

(1 + β0pτ)
2 , (1.6.6)
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γ =
1√

1− β2
= γ0(1 + β0pτ) (1.6.7)

ξ = s
β

β0
− ℓ = βτ =

β

β0
ζ (1.6.8)

δ =

√
p2

τ + 2
pτ

β0
+ 1− 1 = βpτ +

β− β0

β0
(1.6.9)

δ =
√

β2
0p2

ζ + 2pζ + 1− 1 = ββ0pζ +
β− β0

β0
(1.6.10)

(1 + δ)2 =
P2

P2
0
=

E2 −m2
0c4

P2
0 c2

=
E2

c2P2
0
− 1

β2
0γ2

0
=

(
pτ +

1
β0

)2

− 1
β2

0γ2
0

(1.6.11)

pτ = β0pζ (1.6.12)

pτ =

√
1 + β2

0 δ(δ + 2)− 1

β0
(1.6.13)

and the following derivatives:

∂δ

∂pτ
=

pτ + 1/β0

1 + δ
=

1
β

(1.6.14)

∂

∂δ

(
1 + δ

ββ0

)
=

β

β0
(1.6.15)

For small energy deviations (δ ≪ 1, pτ ≪ 1, pζ ≪ 1), we can neglect the terms of
order δ2, p2

τ, p2
ζ and higher, hence the following approximations hold:

δ ≃ pτ

β0
(1.6.16)

δ ≃ pζ (1.6.17)

β ≃ β0 + (1− β2
0)pτ (1.6.18)

In the transverse plane we use the coordinates x, px, y, py. The transverse canonical
momenta are defined as:

px =
m0

m
Px

P0
, py =

m0

m
Py

P0
, (1.6.19)

where:

Px = mγẋ + qAx, Py = mγẏ + qAy (1.6.20)

in which ẋ and ẏ are the time derivatives of x and y.
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1.7 Hamiltonian and equations of motion

The motion of a particle is described by one of the following Hamiltonian functions,
depending on the choice of longitudinal coordinates:

Hδ =
1 + δ

ββ0
− (1 + hx)

√(1 + δ

β
− χφ

)2

− 1
β2

0γ2
0
− (px − χax)2 − (py − χay)2 + χas


(1.7.1)

Hτ =
pτ

β0
− (1 + hx)

√(pτ +
1
β0
− χφ

)2

− 1
β2

0γ2
0
− (px − χax)2 − (py − χay)2 + χas


(1.7.2)

Hζ = pζ − (1 + hx)

√(β0pζ +
1
β0
− χφ

)2

− 1
β2

0γ2
0
− (px − χax)2 − (py − χay)2 + χas


(1.7.3)

Using τ and pτ as longitudinal coordinates, the equations of motion are:

dpx

ds
= −∂Hτ

∂x
(1.7.4)

dpy

ds
= −∂Hτ

∂y
(1.7.5)

dpτ

ds
= −∂Hτ

∂τ
(1.7.6)

dx
ds

=
∂Hτ

∂px
(1.7.7)

dy
ds

=
∂Hτ

∂py
(1.7.8)

dτ

ds
=

∂Hτ

∂pτ
(1.7.9)

The full derivation of the Hamiltonian and equations of motion can be found in Wol-
ski [12] (note the different notation, as the symbol δ in [12] denotes the quantity that
here we call pτ).

1.8 Expanded magnet body Hamiltonian

For a magnet with piece-wise constant multipole components and curvature h, we
can set ax = 0 and ay = 0 in Eq. (1.7.2):

Hτ = Hkin + Hmagn (1.8.1)

where

Hkin =
pτ

β0
− (1 + hx)

√(
pτ +

1
β0

)2

− 1
β2

0γ2
0
− p2

x − p2
y (1.8.2)
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Hmagn = −(1 + hx)χas (1.8.3)

1.8.1 Approximation of the kinetic part of the Hamiltonian

Using Eq. 1.6.11, the kinetic part can be rewritten as follows:

Hkin =
pτ

β0
− (1 + hx)

√
(1 + δ)2 − p2

x − p2
y (1.8.4)

=
pτ

β0
−
√
(1 + δ)2 − p2

x − p2
y − hx

√
(1 + δ)2 − p2

x − p2
y (1.8.5)

Neglecting high-order terms h2x2p2
x and h2x2p2

y in the second square root, we can
approximate:

Hkin =
pτ

β0
−
√
(1 + δ)2 − p2

x − p2
y − hx(1 + δ) (1.8.6)

= HD − hx(1 + δ) (1.8.7)

where

HD =
pτ

β0
−
√
(1 + δ)2 − p2

x − p2
y (1.8.8)

is the Hamiltonian of a straight drift.
The Hamiltonian for the drift can in turn be expanded as follows:

HD =
pτ

β0
− (1 + δ)

√
1−

p2
x + p2

y

(1 + δ)2 (1.8.9)

≃ pτ

β0
− (1 + δ) +

1
2

p2
x + p2

y

(1 + δ)
(1.8.10)

Replacing Eq. (1.8.10) in Eq. (1.8.7) yields the following expression for the kinetic part
of the Hamiltonian:

Hkin ≃ pτ

β0
−
(

1 + δ− 1
2

p2
x + p2

y

(1 + δ)

)
− hx (1 + δ) (1.8.11)

1.8.2 Approximation of the magnetic part of the Hamiltonian

For the common case where only K0, K1, and K2 are non-zero, inserting the curved-
magnet potential from Eq. (1.5.13) in Hmagn yields:

Hmagn = (1 + hx)χ

[
K0

(
x− hx2

2(1 + hx)

)
+ K1

(
1
2
(x2 − y2)− h

6
x3
)

+ K2

(
1
6
(x3 − 3xy2)− h

24
(x4 − y4)

)]
. (1.8.12)
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Discarding all terms nonlinear in h (i.e., keeping only O(h)) yields

Hmagn ≃ χ

[
K0x + K1

x2 − y2

2
+ K2

x3 − 3xy2

6

]

+ χh

[
K0

2
x2 + K1

(
1
3

x3 − 1
2

xy2
)
+ K2

(
1
8

x4 − 1
2

x2y2 +
1

24
y4
)]

. (1.8.13)

1.9 Symplectic integrators and magnet models

In Xsuite, magnets are modeled using symplectic integrators, splitting the Hamilto-
nian into a ‘propagation’ part and a ‘kick’ part, for which closed-form solutions of the
equations of motion are available.
Hamiltonians for which closed-form solutions of the equations of motion exist and
are implemented in Xsuite are reported in Table 1.1. The corresponding maps are
reported in Chapter 2.
Different magnet models are available, which correspond to different ways of split-
ting the Hamiltonian. The available models are reported in Table 1.2 and the available
integration schemes are reported in Table 1.3.

Map Params. Description

D Drift exact HD = pτ

β0
−
√
(1 + δ)2 − p2

x − p2
y

De Drift expanded HDe =
pτ

β0
− (1 + δ) + 1

2
p2

x+p2
y

(1+δ)

Dc Exact drift correction HDc = HD − HDe

R h Curved drift HR = pτ

β0
− (1 + hx)

√
(1 + δ)2 − p2

x − p2
y

Br K0 Rectangular bend HBr = HD + χK0x

B K0, h Exact Bend HB = HR + χK0x + χhK0
x2

2

K0 K0 Dipole kick HK0 = χK0x

K1 K1 Quadrupole kick HK1 = χK1
x2−y2

2

h h Curvature kick Hh = −hx(1 + δ)

K0h K0 Weak focusing kick HK0h = χhK0
x2

2

K1h K1, h Quad curv. correction HK1h = χhK1
2x3−3xy2

6

Kn Kn, K̂n Multipole HKn = χℜ
(

∑N
n=0(Kn + iK̂n)

(x+iy)n+1

(n+1)!

)
M K0, K1, h Expanded bend-quad. HM = HDe − hx(1 + δ) + χK0x + χK1

x2−y2

2 + χhK0
x2

2

S Ks Solenoid HS = pτ

β0
−
√
(1 + δ)2 −

(
px − Ks

2 y
)2
−
(

py +
Ks
2

)2

Table 1.1: Hamiltonians of the implemented maps.
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Model Propagation part Kick part

rot-kick-rot-low-order [R] [K0 K0h K1 K1h Kn]

rot-kick-rot [R, K0] - Yoshida 4 [K0h K1 K1h Kn]

rot-kick-rot-high-order [R, K0] - Yoshida 6 [K0h K1 K1h Kn]

bend-kick-bend [B] [K1 K1h Kn]

mat-kick-mat [M] [K1h Kn]

mat-kick-mat-exact (h = 0) [M] [Dc/2, Kn, Dc/2]

drift-kick-drift-exact [D] [h K0 K0h K1 K1h Kn]

drift-kick-drift-expanded [De] [h K0 K0h K1 K1h Kn]

Table 1.2: Available magnet models. For mat-kick-mat-exact, the kick is bracketed
by two half-length correction maps; see Sec. 2.7.

1.9.1 Practical recommendations

• The bend-kick-bend model is an exact map for a pure dipole (K0) with curva-
ture h, so if there is no K1 or higher multipole component, the map is exact for
any nslice, so nslice=1 suffices and increasing the order or slicing will only
increase the computational cost and numerical error.

• Otherwise (e.g. K1, K2, . . . , or skew components present), prefer a higher-order
integrator (yoshida-6 is typically best) with as few slices as possible over a low-
order one (uniform, teapot) with many slices: increasing the order is roughly
equivalent, in terms of accuracy, to increasing nslice by a factor 10 while keep-
ing a lower order (e.g. fourth order with nslice=10≈ second order with nslice=100),
but at a much lower computational cost.

• Fewer, higher-order slices are more numerically stable as each drift step has
some numerical error, so more slices means more accumulated error, not less.
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Integrator nkicks ndrifts Order Description

uniform 1 2 2nd Kicks uniformly distributed along
the length of the element (leapfrog,
eq. (2.10) of [13])

teapot 1 2 2nd TEAPOT integration scheme [14,
15]

yoshida-4 3 4 4th Fourth-order Yoshida integrator,
eq. (2.11) of [13]

yoshida-6 7 8 6th Sixth-order Yoshida integrator, ta-
ble 1, variant A, of [13]. Default
(“adaptive”) integrator

yoshida-8 15 16 8th Eighth-order Yoshida integrator,
table 2, variant D, of [13], as also
used by MAD-NG [16]

Table 1.3: Available integration schemes.



24 CHAPTER 1. LATTICE MODELING AND PARTICLE COORDINATES



Chapter 2

Beam element maps

This chapter presents the maps used to transport particles through beam elements.
Depending on the element and the chosen model, these maps are used individually
or combined by the symplectic integrators described in Section 1.9. In the latter case,
propagation and kick maps are composed to approximate the evolution under the full
Hamiltonian.

2.1 Drift

Implemented in the Drift element.

A drift is a straight, field-free region (h(x, y) = 0, V = 0 and A = 0). The exact and
expanded Hamiltonians for a drift space are

Hτ =
pτ

β0
−
√
(1 + δ)2 − p2

x − p2
y ≈

pτ

β0
− δ +

1
2

p2
x + p2

y

1 + δ
. (2.1.1)

The corresponding maps can be obtained by solving the equations of motion:

dpi

ds
= −∂H

∂qi

dqi

ds
=

∂H
∂pi

(2.1.2)

As there is no explicit dependency on the position coordinates in the Hamiltonian,
the momenta remain unchanged in a drift.
For the position coordinates, we get:

(x)′ =
px

pz
≈ px

1 + δ
(2.1.3)

(y)′ =
py

pz
≈

py

1 + δ
(2.1.4)

(τ)′ =
1
β0
− 1

β

1 + δ

pz
≈ 1

β0
− 1

β
− 1

β

p2
x + p2

y

2
(2.1.5)

pz =
√
(1 + δ)2 − p2

x − p2
y (2.1.6)
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Hence, the map relative to the expanded Hamiltonian for a drift of length L is:

xp =
px

1 + δ
(2.1.7)

yp =
py

1 + δ
(2.1.8)

x ← x + xpL (2.1.9)
y← y + ypL (2.1.10)

ζ ← ζ + l

(
1− β0

β

(
1 +

x2
p + y2

p

2

))
(2.1.11)

and the map relative to the exact Hamiltonian for a drift of length L is:

x ← x +
px

pz
L (2.1.12)

y← y +
py

pz
L (2.1.13)

ζ ← ζ + L
(

1− β0

β

1 + δ

pz

)
(2.1.14)

2.2 Polar drift (sector curvature h)

Used in the implementation of Bend and RBend elements when the model is “rot-
kick-rot”.
This map is ported from PTC and MAD-NG source codes.

The following map, corresponding to the motion of a particle in a field-free region in
a reference frame with horizontal curvature h, is generated by the Hamiltonian:

HR =
pτ

β0
− (1 + hx)

(√
(1 + δ)2 − p2

x − p2
y

)
(2.2.1)

We call:
δ+ ≡ 1 + δ, rvv = v/c, s ≡ L.

Define the longitudinal momentum component

pz ≡
√

δ 2
+ − p 2

x − p 2
y . (2.2.2)

Define the curvature radius

ρ ≡ 1
h

, (2.2.3)

and the trigonometric abbreviations

c ≡ cos(hs), sa ≡ sin(hs), sa2 ≡ sin
(

hs
2

)
. (2.2.4)

https://xsuite.readthedocs.io/en/latest/apireference.html#bend
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Introduce

1
pz
≡ p−1

z , px,t ≡
px

pz
, D ≡ c− sa px,t, D−1 ≡ 1

D . (2.2.5)

Define also
ps ≡ (x + ρ) sa p−1

z D−1. (2.2.6)

Transverse map

x1 =
[

x + ρ
(

2s 2
a2 + sa px,t

)]
D−1, (2.2.7)

px1 = c px + sa pz, (2.2.8)
y1 = y + ps py. (2.2.9)

Path length / longitudinal map The quantity ∆ℓ computed in the code is

∆ℓ = δ+
(x + ρ) sa

c pz

(
1− pxsa

c pz

) . (2.2.10)

The longitudinal coordinate is updated as

ζ1 = ζ +

(
L− ∆ℓ

rvv

)
, (2.2.11)

and the reference longitudinal position as

sref,1 = sref + L. (2.2.12)

2.3 Curved exact bend

Implemented in the Bend element.

The generating Hamiltonian is:

HB =
pτ

β0
− (1 + hx)

(√
(1 + δ)2 − p2

x − p2
y − K0

(
x− hx2

2(1 + hx)

))
(2.3.1)

For compactness, define

pw =
√
(1 + δ)2 − p2

y, (2.3.2)

pz(0) =
√
(1 + δ)2 − px(0)2 − p2

y, (2.3.3)

pz(s) =
√
(1 + δ)2 − px(s)2 − p2

y, (2.3.4)

∆a(s) = sin−1
(

px(0)
pw

)
− sin−1

(
px(s)

pw

)
. (2.3.5)

https://xsuite.readthedocs.io/en/latest/apireference.html#bend
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The corresponding map is adapted from [11]:

x(s) =
1

hK0χ

(
hpz(s)−

dpx(s)
ds

− K0χ

)
(2.3.6)

px(s) = px(0) cos(hs) +
(

pz(0)− K0χ

(
1
h
+ x(0)

))
sin(hs) (2.3.7)

y(s) = y +
py

K0χ
[hs + ∆a(s)] (2.3.8)

py(s) = py (2.3.9)
δ(s) = δ (2.3.10)

ℓ(s) = ℓ+
1 + δ

K0χ
[hs + ∆a(s)] (2.3.11)

Numerically stable horizontal update The direct evaluation of the horizontal coor-
dinate can involve the subtraction of large radius-like terms. In the implementation
we compute the horizontal increment

∆x(s) ≡ x(s)− x(0), (2.3.12)

and then update the coordinate as x(s) = x(0) + ∆x(s). To derive a stable expression
for ∆x(s), define

C = pz(0)− K0χ

(
1
h
+ x(0)

)
. (2.3.13)

Then
px(s) = px(0) cos(hs) + C sin(hs), (2.3.14)

and
1
h

dpx(s)
ds

= C cos(hs)− px(0) sin(hs). (2.3.15)

The horizontal map can therefore be written as

x(s) =
pz(s)− [C cos(hs)− px(0) sin(hs)]

K0χ
− 1

h
. (2.3.16)

Using the definition of C, the initial coordinate satisfies

x(0) =
pz(0)− C

K0χ
− 1

h
. (2.3.17)

Subtracting these two expressions gives the increment directly and avoids recon-
structing x(s) as a difference of large radius-like terms:

∆pz(s) ≡ pz(s)− pz(0), (2.3.18)
∆D(s) ≡ C cos(hs)− px(0) sin(hs)− C. (2.3.19)

Then

∆x(s) =
∆pz(s)− ∆D(s)

K0χ
. (2.3.20)



2.3. CURVED EXACT BEND 29

The second term is evaluated as

∆D(s) = C [cos(hs)− 1]− px(0) sin(hs). (2.3.21)

For small hs, the difference cos(hs)− 1 is numerically inaccurate if evaluated directly.
We therefore use

cos(hs)− 1 = −2 sin2
(

hs
2

)
, (2.3.22)

giving

∆D(s) = −2C sin2
(

hs
2

)
− px(0) sin(hs). (2.3.23)

The first term is also evaluated without subtracting two nearly equal square roots:

∆pz(s) =
pz(s)2 − pz(0)2

pz(s) + pz(0)
(2.3.24)

=
px(0)2 − px(s)2

pz(s) + pz(0)
(2.3.25)

=
[px(0)− px(s)] [px(0) + px(s)]

pz(s) + pz(0)
. (2.3.26)

The implemented increment uses the expression above, with ∆pz(s) and ∆D(s) eval-
uated by the stable expressions given here. The horizontal coordinate is then updated
as

x(s) = x(0) + ∆x(s). (2.3.27)

Numerically stable vertical and longitudinal update The vertical and longitudi-
nal maps depend on the inverse-sine difference ∆a(s). Directly subtracting the two
inverse sines can lose precision when their arguments are close. With

u =
px(0)

pw
, v =

px(s)
pw

, (2.3.28)

we use

sin−1(u)− sin−1(v) = atan2
(

u
√

1− v2 − v
√

1− u2,
√

1− u2
√

1− v2 + uv
)

.
(2.3.29)

Since √
1− u2 =

pz(0)
pw

,
√

1− v2 =
pz(s)

pw
, (2.3.30)

the common factor 1/p2
w cancels, giving

∆a(s) = atan2 (px(0)pz(s)− px(s)pz(0), pz(0)pz(s) + px(0)px(s)) . (2.3.31)

The numerator is evaluated without subtracting two nearly equal products. Define

∆px(s) ≡ px(s)− px(0) = −2px(0) sin2
(

hs
2

)
+ C sin(hs). (2.3.32)
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Then

Na(s) ≡ px(0)pz(s)− px(s)pz(0) (2.3.33)
= px(0)∆pz(s)− pz(0)∆px(s), (2.3.34)

and
Da(s) ≡ pz(0)pz(s) + px(0)px(s). (2.3.35)

The implemented inverse-sine difference is therefore

∆a(s) = atan2 (Na(s), Da(s)) . (2.3.36)

Using

I(s) =
hs + ∆a(s)

K0χ
, (2.3.37)

the vertical and longitudinal updates are

y(s) = y + py I(s), (2.3.38)
ℓ(s) = ℓ+ (1 + δ)I(s). (2.3.39)

2.4 Straight exact bend

Implemented in the Bend and RBend elements for specific configurations.

The generating Hamiltonian is:

HBr =
pτ

β0
−
√
(1 + δ)2 − p2

x − p2
y − K0x (2.4.1)

The corresponding map is adapted from [11]:

x(L) = x +
1

K0χ

(√
(1 + δ)2 − px(L)2 − p2

y −
√
(1 + δ)2 − p2

x − p2
y

)
(2.4.2)

px(L) = px − K0χL (2.4.3)

y(L) = y +
py

K0χ

sin−1

 px√
(1 + δ)2 − p2

y

− sin−1

 px(L)√
(1 + δ)2 − p2

y

 (2.4.4)

py(L) = py (2.4.5)
δ(L) = δ (2.4.6)

ℓ(L) = ℓ+
1 + δ

K0χ

sin−1

 px√
(1 + δ)2 − p2

y

− sin−1

 px(L)√
(1 + δ)2 − p2

y

 (2.4.7)

https://xsuite.readthedocs.io/en/latest/apireference.html#bend
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Figure 2.1: Rectangular bend.

2.5 Rectangular bend - straight body

Implemented in the RBend element.

Xsuite supports rectangular bends with generic shifts and angles at the entrance and
exit faces as shown in Fig. 2.1. In this section we report relations among the quantities
defining the geometry of the magnet with respect to the reference trajectory.
The code takes as input the total bending angle α and the difference αdiff between the
angles at entrance and exit of the reference trajectory with respect to the magnet axis:

α = αin + αout (2.5.1)
αdiff = αout − αin (2.5.2)

from which:

αin =
α− αdiff

2
(2.5.3)

αout =
α + αdiff

2
(2.5.4)

In the reference frame of the magnet body, for an on-momentum particle on the refer-
ence trajectory we can write:

px,in = sin(αin) (2.5.5)
px,out = − sin(αout) (2.5.6)

https://xsuite.readthedocs.io/en/latest/apireference.html#rbend
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Using Eq. (2.4.3) we can write:

− sin(αout) = sin(αin)− hLstraight (2.5.7)

from which we can obtain the curvature of the reference trajectory:

h =
sin(αin) + sin(αout)

Lstraight
(2.5.8)

Using Eqs. (2.4.2) and (2.4.3) we can write:

px,mid = px,in − hLstraight/2 (2.5.9)

px,mid = px,out + hLstraight/2 (2.5.10)

xin = xmid −
1
h

(√
1− p2

x,mid −
√

1− p2
x,in

)
(2.5.11)

xout = xmid +
1
h

(√
1− p2

x,out −
√

1− p2
x,mid

)
(2.5.12)

Using Eq. (2.4.7) we can write:

Lcurv =
1
h

(
sin−1(px,out)− sin−1(px,in)

)
=

αin + αout

h
=

α

h
(2.5.13)

In the special case of a sector bend (αdiff = 0) we have, summing Eqs. (2.5.9) and
(2.5.10):

αin = αout =
α

2
(2.5.14)

px,in = −px,out = sin(α/2) (2.5.15)
px,mid = 0 (2.5.16)

h =
2 sin(α/2)

Lstraight
(2.5.17)

Lcurv =
α

h
=

Lstraight

sinc(α/2)
(2.5.18)

xin = xout = xmid −
1
h
(1− cos(α/2)) (2.5.19)

The last gives the usual equation for the sagitta of a bending magnet.

2.6 Expanded Bend-Quadrupole (also used for Quadrupole)

Implemented in the Bend, RBend and Quadrupole elements, for the “mat-kick-mat”
model.
This map is ported from the MAD-X source code.

The following map is generated by the Hamiltonian:

HM =
pτ

β0
+

1
2

p2
x + p2

y

(1 + δ)
+ (K0 − h)x +

K0hx2

2
+ K1

x2 − y2

2
(2.6.1)

https://xsuite.readthedocs.io/en/latest/apireference.html#bend
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We consider a particle with initial canonical coordinates

(x, px, y, py, ζ),

relative momentum deviation δ, velocity factor rvv = v/c, and charge/sign factor χ.
The element has length L, curvature h, and (input) strengths K0 and K1.

Definitions

Define

δ+ ≡ 1 + δ, (2.6.2)

x′ =
px

δ+
, y′ =

py

δ+
. (2.6.3)

We introduce the momentum-scaled (effective) strengths

K̄0 =
χ K0

δ+
, K̄1 =

χ K1

δ+
, (2.6.4)

and the corresponding focusing coefficients

Kx = K̄0 h + K̄1, (2.6.5)
Ky = −K̄1. (2.6.6)

Auxiliary quantities:

A = −Kxx− K̄0 + h, (2.6.7)

B = x′, (2.6.8)
C = −Kyy, (2.6.9)

D = y′. (2.6.10)

Transport Functions

For an element of length L, define

(Cx, Sx) =



(
cos(
√

KxL),
sin(
√

KxL)√
Kx

)
, Kx > 0,(

cosh(
√
−KxL),

sinh(
√
−KxL)√
−Kx

)
, Kx < 0,

(1, L), Kx = 0,

(Cy, Sy) =



(
cos(

√
KyL),

sin(
√

KyL)√
Ky

)
, Ky > 0,(

cosh(
√
−KyL),

sinh(
√
−KyL)√
−Ky

)
, Ky < 0,

(1, L), Ky = 0.
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Transverse Map

Positions

x1 = xCx + x′Sx +


(K̄0 − h)(Cx − 1)

Kx
, Kx ̸= 0,

−1
2
(K̄0 − h)L2, Kx = 0,

(2.6.11)

y1 = yCy + y′Sy. (2.6.12)

Momenta

px1 = δ+ (ASx + BCx) , (2.6.13)

py1 = δ+
(
CSy + DCy

)
. (2.6.14)

Path Length

Let Ltot be the total path length traveled by the particle through the element.

Horizontal contribution For Kx ̸= 0:

Ltot = L− h [(Cx − 1)x′ + Sx A + L(K̄0 − h)]
Kx

+
1
2

[
− A2CxSx

2Kx
+

B2CxSx

2
+

A2L
2Kx

+
B2L

2

− ABC2
x

Kx
+

AB
Kx

]
. (2.6.15)

For Kx = 0:

Ltot = L +
hL
6

(
3Lx′ + 6x− (K̄0 − h)L2

)
+

1
2

B2L. (2.6.16)

Vertical contribution For Ky ̸= 0:

Ltot +=
1
2

[
−

C2CySy

2Ky
+

D2CySy

2
+

C2L
2Ky

+
D2L

2

−
CDC2

y

Ky
+

CD
Ky

]
. (2.6.17)

For Ky = 0:

Ltot +=
1
2

D2L. (2.6.18)
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Longitudinal Map

The longitudinal coordinate update is

∆ζ = L− Ltot

rvv
. (2.6.19)

Final Map

(x, px, y, py, ζ) −→ (x1, px1, y1, py1, ζ + ∆ζ), s→ s + L. (2.6.20)

2.7 Exact path correction for mat-kick-mat

The mat-kick-mat-exact model extends mat-kick-mat for straight magnets (h = 0).
Both propagate with the expanded bend–quadrupole map M described in Sec. 2.6,
retaining its momentum dependence. The exact variant adds a correction depending
only on momenta that restores the square-root kinetic Hamiltonian omitted by the ex-
pansion in transverse momentum. This follows the exact-model correction described
by Forest, Schmidt and McIntosh in the PTC report [17], p. 69 and Secs. K.4.6–K.4.7,
pp. 74–75.
With pz =

√
(1 + δ)2 − p2

x − p2
y, the correction Hamiltonian is

HDc = HD − HDe = 1 + δ− pz −
p2

x + p2
y

2(1 + δ)
. (2.7.1)

Thus, for h = 0, adding HDc to the expanded magnet Hamiltonian restores the exact
kinetic term while retaining the same magnetic multipole potential. The factor 1/(1+
δ) in the expanded map is already retained exactly; the correction restores the higher
powers of transverse momentum.
Since HDc has no position dependence, its map C(ℓ) over a signed integration length
ℓ leaves px, py and δ unchanged. Define

d = ℓ

(
1
pz
− 1

1 + δ

)
. (2.7.2)

In Xtrack’s longitudinal coordinate ζ, the coordinate updates are

x ← x + pxd, (2.7.3)
y← y + pyd, (2.7.4)

ζ ← ζ +
β0

β

(
ℓ(p2

x + p2
y)

2(1 + δ)2 − (1 + δ)d

)
. (2.7.5)

This correction does not advance s; that advance belongs to the propagation map M.
For each multipole kick with integration length ℓ, the implementation applies C(ℓ/2),
the multipole kick, and C(ℓ/2), in that order. For example, one uniform step of length
ℓ applies

M(ℓ/2) ; C(ℓ/2) ; K(ℓ) ; C(ℓ/2) ; M(ℓ/2). (2.7.6)
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Here the operations are listed in tracking order; K contains the multipole terms not
included in M. Other integrators use their own propagation and kick weights, in-
cluding signed lengths. An empty magnetic kick still requires the correction: the two
half-length maps combine into C(ℓ). With zero field, the resulting map is an exact
drift.

2.8 Thin bend

Implemented in the Multipole element.

In a curvilinear reference system with a constant curvature h in the horizontal plane
a uniform magnetic field can be derived from the vector potential:

Ax = 0, Ay = 0, As = −By

(
x− hx2

2(1 + hx)

)
. (2.8.1)

With the following normalization, K0 = q0
p By is the inverse of the bending radius of

the reference particle.
The exact and expanded Hamiltonians for a horizontal bending magnet are (eq. 2.12
in [5])

H =
pτ

β0
− (1 + hx)

√
(1 + δ)2 − p2

x − p2
y + χK0

(
x +

hx2

2

)
(2.8.2)

≃ pτ

β0
+

1
2

p2
x + p2

y

1 + δ
− (1 + hx)(1 + δ) + χK0

(
x +

hx2

2

)
(2.8.3)

The map for a thin dipole kick (horizontal or vertical) from the expanded Hamiltonian
is (eq. 4.12 in [7]):

px ← px − χK0L + hL(1 + δ)− χK0hxL (2.8.4)

τ ← τ − hx
β

L. (2.8.5)

2.9 Thin Multipole

Implemented in the Multipole element.

Multipolar components are defined according to the definition in Sec. 1.5.
A thin multipole models the effect of the field by taking the limit of the integration
length going to zero while keeping constant the integrated strength. The Hamiltonian
is:

H = δ(s)χLℜ
[

∑
n=0

1
(n + 1)!

(Kn + iK̂n)(x + iy)n+1

]
. (2.9.1)

https://xsuite.readthedocs.io/en/latest/apireference.html#multipole
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The corresponding map is:

px ← px − χL · ℜ
[

∑
n=0

1
n!
(Kn + iK̂n)(x + iy)n

]
, (2.9.2)

py ← py + χL · ℑ
[

∑
n=0

1
n!
(Kn + iK̂n)(x + iy)n

]
, (2.9.3)

where L is the length of the modeled multipole element.
The other coordinates (x, y, δ, ζ) remain unchanged.

2.10 Dipole fringe field

A dipole magnet bends a particle through its approximately uniform body field. Near
an entrance or exit, the field changes between the body value and the external value.
This transition is the fringe field. The transition also produces a longitudinal magnetic-
field component away from the mid-plane, and that component can change the ver-
tical momentum. An edge can therefore focus or defocus the vertical motion even
when the uniform dipole body has no vertical focusing in Cartesian coordinates.
This section derives that effect starting from the Lorentz force. We first obtain the
linear vertical kick of an ideal hard edge, then calculate the leading correction for a
field transition of finite width. We next introduce a Hamiltonian description to extend
the model to nonzero vertical slope and construct a consistent map of all phase-space
coordinates. Finally, we explain the effective-angle form used in tracking, derive its
corrected coefficient, and give the generating function and tracking derivatives.
The dipole fringe field map used in Xsuite is based on Ref. [18]; additional back-
ground is given in Refs. [19, 20]. The derivation below states the assumptions and
intermediate steps needed here. In particular, the finite-width calculation is perturba-
tive to second order in field strength. The resulting symplectic tracking model extends
that calculation; it is not an exact solution for every fringe profile or every transverse
amplitude.

2.10.1 Geometry, coordinates and magnetic field

We use a right-handed Cartesian frame (x, y, s), with s normal to the pole face, y
vertical, and x horizontal. The nominal edge is at s = 0. The mid-plane is y = 0. A
mid-plane particle trajectory lies in the (x, s) plane; to calculate its vertical focusing
we consider a small vertical displacement and momentum about that trajectory. A
particle exactly at y = py = 0 receives no vertical kick.
We derive an entrance edge: the field rises from zero before the magnet to its body
value after the edge. Magnetic-field and incidence-angle signs are defined in this
fixed frame. The derivation assumes the particle has the reference charge and mass,
and there is no electric field. In the implementation, a particle of different charge
or mass sees the body field K0 multiplied by the rigidity factor χ = (q/q0)(m0/m)
introduced with the particle coordinates; all formulas below then apply with K0 →
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χK0. Normalize mechanical momenta by the reference momentum, so that

p = 1 + δ, (2.10.1)

ps =
√

p2 − p2
x − p2

y, (2.10.2)

x′ =
dx
ds

=
px

ps
, (2.10.3)

y′ =
dy
ds

=
py

ps
. (2.10.4)

The positive square root selects forward motion, ps > 0. The magnetic field changes
the direction of the mechanical momentum but not its magnitude p. The slopes
x′, y′ are ratios of momentum components; they are not angles measured in radians.
Canonical momenta will be introduced explicitly when we construct the Hamiltonian.
Let s− and s+ denote positions before and after the field transition. In the distributed-
field derivation, arguments specify where a quantity is evaluated: px(s) and y(s) vary
along the trajectory, whereas px(s−) and y(s−) denote their incoming values. We
write the mechanical slopes as xp(s) = px(s)/ps(s) and yp(s) = py(s)/ps(s). These
are particle quantities, not parameters of a fixed reference trajectory. Normal inci-
dence is not assumed. For a thin map at the nominal plane, we instead use unadorned
symbols for incoming coordinates and a subscript f for outgoing coordinates; this
convention will also be used when inverting the map.
Let b(s) be the mid-plane vertical magnetic field divided by the reference magnetic
rigidity (Bρ)0. It has units of inverse length. For an entrance fringe, b(s−) = 0 and
b(s+) = K0, where the endpoints lie outside the transition and K0 is the signed nor-
malized body field. We assume the ideal dipole field is independent of x, with Bx = 0
and mid-plane symmetry. In the current-free aperture, Maxwell’s equations imply

∂yBs = ∂sBy, ∂yBy = −∂sBs. (2.10.5)

Since Bs(s, 0) = 0 by symmetry, the first relation gives Bs/(Bρ)0 = yb′(s) + O(y3).
Inserting this in the second relation gives By/(Bρ)0 = b(s)− y2b′′(s)/2+O(y4). Con-
tinuing in powers of y yields

By

(Bρ)0
= b(s)− y2

2
b′′(s) + · · · , (2.10.6)

Bs

(Bρ)0
= yb′(s)− y3

6
b′′′(s) + · · · . (2.10.7)

Primes denote derivatives with respect to s. Thus a changing vertical field necessarily
produces a longitudinal field away from the mid-plane. This longitudinal component
is the origin of the vertical edge kick.

2.10.2 Lorentz equations near the mid-plane

Writing the Lorentz force with s as the independent variable gives

dp
ds

=

(
px

ps
,

py

ps
, 1
)
× B

(Bρ)0
, (2.10.8)
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where p = (px, py, ps) is the normalized mechanical momentum. In particular,

dpx

ds
=

py

ps

Bs

(Bρ)0
−

By

(Bρ)0
, (2.10.9)

dpy

ds
=

Bx

(Bρ)0
− px

ps

Bs

(Bρ)0
. (2.10.10)

Linearize in the vertical displacement and momentum, keeping the horizontal angle
exact. The product pyBs is second order in vertical amplitude, and p2

y does not enter
ps at linear order. Using the field expansion above gives

dpx

ds
= −b(s), (2.10.11)

dy
ds

=
py

ps
, (2.10.12)

dpy

ds
= − px

ps
b′(s)y, (2.10.13)

ps =
√

p2 − p2
x. (2.10.14)

These equations are linear in the vertical variables but need not be expanded in field
strength; they can also be integrated numerically for a specified smooth profile b(s).

2.10.3 Hard-edge limit and linear vertical focusing

A hard edge idealizes the transition as having zero longitudinal width while keeping
the field jump K0 fixed. To derive its kick without multiplying singular fields, first use
the linear vertical equations for a smooth transition of width L, and then take L → 0.
Equation (2.10.11) gives

px(s+)− px(s−) = −
∫ s+

s−
b(s) ds = O(K0L). (2.10.15)

Thus the horizontal momentum change across the shrinking transition vanishes, so
the horizontal slope tends to xp(s−). The vertical position remains continuous. Inte-
grating Eq. (2.10.12) over a vanishing length gives y(s+) → y(s−) for finite vertical
momentum. The vertical momentum change, however, need not vanish, because the
integral of b′ is the fixed field jump:∫ s+

s−
b′(s) ds = b(s+)− b(s−) = K0. (2.10.16)

Integrating Eq. (2.10.13) in this limit therefore gives

∆py = −xp(s−)y(s−)
∫ s+

s−
b′(s) ds (2.10.17)

= −K0xp(s−) y(s−). (2.10.18)
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This is the hard-edge vertical focusing law in the pole-face frame. Its linear map is y(s+)

py(s+)

 =

 1 0

−K0xp(s−) 1

 y(s−)

py(s−)

 . (2.10.19)

It holds for any small incoming vertical momentum, including zero: at the linear
order in the vertical variables used here, an incoming py does not alter the coefficient.
The dependence on the vertical slope found in the Hamiltonian treatment below, the
factor 1/(1 + y2

p) in Eq. (2.10.75), is quadratic in yp and therefore lies beyond this
linearization. When K0xp(s−) is positive, a positive displacement receives a negative
momentum kick, directed toward the mid-plane: the edge focuses. Reversing the sign
of K0xp(s−) makes it defocusing. At normal incidence, xp(s−) = 0, this hard-edge
vertical kick vanishes.
The horizontal velocity couples to the longitudinal fringe field in the Lorentz force.
Although the transition width tends to zero, that longitudinal field grows in propor-
tion to b′, so its integrated vertical impulse stays finite. This is why a hard edge can
produce a kick. The derivation is a limit of the linearized equations; it does not assert
that the off-mid-plane field of an infinitely sharp edge is regular.
The coefficient K0xp(s−) has units of inverse length. At fixed incidence angle it has no
explicit dependence on p when acting on the normalized momentum py. The slope
change does have momentum dependence:

∆y′ =
∆py

ps(s−)
= −

K0xp(s−)
ps(s−)

y(s−). (2.10.20)

This distinction matters when comparing formulas written in slopes and in normal-
ized momenta. For a falling field transition, the same integration uses its signed field
jump −K0 instead of K0, with the slope xp(s−) measured in the frame whose s axis
is normal to the exit face. The treatment of the exit face in the implementation is
described in Section 2.10.11.

2.10.4 Finite-width correction for zero incoming vertical slope

We take py(s−) = 0, hence zero incoming vertical slope, and retain a small incoming
vertical displacement y(s−). The mid-plane itself is y = 0; a trajectory confined to
it has both y = 0 and py = 0 and receives no vertical kick. Here we calculate the
linear response to a displacement from that trajectory. The coefficient multiplying
y(s−) in the resulting momentum kick is the vertical focusing coefficient. The vertical
momentum generally becomes nonzero as the particle crosses the fringe.
For a finite transition width, px/ps and y change while the particle crosses the fringe.
Their first-order changes modify the vertical force and give the leading correction to
Eq. (2.10.18). We now compute that correction to second order in field strength.
An equivalent thin fringe replaces the distributed transition by a map at its nominal
plane. The ordinary drift before that plane and uniform-field bend after it are factored
out. A uniform Cartesian dipole does not change py, so its removal leaves the vertical
momentum kick unchanged.
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The field-profile dependence of the correction can be expressed through

I =
∫ s+

s−
b(s)

(
K0 − b(s)

)
ds. (2.10.21)

The integrand vanishes both before the entrance and in the uniform body, so only
the transition contributes. For a hard edge I → 0; a finite transition generally gives a
nonzero value. In tracking, this quantity is specified by the full magnet gap g = 2 hgap
and the dimensionless fringe integral F = fint:

F =
1

gK2
0

∫ s+

s−
b(s)

(
K0 − b(s)

)
ds, I = gK2

0F. (2.10.22)

The gap g is a transverse distance, not the longitudinal transition width L. The prod-
uct gF encodes the profile integral; specifying it does not specify the complete field
profile. For a fixed profile shape and width, I is proportional to K2

0.
To extract the finite-width correction analytically, specify the incoming displacement
y(s−) and take py(s−) = 0. Introduce the accumulated normalized field integral

I(s) =
∫ s

s−
b(σ) dσ, px(s) = px(s−)− I(s). (2.10.23)

The second relation follows by integrating Eq. (2.10.11), dpx/ds = −b(s), from s− to s,
with the incoming value px(s−). The integral I(s) is distinct from the quadratic fringe
integral I in Eq. (2.10.22). Evaluating Eq. (2.10.14) at the entrance gives the incoming
longitudinal momentum; the corresponding horizontal slope is

ps(s−) =
√

p2 − px(s−)2, xp(s−) =
px(s−)
ps(s−)

. (2.10.24)

The magnetic field preserves the total momentum p, but both px(s) and ps(s) vary
along the trajectory. Using Eq. (2.10.14) to express their ratio as a function of px(s),
define, at fixed p,

f (a) =
a√

p2 − a2
,

px(s)
ps(s)

= f
(

px(s−)− I(s)
)
. (2.10.25)

Differentiating the numerator and denominator gives

f ′(a) =
1√

p2 − a2
+

a2

(p2 − a2)3/2 (2.10.26)

=
p2

(p2 − a2)3/2 . (2.10.27)

The first-order Taylor expansion about the incoming momentum px(s−) is therefore

f
(

px(s−)− I(s)
)
= f (px(s−))− I(s) f ′(px(s−)) + O

(
I(s)2) (2.10.28)

= xp(s−)−
p2

ps(s−)3I(s) + O
(
I(s)2). (2.10.29)
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For a fixed fringe shape and length, b(s) = K0b̂(s) with b̂(s) independent of K0, so
I(s) is proportional to K0. Holding p and px(s−) fixed while expanding in the field
strength therefore gives

px(s)
ps(s)

= xp(s−)−
p2

ps(s−)3I(s) + O(K2
0). (2.10.30)

Since b′(s) is already first order in K0, the first-order vertical force uses the zero-field
values px/ps = xp(s−) and y = y(s−) in Eq. (2.10.13). Integrating from s−, where
py = 0 and b = 0, gives

p(1)y (s) = −xp(s−)y(s−)
∫ s

s−
b′(σ) dσ = −xp(s−)b(s)y(s−). (2.10.31)

To obtain the first-order change in position, insert this result into Eq. (2.10.12) and use
the zero-field denominator ps(s−):

y(1)(s) =
∫ s

s−

p(1)y (σ)

ps(s−)
dσ = −

xp(s−)y(s−)
ps(s−)

I(s). (2.10.32)

The superscript (1) denotes the first-order change; the position itself is y(s) = y(s−)+
y(1)(s) + O(K2

0). Substituting both corrections back into Eq. (2.10.13),

dpy

ds
= −xp(s−)b′(s)y(s−)

+

(
p2

ps(s−)3 +
xp(s−)2

ps(s−)

)
I(s)b′(s)y(s−) + O(K3

0y(s−)), (2.10.33)∫
I(s)b′(s) ds = [I(s)b(s)]s+s− −

∫
b(s)2 ds =

∫
b(s)

(
K0 − b(s)

)
ds = I. (2.10.34)

The resulting kick coefficient is therefore

∆py

y(s−)
= −K0xp(s−) + I

1 + 2xp(s−)2

ps(s−)
+ O(K3

0). (2.10.35)

The first term is the hard-edge focusing. The second is the leading correction due to
the finite field transition. At fixed incoming slope, the finite-gap correction scales as

1/p, since ps(s−) = p/
√

1 + xp(s−)2. Its slope dependence must be preserved when
correcting the momentum dependence.

2.10.5 Momentum-dependent coefficient of the generating function

Our aim is to determine the momentum-dependent focusing coefficient Φ of an equiv-
alent thin fringe kick, written at the retained linear vertical order as

∆py = −Φ(px, py, δ)Y. (2.10.36)

Here Y is the vertical position extrapolated to the nominal fringe plane along an un-
perturbed drift; its precise definition is given below. The preceding section obtained
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the kick for zero incoming vertical momentum. We now seek the coefficient used in
the operator model of Ref. [18], which also describes nonzero incoming vertical mo-
mentum. We construct the field Hamiltonian, remove the ordinary drift motion, and
calculate the first- and second-order contributions in the field strength. The second-
order calculation retains the terms needed for linear mid-plane focusing; their unex-
panded momentum dependence defines the model’s extension away from the mid-
plane. The resulting Φ provides the coefficient that the generating-function model
must reproduce to this order, rather than a description of every nonlinear fringe ef-
fect.
We first specify the vector potential and the momentum convention used in the Hamil-
tonian. The normalized vector potential is

a =
A

(Bρ)0
. (2.10.37)

Choose its components as

ax = a(s, y), (2.10.38)
ay = 0, (2.10.39)
as = −xb(s). (2.10.40)

The scalar a(s, y) therefore denotes the horizontal component of the normalized vec-
tor potential. Taking the curl in the Cartesian frame gives

Bx

(Bρ)0
= ∂yas − ∂say = 0, (2.10.41)

By

(Bρ)0
= ∂sax − ∂xas = b(s) + ∂sa(s, y), (2.10.42)

Bs

(Bρ)0
= ∂xay − ∂yax = −∂ya(s, y). (2.10.43)

Thus as supplies the mid-plane vertical field, while ax supplies its off-mid-plane cor-
rections and the longitudinal fringe field.
To determine a(s, y), impose Maxwell’s equation ∂sBy = ∂yBs in the current-free aper-
ture. Substituting Eqs. (2.10.42) and (2.10.43) gives

b′(s) + ∂2
s a + ∂2

ya = 0. (2.10.44)

Mid-plane symmetry allows an even series in y; choose a(s, 0) = 0 and write

a(s, y) = c2(s)y2 + c4(s)y4 + c6(s)y6 + · · · . (2.10.45)

Matching powers of y in Eq. (2.10.44) yields

b′ + 2c2 = 0, (2.10.46)

c′′2 + 12c4 = 0, (2.10.47)

c′′2n + (2n + 2)(2n + 1)c2n+2 = 0 (n ≥ 1). (2.10.48)
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Consequently c2 = −b′/2, c4 = b′′′/24, and in general

a(s, y) =
∞

∑
n=1

(−1)nb(2n−1)(s)
(2n)!

y2n = −b′(s)
2

y2 +
b′′′(s)

24
y4 − · · · . (2.10.49)

Here b(n) denotes the n-th derivative with respect to s. As a check, substituting this
series into Eqs. (2.10.42) and (2.10.43) gives

By

(Bρ)0
= b(s)− b′′(s)

2
y2 +

b(4)(s)
24

y4 − · · · , (2.10.50)

Bs

(Bρ)0
= b′(s)y− b′′′(s)

6
y3 +

b(5)(s)
120

y5 − · · · , (2.10.51)

which reproduce the field expansion in Eq. (2.10.6).
We now use canonical momenta in the Hamiltonian. Their relation to the normalized
mechanical momenta is

pmech
x = px − ax, pmech

y = py − ay, pcan
s = pmech

s + as. (2.10.52)

The preceding Lorentz-equation derivation used mechanical transverse momenta.
Since ax = O(y2) and ay = 0, the transverse canonical and mechanical momenta
agree to the linear vertical order used there. The symbol p continues to denote the
conserved total mechanical momentum. For forward motion its longitudinal compo-
nent is

pmech
s =

√
p2 − (px − ax)2 − (py − ay)2. (2.10.53)

At fixed energy, using s as the independent variable gives the reduced Hamiltonian
H = −pcan

s = −pmech
s − as. Inserting the chosen vector potential therefore gives

H = −
√

p2 − (px − a)2 − p2
y + b(s)x. (2.10.54)

To identify the perturbation to the drift Hamiltonian, define

H0 = −
√

p2 − p2
x − p2

y, ps =
√

p2 − p2
x − p2

y. (2.10.55)

For this unperturbed drift, denote the particle’s slopes by xp = px/ps and yp = py/ps.
They are functions of the particle’s canonical momenta, not fixed slopes of a reference
trajectory. They remain constant along a free drift because its momenta are constant,
but change when the incoming momenta are varied. In particular, their momentum
derivatives must be retained in the tracking map.
Inside the magnetic field, these drift slopes must be distinguished from the actual
mechanical slopes. For the chosen gauge, the latter are

dx
ds

=
px − a(s, y)

pmech
s

,
dy
ds

=
py

pmech
s

. (2.10.56)

At a field-free entrance, xp evaluated at the incoming momenta equals the incoming
mechanical slope xp(s−) used above. Expanding Eq. (2.10.54) to first order in a gives

H = H0 + b(s)x− px

ps
a(s, y) + O(a2). (2.10.57)
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We denote the part of H − H0 that is first order in field strength by V:

V(s, x, y, px, py) = b(s)x− xpa(s, y), H = H0 + V + O(K2
0). (2.10.58)

Both b and a are proportional to K0 for a fixed field profile. At this stage V retains the
full vertical-position series of a(s, y); the expansion in field strength has not truncated
that series.
The drift interaction frame removes the motion generated by H0 before expanding in
the fringe perturbation. To define it explicitly, Hamilton’s equations for the unper-
turbed drift are

dx
ds

=
∂H0

∂px
=

px

ps
= xp, (2.10.59)

dy
ds

=
∂H0

∂py
=

py

ps
= yp, (2.10.60)

dpx

ds
= −∂H0

∂x
= 0, (2.10.61)

dpy

ds
= −∂H0

∂y
= 0. (2.10.62)

The slopes are therefore constant under this drift. Choose a reference plane s = s∗
and introduce coordinates X, Y by

X = x− (s− s∗)xp, (2.10.63)
Y = y− (s− s∗)yp. (2.10.64)

These are the positions obtained by extrapolating the instantaneous phase-space point
back to s∗ along a free drift; the transformation leaves the momenta unchanged. In
the absence of the field perturbation, X, Y are constant. With the fringe present, they
evolve because of that perturbation. Thus this change of coordinates does not assume
that the actual trajectory through the fringe is a straight line.
The transformation is the inverse Hamiltonian flow of H0 and is canonical. Its explicit
dependence on s subtracts H0 from the transformed Hamiltonian, leaving

HI(s, X, Y, px, py) = (H − H0)|x=X+(s−s∗)xp, y=Y+(s−s∗)yp
. (2.10.65)

The subscript I denotes the interaction frame. Define VI to be the same first-order
perturbation V, evaluated at the physical positions corresponding to X, Y:

VI(s, X, Y, px, py) = V
(
s, X + (s− s∗)xp, Y + (s− s∗)yp, px, py

)
. (2.10.66)

Substitution of Eq. (2.10.58) gives

VI = b(s)
[
X + (s− s∗)xp

]
− xpa

(
s, Y + (s− s∗)yp

)
. (2.10.67)

Thus HI = VI + O(K2
0): VI is the first-order part of the interaction-frame Hamilto-

nian, not its full expression to all field orders. This explains the positive shifts in the
arguments: the field perturbation must be evaluated at the physical position corre-
sponding to X, Y at s. Choose the nominal fringe plane as the origin, s∗ = 0. The
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physical positions entering V are then X + sxp and Y + syp. We retain X, Y for the
interaction-frame positions and xp, yp for the unperturbed drift slopes throughout
the derivation.
To obtain the first-order vertical kick, use Hamilton’s equation dpy/ds = −∂HI/∂Y
and retain VI , the part first order in field strength. Integrating with the interaction-
frame coordinates and momenta held at their unperturbed values gives

∆p(1)y = − ∂

∂Y

∫
VI ds. (2.10.68)

The term b(s)(X + sxp) has no Y-dependence, so it contributes no vertical kick. Since
xp is independent of Y, this reduces to

∆p(1)y = xp
∂

∂Y

∫
a(s, Y + syp) ds. (2.10.69)

The vector-potential integral is therefore an intermediate step toward the kick: its
derivative with respect to Y, multiplied by xp, gives the momentum change. To eval-
uate it, consider the n-th term of the series in Eq. (2.10.49). Integrating by parts 2n− 2
times gives ∫ s+

s−

(−1)nb(2n−1)(s)
(2n)!

(Y + syp)
2n ds

=
(−1)ny2n−2

p

2

∫ s+

s−
b′(s)(Y + syp)

2 ds. (2.10.70)

All boundary terms contain derivatives of b that vanish outside the transition. The
remaining polynomial derivative supplies the factor (2n)!/2 and the power y2n−2

p .
Expanding the square gives∫

b′(s)(Y + syp)
2 ds = K0Y2 + 2Yyp

∫
b′(s) s ds + y2

p

∫
b′(s) s2 ds. (2.10.71)

The last term does not depend on Y and drops out of the derivative in Eq. (2.10.69).
The middle term is removed by the choice of the nominal plane: we place s = 0 at the
centroid of b′, ∫ s+

s−
b′(s) s ds = 0, (2.10.72)

which is the midpoint of a transition that is antisymmetric about its centre, such as the
hyperbolic-tangent profile used below. This convention fixes where the thin map is
placed; it does not require the transition width to vanish. The part of the integral that
contributes to the kick is therefore K0Y2 for any width, and summing over n gives∫

a(s, Y + syp) ds .
=

K0Y2

2

∞

∑
n=1

(−1)ny2n−2
p = − K0Y2

2(1 + y2
p)

, (2.10.73)

where .
= denotes equality up to terms independent of Y. The sum is first obtained

where the geometric series converges and then used as its rational continuation. Sub-
stituting this result into Eq. (2.10.69) and differentiating at fixed momenta gives

∆p(1)y = xp
∂

∂Y

[
− K0Y2

2(1 + y2
p)

]
= −K0uY, (2.10.74)
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where the dimensionless slope combination u is defined as

u =
xp

1 + y2
p

. (2.10.75)

This is an auxiliary function of the two unperturbed drift slopes, not an independent
coordinate. It is the factor entering the first-order vertical kick, ∆p(1)y = −K0uY, and
thus gives the first-order focusing coefficient Φ(1) = K0u. On the mid-plane, yp = 0,
it reduces to u = xp. For nonzero vertical slope, its denominator accounts for the
vertical-slope dependence in this fringe model. This first-order result reduces to the
hard-edge mid-plane kick derived directly from the Lorentz force in Eq. (2.10.18).
To calculate the contribution C = O(K2

0) to the focusing coefficient Φ = K0u − C,
we use the ordered second-order perturbation expansion. First expand the vertical-
position dependence of VI explicitly. Using a(s, y) = −b′(s)y2/2 + b′′′(s)y4/24− · · ·
in Eq. (2.10.67), with s∗ = 0, gives

VI = b(s)(X + sxp) +
xp

2
b′(s)(Y + syp)

2

−
xp

24
b′′′(s)(Y + syp)

4 + · · · . (2.10.76)

We denote by W the truncation of VI that retains the horizontal term and the leading
quadratic vertical term:

W(s) = b(s)(X + sxp) +
xp

2
b′(s)(Y + syp)

2. (2.10.77)

Here W(s) abbreviates W(s, X, Y, px, py); it still depends on the transverse coordinates
and momenta. It is not an additional physical interaction or a second-order Hamil-
tonian. Like VI , W is first order in K0, but it omits the fourth and higher powers of
the physical vertical position Y + syp. Its two successive actions in the ordered ex-
pansion produce the second-order contribution C. Thus “second order” refers to the
field strength, whereas “quadratic” refers to the vertical position. This truncation is
part of the approximation used for linear mid-plane focusing; keeping the remaining
momentum dependence unexpanded does not recover the omitted nonlinear terms.
Define the transverse Poisson bracket by

{ f , h} = fXhpx − fpx hX + fYhpy − fpy hY. (2.10.78)

To see why a double integral appears, consider the motion generated by W and write
the interaction-frame phase-space coordinates as z = (X, Y, px, py). Hamilton’s equa-
tions are dzj/ds = {zj, W(s)}, in particular dpy/ds = {py, W(s)} = −∂W(s)/∂Y. At
first order, the force is evaluated at the unperturbed phase-space point, so only one
integration is needed. The first-order change accumulated by the time the particle
reaches s1 is

z(1)j (s1) =
∫ s1

s−
{zj, W(s2)} ds2. (2.10.79)

At second order, the vertical force at s1 must account for this earlier change. To make
the expansion explicit, denote the vertical momentum-change rate generated by W by

Fy(s, z) = {py, W(s, z)}. (2.10.80)
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Write the perturbed trajectory as

z(s1) = z(0) + z(1)(s1) + O(K2
0). (2.10.81)

Here z(0) is the constant unperturbed interaction-frame point, and z(1) is its first-order
change, not the full trajectory. A Taylor expansion of the force about z(0) gives

Fy(s1, z(s1)) = Fy(s1, z(0))

+ ∑
j

∂Fy(s1, z)
∂zj

∣∣∣∣∣
z(0)

z(1)j (s1) + O(K3
0). (2.10.82)

The first term is the first-order force. In the second term, ∂Fy/∂zj = O(K0) and

z(1)j = O(K0), so their product is second order in field strength. This contribution
is therefore (

dpy

ds1

)(2)

= ∑
j

∂Fy(s1)

∂zj
z(1)j (s1). (2.10.83)

From here on, all brackets and derivatives are evaluated at z(0) unless stated other-
wise. Inserting Eq. (2.10.79) gives(

dpy

ds1

)(2)

=
∫ s1

s−
∑

j

∂Fy(s1)

∂zj
{zj, W(s2)} ds2. (2.10.84)

The sum over the four coordinates is a Poisson bracket. Explicitly, writing W2 =
W(s2) and suppressing the argument s1 of Fy,

∑
j

∂Fy

∂zj
{zj, W2} =

∂Fy

∂X
∂W2

∂px
+

∂Fy

∂Y
∂W2

∂py

−
∂Fy

∂px

∂W2

∂X
−

∂Fy

∂py

∂W2

∂Y
= {Fy, W2}. (2.10.85)

Restoring Fy(s1) = {py, W(s1)} then yields(
dpy

ds1

)(2)

=
∫ s1

s−

{
{py, W(s1)}, W(s2)

}
ds2. (2.10.86)

The inner bracket is the vertical force at s1; the outer bracket gives its change due to
the earlier interaction at s2. Integrating the force over the later position s1 therefore
produces the ordered double integral

∆p(2)y =
∫ s+

s−
ds1

∫ s1

s−
ds2
{
{py, W(s1)}, W(s2)

}
. (2.10.87)

The inner integration sums the earlier perturbations at s2; the outer one sums their
effects on the force at the later position s1. The limit s2 < s1 enforces this ordering.
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Each occurrence of W supplies one power of K0, so this contribution is second or-
der in field strength. It is the Hamiltonian counterpart of substituting the first-order
trajectory changes back into the Lorentz force in the preceding derivation.
By antisymmetry of the Poisson bracket,{

{py, W(s1)}, W(s2)
}
=
{

W(s2), {W(s1), py}
}

. (2.10.88)

In this integrand, the terms retained for linear mid-plane focusing are

Y
[
b(s2)b′(s1){X, xp}+ x2

pb′(s2)b′(s1)(s1 − s2){Y, yp}
]

. (2.10.89)

For example, the first term comes from the bracket of b(s2)X with xpb′(s1)Y. The
second comes from the vertical-position and vertical-momentum derivatives of the
two quadratic terms in W. Terms containing additional explicit powers of the vertical
displacement or vertical slope are not retained in this step. Keeping the momentum
derivatives {X, xp} and {Y, yp} unexpanded defines the conventional extension away
from the mid-plane; it does not restore the other discarded terms. Integrating the
retained expression over the ordered pair (s2, s1) in Eq. (2.10.87) gives ∆p(2)y = CY,
where

C = {X, xp}J0 + x2
p{Y, yp}(J10 − J01), (2.10.90)

where

J0 =
∫ s+

s−
b′(s1) ds1

∫ s1

s−
b(s2) ds2 = I, (2.10.91)

J10 − J01 =
∫ s+

s−
b′(s1) ds1

∫ s1

s−
b′(s2)(s1 − s2) ds2 = I. (2.10.92)

For the second identity, the inner integral equals
∫ s1

s−
b(s2) ds2 by integration by parts,

since b(s−) = 0. The remaining momentum derivatives are explicit:

{X, xp} =
∂(px/ps)

∂px
=

p2 − p2
y

p3
s

=
1 + x2

p

ps
, (2.10.93)

{Y, yp} =
∂(py/ps)

∂py
=

p2 − p2
x

p3
s

=
1 + y2

p

ps
. (2.10.94)

Combining the first- and second-order kicks gives ∆py = −K0uY + CY = −ΦY at
the retained order. Consequently, writing A = 1 + x2

p(2 + y2
p), the coefficient to be

matched is

Φ = K0u− C = K0u− gK2
0F

A
ps

. (2.10.95)

This is Eq. (34) of Ref. [18] in the present notation. At py = 0, it reproduces the
independent derivation in Eq. (2.10.35), with ∆py = −ΦY. For general vertical slopes
it specifies the chosen operator approximation; matching it does not establish an exact
finite-width field map to all transverse orders.
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2.10.6 Constructing the corrected tangent form

Denote by ψ(px, py, δ) the momentum-dependent focusing coefficient used in the
tracking model. At the retained linear vertical order, its kick is ∆py = −ψY. Thus
ψ has units of inverse length; it is a focusing strength, not an angle. It will also supply
the coefficient of the quadratic vertical term in the generating function below. The
coefficient Φ derived in Eq. (2.10.95) is the perturbative result through second order
in field strength. We require the model coefficient to reproduce that result:

ψ = Φ + O(K3
0). (2.10.96)

Using distinct symbols distinguishes the derived expansion Φ from the unexpanded
tracking-model expression ψ.
To connect the slope-based result to the existing effective-angle model, introduce the
signed incoming mid-plane incidence angle e, measured from the s axis toward +x.
For forward motion,

px = p sin e, ps = p cos e, xp = tan e, py = 0. (2.10.97)

Here the momenta are incoming values. At the field-free entrance, xp = xp(s−), con-
necting to the mechanical slope used above. Equation (2.10.18) therefore has focusing
coefficient K0 tan e. The finite-width result in Eq. (2.10.35) can likewise be written

∆py

y(s−)
= −K0 tan e +

gK2
0F

p
1 + sin2 e

cos3 e
+ O(K3

0). (2.10.98)

The existing tracking model expresses the finite-fringe correction as a shift of an effec-
tive edge angle. On the mid-plane this means replacing e by e− ϵ, giving a coefficient
K0 tan(e − ϵ). For nonzero vertical slope, the first-order result is K0u, so the corre-
sponding effective angle is arctan u: it equals e on the mid-plane for forward motion,
but in general it is a function of both slopes, not simply the geometric incidence angle.
We retain this form of the existing model and determine the angle shift by requir-
ing agreement with the derived focusing coefficient through second order in field
strength. For the model coefficient ψ, write

ψ = K0 tan
(
arctan u− ϵ

)
, ϵ = O(K0). (2.10.99)

Expand the outer tangent, keeping the momenta fixed:

tan(arctan u− ϵ) = u− (1 + u2)ϵ + O(ϵ2), (2.10.100)

ψ = K0u− K0(1 + u2)ϵ + O(K3
0). (2.10.101)

Agreement with Eq. (2.10.95) requires

ϵ = gK0F
A

ps(1 + u2)
. (2.10.102)
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Thus the corrected expression used in the map is1

ψ = K0 tan

[
arctan u− gK0F

1 + x2
p(2 + y2

p)

ps(1 + u2)

]
, u =

xp

1 + y2
p

. (2.10.103)

The tangent form is a model choice beyond the calculated order. The unexpanded
tangent includes terms of order K3

0 and higher whose accuracy has not been estab-
lished by this matching. It is not required for symplecticity: that follows from using a
single generating function consistently for all coordinates, as described below.
On the mid-plane, yp = 0, so

1
ps(1 + u2)

=
ps

p2
s + p2

x
=

ps

(1 + δ)2 =
cos e
1 + δ

. (2.10.104)

The mid-plane angle shift is therefore ϵ = gK0F(1+ sin2 e)/[(1+ δ) cos e], the expres-
sion of SLAC-75 and MAD-X divided by 1 + δ.

2.10.7 Generating function and forward map

The thin map acts at the nominal plane s = 0, where Eqs. (2.10.63) and (2.10.64) give
X = x and Y = y. We write its incoming and outgoing physical positions as (x, y)
and (x f , y f ). The coefficient ψ retains the slope notation xp = px/ps and yp = py/ps,
evaluated at the incoming canonical momenta.
A generating function is a scalar function whose derivatives define a canonical, and
hence symplectic, transformation. Here we use a mixed generating function: its in-
dependent arguments are the incoming momenta and outgoing positions. With the
longitudinal canonical pair (ℓ,−δ), the defining relations are

x =
∂G
∂px

, px, f =
∂G
∂x f

, (2.10.105)

y =
∂G
∂py

, py, f =
∂G
∂y f

, (2.10.106)

ℓ = −∂G
∂δ

, δ f = −
∂G
∂ℓ f

. (2.10.107)

The function pxx f + pyy f − δℓ f gives the identity map. Adding−ψy2
f /2 generates the

desired vertical kick, together with the position and longitudinal changes required by

1In the notation used here, the original PTC expression in Eq. (37) of Forest’s fringe note, Ref. [18],
is

ψPTC = K0 tan[arctan u− gK0FAps] , A = 1 + x2
p(2 + y2

p).

Expanding the outer tangent gives ψPTC = K0u− gK2
0FAps(1 + u2) + O(K3

0), whereas Eq. (34) of that
note requires K0u− gK2

0FA/ps through second order. Thus Eqs. (34) and (37) do not agree to that order
in general, contrary to the statement following Eq. (37). They agree for δ = 0 and py = 0, where
p2

s (1 + u2) = 1. On the mid-plane at fixed incidence angle, the original PTC second-order correction
scales as p = 1 + δ, instead of the required 1/p. The factor 1/[ps(1 + u2)] in Eq. (2.10.103) restores
agreement with Eq. (34).



52 CHAPTER 2. BEAM ELEMENT MAPS

the momentum dependence of ψ. We first construct this map alone; the additional
cubic kick present in the implementation is described separately in Section 2.10.8.
We construct a symplectic thin-fringe map using the focusing coefficient ψ defined in
Eq. (2.10.103). To generate the vertical kick py, f = py − ψy f , we choose the mixed
generating function

G = pxx f + pyy f − δℓ f −
1
2

ψ(px, py, δ)y2
f . (2.10.108)

The first three terms, pxx f + pyy f − δℓ f , generate the identity map: without the last
term, all positions and momenta remain unchanged. The last term introduces the
fringe kick and its associated coordinate changes. Differentiating the generating func-
tion with respect to py and y f gives

y =
∂G
∂py

= y f −
1
2

ψpy y2
f , (2.10.109)

py, f =
∂G
∂y f

= py − ψy f . (2.10.110)

Solving the quadratic equation for y f using the root continuous at y = 0 gives the
forward map:

ps =
√
(1 + δ)2 − p2

x − p2
y

x f = x +
1
2

∂ψ

∂px
y2

f

px, f = px

y f =
2y

1 +
√

1− 2 ∂ψ
∂py

y

py, f = py − ψy f

ℓ f = ℓ− 1
2

∂ψ

∂δ
y2

f

δ f = δ

(2.10.111)

All derivatives are evaluated at the incoming momenta. The map is symplectic where
this branch of the generating function is real and invertible; that property alone does
not make the finite-width approximation exact.

2.10.8 Additional cubic kick in the implementation

Xtrack also applies a cubic vertical kick. The same term appears in the PTC dipole-
fringe implementation. This term is separate from the focusing coefficient ψ derived
above. Its coefficient, in the present notation, is

c3 =
K2

0
36Fg(1 + δ)

. (2.10.112)

The same cubic coefficient is documented for the SAD soft-edge model in the Bmad
Reference Manual [21].

https://github.com/MethodicalAcceleratorDesign/MAD-X/blob/master/libs/ptc/src/Sh_def_kind.f90
https://github.com/MethodicalAcceleratorDesign/MAD-X/blob/master/libs/ptc/src/Sh_def_kind.f90
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We now derive it independently at normal incidence for a specified smooth field pro-
file.
Take incoming mechanical momenta px(s−) = py(s−) = 0 and vertical displacement
y(s−). Retain second order in field strength and third order in y(s−). Starting from
px(s−) = 0, the horizontal Lorentz equation, Eq. (2.10.9), generates px = O(K0).
The vertical Lorentz equation, Eq. (2.10.10) with Bx = 0, contains the product pxBs.
Since Bs = O(K0), the vertical force starts at O(K2

0). With incoming py = 0, the
vertical momentum is therefore O(K2

0), and Eq. (2.10.12), dy/ds = py/ps, shows that
the vertical displacement change also starts at that order. In the force calculation at
that order we can use y(s) = y(s−) and ps = p = 1 + δ.
It is essential to retain the off-mid-plane correction to By, as well as the cubic term of
Bs:

By

(Bρ)0
= b(s)− y(s−)2

2
b′′(s) + O(y(s−)4), (2.10.113)

Bs

(Bρ)0
= y(s−)b′(s)−

y(s−)3

6
b′′′(s) + O(y(s−)5). (2.10.114)

Using mechanical momenta explicitly, the horizontal Lorentz equation at first order
in field strength gives

dpmech
x
ds

= −b(s) +
y(s−)2

2
b′′(s) + O(y(s−)4), (2.10.115)

pmech
x (s) = −I(s) + y(s−)2

2
b′(s) + O(y(s−)4), I(s) =

∫ s

s−
b(σ) dσ. (2.10.116)

Here b′(s−) = 0; the omitted field-strength orders are not needed below. Substituting
this momentum into dpmech

y /ds = −(pmech
x /ps)Bs/(Bρ)0 gives, to second order in

field strength,

dpmech
y

ds
=
I(s)b′(s)

p
y(s−)−

y(s−)3

p

[
I(s)b′′′(s)

6
+

[b′(s)]2

2

]
+ O(y(s−)5). (2.10.117)

Define the additional field-profile integral

J =
∫ s+

s−
[b′(s)]2 ds. (2.10.118)

With b′ and b′′ vanishing at the endpoints, integration by parts twice gives∫ s+

s−
I(s)b′′′(s) ds = [Ib′′]s+s− −

∫ s+

s−
b(s)b′′(s) ds (2.10.119)

= −[bb′]s+s− +
∫ s+

s−
[b′(s)]2 ds = J. (2.10.120)

Using also
∫
Ib′ ds = I, we obtain the kick at the retained orders:

∆py =
I
p

y(s−)−
2J
3p

y(s−)3. (2.10.121)
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The first term is the normal-incidence finite-width focusing term already derived.
To represent the cubic term in the thin map, we add the quartic term −c3y4

f to the
generating function. Its derivative with respect to the outgoing position y f gives the
additional momentum kick

∆pcubic
y =

∂(−c3y4
f )

∂y f
= −4c3y3

f . (2.10.122)

At the order retained here, y f can be replaced by the incoming displacement y(s−):
their difference is second order in field strength, while c3 is already second order.
Matching this kick to the cubic term in Eq. (2.10.121) therefore gives

c3 =
J

6p
. (2.10.123)

The uniform-body map factored out of the fringe does not change py, so the derived
momentum kick also applies to the equivalent thin map.
For a hyperbolic-tangent field profile with length scale d > 0,

b(s) =
K0

2
[1 + tanh(s/d)] , b′(s) =

K0

2d
sech2(s/d). (2.10.124)

Integrating over the full transition, with r = s/d, gives

gF =
d
4

∫ ∞

−∞
sech2 r dr =

d
2

, (2.10.125)

J =
K2

0
4d

∫ ∞

−∞
sech4 r dr =

K2
0

3d
. (2.10.126)

For the second integral, t = tanh r gives
∫ 1
−1(1− t2) dt = 4/3. Equation (2.10.123)

therefore becomes

c3 =
K2

0
18dp

=
K2

0
36gF(1 + δ)

. (2.10.127)

For a general profile, J =
∫
[b′]2ds is not determined by gF =

∫
b(K0 − b)ds/K2

0. The
implemented expression effectively sets J = K2

0/(6gF), as for the hyperbolic-tangent
profile. It should therefore not be interpreted as a universal coefficient for arbitrary
fringe shapes. Nor does the normal-incidence calculation establish the complete cubic
map at finite incidence angle or nonzero incoming vertical slope. Ref. [18], Eqs. (21)–
(22), likewise identifies additional nonlinear profile integrals but leaves their further
study aside. For the hyperbolic-tangent profile, the cubic coefficient grows as 1/d
when the transition narrows. The displacement expansion requires |y(s−)| ≪ d, so
its validity is not uniform in the limit d → 0 at fixed nonzero y(s−). This nonlinear
limit must be distinguished from the linearized hard-edge calculation above.
To include the implemented cubic kick in a symplectic map, augment Eq. (2.10.108)
by a quartic term:

Gextended = G − c3y4
f . (2.10.128)
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Differentiating with respect to y f produces the extra kick −4c3y3
f . Since c3 depends

on δ, its derivative also produces a longitudinal-coordinate change. The two modified
lines of Eq. (2.10.111) are

py, f = py − ψy f − 4c3y3
f , (2.10.129)

ℓ f = ℓ− 1
2

ψδy2
f +

c3

1 + δ
y4

f . (2.10.130)

Here ∂c3/∂δ = −c3/(1 + δ); the quartic longitudinal term must accompany the cubic
vertical kick. All other lines of the map, including the expression determining y f , are
unchanged because c3 does not depend on px or py. In the tracking coordinate ζ, the
extended longitudinal update is

ζ f = ζ +
β0

2
ψpτ y2

f − β0c3
T
p2 y4

f . (2.10.131)

This extension does not change the linear vertical focusing about y = 0.

2.10.9 Complete generating function and forward map

Combining the focusing coefficient ψ from Eq. (2.10.103) with the cubic coefficient c3
from Eq. (2.10.112), the complete generating function is

Gextended = pxx f + pyy f − δℓ f −
1
2

ψ(px, py, δ)y2
f − c3(δ)y4

f . (2.10.132)

Its forward map is

y f =
2y

1 +
√

1− 2ψpy y
,

x f = x +
1
2

ψpx y2
f ,

px, f = px,

py, f = py − ψy f − 4c3y3
f ,

ℓ f = ℓ− 1
2

ψδy2
f +

c3

1 + δ
y4

f ,

δ f = δ.

(2.10.133)

All coefficients and momentum derivatives are evaluated at the incoming momenta.
Equivalently, in the longitudinal tracking coordinates,

ζ f = ζ +
β0

2
ψpτ y2

f − β0c3
T
p2 y4

f , pτ, f = pτ, (2.10.134)

where p = 1 + δ and T = 1/β0 + pτ. The next section details the derivatives of ψ; the
additional coefficient satisfies ∂c3/∂δ = −c3/p and has no dependence on px or py.
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2.10.10 Derivatives used in tracking

The forward map in Eq. (2.10.111) needs three derivatives of ψ: ∂ψ/∂px determines
the horizontal position change, ∂ψ/∂py enters the equation for y f , and ∂ψ/∂δ deter-
mines the longitudinal change. All are evaluated at the incoming momenta, holding
the other incoming momenta and the magnet parameters K0, g, F fixed.
The complication is that Eq. (2.10.103) is expressed through slopes and longitudinal
momentum, rather than directly through (px, py, δ). Their dependence is

p = 1 + δ, ps =
√

p2 − p2
x − p2

y, xp =
px

ps
, yp =

py

ps
. (2.10.135)

Changing px, for example, changes not only xp but also ps and yp. We must include
all three changes. We do this in two stages: first differentiate the focusing expression
with respect to its three intermediate arguments, then apply the chain rule to the
incoming momenta.

1. Write the focusing coefficient as a composite function. For the intermediate dif-
ferentiation, write

ψ(px, py, δ) = Ψ
(
xp(px, py, δ), yp(px, py, δ), ps(px, py, δ)

)
. (2.10.136)

The capital Ψ denotes the same focusing expression, with its three arguments tem-
porarily treated as independent. It is not an additional physical coefficient. To orga-
nize its evaluation, define

u =
xp

1 + y2
p

, (2.10.137)

A = 1 + x2
p(2 + y2

p), (2.10.138)

R =
A

1 + u2 , (2.10.139)

ϕ = arctan u− gK0F
ps

R, (2.10.140)

Ψ = K0 tan ϕ. (2.10.141)

Here u is the slope combination already introduced, A is the numerator of the finite-
gap correction, and R includes its compensating denominator 1 + u2. The angle ϕ is
the argument of the outer tangent. These quantities are only intermediate steps in
evaluating Eq. (2.10.103).

2. Differentiate with respect to the intermediate arguments. In this paragraph a
subscript denotes a partial derivative with respect to that argument, holding the other
two intermediate arguments fixed. For example, uxp = ∂u/∂xp at fixed yp and ps.
Direct differentiation gives

uxp =
1

1 + y2
p

, (2.10.142)
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uyp = −
2xpyp

(1 + y2
p)

2 , (2.10.143)

Axp = 2xp(2 + y2
p), (2.10.144)

Ayp = 2x2
pyp. (2.10.145)

For either slope argument a ∈ {xp, yp}, the quotient rule gives

Ra =
Aa(1 + u2)− A 2uua

(1 + u2)2 =
Aa − 2uRua

1 + u2 . (2.10.146)

Differentiating the arctangent and then the outer tangent gives

ϕa =
ua

1 + u2 −
gK0F

ps
Ra, (2.10.147)

Ψa = K0 sec2 ϕ ϕa = K0 sec2 ϕ

(
ua

1 + u2 −
gK0F

ps
Ra

)
. (2.10.148)

For the remaining argument ps, the slopes are held fixed, so u and R are constant.
Only the explicit factor 1/ps changes:

Ψps = K0 sec2 ϕ
gK0FR

p2
s

. (2.10.149)

These three derivatives describe changes in the intermediate arguments. We next
convert them to derivatives with respect to the incoming momenta.

3. Differentiate the slopes and longitudinal momentum. From Eq. (2.10.135), dif-
ferentiation of the square root gives

∂ps

∂px
= − px

ps
= −xp,

∂ps

∂py
= −yp,

∂ps

∂δ
=

p
ps

. (2.10.150)

The slope derivatives must include these denominator changes. For example,

∂xp

∂px
=

1
ps
− px

p2
s

∂ps

∂px
=

1 + x2
p

ps
, (2.10.151)

∂yp

∂px
= −

py

p2
s

∂ps

∂px
=

xpyp

ps
. (2.10.152)

All the required derivatives are collected below. Each column varies the indicated
incoming momentum while holding the other two fixed.

∂/∂px ∂/∂py ∂/∂δ

xp (1 + x2
p)/ps xpyp/ps −pxp/p2

s

yp xpyp/ps (1 + y2
p)/ps −pyp/p2

s

ps −xp −yp p/ps

(2.10.153)
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4. Apply the chain rule to obtain the tracking derivatives. For any incoming mo-
mentum m ∈ {px, py, δ}, the chain rule is

∂ψ

∂m
= Ψxp

∂xp

∂m
+ Ψyp

∂yp

∂m
+ Ψps

∂ps

∂m
. (2.10.154)

Substituting the corresponding column of Eq. (2.10.153) gives

ψpx = Ψxp

1 + x2
p

ps
+ Ψyp

xpyp

ps
−Ψps xp, (2.10.155)

ψpy = Ψxp

xpyp

ps
+ Ψyp

1 + y2
p

ps
−Ψps yp, (2.10.156)

ψδ = −Ψxp

pxp

p2
s
−Ψyp

pyp

p2
s
+ Ψps

p
ps

. (2.10.157)

These are the derivatives to insert in Eq. (2.10.111). Every term follows from the same
coefficient ψ; the map’s coordinate changes must use its full momentum dependence.

5. Convert to the longitudinal tracking coordinates. The map above uses (ℓ,−δ),
while the tracking implementation uses the energy coordinate pτ and the position
coordinate ζ. The normalized energy–momentum relation gives

p2 = (1 + δ)2 = 1 +
2pτ

β0
+ p2

τ. (2.10.158)

Differentiating this equation and defining T = 1/β0 + pτ gives

∂δ

∂pτ
=

T
p

, ψpτ =
T
p

ψδ. (2.10.159)

For the coordinate conversion, ζ = s− β0ct and ℓ = βct imply ∆ζ = −(β0/β)∆ℓ at
fixed s and energy. Using β = p/T and the longitudinal line of Eq. (2.10.111),

∆ζ =
β0T
2p

ψδy2
f =

β0

2
ψpτ y2

f . (2.10.160)

Thus the longitudinal update for this focusing model is

ζ f = ζ +
β0

2
ψpτ y2

f . (2.10.161)

2.10.11 Exit face

The map above was derived for an entrance face, where the field rises from zero to
K0. At the exit face the field falls from K0 to zero. For the linear hard-edge kick, the
Lorentz-force integration therefore uses

∫
b′ ds = −K0, giving

∆py = +K0xp(s−)y(s−). (2.10.162)
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The incoming slope here is measured in the frame whose s axis is normal to the exit
face. Thus a positive body field and a negative incoming horizontal slope give a
focusing exit kick. Entrance and exit slopes must be evaluated in their respective
pole-face frames.
For tracking, the implementation uses the complete generating-function map of Eq. (2.10.133)
with K0 replaced by−K0. The gap g and fringe integral F retain their specified values.
In particular, the cubic coefficient is unchanged because it depends on K2

0. This pre-
scription defines a symplectic nonlinear extension of the linear exit kick. The hard-
edge sign argument alone does not establish that it is the exact nonlinear map of a
finite-width exit field.
It is also important to distinguish this prescription from reversing an entrance map.
Let R change the signs of x, py and ℓ, leaving y, px and δ unchanged. Although ψ and
c3 are even in py, the mixed generating-function map generally does not satisfy

R Ment(−K0)
−1R = Ment(−K0). (2.10.163)

Inversion interchanges incoming and outgoing variables, whereas the forward map
evaluates its coefficients at incoming momenta and its kick at the outgoing vertical
position. The resulting differences can already be second order in K0 for nonzero
vertical slope, even when the finite-gap correction and cubic term are disabled. Thus
the linear hard-edge agreement must not be interpreted as exact reversibility of the
complete nonlinear extension under R. Backtracking instead uses the actual inverse
of the chosen map, as described below.
In the implementation, the entrance face is treated by rotating the coordinates into the
pole-face frame (Section 2.20.2), applying the dipole fringe map, and then applying
the dipole wedge (Section 2.11), which moves the observation plane from the pole face
to the plane normal to the reference trajectory inside the body. For the full edge model,
the multipole fringe and the quadrupolar wedge correction are applied between the
dipole fringe and the wedge. The exit face applies the same maps in the reverse order,
with the exit face angle and with −K0 in the dipole fringe map. Backtracking inverts
each map in turn; the sign of K0 seen by a given face does not depend on the direction
of travel.

2.10.12 Backtracking

We invert the complete forward map in Eq. (2.10.133), including the cubic kick. As in
the forward map, unadorned symbols denote incoming coordinates and the subscript
f denotes outgoing coordinates. The outgoing coordinates are now known, and we
recover the incoming ones. The conserved momenta give

px = px, f , δ = δ f . (2.10.164)

The remaining incoming momentum satisfies

py = py, f + ψ(px, f , py, δ f )y f + 4c3(δ f )y3
f . (2.10.165)

This equation is implicit because the corrected coefficient ψ in Eq. (2.10.103) depends
on the unknown py. The coefficient c3 is already known from δ f .
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The tracking implementation solves Eq. (2.10.165) by fixed-point iteration:

p(n+1)
y = py, f + ψ(px, f , p(n)y , δ f )y f + 4c3(δ f )y3

f , p(0)y = py, f . (2.10.166)

At each iteration, ψ is evaluated at the current estimate of the incoming momentum.
A sufficient condition for local convergence is∣∣∣∣y f

∂ψ

∂py
(px, f , py, δ f )

∣∣∣∣ < 1 (2.10.167)

at the solution, with the initial estimate sufficiently close to it. A small momentum
kick alone does not guarantee this condition.
Once py is recovered, evaluate ψ and its derivatives at the recovered incoming mo-
menta. The remaining inverse updates are explicit:

x = x f −
1
2

ψpx y2
f , (2.10.168)

y = y f −
1
2

ψpy y2
f , (2.10.169)

ℓ = ℓ f +
1
2

ψδy2
f −

c3

1 + δ f
y4

f . (2.10.170)

Equivalently, in the longitudinal tracking coordinates,

ζ = ζ f −
β0

2
ψpτ y2

f + β0c3
T
p2 y4

f , pτ = pτ, f , (2.10.171)

where p = 1 + δ f and T = 1/β0 + pτ, f . Setting c3 = 0 gives the inverse of the
focusing-only map. These inverse relations apply on the real, invertible branch se-
lected in the forward map.
The code makes at most 10 iterations, stopping when the change in py is at most
10−13|py|+ 10−20. Failure to converge marks the particle as lost.

2.11 Dipole wedge

The following map is used to move the observation plane by an angle θ around the y
axis in a uniform dipole field [11]:

x(θ) = x cos θ +
xpx sin(2θ) + sin2 θ

(
2x
√
(1 + δ)2 − p2

x − p2
y − K0x2

)
√
(1 + δ)2 − px(θ)2 − p2

y +
√
(1 + δ)2 − p2

x − p2
y cos θ − px sin θ

(2.11.1)

px(θ) = px cos θ +
(√

(1 + δ)2 − p2
x − p2

y − K0x
)

sin θ (2.11.2)

y(θ) = y +
py

K0
θ +

py

K0

sin−1

 px√
(1 + δ)2 − p2

y

− sin−1

 px(θ)√
(1 + δ)2 − p2

y


(2.11.3)
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py(θ) = py (2.11.4)

δ(θ) = δ (2.11.5)

ℓ(θ) = ℓ+
(1 + δ)

K0
θ +

(1 + δ)

K0

sin−1

 px√
(1 + δ)2 − p2

y

− sin−1

 px(θ)√
(1 + δ)2 − p2

y


(2.11.6)

where K0 is the normalized magnetic field.

2.12 Multipole fringe field

The fringe field effect for multipole magnets is implemented as described in [11].
We introduce the following auxiliary quantities:

f± ≈ ∓ℜ
cn(x + iy)n

4(n + 1)(1 + δ)

{
xpx + ypy + i

n + 2
n

(xpy − ypx)

}
(2.12.1)

=
px f x + py f y

1 + δ
.

where cn = Kn + iK̂n is the complex multipole strength (see Sec. 1.5).
The functions f x and f y depend on position only. The characteristic function is chosen
so as to depend on the final momenta:

S(x, p f ) = x · p f −
p f

x f x + p f
y f y

1 + δ
. (2.12.2)

The following implicit solution is found:

x f = x− f x

1 + δ
(2.12.3a)

px = p f
x −

p f
x(∂x f x) + p f

y(∂x f y)

1 + δ
(2.12.3b)

y f = y− f y

1 + δ
(2.12.3c)

py = p f
y −

p f
x(∂y f x) + p f

y(∂y f y)

1 + δ
(2.12.3d)

δ f = δ (2.12.3e)

ℓ = ℓ f +
p f

x f x + p f
y f y

(1 + δ)2 . (2.12.3f)

It is solved by inverting Eqs. (2.12.3b) and (2.12.3d) simultaneously to obtain the final
transverse momenta.
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2.12.1 Backtracking

As for the dipole fringe field (Sec. 2.10), the map relates the entrance and exit coor-
dinates implicitly, here in x and y rather than in py, and so cannot be inverted an-
alytically. As before, we describe the coordinates before entering the fringe map as
(x0, px,0, y0, py,0) and the coordinates after the fringe map as (x1, px,1, y1, py,1).
The functions f x, f y and their derivatives are evaluated at the entrance position (x0, y0),
which needs to be recovered when backtracking. Since Eqs. (2.12.3a) and (2.12.3c) cou-
ple the two planes through f x(x0, y0) and f y(x0, y0), they cannot be inverted one at a
time as in the dipole fringe case, and we must instead solve the coupled system

F(x0, y0) =

x0 −
f x(x0, y0)

1 + δ
− x1

y0 −
f y(x0, y0)

1 + δ
− y1

 = 0 (2.12.4)

for (x0, y0), with (x1, y1) known. Its Jacobian is

J =
∂F

∂(x0, y0)
=

1− ∂x f x

1 + δ
−

∂y f x

1 + δ

− ∂x f y

1 + δ
1−

∂y f y

1 + δ

 , (2.12.5)

which is the Jacobian of the forward position map, so that Eq. (2.12.4) is solved by the
Newton iterationx0

y0

(n+1)

=

x0

y0

(n)

− J−1F
∣∣∣(n) , (x0, y0)

(0) = (x1, y1), (2.12.6)

where f x, f y and J are re-evaluated at (x0, y0)
(n) at every step.

Once (x0, y0) has converged, the entrance momenta follow from Eqs. (2.12.3b) and (2.12.3d),
which in matrix form read px,0

py,0

 = J⊤

px,1

py,1

 , (2.12.7)

with J evaluated at the recovered entrance position.
The iteration is capped at 10 steps and is taken as converged when the change in both
x0 and y0 between successive steps falls below a relative tolerance of 10−13. If the
iteration does not converge, an error is raised.

2.13 Quadrupolar correction for wedge and Y rotation

If a dipole wedge or rotation around the y axis in a field-free region takes place in the
presence of a quadrupole field, the following correction is applied to the transverse
momenta:

p f
x = px − K1x2θ + K1

y2

2
θ (2.13.1)
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p f
y = py + K1xyθ (2.13.2)

This correction is a perturbation of the wedge or Y rotation, and can in theory be
applied using any integration scheme. It is currently implemented as a kick-drift
approximation.

Derivation

(derived by S. Van der Schueren based on the MAD-X/PTC [1] source code)
In a curved reference frame (dropping terms of order O(y4)):

Hτ =
pτ

β0
− (1+ hx)

(√
(1 + δ)2 − p2

x − p2
y −

x + h
2 x2

1 + hx
K0 + K1

y2

2
− K1hx3

3
+

K1x2

2(hx + 1)

)
(2.13.3)

which we can split in perturbation theory into a drift-like part H0 and a kick-like part
H1:

H0 =
pτ

β0
− (1 + hx)

√
(1 + δ)2 − p2

x − p2
y +

(
x +

h
2

x2
)

K0 (2.13.4)

H1 = −(1 + hx)K1
y2

2
+

(
K1h

x3

3
+ K1

x2

2

)
(2.13.5)

The Hamiltonian H0 leads to the dipole wedge of Sec. 2.11 (or to a dynamical rotation,
Sec. 2.20.2, if b0 = 0) when taking the limit 1/h→ 0, s→ 0, sh→ θ . The Hamiltonian
H1 has equations of motion:

p′x = −∂H1

∂x
= hK1

y2

2
− hK1x2 − K1x (2.13.6)

p′y = −∂H1

∂y
= (1 + hx)K1y (2.13.7)

which gives integrated equations:

px(s) = px + hK1
y2

2
s− hK1x2s− K1xs (2.13.8)

py(s) = py + (1 + hx)K1ys (2.13.9)

Taking the limit 1/h → 0, s → 0, sh → θ as for the dipole wedge we find the expres-
sions for the quadrupole wedge.

2.14 Accelerating Cavity

Implemented in the Cavity element.

The approximated energy gain of a particle passing through an electric field of fre-
quency f = kc

2π for which:

V sin(ϕ− kτ) =
∫ l/2

−l/2
Es(0, 0, t, s)ds. (2.14.1)

https://xsuite.readthedocs.io/en/latest/apireference.html#cavity
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An equivalent vector potential can be derived and normalized as

As = −
V
ω

cos(ϕ− kτ) Vn =
q0

P0c
V (2.14.2)

from which one can derive the following map

pτ ← pτ + χVn sin(ϕ− kτ). (2.14.3)

2.15 RF-Multipole

Implemented in the RFMultipole and Crab Cavity elements.

The RF-multipole generalizes the interaction of a particle with an electromagnetic
field by assuming that

∆E(x, y, τ) = q
∫ L/2

−L/2
Ez(x, y, t)ds (2.15.1)

∆Px(x, y, τ) = q
∫ L/2

−L/2
Ex(x, y, t) + βcBy(x, y, t)ds (2.15.2)

∆Py(x, y, τ) = q
∫ L/2

−L/2
Ey(x, y, t)− βcBx(x, y, t)ds. (2.15.3)

are harmonic in x, y and periodic in τ of frequency f = k
2πc such that:

as(x, y, τ) = ℜ
[

N

∑
n=1

(
kn cos(ϕn − kτ) + ik̂n cos(ϕ̂n − kτ)

)
(x + iy)n

]
, (2.15.4)

The map then follows:

∆px = −
N

∑
n=1

χ

n!
ℜ
[
(knCn + ik̂nĈn)(x + iy)(n−1)

]
, (2.15.5)

∆py =
N

∑
n=1

χ

n!
ℑ
[
(knCn + ik̂nĈn)(x + iy)(n−1)

]
, (2.15.6)

∆pτ = −χk
N

∑
n=1
ℜ
[
(knSn + iknŜn)(x + iy)n] , (2.15.7)

where

Cn = cos(ϕn −ω∆t) Ĉn = cos(ϕ̂n −ω∆t) (2.15.8)

Sn = sin(ϕn −ω∆t) Ŝn = sin(ϕ̂n −ω∆t). (2.15.9)

https://xsuite.readthedocs.io/en/latest/apireference.html#rfmultipole
https://xsuite.readthedocs.io/en/latest/apireference.html#crabcavity
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2.16 Solenoid

Implemented in the UniformSolenoid and VariableSolenoid elements.

The derivation largely follows one by Forest [11], while the final map can be verified
to be the same as the one by Wolski [12].
We can write the Hamiltonian for the solenoid as follows:

H = pζ −

√
(1 + δ)2 −

(
px +

bz

2
y
)2

−
(

py −
bz

2
x
)2

(2.16.1)

where we have defined the normalized quantities bz = Bz
q0
P0

, ax = Ax
q0
P0

, ay = Ay
q0
P0

.
This can be obtained knowing the general Hamiltonian

H = pζ −
√
(1 + δ)2 − (px − ax)2 − (py − ay)2 − az, (2.16.2)

from which we can extract the magnetic field potential and convince ourselves that
H describes a magnetic field with only the longitudinal component equal to Bz, as
expected of a solenoid:

A =


Ax

Ay

Az

 =


−Bz

2 y
Bz
2 x

0

 =⇒ B = ∇×A =


∂Az
∂y −

∂Ay
∂z

∂Ax
∂z −

∂Az
∂x

∂Ay
∂x −

∂Ax
∂y

 =


0

0

Bz

 . (2.16.3)

The Hamiltonian H can be simplified, by applying the following transformation,
which should be understood as the change of reference from the general coordinate
system X to a new Xnew:

T :=


−1

2 0 0 1
bz

0 1 1
2 bz 0

−1
2 0 0 − 1

bz

0 1 −1
2 bz 0

 .

In particular, note that if

X =


x

px

y

py

 = T−1Xnew =


−xnew − ynew

1
2(px,new + py,new)
1
bz
(px,new − py,new)
bz
2 (xnew − ynew)

 ,

then we can rewrite H in terms of Xnew (dropping the ‘new’ suffix, while keeping it
in mind) as

K := −
√
(1 + δ)2 − p2

x − b2
z x2.

https://xsuite.readthedocs.io/en/latest/apireference.html#uniformsolenoid
https://xsuite.readthedocs.io/en/latest/apireference.html#variablesolenoid
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We can simplify H even further, rewriting it in terms of the following action-angle
variables:

x :=

√
2J
|bz|

cos(ϕ) and px :=
√

2|bz|J sin(ϕ). (2.16.4)

The new Hamiltonian with respect to J is the following:

K = −
√
(1 + δ)2 − p2

x − b2
z x2 =

−

√√√√(1 + δ)2 −
(√

2|bz|J sin(ϕ)
)2

− b2
z

√
2J
|bz|

cos(ϕ)2 =

−

√
(1 + δ)2 −

(√
2|bz|J sin(ϕ)

)2

−
(√

2|bz|J cos(ϕ)
)2

=

−
√
(1 + δ)2 − 2|bz|J.

Then, using Hamilton’s equations, we can solve for ϕ:

dϕ

dz
=

∂K
∂J

=⇒ ϕ(z) = ϕ(0) + z
∂K
∂J

= ϕ(0)− z
|bz|
K

.

Let ω := −bz/K. Keeping in mind that we are still in the realm of Xnew, we can
compute xnew and ynew substituting the above into (2.16.4). Note that we can drop
the modulus on bz in both ω and the equations below, as cos is an even function and,
while sin is an odd function, the signs of sin(ωz) and bz will cancel out anyway.

x =

√
2J
|bz|

cos
(

ϕ(0) +
(
−z
|bz|
K

))
=√

2J
|bz|

cos ϕ(0) cos(ωz)−
√

2J|bz|
|bz|

sin ϕ(0) sin
(
−z
|bz|
K

)
=

x0 cos(ωz)− px,0

bz
sin(ωz)

px =
√

2|bz|J sin
(

ϕ(0) +
(
−z
|bz|
K

))
=

√
2|bz|J sin ϕ(0) cos(ωz) + |bz|

√
2J
|bz|

cos ϕ(0) sin
(
−z
|bz|
K

)
=

px,0 cos(ωz) + bzx0 sin(ωz)

These equations give us the map for the solenoid in Xnew. We can write this transfor-
mation in the form of a matrix

R :=


cos(ωz) − sin(ωz)

bz
0 0

bz sin(ωz) cos(ωz) 0 0

0 0 1 0

0 0 0 1

 ,



2.16. SOLENOID 67

and therefore the whole solenoid map in X as follows (let S := sin(ωz) and C :=
cos(ωz)):

M := T−1RT =



C+1
2

S
bz

S
2

1−C
bz

− bzS
4

C+1
2

bz(C−1)
4

S
2

−S
2

C−1
bz

C+1
2

S
bz

bz(1−C)
4 −S

2 − bzS
4

C+1
2


In the tracking procedure of Xtrack (and MAD-X) the map is implemented with re-
spect to a different quantity sk, which we will denote with k, and which represents
half of the magnetic field strength bz: k = bz

2 . Let s := sin( zk
H ) = sin(ωz

2 ) and
c := cos(ωz

2 ); then we can rewrite M using the trigonometric identities:

cos(2θ) = 2 cos2 θ − 1 = 1− 2 sin2 θ =⇒ c2 =
C + 1

2
and s2 =

1− C
2

,

sin(2θ) = 2 cos θ sin θ =⇒ sc =
S
2

,

as the following transfer matrix

M =


c2 cs

k cs s2

k

−kcs c2 −ks2 cs

−cs − s2

k c2 cs
k

ks2 −cs −kcs c2

 ,

which, with relatively little effort, can be verified to correspond to the implementa-
tion of the tracking procedure. We have the following map (note the change in ζ is
analogous to the drift):

x ← (x cos (θ) + y sin (θ)) cos (θ) +
2
bz

(
px cos (θ) + py sin (θ)

)
sin (θ)

px ← −
1
2
(x cos (θ) + y sin (θ))bz sin (θ) +

(
px cos (θ) + py sin (θ)

)
cos (θ)

y← (y cos (θ)− x sin (θ)) cos (θ) +
2
bz

(
py cos (θ)− px sin (θ)

)
sin (θ)

py ← −
1
2
(y cos (θ)− x sin (θ))bz sin (θ) +

(
py cos (θ)− px sin (θ)

)
cos (θ)

ζ ← ζ + L
(

1− β0

β

1 + δ

pz

)
,

where pz :=

√
(δ + 1)2 −

(
bz
2 x− py

)2
−
(

bz
2 y + px

)2
, θ := bzL

2pz
, and L is the length of

the thick solenoid.
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2.16.1 Tilted solenoid

From the solenoid frame (x’-z’) to the beam frame (x-z) we have the following trans-
formation:

x = x′ cos θ − z′ sin θ (2.16.5)

z = x′ sin θ + z′ cos θ (2.16.6)

The inverse transformation is:

x′ = x cos θ + z sin θ (2.16.7)

z′ = −x sin θ + z cos θ (2.16.8)

We write the potential for a solenoid with a longitudinal field dependent on z:

Ax′ = −
BA(z′)

2
y′ (2.16.9)

Ay′ =
BA(z′)

2
x′ (2.16.10)

Az′ = 0 (2.16.11)

We compute the components in the beam frame:

Ax = cos θ · Ax′ − sin θ · Az′ (2.16.12)
Ay = Ay′ (2.16.13)

Az = sin θ · Ax′ + cos θ · Az′ (2.16.14)

Replacing the coordinates x′, y′, z′ we obtain:

Ax = −BA(z / cos θ)

2
y cos θ (2.16.15)

Ay =
BA(z / cos θ)

2
x cos θ +

BA(z / cos θ)

2
z sin θ (2.16.16)

Az = −
BA(z / cos θ)

2
y sin θ (2.16.17)

We perform a change of gauge:

Anew = A +∇ f (2.16.18)

with:

f = −BA(z / cos θ)

2
yz sin θ (2.16.19)

obtaining:

Ax = −BA(z / cos θ)

2
y cos θ (2.16.20)

Ay =
BA(z / cos θ)

2
x cos θ (2.16.21)
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Az = −BA(z / cos θ) y sin θ − 1
2

dBA

dz
zy sin θ (2.16.22)

From this we compute the field B = ∇×A:

Bx(x, y, z) = −1
2

d
dz

[BA(z / cos θ)] x cos θ − BA(z / cos θ) sin θ − 1
2

d
dz

[BA(z / cos θ)] z sin θ

(2.16.23)

By(x, y, z) = −1
2

d
dz

[BA(z / cos θ)] y cos θ (2.16.24)

Bz(x, y, z) = BA(z / cos θ) cos θ (2.16.25)

We call

Bx0(z) = Bx(0, 0, z) = −BA(z / cos θ) sin θ − 1
2

d
dz

[BA(z / cos θ)] z sin θ (2.16.26)

Bz0(z) = Bz(0, 0, z) = BA(z / cos θ) cos θ (2.16.27)

We can use the above to express the field:

Bx(x, y, z) = −1
2

dBz0

dz
x + Bx0(z) (2.16.28)

By(x, y, z) = −1
2

dBz0

dz
y (2.16.29)

Bz(x, y, z) = Bz0(z) (2.16.30)

and to express the vector potential:

Ax = −Bz0(z)
2

y (2.16.31)

Ay =
Bz0(z)

2
x (2.16.32)

Az = Bx0(z)y (2.16.33)

2.16.2 Generalization to arbitrary tilt and dipolar components

If the tilt is not in the x − z plane, and if additional dipolar components are present,
we can generalize the above, obtaining the following vector potential:

Ax = −Bz0(z)
2

y (2.16.34)

Ay =
Bz0(z)

2
x (2.16.35)

Az = Bx0(z)y− By0(z)x (2.16.36)
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The corresponding magnetic field is:

Bx(x, y, z) = −1
2

dBz0

dz
x + Bx0(z) (2.16.37)

By(x, y, z) = −1
2

dBz0

dz
y + By0(z) (2.16.38)

Bz(x, y, z) = Bz0(z) (2.16.39)

2.17 Wire

Implemented in the Wire element.

For each part we define pz =
√
(1 + δ)2 − x′2 − y′2, using the current values for x′

and y′.
Step 1. Initial backwards drift of length L = embl

2 .

x → x− L · x′

pz

y→ y− L · y′

pz

Step 2.

y→ y− x · sin(tx)

cos
(

arctan
(

x′
pz

)
− tx

) · y′√
(1 + δ)2 − y′2

x → x ·
[

cos(tx)− sin(tx) · tan
(

arctan
(

x′

pz

)
− tx

)]
x′ →

√
(1 + δ)2 − y′2 · sin

(
arctan

(
x′

pz

)
− tx

)
x → x−

y · sin(ty)

cos
(

arctan
(

y′
pz

)
− ty

) · x′√
(1 + δ)2 − x′2

y→ y
[

cos(ty)− sin(ty) · tan
(

arctan
(

y′

pz

)
− ty

)]
y′ →

√
(1 + δ)2 − x′2 sin

(
arctan

(
y′

pz

)
− ty

)
Step 3. Drift part of length L = lin.

x → x + L · x′

pz

y→ y + L · y′

pz

https://xsuite.readthedocs.io/en/latest/apireference.html#wire
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Step 4. Here xi = x− rx and y = y− ry.

x′ → x′ −
cur·10−7

chi · xi

x2
i + y2

i

[√
(lin + l)2 + x2

i + y2
i −

√
(lin− l)2 + x2

i + y2
i

]

y′ → y′ −
cur·10−7

chi · yi

x2
i + y2

i

[√
(lin + l)2 + x2

i + y2
i −

√
(lin− l)2 + x2

i + y2
i

]
Step 5. Drift of length L = le f f − lin.

x → x + L
x′

pz

y→ y + L
y′

pz

Step 6.

x → x−
y · sin(−ty)

cos
(

arctan
(

y′
pz

)
+ ty

) · x′√
(1 + δ)2 − x′2

y→ y ·
[

cos(−ty)− sin(−ty) · tan
(

arctan
(

y′

pz

)
+ ty

)]
y′ →

√
(1 + δ)2 − x′2 · sin

(
arctan

(
y′

pz

)
+ ty

)
y→ y− x · sin(−tx)

cos
(

arctan
(

x′
pz

)
+ tx

) · y′√
(1 + δ)2 − y′2

x → x
[

cos(−tx)− sin(−tx) · tan
(

arctan
(

x′

pz

)
+ tx

)]
x′ →

√
(1 + δ)2 − y′2 · sin

(
arctan

(
x′

pz

)
+ tx

)
Step 7. Shift.

x → x + embl · tan(tx)

y→ y + embl ·
tan(ty)

cos(tx)

Step 8. Negative drift of length L = embl
2 .

x → x− L · x′

pz

y→ y− L · y′

pz

2.18 Electron Lens

Implemented in the Elens element.

https://xsuite.readthedocs.io/en/latest/apireference.html#elens
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2.18.1 Hollow electron lens - uniform annular profile

For a uniform distribution of the electron beam between R1 and R2, the radial kick
can be described by a shape function f (r) and a maximum kick strength θmax:

θ(r) =
f (r)

(r/R2)
· θmax (2.18.1)

with r =
√

x2 + y2 and θmax independent of r. The shape function f (r) is defined as

f (r) =
I(r)
IT

=
2π

IT

∫ r

0
rρ(r)dr (2.18.2)

where IT is the total electron beam current, I(r) is the current enclosed in a radius r
and ρ(r) is the electron beam density distribution.
For a uniform profile one then obtains:

0 , r < R1
r2−R2

1
R2

2−R2
1

, R1 ≤ r < R2

1 , R2 ≤ r

(2.18.3)

and

θmax = θ(R2) =
2LIT(1± βeβp)

4πϵ0 (Bρ)p βeβpc2 ·
1

R2
(2.18.4)

where L is the length of the e-lens, IT the total electron beam current, βe/p the rela-
tivistic β of the electron/proton beam, Bρ the magnetic rigidity, c the speed of light
and ϵ0 the vacuum permittivity. The ±-sign represents the two cases of the electron
beam traveling in the direction of the proton beam (+) or in the opposite direction
(−). For hollow electron beam collimation, electron and proton beams travel in the
same direction.
The kick in (x′, y′) can then be expressed as (note x

r = cos(ϕ), y
r = sin(ϕ)):

x′ = x′ − θmax ·
r2

r2 · f (r) · x (2.18.5)

y′ = y′ − θmax ·
r2

r2 · f (r) · y (2.18.6)

If the electron lens is offset by (xoffset, yoffset), the coordinates (x, y) are simply trans-
formed to:

x̃ = x + xoffset (2.18.7)
ỹ = y + yoffset (2.18.8)

r̃ =
√

x̃2 + ỹ2 (2.18.9)

and the kick is then given by:

x′ = x′ − θmax ·
r2

r̃2 · f (r̃) · x̃ (2.18.10)

y′ = y′ − θmax ·
r2

r̃2 · f (r̃) · ỹ (2.18.11)
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2.19 Electron Cooler

Implemented in the ElectronCooler element.

The Parkhomchuk electron cooler in Xsuite applies a kick to the circulating ion based
on the following equation:

F = − neq2e4

4π2ϵ2
0me
· dV

V3
tot

ln
(

ρmax + ρmin + ρL

ρmin + ρL

)
, (2.19.1)

where F is the friction force acting on the circulating particle, ne is the electron density
(per unit volume), q is the charge of the circulating particle, e is the elementary charge,
me is the electron mass, dV is the velocity difference between the circulating particle
and the local electron velocity. ρmax and ρmin are the maximum and minimum impact
parameters, respectively, and ρL is the Larmor radius of the electrons (also known
as the radius of gyration). Vtot represents the total velocity difference between the
electrons and ion, which is given by:

Vtot =
√

dV2 + ∆2
∥ + ∆2

magnet, (2.19.2)

where dV2 = dV2
x + dV2

y + dV2
z is the squared norm of the relative velocity difference

between the ion and electron. To prevent the cooling force from diverging as dV → 0,
regularization terms are added. The most logical approach is to add the temperatures
as regularization terms because they provide the RMS velocity difference when dV =
0. This is why ∆∥, the longitudinal electron velocity spread associated with their
temperature, is added to Equation (2.19.2). Lastly, ∆magnet is the additional velocity
spread induced by imperfections in the magnetic field of the electron cooler solenoid,
which is given by:

∆magnet = cγ
B⊥
B∥

(2.19.3)

where B⊥
B∥

is the ratio of the transverse component of the magnetic field to the longi-
tudinal component. The transverse temperature is not included in Equation (2.19.2)
because it is suppressed due to the gyration motion of the electrons in the magnetic
field. The transverse temperature indirectly plays a role in the Parkhomchuk model
via the Larmor radius ρL, which is given by:

ρL =
me∆⊥

eB
(2.19.4)

where ∆⊥ is the transverse velocity due to the transverse electron temperature and B
is the magnetic field. The minimum impact parameter ρmin is given by:

ρmin =
Ze2

4πε0meV2 (2.19.5)

The maximum impact parameter determines the maximum length scale at which a
Coulomb interaction takes place, which can be limited by various physical effects,

https://xsuite.readthedocs.io/en/latest/apireference.html#electroncooler
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such as the Debye length, which is given by:

ρd =
∆∥
ωp

, (2.19.6)

where the longitudinal velocity spread of the electrons ∆∥ is given by:

∆∥ =

√
kBT
me

(2.19.7)

The plasma frequency ωp represents the natural oscillation frequency of the electron
due to a perturbation in its charge distribution, which is given by:

ωp =

√
nee2

meϵ0
. (2.19.8)

The Debye radius is not the only limitation for the maximum interaction length. In
the case where the velocity difference between the ion and electron dV is sufficiently
larger than the velocity spread of the electron ∆∥, then the maximum shielding radius
ρs is given by:

ρs =
dV
ωp

. (2.19.9)

In principle, it is necessary to compute both ρd and ρs and compare them to see which
one is the bottleneck and use that as the maximum impact parameter, which is given
by:

ρmax = min(ρd, ρs)

However, in the code, the two shielding impact parameters are merged into a single
effective impact parameter, given by:

ρshield =
Vtot

ωp
. (2.19.10)

Here, Vtot is the total velocity difference between the electron and ion from Equa-
tion 2.19.2. Combining these effects in one term ensures that the shielding parameter
reflects the combined influence of the ion’s motion and the internal velocity distribu-
tion of the electron beam, which is affected by the temperature of the electrons as well
as the imperfections in the magnetic field. An advantage of this formulation is that it
ensures that the impact parameter varies smoothly as a function of the relative ion ve-
locity dV, which changes continuously throughout the cooling process. By using the
combined expression for ρshield from Equation (2.19.10), the code avoids any abrupt
changes in the friction force that could arise from sharp transitions in the shielding
distance.
In addition to ρshield, the maximum impact parameter can also be limited by the dis-
tance an ion travels inside the electron cooler. This distance-based limit is expressed
as:

ρinteraction = Vtotτ (2.19.11)
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where τ is L
β0cγ0

, which is the time it takes for the ion to pass through the electron
cooler. Finally, the maximum impact parameter in the Xsuite implementation is the
minimum of ρinteraction and ρshield, which is given by:

ρmax = min(ρshield, ρinteraction) (2.19.12)

2.19.1 Electron beam space charge

An additional effect of electron cooling that needs to be taken into consideration is
the space charge of the electron beam. Moreover, the electron beam will assume a
parabolic profile with respect to the radius, which is given by [22]:

∆E(r)
E0

=
Ire

ec
γ + 1
β3

0γ2

(
r
r0

)2

≈ 1.2× 10−4 I
β3

0

(
r

re−beam

)2

(2.19.13)

Equation 2.19.13 says that the electrons at the edge of the electron beam have a larger
momentum than the electrons at the center. This means that the ions at the edge of
the beam pipe will reach a larger equilibrium momentum than the ions at the core
because the ions will assume the momentum of the electrons.
The Xsuite electron cooler allows for the inclusion of an optional effect called “space
charge neutralization,” which is determined by the parameter “space charge factor.”
A value of 0 for this parameter indicates that there is no space charge in the electron
beam, while a value of 1 indicates that the electron beam will follow a parabolic profile
as described in Equation 2.19.13.
An additional effect due to space charge is the rotation of the electron beam around
the beam axis due to the magnetic field of the electron cooler. The angular velocity of
the rotation is given by [22]:

ω =
F× B
er|B|2 =

I
2πϵ0cr2

e− beam βγ2B∥
≈ 60

I
r2

e-beam βγ2B∥
(2.19.14)

This effect can also be disabled by setting “space charge factor” to zero. A value of
0 indicates that there is no rotation of the electron beam, while a value of 1 indicates
that the electron beam will rotate with the angular frequency described in Equation
2.19.14.

2.20 Rotations

We assume the conventions for the directions of rotation for compatibility with MAD-X,
as visualized in Fig. 2.2, and give the maps to convert the particle coordinates to the
reference frames rotated by ϕ, θ, and ψ, respectively.
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θ

y

x

s

ψ

ϕ

Figure 2.2: Rotation directions in the beam coordinate system (right-handed system).

The longitudinal momentum is

pz =
√
(1 + δ)2 − p2

x − p2
y.

2.20.1 X Rotation

We define a scaling factor κ arising from the coordinate system being tilted by ϕ about
the x-axis:

κ := 1−
tan ϕ py

pz
.

The coordinate updates can be described as follows:

y← y
κ cos ϕ

, py ← py cos ϕ + pz sin ϕ,

x ← x +
ypx tan ϕ

κpz
, ζ ← ζ − y tan ϕ (1 + β0pτ)

κpz
.

2.20.2 Y Rotation

We define a scaling factor κ arising from the coordinate system being tilted by θ about
the y-axis:

κ := 1 +
tan θ px

pz
.

The coordinate updates can be described as follows (which can be verified with [11],
noting the opposite convention of the angle θ):

x ← x
κ cos θ

, px ← px cos θ − pz sin θ,

y← y−
x py tan θ

κ pz
, ζ ← ζ +

x tan θ (1 + β0pτ)

κ pz
.
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2.20.3 S Rotation

We perform a rotation in the x-y plane by an angle ψ:

x ← x cos ψ + y sin ψ, y← −x sin ψ + y cos ψ,

px ← px cos ψ + py sin ψ, py ← −px sin ψ + py cos ψ.

2.21 Cavity time, energy errors and acceleration

A cavity kick depends on:

sin(2π f T + ϕ) (2.21.1)

where T is laboratory time.
For the most general case:

sin(2π f T + ϕ) = sin
(

2π f
s− ζ

β0c
+ ϕ

)
(2.21.2)

Most codes drop the term 2π f s/(β0c) that is

sin(2π f T + ϕ)→ sin
(
−2π f

ζ

β0c
+ ϕ

)
(2.21.3)

to make sure that a particle that is synchronous to the reference trajectory is in phase
with the cavity.

2.21.1 Implementing energy errors

One can define

s = s0 + n(L0 − L) + nL
frev = β0c/L

f = h frev

(2.21.4)

where s0 is the path length at the cavity turn at 0, L0 is the design circumference, n is
the turn number, h is the harmonic number, L is the new path length with an energy
error. Indeed one could write L = L0(1 + ηδs) where η is a constant property of the
lattice.
Multiple cavities can have their own defined L.
Using these definitions, then

sin(2π f T + ϕ) = sin
(

2πh frev
s0 + n(L0 − L)− ζ

β0c
+ ϕ

)
(2.21.5)

= sin
(

2πh frev
n(L0 − L)− ζ

β0c
+ ϕ′

)
(2.21.6)



78 CHAPTER 2. BEAM ELEMENT MAPS

where ϕ′ = 2πhs0
L + ϕ.

In MAD-X Twiss and MAD8, the longitudinal coordinate is directly ζ ′ = n(L0− L)− ζ
and the term n(L0 − L) is added smoothly in each thick element. This forces all the
cavities to share the same L or frev.
In SixTrack or MAD-X track, one could simply define a turn-dependent phase

ϕ = ϕ0 + 2πh frevn(L0 − L) (2.21.7)

which is very general, or alternatively add a special element that performs at each
turn the following transformation:

ζnew = (L0 − L)− ζold (2.21.8)

2.21.2 Acceleration

Acceleration can be achieved by renormalizing the relative variables using a new mo-
mentum reference. This has the side effect that the fields of the magnets (expressed
in normalized strength) follow the energy ramp and that the cavity frequency (if ex-
pressed in terms of the harmonic number; NB we should perhaps change this in the
Xtrack interface) is updated.
The re-normalization, if done once at each turn, is:

px,new = px,old
P0,old

P0,new
py,new = py,old

P0,old

P0,new
(2.21.9)

δnew = (δold + 1)
P0,old

P0,new
− 1 pτ,new =

pτ,old P0,old c + E0,old − E0,new

P0,newc
(2.21.10)

ζnew = sβ0

(
1

β0,new
− 1

β0,old

)
− ζold τnew = s

(
1

β0,new
− 1

β0,old

)
− τold

(2.21.11)

(2.21.12)
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Misalignments

3.1 Definitions

For defining the misalignments, we use the MAD-like coordinate system, where s is
the axis tangent to the reference trajectory at the entrance to the element, and x and y
are the transverse beam coordinates.
A misalignment of an element is characterized by seven quantities, as illustrated in
Figs. 3.1, 3.2, and 3.3:

• A reference point (anchor) along the reference trajectory through the unper-
turbed element;

• 6 parameters specifying the shifts and rotations of the element with respect to
the reference frame defined at the anchor point.

In the derivation we omit ∆ in the naming of shifts and drifts and we call

f =
∆sanchor

L
(3.1.1)

the relative position of the anchor along the element of length L.
Note that the rotation about the y axis does not follow the classical right-handed ap-
proach: a positive ϕ rotation is clockwise when viewed from the positive x side, i.e.,
it goes from the s to the y axis, as opposed to from y to s.
For our calculations, we will represent the reference frame transformations using 4× 4
augmented matrices. We shall assume the following notation convention: each matrix
M consists of entries from M00 (top left corner), through M03 (top right corner), to M33
(bottom right corner). In particular, we distinguish 4 basic transformations:

T(x, y, s) :=


1 0 0 x

0 1 0 y

0 0 1 s

0 0 0 1

 (translation)

79
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Figure 3.1: Misalignment in the s-x plane.

Figure 3.2: Misalignment in the s-y plane.

Figure 3.3: Misalignment in the x-y plane.
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Rx(ϕ) :=


1 0 0 0

0 cos(ϕ) sin(ϕ) 0

0 − sin(ϕ) cos(ϕ) 0

0 0 0 1

 (rotation around the x axis)

Ry(θ) :=


cos(θ) 0 sin(θ) 0

0 1 0 0

− sin(θ) 0 cos(θ) 0

0 0 0 1

 (rotation around the y axis)

Rs(ψ) :=


cos(ψ) − sin(ψ) 0 0

sin(ψ) cos(ψ) 0 0

0 0 1 0

0 0 0 1

 (rotation around the s axis)

We allow the notation Tx(∆x) to mean T(∆x, 0, 0), and so on, for Ty(∆y) and Ts(∆s).

θ

y

x

s

ψ

ϕ

Figure 3.4: MAD-like coordinate system

3.2 Misalignment at arbitrary s without a tilt

We consider a potentially curved element misaligned with respect to an arbitrary po-
sition along its length.

x

sy B f B1− f

B f
B1− f

T
M0

M1

Figure 3.5: Transformations for a curved element misaligned at an arbitrary s.
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Assuming a curved element of length L that bends the reference frame by α (and
therefore a radius of curvature ρ = L/α), we can represent B as a combination of a
translation and a rotation, B := T(∆x, 0, ∆s)Ry(−α), where

∆x = ρ(cos(α)− 1) = −Lsinc(α/2) sin(α/2),
∆s = ρ sin(α) = Lsinc(α).

(3.2.1)

Note that the second formulations of ∆x and ∆s let us avoid division by zero if α = 0,
catering also to the case of a straight element for a truly general case.
Let us say that our element is misaligned at position ∆L along its length L. Then we
can decompose our reference-frame-bending transformation B into parts B f and B1− f
so that B = B f B1− f . The respective bending angles of the two parts are simply f α and
(1− f )α, where f := ∆L/L = ∆L/(ρα) and ρ is the radius of curvature. Knowing
these parameters, it is trivial to construct B f and B1− f analogously to B, as shown in
Eq. 3.2.1.
Then, we compute the following transformation, which will take us from the normal
to the misaligned element entry frame:

M0 = B f TB−1
f ,

whereas for returning to the normal frame from the exit

B f TB1− f M1 = B = B f B1− f ,

M1 = (TB1− f )
−1B1− f = B−1

1− f T−1B1− f .

When evaluated, the matrix for the curved element in the general case is

B f :=


cos (α f ) 0 − sin (α f ) ρ(cos (α f )− 1)

0 1 0 0

sin (α f ) 0 cos (α f ) ρ sin(α f )

0 0 0 1

 ,

and so

B−1
f :=


cos (α f ) 0 sin (α f ) ρ(cos (α f )− 1)

0 1 0 0

− sin (α f ) 0 cos (α f ) −ρ sin(α f )

0 0 0 1

 .

Note that B f ,03 = (B−1
f )03 = −L f sinc(α f /2) sin(α f /2) and B f ,23 = −(B−1

f )23 =

L f sinc(α f ).
Meanwhile, the misalignment matrix is (let sϕ := sin(ϕ), cψ := cos(ψ), etc., for space-
saving reasons)

T =


−sϕsψsθ + cψcθ −cψsϕsθ − cθsψ cϕsθ x

cϕsψ cϕcψ sϕ y

−cθsϕsψ − cψsθ −cψcθsϕ + sψsθ cϕcθ s

0 0 0 1


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and its inverse, since T is a rigid affine transformation, can be computed with

T−1 =

RT −RTt

0 1

 , given

R t

0 1

 := T.

For the conversion from M0 and M1 to the basic tracking transformations, we can use
the decomposition, M0 = T(x0, y0, s0)Ry(θ0)Rx(ϕ0)Rs(ψ0), for which the parameters
are as follows

θ0 = arctan2(M0,02, M0,22),

ϕ0 = arctan2(M0,12,
√

M2
0,10 + M2

0,11),

ψ0 = arctan2(M0,10, M0,11),
x0 = M0,03,
y0 = M0,13,
s0 = M0,23,

and for the exit, M1 = T(x1, y1, s1)Ry(θ1)Rx(ϕ1)Rs(ψ1),

θ1 = arctan2(M1,02, M1,22),

ϕ1 = arctan2(M1,12,
√

M2
1,10 + M2

1,11),

ψ1 = arctan2(M1,10, M1,11),
x1 = M1,03,
y1 = M1,13,
s1 = M1,23.

Note that many decompositions are possible, and their order can lead to more or less
clean closed formulae for the parameters; in this case, however, we do not expect any
‘nice’ closed-form solutions (as opposed to the case of the subsequent section!). The
above decomposition corresponds to the following tracking sequence:

• (M0:) XYShift(x0, y0), SShift(s0), YRot(θ0), XRot(ϕ0), SRot(ψ0),

• (B:) Element(L, α),

• (M1:) XYShift(x1, y1), SShift(s1), YRot(θ1), XRot(ϕ1), SRot(ψ1).

3.3 Misalignment at arbitrary s (the straight case)

Analogously to the previous section, we split D into D f D1− f :
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x

s

M0 M1

y

T

D f

D f

D1− f

D1− f

Figure 3.6: A straight element misaligned at an arbitrary location.

We simply have that D f := T(0, 0, f L) and D1− f := T(0, 0, (1− f )L). To get to the
misaligned entry frame we have

M0 := D f TD−1
f = Ts( f L) T Ts(− f L),

whereas for returning to the normal frame from the exit

M1 := D−1
1− f T−1D1− f = Ts(( f − 1)L) T−1 Ts((1− f )L).

It is intuitively obvious that, due to the lack of curvature, the entry and exit transfor-
mations should be possible to simplify. Specifically, we would want M0 to involve
some translation followed by rotations Ry(θ)Rx(ϕ)Rs(ψ), and M1, since it ‘undoes’
the effect of M0, to involve rotations Rs(−ψ)Rx(−ϕ)Ry(−θ) followed by some other
translation.
First we decompose the entry matrix M0 = T(x0, y0, s0)Ry(θ0)Rx(ϕ0)Rs(ψ0), i.e. with
the same method as in the previous section. After some algebra we observe that the
angles and shifts indeed simplify:

θ0 = arctan2(M0,02, M0,22) = θ,

ϕ0 = arctan2(M0,12,
√

M2
0,10 + M2

0,11) = ϕ,

ψ0 = arctan2(M0,10, M0,11) = ψ,
x0 = T0,03 = x− L f cos(ϕ) sin(θ),
y0 = T0,13 = y− L f sin(ϕ),
s0 = T0,23 = s− L f (cos(ϕ) cos(θ)− 1).

Let us now decompose the matrix M1 into Rs(ψ1)Rx(ϕ1)Ry(θ1)T(x1, y1, s1). To this
end, let us write separately as Mrot and Mtr the rotation and translation part of the
above decomposition, i.e. let Mrot = Rs(ψ1)Rx(ϕ1)Ry(θ1) and let Mtr := T(x1, y1, s1).
In such a decomposition, the rotation part of Mrot is the same as that of M1, and
so we can simply extract it from there. Afterwards, knowing Mrot we can compute
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Mtr = M−1
rot M1 to get the shifts. We indeed observe the angles and shifts simplifying:

θ1 = − arctan2(M1,20, M1,22) = −θ,

ϕ1 = − arctan2(M1,21,
√

M2
1,01 + M2

1,11) = −ϕ,

ψ1 = arctan2(M1,01, M1,11) = −ψ,
x1 = Mtr,03 = ( f − 1)L cos(ϕ) sin(θ)− x,
y1 = Mtr,13 = ( f − 1)L sin(ϕ)− y,
s1 = Mtr,23 = ( f − 1)L(cos(ϕ) cos(θ)− 1)− s.

This way, our tracking procedure can be significantly less computationally expensive,
compared to that of the preceding section, as no matrix operations are required:

• XYShift(x− L f cos(ϕ) sin(θ), y− L f sin(ϕ))

• SShift(s− L f (1− cos(ϕ) cos(θ)))

• YRot(θ), XRot(ϕ), SRot(ψ),

• Element(L),

• SRot(−ψ), XRot(−ϕ), YRot(−θ),

• SShift(( f − 1)L(cos(ϕ) cos(θ)− 1)− s),

• XYShift(( f − 1)L cos(ϕ) sin(θ)− x, ( f − 1)L sin(ϕ)− y).

3.4 Misalignment at arbitrary s with a tilt

We consider a tilted curved element misaligned with respect to an arbitrary position
along its length.

x

y Bf

M0 M1T

Bf

B1−f

B1−f

s

Figure 3.7: A tilted curved element misaligned at an arbitrary location.

Compared with the earlier discussion of misaligned curved elements (see Section 3.2),
when considering a tilted element, we need to include the tilting in our transforma-
tion B (which, as before, is decomposed as B f B1− f in Figure 3.7).
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In order to include this effect we need to realize that in the previous case the curva-
ture of the reference frame was only applied in the s−x plane, whereas in the case of
Figure 3.7, it will be applied in the plane obtained by tilting s−x by some angle κ.
Therefore, taking Bsx as the earlier transformation, i.e.,

Bsx :=


cos (α) 0 − sin (α) ρ(cos (α)− 1)

0 1 0 0

sin (α) 0 cos (α) ρ sin(α)

0 0 0 1

 ,

and taking sα = sin(α), cα = cos(α), etc. for space-saving reasons, we can express B
as Rs(κ) Bsx Rs(−κ), which evaluates to

B :=


(cα − 1)c2

κ + 1 (cα − 1)cκsκ −cκsα ρ(cα − 1)cκ

(cα − 1)cκsκ (cα − 1)s2
κ + 1 −sαsκ ρ(cα − 1)sκ

cκsα sαsκ cα ρsα

0 0 0 1

 .

We can obtain the matrices B f and B1− f by substituting f α and (1− f )α for α in the
above. To obtain the tracking procedure in this case it suffices to follow the steps of
Section 3.2, substituting the new matrices.

3.5 Misalignment at arbitrary s with a tilt (straight case)

We can generalize the matrix of the above section to a straight case by recalling that
ρ(cos(α) − 1) = −Lsinc(α/2) sin(α/2) and ρ sin(α) = Lsinc(α). Then, we can see
that when α = 0, the matrix B of the preceding section simplifies to

B|α=0 =


1 0 0 0

0 1 0 0

0 0 1 L

0 0 0 1

 = Ts(L) = D.

This means that the effect of the roll is disregarded in the calculation of the reference
frame change for the purposes of a misalignment, and, therefore, that we can apply
the exact procedure outlined in Section 3.3 also for tilted elements. This makes intu-
itive sense, as, in our setup, the tilt indeed only affects the direction of curvature of the
element: if the element is straight, there is no work to be done for the misalignment,
and the element map alone fully describes the effect of the tilt on the particles.

3.6 S Shift – ζ correction

In the tracking procedures shown in the preceding sections, we use the tracking map
we refer to as an SShift, which we use to transport the particles in a straight line by a
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displacement in s. We can presume the SShift to be a variant of DriftExact; however,
there are special considerations that we need to take here, with respect to the path
length s and the delay ζ of our particles.

x

sy

T

L

L
∆s0

∆s1

Figure 3.8: Visualization of the s-coordinate transformations without correction.

In the visualization in Fig. 3.8 we can see the different s-coordinate updates taking
place when we track through a misalignment: in particular, we can see that the total
path of the particle traveled, should SShift be simply a drift, is ∆s = ∆s0 + L + ∆s1.
Clearly, ∆s0 ̸= −∆s1, and so the path length changes between the aligned and mis-
aligned element. However, what we desire is the opposite, i.e. that the path length
does not change: it is inconvenient to have the length of our accelerator change due
to a misalignment. Therefore, the simplest correction we can make in this instance is
to disregard the update of the s coordinate in our drift/s-shift.
A further correction needs to be made with respect to the ζ coordinate. Since ζ is
related to the path length by ζ = s− β0ct, and since, in our setup, the synchronous
particle arrival time is not expected to change between the normal and misaligned
entry to the element, we expect that ∆ζ = ∆s between those two points. However, as
we have already established for our correction of s, we expect the s coordinate to be
unchanged, so we can adjust ζ in exactly the same fashion as we do s:

SShift(∆s) := (DriftExact(∆s), s← s− ∆s, ζ ← ζ − ∆s).
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Chapter 4

Linear optics

We define z as the vector of 2k coordinates,

z = (z1, . . . , z2k)
T = (x− x0, px − px0, y− y0, py − py0, ζ − ζ0, pζ − pζ0)

T (4.0.1)

One can define linear transfer maps (e.g. R1→2 that propagates coordinates between
two points s1, s2) and the one-turn map (e.g. R1 that combines the effects for one turn
starting from s1):

z(s2) = R1→2z(s1) z(C + s1) = R1z(s1). (4.0.2)

In the following we will describe the optics calculation based on the Ripken formalism
described in [23]. A good summary is also given in the MAD8 physics manual [2].

4.1 Linear normal form

Since the matrices derive from symplectic maps, the eigenvalue spectrum of the one-
turn map R consists of 2k distinct eigenvalues and linearly independent eigenvectors.
In addition, for the motion to be stable the eigenvalues λ±k with eigenvectors v±k have
to be complex [23]:

Rv±k = λ±k v±k , k = 1, . . . , 3 (4.1.1)

v+k = (v−k )
∗, λ+

k = (λ−k )
∗, |λ±k | = 1 (4.1.2)

As the eigenvectors are linearly independent, R can be diagonalized with

R = VΛV−1, (4.1.3)

where V consists of the eigenvectors and Λ of the eigenvalues:

V =


v+1,1 v−1,1 · · · v−3,1

v+1,2 v−1,2 · · · v−3,2
...

...
...

...

 Λ =


λ+

1

λ−1
. . .

λ−3

 (4.1.4)

89
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for which v±i,j is the component j of eigenvector v±i .
The same calculation can be carried out with real numbers by the following defini-
tions:

v±k = ak ± ibk, λ±k = cos µk ± i sin µk, µk, ak, bk ∈ R (4.1.5)

such that:

R =WRrotW−1 (4.1.6)

with

Rrot = Rrot(µk) =



cos µ1 sin µ1

− sin µ1 cos µ1
. . .

cos µ3 sin µ3

− sin µ3 cos µ3


, (4.1.7)

W =


a1,1 b1,1 · · · a3,1 b3,1

a1,2 b1,2 · · · a3,2 b3,2
...

...
...

...

a1,6 b1,6 · · · a3,6 b3,6

 (4.1.8)

Equation 4.1.6 is called the linear normal form of the one-turn map R. The matrix Rrot
describes a rotation in the 3 planes by angles µk.
Usually µk is written as µk = 2πQk, where Qk is then the tune of the mode k. By
convention, the eigenvectors and values are normalized, sorted and rotated so that
the following three conditions are fulfilled:

1. Plane 1 is associated with the horizontal, plane 2 with the vertical and plane 3
with the longitudinal plane. This is achieved by first normalizing the eigenvec-
tors v±k and then sorting them so that:

|v+j,2j−1| = |v
−
j,2j−1| = max

k=1,2,3
vk,j, j = 1, . . . , 3 (4.1.9)

2. The eigenvectors are then rotated with a phase term ψk

vk → vk exp(iψk) (4.1.10)

such that

angle(v+k,2k−1) = 0↔ ψk = −angle(v+k,2k−1) (4.1.11)

In real space, Eqns. 4.1.9 and 4.1.11 then become equivalent to:

|aj,2j−1| = max
k=1,2,3

|ak,j|, bj,2j−1 = 0, j = 1, . . . , 3 (4.1.12)

This has the effect that a particle with x = 0 is transformed to x̃ in the normal-
ized phase space.
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3. The sign of bk,j is fixed by the symplectic condition on W

WTSW = S (4.1.13)

with S defined as

S =



0 1 0 0 0 0

−1 0 0 0 0 0

0 0 0 1 0 0

0 0 −1 0 0 0

0 0 0 0 0 1

0 0 0 0 −1 0


(4.1.14)

which is equivalent to:

aT
k · S · bk = 1, bT

k · S · ak = −1, for k = l

aT
k · S · bl = 0, for k ̸= l (4.1.15)

aT
k · S · al = 0, bT

k · S · bl = 0, k, l = 1, . . . , 3

Eqn. 4.1.15 yields that in phase space ak is thus obtained by an anticlockwise
rotation of bk by π/2 and a scaling of its length with |ak| = 1

|bk|
.

We will show in the following that in the normalized phase space the propagation of
particle coordinates z(s) from s1 to s2 is just a rotation by an angle ϕk in the k = 1, . . . , 3
planes, while the amplitude Ik and initial phase ϕk,0 stay constant, explicitly z(s) is
then given by:

z(s) =
3

∑
k=1

√
2Ik (ak(s) cos (ϕk,0 + ϕk(s))− bk(s) sin (ϕk,0 + ϕk(s))) (4.1.16)

and

z(s2) = W(s2)Rrot(ϕk)W(s1)
−1z(s1), (4.1.17)

with ϕk = ϕk(s2)− ϕk(s1)

This implies that one turn is simply a rotation by ϕk = 2πQk where Qk is the tune
of the mode k. In the transverse plane the tune (QI,I I) is usually positive and the
particles rotate clockwise, while in the longitudinal plane the tune (QI I I) is negative
above γT leading to an anticlockwise rotation.
For the derivation the following steps are needed:

1. The effect of one turn on the normalized variable z̃(s) = W−1(s)z(s) is a rota-
tion:

z̃(C + s) = W−1z(s + C)
(Eqn.4.1.6)

= W−1WRrotW−1z(s) = Rrotz̃(s), (4.1.18)
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As R and Rrot are symplectic, W is also symplectic, and its inverse is thus given
by S−1WTS, explicitly:

W−1 =



b12 −b11 b14 −b13 b16 −b15

−a12 a11 −a14 a13 −a16 a15

b22 −b21 b24 −b23 b26 −b25

−a22 a21 −a24 a23 −a26 a25

b32 −b31 b34 −b33 b36 −b35

−a32 a31 −a34 a33 −a36 a35


(4.1.19)

2. The one-turn map and W-matrix can be propagated from s1 to s2 by

R2 = R1→2R1R−1
1→2 W2 = R1→2W1 (4.1.20)

As Eqn. 4.1.18 represents a similarity transformation, the eigenvalues are thus
independent of the position s and as the rotation matrix Rrot consists of the
eigenvalues of R, the angle of the rotation µk = 2πQk is thus also independent
of s.

3. As Eqn. 4.1.6 represents a basis transformation from the standard R2 basis to the
eigenvector basis, the vectors ak and bk are projected onto (Eqn. 4.1.15):

ã1 = W−1a1 = −SWTSa1

= −S(a1Sa1, b1Sa1, . . . , b3Sa1)
T = (1, 0, . . . , 0)

b̃1 = W−1b1 = −SWTSb1

= −S(a1Sb1, b1Sb1, . . . , b3Sb1)
T = (0, 1, . . . , 0) (4.1.21)

· · ·
b̃3 = W−1b3 = −SWTSb3

= −S(a1Sb3, b1Sb3, . . . , b3Sb3)
T = (0, 0, . . . , 1)

in the normalized phase space.

4. From Eqn. 4.1.18 it follows that the amplitude Ik and initial phase ϕk0 of z̃ =
W−1z = (z̃a1 , z̃b1 , . . . , z̃b3)

Ik =
(z̃ak)

2 + (z̃bk
)2

2
, k = 1, . . . , 3 (4.1.22)

tan ϕk0 = −
z̃bk

z̃ak

(4.1.23)

are constants of the motion. The initial phase is defined with a minus sign in
view of the definition of the Twiss parameters, where the initial phase is then
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added (and not subtracted) to the phase advance. The components of z̃ are then
explicitly given by:

z̃ak =
3

∑
j=1

bk,2jz2j−1 − bk,2j−1z2j, k = 1, . . . , 3 (4.1.24)

z̃bk
=

3

∑
j=1

ak,2j−1z2j − ak,2jz2j−1, k = 1, . . . , 3. (4.1.25)

An arbitrary vector z(s) can thus be written in the following form:

z(s) = W(s)z̃(s)

= W(s)

(
3

∑
k=1

z̃ak ãk + z̃bk
b̃k

)

=
3

∑
k=1

z̃akW(s)ãk + z̃bk
W(s)b̃k

Eqn. 4.1.21
=

3

∑
k=1

z̃ak ak + z̃bk
bk

Eqns. 4.1.22,4.1.23
=

3

∑
k=1

√
2Ik (ak cos ϕk0 − bk sin ϕk0) (4.1.26)

4.2 Twiss parameters

In the following the parameter k will always be used for the mode k and the parameter
j = 1, 2, 3 for the horizontal (x, px), vertical (y, py) and longitudinal plane (ζ, pζ) in the
phase space. z2j−1 then stands for the coordinates (x, y, ζ) and z2j for (px,y , pζ).
The Twiss parameters can be introduced by writing the components of the eigenvector

basis (ak(s), bk(s)) as the product of two envelope functions
√

βk,j(s),
√

γk,j(s) and

phase functions ϕk,j(s), ϕ̄k,j(s) = ϕk,j(s)− arctan(1/αk,j), also called Twiss parameters
or lattice functions, with

ak,2j−1(s) =
√

βk,j(s) cos ϕk,j(s),

bk,2j−1(s) =
√

βk,j(s) sin ϕk,j(s), k, j = 1, . . . , 3, (4.2.1)

ak,2j(s) =
√

γk,j(s) cos ϕ̄k,j(s),

bk,2j(s) =
√

γk,j(s) sin ϕ̄k,j(s), k, j = 1, . . . , 3 (4.2.2)

where βk,j(s), αk,j(s), γk,j(s) represent the projection of the ellipse of mode k on the
plane of coordinates z2k−1 − z2k.
Using Eqns. 4.1.16, 4.2.1, 4.2.2 and cos(x + y) = cos x cos y − sin x sin y, the coordi-
nates z(s) can be expressed by:

z2j−1(s) =
3

∑
k=1

√
2Ikβk,j(s) cos (ϕk,j(s) + ϕk,0) (4.2.3)
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z2j(s) =
3

∑
k=1

√
2Ikγk,j(s) cos (ϕ̄k,j(s) + ϕk,0), j = 1, . . . , 3 (4.2.4)

Conversely the lattice functions can also be expressed by ak and bk with

βk,j(s) = ak,2j−1(s)2 + bk,2j−1(s)2 (4.2.5)

αk,j(s) = −ak,2j−1(s)ak,2j(s)− bk,2j−1(s)bk,2j(s) (4.2.6)

γk,j(s) = ak,2j(s)2 + bk,2j(s)2, (4.2.7)

The well-known relations between the lattice functions

3

∑
j=1

βk,jϕ
′
k,j = 1 (4.2.8)

γk,j =
β2

k,jϕ
′2
k,j + α2

k,j

βk,j
, with (4.2.9)

αk,j := −1
2

β′k,j (4.2.10)

can then be derived with the help of the normalization condition (Eqn. 4.1.15)

aT
k Sbk = 1 (4.2.11)

by the following steps:

1. As x′ = dx
ds , y′ = dy

ds the following relations hold also for ak and bk:

ak,2j = a′k,2j−1 =
d
ds
(ak,2j−1), (4.2.12)

bk,2j = b′k,2j−1 =
d
ds
(bk,2j−1), k, j = 1, . . . , 3 (4.2.13)

2. The normalization condition Eqn. 4.1.15 can then be written as

aT
k Sbk =

3

∑
j=1

√
βk,j cos ϕk,j

(√
βk,j sin ϕk,j

)′
−
(√

βk,j cos ϕk,j

)′√
βk,j sin ϕk,j

=
3

∑
j=1

βk,jϕ
′
k,j

= 1 (4.2.14)

Note that Eqn. 4.2.14 yields the following relation between the phase advance ϕ
and β in 2D:

ϕ(s) = ϕ(0) +
∫ s

s0

1
β(s̄)

ds̄ (4.2.15)
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3. Using the abbreviation αk,j := −1
2 βk,j, one finds for each mode k and plane j

√
γk,j cos ϕk,j = ak,2j = a′k,2j−1 = (

√
βk,j cos ϕk,j)

′ (1)√
γk,j sin ϕk,j = bk,2j = b′k,2j−1 = (

√
βk,j sin ϕk,j)

′ (2)

(1)2+(2)2

⇒ γk,j =
β2

k,jϕ
′2
k,j + α2

k,j

βk,j
, k, j = 1, . . . , 3 (4.2.16)

which simplifies in the 2D case to:

γ
Eqn. 4.2.14

=
1 + α2

β
(4.2.17)

4.3 Transformation to normalized coordinates

The W matrix can be used to transform normalized coordinates into physical coordi-
nates relative to the closed orbit and vice versa:

x− x0

px − px0

y− y0

py − py0

ζ − ζ0

pζ − pζ0


= W



x̂

p̂x

ŷ

p̂y

ζ̂

p̂ζ


= W



√
εx x̃
√

εx p̃x
√

εyỹ
√

εy p̃y
√

εζ ζ̃
√

εζ p̃ζ


(4.3.1)

where the subscript 0 denotes the closed orbit at the observation point, and(
x̃ p̃x ỹ p̃y ζ̃ p̃ζ

)
(4.3.2)

are normalized coordinates in sigmas and εx, εy and εζ are the geometric emittances.

4.4 Covariance matrix

The beam covariance matrix is defined from the central second moments of the phase-
space coordinates

z =
(

x px y py ζ pζ

)T
(4.4.1)

as
Σ =

〈
(z− ⟨z⟩) (z− ⟨z⟩)T

〉
. (4.4.2)

The subtraction of the centroid makes Σ independent of the closed-orbit offset of the
distribution.
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4.4.1 Normal-mode emittances

Let
ẑ =

(
x̂ p̂x ŷ p̂y ζ̂ p̂ζ

)T
(4.4.3)

be the normalized coordinates appearing in Eq. 4.3.1, so that z− z0 = Wẑ, where z0
is the closed orbit. We define ∆ẑ = ẑ− ⟨ẑ⟩ and group the normalized coordinates by
mode as

∆ẑx =

 ∆x̂

∆ p̂x

 , ∆ẑy =

 ∆ŷ

∆ p̂y

 , ∆ẑζ =

 ∆ζ̂

∆ p̂ζ

 . (4.4.4)

For a beam matched to the linear optics, the particles are distributed in each normal-
mode plane with no preferred betatron phase. We write the centroid-subtracted coor-
dinates of mode k as

∆q̂k = Ak cos ϕk, ∆ p̂k = −Ak sin ϕk, (4.4.5)

where (∆q̂k, ∆ p̂k) stands for (∆x̂, ∆ p̂x), (∆ŷ, ∆ p̂y), or (∆ζ̂, ∆ p̂ζ). If the phase distribu-
tion is uniform and independent of the amplitude, then〈

cos2 ϕk

〉
=
〈

sin2 ϕk

〉
=

1
2

, ⟨sin ϕk cos ϕk⟩ = 0, (4.4.6)

and the covariance block of mode k is

Ck =
〈

∆ẑk∆ẑT
k

〉
=

 〈
A2

k cos2 ϕk
〉

−
〈

A2
k sin ϕk cos ϕk

〉
−
〈

A2
k sin ϕk cos ϕk

〉 〈
A2

k sin2 ϕk
〉


=

〈
A2

k
〉

2

 1 0

0 1

 . (4.4.7)

Defining εk =
〈

A2
k
〉

/2, each normal-mode block is Ck = εk I. If the normal-mode
variables are statistically independent, then the cross-covariances between different
modes vanish: 〈

∆ẑj∆ẑT
k

〉
= 0, j ̸= k. (4.4.8)

It follows that the covariance of the normalized coordinates is〈
∆ẑ∆ẑT

〉
= E, (4.4.9)

with

E =



εx 0 0 0 0 0

0 εx 0 0 0 0

0 0 εy 0 0 0

0 0 0 εy 0 0

0 0 0 0 εζ 0

0 0 0 0 0 εζ


. (4.4.10)



4.4. COVARIANCE MATRIX 97

Since W is a linear transformation, Eq. 4.3.1 gives

z− ⟨z⟩ = W (ẑ− ⟨ẑ⟩) . (4.4.11)

Substituting this expression in Eq. 4.4.2 gives

Σ =
〈

W (ẑ− ⟨ẑ⟩) (W (ẑ− ⟨ẑ⟩))T
〉

= W
〈
(ẑ− ⟨ẑ⟩) (ẑ− ⟨ẑ⟩)T

〉
WT

= WEWT. (4.4.12)

Since W is symplectic,
WTSW = S, (4.4.13)

and therefore
WTS = SW−1. (4.4.14)

Multiplying Eq. 4.4.12 by S on the right gives

ΣS = WEWTS = WESW−1. (4.4.15)

Thus ΣS is obtained from ES by a change of basis with matrix W. This implies that the
two matrices have the same eigenvalues: if q is an eigenvector of ES with eigenvalue
λ, then

ΣS Wq = WESW−1Wq = WESq = λWq. (4.4.16)

Therefore Wq is an eigenvector of ΣS with the same eigenvalue λ. Combining Eqs. 4.4.10
and 4.1.14 gives

ES =



0 εx 0 0 0 0

−εx 0 0 0 0 0

0 0 0 εy 0 0

0 0 −εy 0 0 0

0 0 0 0 0 εζ

0 0 0 0 −εζ 0


, (4.4.17)

which is block diagonal, with one block 0 εk

−εk 0

 (4.4.18)

for each normal mode k = x, y, ζ. Each block has eigenvalues ±iεk. The eigenvalues
of ES in normalized coordinates, and equivalently of ΣS in physical coordinates, are
therefore

λ±k (ES) = λ±k (ΣS) = ±iεk. (4.4.19)

The quantities εk are called normal-mode emittances. Their relation to the action
variables is discussed in the following section.
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4.4.2 Eigenvectors of the covariance matrix

The eigenvectors of ΣS are the same eigenvectors as those of the one-turn matrix R.
This can be seen mode by mode. First work in normalized coordinates, where both
Rrot and ES are block diagonal. Let q+k be the vector whose only non-zero normal-
mode block is  1

i

 (4.4.20)

in plane k. In this plane, the corresponding block of Rrot is cos µk sin µk

− sin µk cos µk

 , (4.4.21)

and  cos µk sin µk

− sin µk cos µk

 1

i

 =

 cos µk + i sin µk

− sin µk + i cos µk

 = exp(iµk)

 1

i

 .

(4.4.22)
Therefore Rrotq+k = exp(iµk)q+k . The corresponding block of ES is 0 εk

−εk 0

 , (4.4.23)

and  0 εk

−εk 0

 1

i

 =

 iεk

−εk

 = iεk

 1

i

 . (4.4.24)

Therefore ESq+k = iεkq+k . Hence q+k is an eigenvector of both Rrot and ES, with differ-
ent eigenvalues.
Using

R = WRrotW−1, ΣS = WESW−1, (4.4.25)

define v+k = Wq+k . Then

Rv+k = WRrotW−1Wq+k
= WRrotq+k
= W exp(iµk)q+k
= exp(iµk)v+k , (4.4.26)

and, in the same way,

ΣSv+k = WESW−1Wq+k
= WESq+k
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= Wiεkq+k
= iεkv+k . (4.4.27)

Thus the same physical vector v+k is an eigenvector of both R and ΣS. The W matrix
can therefore be obtained from the eigenvectors of ΣS by applying the same sorting,
phase, and symplectic-normalization conventions described in Section 4.1. Once this
W is known, the Twiss parameters and dispersions are obtained from the expressions
in Sections 4.2 and 4.6.

4.5 Action, amplitude and emittance

We define the action associated with the three modes:

Jx =
x̂2 + p̂2

x
2

, Jy =
ŷ2 + p̂2

y

2
, Jζ =

ζ̂2 + p̂2
ζ

2
(4.5.1)

The corresponding amplitudes are defined such that:

Ax =
√

x̂2 + p̂2
x =

√
2Jx, (4.5.2)

Ay =
√

ŷ2 + p̂2
y =

√
2Jy (4.5.3)

Aζ =
√

ζ̂2 + p̂2
ζ =

√
2Jζ (4.5.4)

A Gaussian distribution is defined such that the density with respect to each action
can be written as:

f (Jx) = Ke−Jx/εx (4.5.5)

The parameter εx is the same emittance defined from the eigenvalues of ΣS in Eq. 4.4.19.
This can be seen from the covariance in normalized coordinates. Let ∆x̂ = x̂−⟨x̂⟩ and
∆ p̂x = p̂x − ⟨ p̂x⟩. The x-mode block of Eq. 4.4.9 is〈 ∆x̂

∆ p̂x

( ∆x̂ ∆ p̂x

)〉
=

 εx 0

0 εx

 . (4.5.6)

Reading the entries of this matrix gives〈
∆x̂2

〉
= εx,

〈
∆ p̂2

x

〉
= εx, ⟨∆x̂∆ p̂x⟩ = 0. (4.5.7)

Therefore 〈
∆x̂2 + ∆ p̂2

x
2

〉
=

〈
∆x̂2〉+ 〈∆ p̂2

x
〉

2
= εx. (4.5.8)

For a distribution centered on the closed orbit, this is simply ⟨Jx⟩ = εx. If the beam
centroid is offset, the emittance is obtained from the centroid-subtracted action above,
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while the raw average action also contains the coherent centroid contribution. Equiv-
alently, for the exponential action density above,

εx = ⟨Jx⟩ =
∫

Jx f (Jx) dJx. (4.5.9)

The same argument applies to the other two normal modes.

4.6 Dispersion and crab dispersion

For a particle having no betatron amplitude (x̂ = p̂x = ŷ = p̂y = 0) we can write:

x = W15ζ̂ + W16 p̂ζ (4.6.1)

ζ = W55ζ̂ + W56 p̂ζ (4.6.2)

pζ = W65ζ̂ + W66 p̂ζ (4.6.3)

4.6.1 Dispersion

The dispersion is:

D
pζ
x =

dx
dpζ

for ζ = 0 (4.6.4)

By imposing ζ = 0 in Eq. 4.6.2 we obtain:

ζ̂ = −W56

W55
p̂ζ (4.6.5)

We replace in Eq. 4.6.3:

p̂ζ =

(
W66 −

W65W56

W55

)−1

pζ (4.6.6)

From Eq. 4.6.5 we obtain:

ζ̂ = −W56

W55

(
W66 −

W65W56

W55

)−1

pζ (4.6.7)

Replacing the last two into Eq. 4.6.1 we obtain:

x =

(
W16 −

W15W56

W55

)(
W66 −

W65W56

W55

)−1

pζ (4.6.8)

which gives the dispersion:

D
pζ
x =

(
W16 −

W15W56

W55

)(
W66 −

W65W56

W55

)−1

(4.6.9)
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A similar type of calculation can be done for the other planes, and for the transverse
momentum dispersion, obtaining D

pζ
px:

D
pζ
px =

(
W26 −

W25W56

W55

)(
W66 −

W65W56

W55

)−1

(4.6.10)

D
pζ
y =

(
W36 −

W35W56

W55

)(
W66 −

W65W56

W55

)−1

(4.6.11)

D
pζ
py =

(
W46 −

W45W56

W55

)(
W66 −

W65W56

W55

)−1

(4.6.12)

4.6.2 Crab dispersion

The crab dispersion is:

Dζ
x =

dx
dz

for pζ = 0 (4.6.13)

By imposing pζ = 0 in Eq. 4.6.3 we obtain:

p̂ζ = −W65

W66
ζ̂ (4.6.14)

We replace in Eq. 4.6.2:

ζ̂ =

(
W55 −

W56W65

W66

)−1

ζ (4.6.15)

From Eq. 4.6.14 we obtain:

p̂ζ = −W65

W66

(
W55 −

W56W65

W66

)−1

ζ (4.6.16)

Replacing the last two into Eq. 4.6.1 we obtain:

x =

(
W15 −

W16W65

W66

)(
W55 −

W56W65

W66

)−1

ζ (4.6.17)

which gives the crab dispersion:

Dζ
x =

(
W15 −

W16W65

W66

)(
W55 −

W56W65

W66

)−1

(4.6.18)

A similar type of calculation can be done for the other planes, and for the transverse
momentum crab dispersion, obtaining:

Dζ
px =

(
W25 −

W26W65

W66

)(
W55 −

W56W65

W66

)−1

(4.6.19)

Dζ
y =

(
W35 −

W36W65

W66

)(
W55 −

W56W65

W66

)−1

(4.6.20)

Dζ
py =

(
W45 −

W46W65

W66

)(
W55 −

W56W65

W66

)−1

(4.6.21)
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Chapter 5

Resonance Driving Terms

This chapter follows the formulation in [24, 25].

5.1 Courant–Snyder normalized coordinates

We work in Courant–Snyder normalized transverse coordinates (ũ, p̃u) with u ∈
{x, y}, obtained from (u, pu) via ũ

p̃u

 =

 β−1/2
u 0

αuβ−1/2
u β1/2

u

 u

pu

 , (5.1.1)

where the Twiss parameters (αu, βu) are evaluated at the observation point s.

5.2 Complex Courant–Snyder coordinates

For q ∈ {x, y} we introduce the complex Courant–Snyder coordinates

hq,± = q̃± i p̃q =
√

2Iq e∓i(ψq+ψq,0), (5.2.1)

where Iq is the action and ψq the betatron phase advance (with initial phase ψq,0).
From q̃ and p̃q we recover

Iq =
q̃ 2 + p̃ 2

q

2
, (5.2.2)

ψq = −ψq,0 − atan2
(

p̃q, q̃
)

. (5.2.3)

5.3 Motion expressed through resonance driving terms

The transverse motion written in terms of resonance driving terms (RDTs) reads

hx,−(s, N) =
√

2Ix ei(2πQx N+ψs,x,0) − 2i ∑
pqrt

p f (s)pqrt (2Ix)
p+q−1

2 (2Iy)
r+t

2

103
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× ei[(1−p+q)(2πQx N+ψs,x,0)+(t−r)(2πQy N+ψs,y,0)], (5.3.1)

hy,−(s, N) =
√

2Iy ei(2πQy N+ψs,y,0) − 2i ∑
pqrt

r f (s)pqrt (2Ix)
p+q

2 (2Iy)
r+t−1

2

× ei[(q−p)(2πQx N+ψs,x,0)+(1−r+t)(2πQy N+ψs,y,0)], (5.3.2)

where N is the turn number, Qx,y the tunes, Ix,y the invariants and ψs,x,0, ψs,y,0 the
initial phases at the observation point s.

5.4 Expression of RDTs from first-order perturbation the-
ory

The coefficients fpqrt at the element j are computed from first-order perturbation the-
ory obtaining:

fpqrt(j) =

M

∑
m=1

hm,pqrt ei[(p−q)∆ϕx,mj+(r−t)∆ϕy,mj]

1− e2πi[(p−q)Qx+(r−t)Qy]
, (5.4.1)

where the numerator runs over the M elements of the ring and where

hm,pqrt = −
Km,n−1 Ω(r + t) + i K̂m,n−1 Ω(r + t + 1)

p! q! r! t! 2p+q+r+t i r+t (βm,x)
p+q

2 (βm,y)
r+t

2 , (5.4.2)

with n = p + q + r + t and where Km,n−1 and K̂m,n−1 are the normal and skew multi-
pole strengths of order n− 1 in element m. The parity selector is

Ω(i) =

{
1, if i is even,
0, if i is odd.

(5.4.3)

The phase advances between element m and observation point j follow

∆ϕx,mj =

{
ϕx,j − ϕx,m, ϕx,j > ϕx,m,
ϕx,j − ϕx,m + 2πQx, ϕx,j < ϕx,m,

(5.4.4)

∆ϕy,mj =

{
ϕy,j − ϕy,m, ϕy,j > ϕy,m,
ϕy,j − ϕy,m + 2πQy, ϕy,j < ϕy,m.

(5.4.5)

Note that hm,pqrt in Eq. (5.4.2) is a Hamiltonian coefficient and shall not be confused
with the complex Courant–Snyder coordinates hx,y appearing in Eqs. (5.3.1)–(5.3.2).

5.5 Feed-down and misalignments

When evaluating RDTs, the multipole strengths must be taken on the closed orbit
and corrected for magnet tilts and transverse shifts. Using the complex transverse



5.5. FEED-DOWN AND MISALIGNMENTS 105

coordinate z = x + iy (lab frame), the normalized longitudinal potential is

as(z) = −ℜ
[

∞

∑
n=0

Kn + iK̂n

(n + 1)!
z n+1

]
, (5.5.1)

where Kn and K̂n are the normal and skew multipole coefficients of order n (dipole
n = 0, quadrupole n = 1, etc.) in the magnet reference frame. We consider a magnet
whose center is transversely shifted by ∆ = ∆x + i∆y and tilted by an angle ψ around
the longitudinal axis (positive ψ rotates the magnet frame counter-clockwise relative
to the lab frame).

5.5.1 Coordinate transformation

From the lab coordinate z, the coordinate in the magnet frame is obtained by first
translating by −∆ and then rotating by −ψ:

zmag = e−iψ (z− ∆). (5.5.2)

Substituting (5.5.2) into (5.5.1) gives

as(z) = −ℜ
[

∞

∑
n=0

Kn + iK̂n

(n + 1)!
e−i(n+1)ψ (z− ∆)n+1

]
. (5.5.3)

5.5.2 Feed-down expansion

Expanding the shifted power with the binomial theorem,

(z− ∆)n+1 =
n+1

∑
m=0

(
n + 1
m + 1

)
z m+1(−∆)n−m, (5.5.4)

and re-collecting terms proportional to z m+1, we write

as(z) = −ℜ
[

∞

∑
m=0

K′m + iK̂′m
(m + 1)!

z m+1

]
, (5.5.5)

with effective (feed-down) multipole coefficients

K′m + iK̂′m =
∞

∑
n=m

Kn + iK̂n

(n−m)!
(−∆) n−m e−i(n+1)ψ. (5.5.6)

Expressing the transverse shift in the magnet frame, ∆̃ = e−iψ∆, and using n = m + p
gives

K′m + iK̂′m = e−i(m+1)ψ
∞

∑
p=0

Km+p + iK̂m+p

p!
(−∆̃) p. (5.5.7)
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5.5.3 Expansion around a closed orbit x0, y0

Let z0 = x0 + iy0 denote the closed orbit in the lab frame and write z = z0 + u, where
u is the small transverse excursion. The magnet-frame coordinate becomes

zmag = e−iψ (z0 − ∆ + u) = b̃ + e−iψu, with b̃ ≡ e−iψ(z0 − ∆). (5.5.8)

Expanding the potential in powers of u as in (5.5.5) yields effective multipoles around
the closed orbit:

K(orb)
m + iK̂(orb)

m = e−i(m+1)ψ
∞

∑
p=0

Km+p + iK̂m+p

p!
(b̃) p. (5.5.9)

This is the same feed-down structure as (5.5.7), with ∆̃ replaced by the orbit-corrected
offset b̃ = e−iψ(z0 − ∆). For z0 = 0 the result reduces to (5.5.7); for a centered magnet
(∆ = 0), b̃ captures the intrinsic feed-down from the closed-orbit displacement.



Chapter 6

Linear coupling

6.1 Scope and conventions

We restrict the discussion to the transverse canonical phase-space vector

z = (x, px, y, py)
T, (6.1.1)

with symplectic matrix

S = diag(J ,J), J =

 0 1

−1 0

 . (6.1.2)

The one-turn map is assumed stable and symplectic. Mode 1 is labeled horizontal-like
and mode 2 vertical-like. A superscript ∗ denotes complex conjugation. Following the
notation of the Xsuite physics manual, for a real 2× 2 matrix A we write

Ā ≡ −JATJ (6.1.3)

for its symplectic conjugate; the overbar must not be confused with complex conjuga-
tion.
The exact matrix relations below apply to a purely transverse 4× 4 symplectic prob-
lem. Longitudinal coupling, radiation damping, non-symplectic maps, and the dis-
tinction between canonical momentum and geometric slope require additional terms.
The complex-variable and RDT signs follow the convention introduced in chapter 5.

6.2 Turn-by-turn motion in the Mais–Ripken formalism

6.2.1 Linear normal form and the W matrix

At observation point s, let R(s) be the one-turn map. Its real linear normal form is
written as

R(s) = W(s) Rrot(µ1, µ2)W−1(s), (6.2.1)

107
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where

Rrot(µ1, µ2) = diag(R2(µ1), R2(µ2)) , R2(µ) =

 cos µ sin µ

− sin µ cos µ

 , (6.2.2)

and
WTSW = S. (6.2.3)

The normal-mode phases at turn N are

Φj(N) = 2πQjN + ϕj0, j = 1, 2. (6.2.4)

Using actions Jj, the normalized mode coordinates are chosen as

ẑ(N) =


√

2J1 cos Φ1

−
√

2J1 sin Φ1
√

2J2 cos Φ2

−
√

2J2 sin Φ2

 , z(N) = Wẑ(N). (6.2.5)

Define the complex eigenvectors

vj = W:,2j−1 + iW:,2j. (6.2.6)

Then the complete turn-by-turn orbit is

z(N) =
2

∑
j=1

√
2Jj Re

[
vje

iΦj(N)
]

. (6.2.7)

This form is independent of the phase gauge used for each eigenvector, provided the
same gauge is used consistently in W and in Φj.

6.2.2 Mais–Ripken lattice functions from W

Partition W into 2× 2 blocks by physical plane and normal mode,

W =

Wx1 Wx2

Wy1 Wy2

 . (6.2.8)

For q ∈ {x, y} and j ∈ {1, 2}, define the projected mode matrix

Σqj ≡WqjWT
qj =

 βqj −αqj

−αqj γqj

 . (6.2.9)

Equivalently, if the two columns of Wqj are denoted by (wq,2j−1, wq,2j) and (wpq,2j−1, wpq,2j),
then

βqj = w2
q,2j−1 + w2

q,2j, (6.2.10)
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αqj = −wq,2j−1wpq,2j−1 − wq,2jwpq,2j, (6.2.11)

γqj = w2
pq,2j−1 + w2

pq,2j. (6.2.12)

Unlike an uncoupled Courant–Snyder triplet, an individual projected triplet need not
satisfy βγ − α2 = 1. These projected functions are the Mais–Ripken lattice func-
tions [26, 27].
Writing

vqj = Wq,2j−1 + iWq,2j =
√

βqje
iχqj , (6.2.13)

the position and canonical-momentum signals are

q(N) =
2

∑
j=1

√
2Jjβqj cos

(
Φj + χqj

)
, (6.2.14)

pq(N) =
2

∑
j=1

√
2Jjγqj cos

(
Φj + χpq j

)
, (6.2.15)

where χpq j = arg(Wpq,2j−1 + iWpq,2j). To avoid confusion with the ET normalizing
matrices Aq, letAu(Qj) denote the amplitude of the Fourier line at tune Qj in a signal
u(N). The position and canonical-momentum line amplitudes are therefore

Aq(Qj) =
√

2Jjβqj, Apq(Qj) =
√

2Jjγqj. (6.2.16)

6.2.3 Closest-tune-approach indicator

A commonly used global coupling indicator can be obtained from the relative ampli-
tudes and phases of the two tune lines [28, 29]. For the horizontal-like and vertical-like
modes, respectively, define

r1 ≡
Ay(Q1)

Ax(Q1)
=

√
βy1

βx1
, r2 ≡

Ax(Q2)

Ay(Q2)
=

√
βx2

βy2
, (6.2.17)

and the cross-plane phase differences

∆ϕ1 = χy1 − χx1, ∆ϕ2 = χx2 − χy2. (6.2.18)

The closest-tune-approach magnitude is then [29]∣∣C−∣∣ = 2
√

r1r2 |Q1 −Q2|
1 + r1r2

. (6.2.19)

Together with χ(s) = ∆ϕ1(s), this defines the local complex quantity

C−(s) = |C−|eiχ(s). (6.2.20)

Only its phase depends on the observation point s. In first-order perturbation theory
it is related to the skew-quadrupole distribution by

C− =
1

2π

∫ L

0

√
βxβy ksei[Φx−Φy−2π∆s/L] dl, (6.2.21)

where ∆ is the difference of the uncoupled fractional tunes. For a more robust scalar
estimate, equation (6.2.19) can be evaluated at every observation point and averaged
around the ring [30].
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6.3 Edwards–Teng decoupling and modal Twiss param-
eters

6.3.1 Decoupled modal maps

The Edwards–Teng construction decouples the physical four-dimensional map into
two stable two-dimensional modal maps [31, 32, 33]. Following the notation used
throughout this manual, partition the one-turn map as

R =

A B

C D

 , (6.3.1)

and denote the horizontal-like and vertical-like decoupled maps by E and F, respec-
tively. The purpose of the Edwards–Teng transformation is to find a symplectic matrix
TET such that

T−1
ET RTET =

E 0

0 F

 , (6.3.2)

or, equivalently,

R = TET

E 0

0 F

 T−1
ET . (6.3.3)

Thus E and F are the diagonal blocks of the transformed, decoupled map; in a coupled
lattice they are not the physical diagonal blocks A and D of R.
Here and below,

I2 =

1 0

0 1

 (6.3.4)

denotes the 2× 2 identity matrix. In the Edwards–Teng convention used here [31],
the decoupling matrix is parametrized as

TET = g

 I2 R̄ET

−RET I2

 , g =
1√

1 + det RET
> 0. (6.3.5)

We now derive RET from the physical map. Extend the symplectic conjugate to the
full four-dimensional map. Since R is symplectic,

R ≡ −SRTS = R−1. (6.3.6)

For any real 2× 2 matrix Z,

Z + Z̄ = (tr Z)I2, Z̄Z = ZZ̄ = (det Z)I2. (6.3.7)

The reason for considering R+ R is that it exposes the ET modal planes. Indeed, using
equation (6.3.3) and R = R−1 gives

R + R = TET

E + E−1 0

0 F + F−1

 T−1
ET . (6.3.8)
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Because E and F are 2× 2 symplectic matrices, equation (6.3.7) implies

E + E−1 = (tr E)I2, F + F−1 = (tr F)I2. (6.3.9)

Consequently, provided tr E ̸= tr F, the two eigenspaces of R + R are precisely the
two ET modal planes. The first block column of equation (6.3.5) shows that every
vector in the horizontal-like plane has the form

TET

x

0

 = g

 x

−RETx

 . (6.3.10)

Thus, if an eigenvector of R + R in this plane is written as (x,y)T, its two blocks
satisfy

y = −RETx. (6.3.11)

We can therefore obtain RET by calculating the same eigenspace directly from the
physical blocks of R and comparing its y and x components.
Therefore, on defining

a ≡ tr A, d ≡ tr D, X ≡ C + B̄, (6.3.12)

one obtains

R + R =

A + Ā B + C̄

C + B̄ D + D̄

 =

aI2 X̄

X dI2

 . (6.3.13)

Let Λ be an eigenvalue of R + R and write a corresponding two-block eigenvector as
(x,y)T. Equation (6.3.13) gives

(a−Λ)x+ X̄y = 0, (6.3.14)
Xx+ (d−Λ)y = 0. (6.3.15)

For Λ ̸= d, the second equation gives

y =
X

Λ− d
x. (6.3.16)

Substitution into the first equation, together with X̄X = (det X)I2, yields the scalar
characteristic equation

(a−Λ)(d−Λ)− det X = 0. (6.3.17)

Expanding the product makes this an ordinary quadratic equation in Λ:

Λ2 − (a + d)Λ + ad− det X = 0. (6.3.18)

The quadratic formula therefore gives

Λ± =
a + d±

√
(a + d)2 − 4(ad− det X)

2
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=
a + d

2
±
√

∆, ∆ ≡ 1
4
(a− d)2 + det X, (6.3.19)

where the second line follows because

(a + d)2 − 4(ad− det X) = (a− d)2 + 4 det X = 4∆. (6.3.20)

The horizontal-like root must approach a = tr A when the coupling block X tends to
zero. In that limit det X → 0 and hence

√
∆ −→ |a− d|

2
. (6.3.21)

Consequently, the sign that selects the horizontal-like root depends on the ordering
of a and d:

a > d : Λ+ −→ a, Λ− −→ d,
a < d : Λ− −→ a, Λ+ −→ d.

(6.3.22)

Both cases are encoded by sign(a− d). Thus, for a ̸= d,

Λ1 =
a + d

2
+ sign(a− d)

√
∆, Λ1 − d =

a− d
2

+ sign(a− d)
√

∆,

Λ2 =
a + d

2
− sign(a− d)

√
∆, Λ2 − a =

d− a
2
− sign(a− d)

√
∆.

(6.3.23)

The first modal subspace in TET consists of vectors (x,−RETx)
T. Comparing this with

equation (6.3.16) for Λ = Λ1 therefore gives

RET = −
[

1
2
(tr A− tr D) + sign(tr A− tr D)

√
∆
]−1

(C + B̄) . (6.3.24)

This eigenvector construction also proves the block diagonalization. Indeed, R com-
mutes with R + R−1, so each nondegenerate eigenspace of R + R−1 is invariant under
R. Writing K = RET, invariance of the first subspace gives

R

 I2

−K

 =

 I2

−K

 E, E = A− BK, (6.3.25)

whose lower block is the matrix Riccati equation

C + KA− DK− KBK = 0. (6.3.26)

The second modal eigenspace similarly gives

R

K̄

I2

 =

K̄

I2

 F, F = D + CK̄ = D + KB. (6.3.27)

The equality CK̄ = KB follows from K = −X/(Λ1 − d) and det B = det C. The latter
is itself an immediate consequence of the symplectic block identities AĀ + BB̄ = I2 =
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AĀ+CC̄ and equation (6.3.7). The two block columns in these equations are precisely
the two block columns of TET/g, so together they imply equation (6.3.2). Moreover,(

TET

g

)T
S

(
TET

g

)
= (1 + det K)S, (6.3.28)

which explains the normalization g = (1 + det K)−1/2 in equation (6.3.5). At a de-
generacy the separation into the two modal subspaces is not unique, and the branch
must instead be selected by continuity from a neighboring lattice point. By construc-
tion, TET maps modal coordinates zET to physical coordinates z:

z = TETzET. (6.3.29)

Write the two stable modal maps as

E = AxR2(µ1)A−1
x , F = AyR2(µ2)A−1

y , (6.3.30)

where R2 is the rotation matrix defined above and

Aq =

 √
βq 0

−αq/
√

βq 1/
√

βq

 . (6.3.31)

For q ∈ {x, y}, set γq = (1 + α2
q)/βq. The entries of the horizontal-like map are then

E =

E11 E12

E21 E22

 =

cos µ1 + αx sin µ1 βx sin µ1

−γx sin µ1 cos µ1 − αx sin µ1

 . (6.3.32)

Consequently, its phase advance and Twiss parameters can be recovered directly from
E:

cos µ1 =
1
2

tr E, (6.3.33)

sin µ1 = sign(E12)

√
−E12E21 −

(
E11 − E22

2

)2

, (6.3.34)

βx =
E12

sin µ1
, γx = − E21

sin µ1
, αx =

E11 − E22

2 sin µ1
.

(6.3.35)

The vertical-like quantities follow from the same equations with E→ F, (βx, αx, γx)→
(βy, αy, γy), and µ1 → µ2.
Following the propagation subsection of the Xsuite physics manual, the Edwards–
Teng Twiss parameters are denoted by (βx, αx) for the horizontal-like mode and (βy, αy)
for the vertical-like mode. They are not the projected Mais–Ripken functions (βx1, αx1)
and (βy2, αy2).
The inverse of the normalizing matrix is

A−1
q =

 β−1/2
q 0

αqβ−1/2
q β1/2

q

 (6.3.36)
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and maps physical modal coordinates in plane q to Edwards–Teng normalized coor-
dinates:  q̃

p̃q

 = A−1
q

 q

pq

 . (6.3.37)

In the uncoupled limit, these modal Twiss parameters reduce to the usual horizontal
and vertical Courant–Snyder Twiss parameters.

6.3.2 Relation between W and the Edwards–Teng transformation

The matrix A−1
q maps modal coordinates to normalized coordinates, whereas Aq per-

forms the inverse operation. Throughout this subsection and all that follows, we
assume that the phases of the two transverse eigenvectors of W have already been
chosen such that v1,x and v2,y are real and positive. With

v1 = W:,1 + iW:,2, v2 = W:,3 + iW:,4, (6.3.38)

this means explicitly

Im(v1,x) = 0, Re(v1,x) > 0, Im(v2,y) = 0, Re(v2,y) > 0. (6.3.39)

This is the Edwards–Teng phase gauge used in the implementation.
We shall now prove that this phase choice makes the normalized coordinates associ-
ated with W and with the ET construction identical. Initially denote them separately
by

ẑW = W−1z, ẑET = diag(A−1
x , A−1

y )T−1
ET z. (6.3.40)

Define
A ≡ diag(Ax, Ay), U ≡ TETA. (6.3.41)

The second definition in equation (6.3.40) is then equivalent to

z = UẑET. (6.3.42)

Both U and W reduce the physical map to the same block rotation. To see this ex-
plicitly, use U−1 = A−1T−1

ET and substitute the ET block-diagonalization from equa-
tion (6.3.2):

U−1RU = A−1T−1
ET RTETA

= A−1 diag(E, F)A
= diag(A−1

x EAx, A−1
y FAy)

= diag(R2(µ1), R2(µ2))

= Rrot(µ1, µ2). (6.3.43)

The penultimate equality follows directly from E = AxR2(µ1)A−1
x and F = AyR2(µ2)A−1

y
in equation (6.3.30). Likewise, equation (6.2.1) gives

W−1RW = Rrot(µ1, µ2). (6.3.44)
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Define the change of normalized basis

D ≡ U−1W (6.3.45)

so that W = UD. Substituting this relation into the preceding normal-form equation
gives

Rrot(µ1, µ2) = W−1RW

= (UD)−1R(UD)

= D−1(U−1RU)D

= D−1Rrot(µ1, µ2)D. (6.3.46)

Multiplication from the left by D therefore shows explicitly that D commutes with the
block rotation:

DRrot(µ1, µ2) = Rrot(µ1, µ2)D. (6.3.47)

For distinct, nondegenerate tunes and a fixed ordering of the two modes, a symplectic
matrix with this property consists of an independent phase rotation in each mode:

D = diag(R2(δ1), R2(δ2)) . (6.3.48)

It follows from W = UD that the two normalized vectors are related by

ẑET = DẑW . (6.3.49)

It remains to use the phase convention in equation (6.3.39) to determine D.
Substituting the explicit form of TET from equation (6.3.5) into the definition of U in
equation (6.3.41) shows that its upper-left and lower-right blocks are gAx and gAy,
respectively. Because the first row of each Aq is (

√
βq, 0), the corresponding complex

position components of U are the positive real numbers g
√

βx and g
√

βy. Right mul-
tiplication of a real column pair by R2(δ) multiplies its associated complex vector by
eiδ. Since W = UD, it follows that

v1,x = g
√

βx eiδ1 , v2,y = g
√

βy eiδ2 . (6.3.50)

The factors g
√

βx and g
√

βy are positive. Since the left-hand sides are also real and
positive by equation (6.3.39),

eiδ1 = eiδ2 = 1, D = diag(I2, I2). (6.3.51)

Therefore W = UD = U, and equation (6.3.49) gives

ẑET = ẑW ≡ ẑ. (6.3.52)

Finally, W = U and equation (6.3.41) give

W = TET diag(Ax, Ay). (6.3.53)
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All equations below that involve the individual columns or blocks of W use this ex-
plicitly rephased matrix. Substituting the explicit ET matrix from equation (6.3.5) into
equation (6.3.53) first gives

W = g

 I2 R̄ET

−RET I2

Ax 0

0 Ay


=

 gAx gR̄ETAy

−gRETAx gAy

 .

(6.3.54)

To factor the modal normalizers Ax and Ay from the left, define the ET-normalized
coupling matrix

C = gA−1
x R̄ETAy. (6.3.55)

The upper-right block in equation (6.3.54) is consequently

AxC = gR̄ETAy. (6.3.56)

For the lower-left block, use

PQ = Q̄ P̄, R̄ET = RET, Āq = A−1
q , (6.3.57)

where the last identity follows because Aq is symplectic. Taking the symplectic con-
jugate of equation (6.3.55) gives

C̄ = gA−1
x R̄ETAy

= gA−1
y RETAx, (6.3.58)

and therefore
AyC̄ = gRETAx. (6.3.59)

Using these two block identities, equation (6.3.54) becomes

W =

Ax 0

0 Ay

gI2 C
−C̄ gI2

 . (6.3.60)

Symplecticity requires
g2 + det C = 1. (6.3.61)

Equivalently, if W is partitioned as in equation (6.3.60), its phase-gauged blocks obey

A−1
x Wx1 = gI2, A−1

x Wx2 = C, A−1
y Wy1 = −C̄, A−1

y Wy2 = gI2. (6.3.62)

For later use, define

u ≡ det C = det RET

1 + det RET
= 1− g2. (6.3.63)

For the ordinary trigonometric ET branch, u = sin2 ϕ and g2 = cos2 ϕ, where ϕ is the
Teng rotation angle.
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6.3.3 Relation between Edwards–Teng and Mais–Ripken functions

Using the definition Σqj = WqjWT
qj from equation (6.2.9) and substituting the four

blocks of W from equation (6.3.60) gives

Σx1 = g2Ax AT
x , Σx2 = AxCCT AT

x , (6.3.64)

Σy1 = AyC̄(C̄)T AT
y , Σy2 = g2Ay AT

y . (6.3.65)

The principal Mais–Ripken functions are therefore

βx1 = g2βx, αx1 = g2αx, γx1 = g2γx, (6.3.66)

βy2 = g2βy, αy2 = g2αy, γy2 = g2γy. (6.3.67)

The determinant of either principal projected block is therefore

βx1γx1 − α2
x1 = βy2γy2 − α2

y2 = g4. (6.3.68)

Consequently, g is obtained directly from the principal Mais–Ripken functions:

g2 =
√

βx1γx1 − α2
x1 =

√
βy2γy2 − α2

y2. (6.3.69)

The ET modal Twiss parameters then follow by division by g2:

βx =
βx1

g2 , αx =
αx1

g2 , βy =
βy2

g2 , αy =
αy2

g2 . (6.3.70)

To make the remaining Mais–Ripken functions equally explicit, write

C =

c11 c12

c21 c22

 . (6.3.71)

Then

βx2 = βx(c2
11 + c2

12), (6.3.72)

αx2 = αx(c2
11 + c2

12)− (c11c21 + c12c22), (6.3.73)

γx2 =
(c21 − αxc11)

2 + (c22 − αxc12)
2

βx
, (6.3.74)

and, since

−C̄ =

−c22 c12

c21 −c11

 , (6.3.75)

one also has

βy1 = βy(c2
22 + c2

12), (6.3.76)

αy1 = αy(c2
22 + c2

12) + c21c22 + c11c12, (6.3.77)
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γy1 =
(c21 + αyc22)

2 + (c11 + αyc12)
2

βy
. (6.3.78)

The cross-plane projected determinants satisfy

βx2γx2 − α2
x2 = βy1γy1 − α2

y1

= (1− g2)2.
(6.3.79)

6.3.4 Propagation of Edwards–Teng parameters

Let the transfer map from location a to location b be partitioned as

Rab =

Aab Bab

Cab Dab

 . (6.3.80)

Given the ET quantities Ea, Fa, and Ra
ET at a, define the two effective modal transfer

matrices

Eab = Aab − BabRa
ET, (6.3.81)

Fab = Dab + CabR̄a
ET. (6.3.82)

The decoupled one-turn maps and the ET coupling matrix at b are then

Eb = EabEaĒab/ det Eab, (6.3.83)

Fb = FabFa F̄ab/ det Fab, (6.3.84)

Rb
ET = −

(
Cab − DabRa

ET

)
Ēab/ det Eab. (6.3.85)

The factors Ēab/ det Eab and F̄ab/ det Fab are simply (Eab)−1 and (Fab)−1, respectively.
Writing Eab

ij for the entries of Eab, the horizontal ET Twiss parameters and phase prop-
agate according to

βb
x =

(
Eab

11βa
x − Eab

12αa
x
)2

+
(
Eab

12
)2

det(Eab) βa
x

, (6.3.86)

αb
x = − 1

det(Eab) βa
x

[ (
Eab

21βa
x − Eab

22αa
x

) (
Eab

11βa
x − Eab

12αa
x

)
+ Eab

12Eab
22

]
, (6.3.87)

µb
1 = µa

1 + operatornameatan2
(

Eab
12, Eab

11βa
x − Eab

12αa
x

)
, (6.3.88)

γb
x =

1 + (αb
x)

2

βb
x

. (6.3.89)

The vertical formulas follow by replacing Eab with Fab, x with y, and mode 1 with
mode 2.
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6.4 Turn-by-turn motion in the RDT formalism

6.4.1 Complex Courant–Snyder coordinates

Using the Edwards–Teng normalized coordinates defined in equation (6.3.37), the
complex Courant–Snyder variables are

hq,± = q̃± ip̃q =
√

2Iqe∓iΦq . (6.4.1)

Thus hq,− = q̃− ip̃q and

q̃ = Re(hq,−), p̃q = − Im(hq,−). (6.4.2)

The normal-form generating function is expanded as

F = ∑
jklm

f jklmhj
x,+hk

x,−hl
y,+hm

y,−. (6.4.3)

To first order in the RDTs, the turn-by-turn motion is

hx,−(s, N) =
√

2IxeiΦx − 2i ∑
jklm

j f (s)jklm(2Ix)
(j+k−1)/2(2Iy)

(l+m)/2

× ei[(1−j+k)Φx+(m−l)Φy], (6.4.4)

hy,−(s, N) =
√

2IyeiΦy − 2i ∑
jklm

l f (s)jklm(2Ix)
(j+k)/2(2Iy)

(l+m−1)/2

× ei[(k−j)Φx+(1−l+m)Φy]. (6.4.5)

Here Φx = 2πQxN + ψx,s,0 and similarly for y.
At first order in lattice perturbation theory, the local RDT at observation point s can
be written as

f jklm(s) =
∑
w

hw,jklmei[(j−k)∆ϕx,w→s+(l−m)∆ϕy,w→s]

1− e2πi[(j−k)Qx+(l−m)Qy]
. (6.4.6)

The coefficient hw,jklm is the corresponding Hamiltonian coefficient of source w. For a
thin skew quadrupole, hw,1001 and hw,1010 have the same local strength factor, propor-
tional to

K1s,w

√
βx,wβy,w/4;

their different global behavior comes from their phase factors and resonance denom-
inators in equation (5.4.1).
In particular,

f1001(s) =
∑
w

hw,1001ei(∆ϕx,w→s−∆ϕy,w→s)

1− e2πi(Qx−Qy)
, (6.4.7)

f1010(s) =
∑
w

hw,1010ei(∆ϕx,w→s+∆ϕy,w→s)

1− e2πi(Qx+Qy)
. (6.4.8)
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6.4.2 The four linear-coupling monomials

Reality of the Hamiltonian implies

f ∗jklm = fkjml. (6.4.9)

Hence
f0110 = f ∗1001, f0101 = f ∗1010. (6.4.10)

In the reversed local reference frame used by Xtrack, x 7→ −x, px 7→ px, y 7→ y, and
py 7→ −py. Reversal conjugates the phase factors in equations (6.4.7) and (6.4.8); at the
same time the skew-quadrupole strength changes sign, Krev

1s = −K1s. This second sign
cancels the minus sign arising from the conjugated resonance denominator. Therefore

f rev
1001 = f ∗1001 = f0110, f rev

1010 = f ∗1010 = f0101,
f rev
0110 = f1001, f rev

0101 = f1010.
(6.4.11)

Only terms with j > 0 enter hx,−, whereas only terms with l > 0 enter hy,−. Equa-
tions (6.4.4) and (6.4.5) give

hx,− =
√

2IxeiΦx − 2i
√

2Iy

(
f1001eiΦy + f1010e−iΦy

)
(6.4.12)

hy,− =
√

2IyeiΦy − 2i
√

2Ix

(
f ∗1001eiΦx + f1010e−iΦx

)
. (6.4.13)

The difference-resonance term f1001 produces the opposite-plane line with the same
sign of frequency; the sum-resonance term f1010 produces the negative-frequency con-
tribution. In a real position signal these two contributions interfere at the same ob-
served tune line.

6.5 Observable position and momentum amplitudes

6.5.1 Normalized-coordinate signals

Using q̃ = Re hq,− and p̃q = − Im hq,−, the horizontal signal becomes

x̃(N) =
√

2Ix cos Φx + 2
√

2Iy Im
[
( f1001 − f ∗1010)e

iΦy
]

, (6.5.1)

p̃x(N) = −
√

2Ix sin Φx + 2
√

2Iy Re
[
( f1001 + f ∗1010)e

iΦy
]

. (6.5.2)

Similarly,

ỹ(N) =
√

2Iy cos Φy + 2
√

2Ix Im
[
( f ∗1001 − f ∗1010)e

iΦx
]

, (6.5.3)

p̃y(N) = −
√

2Iy sin Φy + 2
√

2Ix Re
[
( f ∗1001 + f ∗1010)e

iΦx
]

. (6.5.4)

The four basic combinations are summarized in table 6.1.
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Observable Cross-mode complex coefficient

x from mode 2 f1001 − f ∗1010

p̃x from mode 2 f1001 + f ∗1010

y from mode 1 ( f1001 − f1010)
∗

p̃y from mode 1 ( f1001 + f1010)
∗

Table 6.1: RDT combinations controlling the cross-plane mode projection.

For a particle carrying both mode actions, the measured position-line ratios are there-
fore

Ax(Q2)

Ax(Q1)
= 2

√
Iy

Ix
| f1001 − f ∗1010|, (6.5.5)

Ay(Q1)

Ay(Q2)
= 2

√
Ix

Iy
| f1001 − f1010|. (6.5.6)

The corresponding normalized-momentum ratios are

A p̃x(Q2)

A p̃x(Q1)
= 2

√
Iy

Ix
| f1001 + f ∗1010|, (6.5.7)

A p̃y(Q1)

A p̃y(Q2)
= 2

√
Ix

Iy
| f1001 + f1010|. (6.5.8)

6.5.2 Mais–Ripken and RDT amplitude identities

From equation (6.2.16),

Ax(Q2)

Ax(Q1)
=

√
J2

J1

√
βx2

βx1
, (6.5.9)

Ay(Q1)

Ay(Q2)
=

√
J1

J2

√
βy1

βy2
. (6.5.10)

Identifying J1 = Ix and J2 = Iy to the working order gives

rx ≡
1
2

√
βx2

βx1
= | f1001 − f ∗1010| (6.5.11)

ry ≡
1
2

√
βy1

βy2
= | f1001 − f1010|. (6.5.12)
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These are exact identities for the matrix-equivalent RDTs defined in section 6.6; for
the source-summed perturbative RDTs they hold to first order in the coupling.
The normalized momentum in plane q is

p̃q =
αqq + βq pq√

βq
. (6.5.13)

Using the Mais–Ripken projection matrices, define

r p̃x ≡
1
2

√
α2

xβx2 − 2αxβxαx2 + β2
xγx2

βx1
, (6.5.14)

r p̃y ≡
1
2

√
α2

yβy1 − 2αyβyαy1 + β2
yγy1

βy2
. (6.5.15)

Then

r p̃x = | f1001 + f ∗1010|, (6.5.16)

r p̃y = | f1001 + f1010|. (6.5.17)

Thus the position projection selects the difference of the two complex coupling terms,
while the normalized-momentum projection selects their sum.
The interference structure is explicit:

r2
x = | f1001|2 + | f1010|2 − 2 Re( f1001 f1010), (6.5.18)

r2
p̃x

= | f1001|2 + | f1010|2 + 2 Re( f1001 f1010), (6.5.19)

r2
y = | f1001|2 + | f1010|2 − 2 Re( f1001 f ∗1010), (6.5.20)

r2
p̃y

= | f1001|2 + | f1010|2 + 2 Re( f1001 f ∗1010). (6.5.21)

Consequently, even a relatively small f1010 produces a first-order modulation of a
Mais–Ripken position ratio around | f1001|.

6.5.3 Physical canonical-momentum ratios

The Mais–Ripken functions give directly

Apx(Q2)

Apx(Q1)
=

√
J2

J1

√
γx2

γx1
, (6.5.22)

Apy(Q1)

Apy(Q2)
=

√
J1

J2

√
γy1

γy2
. (6.5.23)

Because pq = ( p̃q − αqq̃)/
√

βq, the pure RDT combinations are mixed by αq. The
corresponding lattice ratios are

1
2

√
γx2

γx1
=

∣∣ f1001 + f ∗1010 + iαx( f1001 − f ∗1010)
∣∣√

1 + α2
x

(6.5.24)



6.6. EXACT MATRIX-EQUIVALENT RDTS FROM W 123

1
2

√
γy1

γy2
=

∣∣ f1001 + f1010 − iαy( f1001 − f1010)
∣∣√

1 + α2
y

. (6.5.25)

At an ET waist, where αq = 0, the physical and normalized momentum ratios coin-
cide.

6.6 Exact matrix-equivalent RDTs from W

6.6.1 Definition from the normalized coupling matrix

The Edwards–Teng construction in section 6.3 provides g and the normalized cou-
pling matrix C directly from W, before any RDT is introduced. In the Xsuite RDT
convention, the corresponding exact matrix-equivalent linear coupling RDTs are

f1001 =
c21 − c12 + i(c11 + c22)

4g
(6.6.1)

f1010 =
c12 + c21 + i(c11 − c22)

4g
. (6.6.2)

Relative to the convention used in the original matrix–Hamiltonian formulas of Calaga,
Tomás, and Franchi [34], the Xsuite convention applies an overall minus complex con-
jugation to each of these two RDTs.
Conversely,

C = 2g

Im( f1001 + f1010) Re( f1010 − f1001)

Re( f1001 + f1010) Im( f1001 − f1010)

 . (6.6.3)

Its complex row combinations are

c11 + ic12 = −2ig( f1001 − f ∗1010), (6.6.4)
c21 + ic22 = 2g( f1001 + f ∗1010), (6.6.5)

(−C̄)11 + i(−C̄)12 = −2ig( f ∗1001 − f ∗1010), (6.6.6)
(−C̄)21 + i(−C̄)22 = 2g( f ∗1001 + f ∗1010). (6.6.7)

These four identities are the matrix counterpart of equations (6.5.1) to (6.5.4).
Equation (6.3.61) becomes

det C = 4g2
(
| f1001|2 − | f1010|2

)
, g2 =

1
1 + 4(| f1001|2 − | f1010|2)

. (6.6.8)

Thus g = 1+O( f 2
1001, f 2

1010), explaining why it is absent in the first-order orbit formu-
las while canceling exactly from the amplitude ratios. Combining equations (6.3.64)
and (6.3.65) with equations (6.6.4) to (6.6.7) immediately yields the exact amplitude
identities in equations (6.5.11), (6.5.12), (6.5.16) and (6.5.17).
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6.6.2 Direct extraction of the coupling RDTs from the normal-form
matrix

The matrix-equivalent RDTs can be obtained directly from W without first recon-
structing all four real entries of C. Assume the coordinate order (x, px, y, py) and that
columns 3 and 4 of W belong to the vertical-like mode 2. As stated in equation (6.3.39),
W is already assumed to be in the ET phase gauge.
The complex mode-2 eigenvector is therefore

v2 = W:,3 + iW:,4, v2,y > 0, (6.6.9)

with a real, positive physical y component. The mode-1 phase does not enter the
following calculation because its Mais–Ripken functions are phase invariant.
Next obtain g from the principal horizontal Mais–Ripken functions and recover the
horizontal ET Twiss parameters:

g2 =
√

βx1γx1 − α2
x1, g =

√
g2, (6.6.10)

βx =
βx1

g2 , αx =
αx1

g2 . (6.6.11)

The quantities βx1, αx1, and γx1 are obtained from the first two columns of W through
equation (6.2.12).
Apply the inverse horizontal ET normalizer to the horizontal components of v2: ux

upx

 = A−1
x

 v2,x

v2,px

 =

 v2,x/
√

βx

(αxv2,x + βxv2,px)/
√

βx

 . (6.6.12)

By equation (6.3.62), A−1
x Wx2 = C, so these two complex numbers are

ux = c11 + ic12, upx = c21 + ic22. (6.6.13)

Substitution into equations (6.6.1) and (6.6.2) finally gives

f1001 =
upx + iux

4g
(6.6.14)

f1010 =
(upx − iux)∗

4g
. (6.6.15)

This is the direct route used by an implementation based on the complex mode-2
eigenvector of W.



Chapter 7

Synchrotron motion

We collect here some relevant properties and quantities of the longitudinal parti-
cle motion. Unless stated otherwise, we consider particles with the same mass and
charge as the reference particle. The extension of momentum compaction and slip
factor to other species is discussed in Section 7.1.
To first order in the momentum deviation, the momentum compaction factor is de-
fined as:

αc =
∆C/C

δ
(7.0.1)

where C is the closed orbit path length. The slip factor is defined as (positive above
transition):

η = −∆ f / f0

δ
= αc −

1
γ2

0
=

1
γ2

t
− 1

γ2
0

(7.0.2)

The slippage over a single turn is given by:

∆ζ = −β0c∆T = −β0c(T − T0) = −β0c
(

1
f
− 1

f0

)
(7.0.3)

= −β0c
f0

(
1

1 + ∆ f / f0
− 1
)
≃ β0c

f0

∆ f
f0

= −η
β0c
f0

δ = −ηCδ (7.0.4)

The kick in energy from an RF cavity is given by:

∆E = qVRF sin (2πhRF f0t + ϕRF) (7.0.5)

= qVRF sin
(
−2πhRF

ζ

C
+ ϕRF

)
(7.0.6)

= qVRF sin
(
−2π fRF

ζ

β0c
+ ϕRF

)
(7.0.7)

from which:

∆pζ =
∆E

β2
0E0

=
qVRF

β2
0E0

sin
(
−2π fRF

ζ

β0c
+ ϕRF

)
(7.0.8)

125
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7.1 Turn slippage for different particle species

For a particle with mass m and charge q different from those of the reference particle,
the turn slippage depends on both δ and χ. Recalling

1 + δ =
P
P0

m0

m
=

βγ

β0γ0
, χ =

q
q0

m0

m
, (7.1.1)

the relative rigidity offset is exactly

δrig =
P/q

P0/q0
− 1 =

1 + δ

χ
− 1. (7.1.2)

We assume a static magnetic lattice with constant momentum around the orbit. The
magnetic force changes the direction of the momentum but not its magnitude. In
a transverse magnetic field, the local bending radius satisfies ρ = P/(|q|B⊥), while
the sign of q determines the bending direction. The closed-orbit length C is therefore
determined by P/q. In Xsuite coordinates, this ratio is

P
q
=

P0

q0

1 + δ

χ
.

The transverse closed orbit is also determined by the rigidity. Let x0(s) be the ref-
erence closed orbit and Dx(s) the horizontal dispersion evaluated for the reference
species on that orbit at δ = 0. To first order in the rigidity offset,

x(s)− x0(s) ≃ Dx(s)δrig = Dx(s)
(

1 + δ

χ
− 1
)

. (7.1.3)

Expanding also in δ and χ − 1, and assuming a centered reference orbit, x0(s) = 0,
gives

x(s) ≃ Dx(s)
[
δ− (χ− 1)

]
. (7.1.4)

Both |δ| ≪ 1 and |χ− 1| ≪ 1 are required for this expansion.
The speed, on the other hand, follows from P = mcβγ, or

β =
P/(mc)√

1 + [P/(mc)]2
,

P
m

=
P0

m0
(1 + δ).

It therefore depends on P/m, independently of the charge: particles with the same δ
have the same speed, even if their masses and charges differ. In particular, at δ = 0
the speed is β0c, but the rigidity differs from the reference value when χ ̸= 1. Such
a particle can take a different time to complete a turn because its closed orbit has a
different length. Both effects enter the revolution period T = C/(βc) and frequency
f = 1/T.
Let C0 be the reference closed-orbit length, T0 = C0/(β0c), and f0 = 1/T0. Denote
by αc0 and η0 = αc0 − 1/γ2

0 the coefficients evaluated for the reference species on that
orbit. To first order in both δ and χ− 1,

C− C0

C0
≃ αc0δrig ≃ αc0

[
δ− (χ− 1)

]
, (7.1.5)



7.2. LINEARIZED MOTION 127

β− β0

β0
≃ δ

γ2
0

. (7.1.6)

Combining the changes in orbit length and speed gives

T − T0

T0
≃ − f − f0

f0
≃ η0δ− αc0(χ− 1). (7.1.7)

and the slippage over one turn is

∆ζ = −β0c(T − T0) ≃ −C0
[
η0δ− αc0(χ− 1)

]
. (7.1.8)

The momentum offset for which the particle has the same revolution period as the
reference particle is obtained by setting T = T0, or equivalently ∆ζ = 0:

δT=T0 ≃
αc0

η0
(χ− 1) =

αc0

η0

(
q
q0

m0

m
− 1
)

. (7.1.9)

This result requires η0 ̸= 0 and a sufficiently small resulting δ. At transition (η0 = 0),
the term proportional to δ in the first-order slippage vanishes, so this approximation
cannot determine the required momentum offset.
For χ = 1, the usual first-order expressions for orbit length and slippage therefore
apply even when m ̸= m0 and q ̸= q0, provided mass and charge scale by the same
factor. For χ ̸= 1, a particle at δ = 0 has the reference speed but a different rigidity,
giving a turn slippage through the change in orbit length. These expressions require
both |δ| ≪ 1 and |χ− 1| ≪ 1; larger offsets require evaluating the actual closed-orbit
length and revolution period.

7.2 Linearized motion

We expand around the synchronous fixed point at longitudinal position ζ0, where the
RF frequency is fRF = hRF f0 = hRFβ0c/C:

∆pζ ≈
qVRF

β2
0E0

sin
(
−2π fRF

ζ0

β0c
+ ϕRF

)
− 2πq fRFVRF

β3
0E0c

(ζ − ζ0) cos
(
−2π fRF

ζ0

β0c
+ ϕRF

)
(7.2.1)

We define the synchronous phase as

ϕs = −2π fRF
ζ0

β0c
+ ϕRF (7.2.2)

and the longitudinal displacement as

ζ̄ = ζ − ζ0 (7.2.3)

obtaining:

∆pζ ≈
qVRF

β2
0E0

sin ϕs −
2πq fRFVRF

β3
0E0c

ζ̄ cos ϕs (7.2.4)
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We assume that the energy deviation of the stable fixed point is zero, giving

∆pζ ≈ −
2πq fRFVRF

β3
0E0c

cos ϕsζ̄ (7.2.5)

7.3 Smooth approximation

In the smooth approximation we smear the RF kicks and the slippage uniformly along
the ring. The equations of motion become:

dpζ

ds
=

∆pζ

C
= Ksζ̄ (7.3.1)

dζ̄

ds
=

∆ζ

C
= −ηpζ (7.3.2)

where we have used the approximation from Eq. 1.6.17:

δ≪ 1⇒ δ ≃ pζ (7.3.3)

and we have defined the smooth-approximation longitudinal focusing factor:

Ks = −
2πqVRF fRF

β3
0CE0c

cos ϕs (7.3.4)

We differentiate the second equation and substitute the first:

d2ζ̄

ds2 + ηKsζ̄ = 0 (7.3.5)

The motion is stable if

ηKs > 0 ⇔ η cos ϕs < 0 (7.3.6)

In that case the solution is harmonic:

ζ̄(s) = ζ̄A cos
(√

ηKs s
)
+ B sin

(√
ηKs s

)
= ζ̄A cos (2πQss/C) + B sin (2πQss/C) (7.3.7)

where ζ̄A = ζ̄(0) and pζA = pζ(0) denote the initial conditions. The synchrotron tune
is

Qs =
√

ηKs
C

2π
=

√
−qη fRFCVRF

2πβ3
0E0c

cos ϕs (7.3.8)

We replace

fRF =
hRFβ0c

C
(7.3.9)

obtaining:
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Qs =

√
−qηhRFVRF

2πβ2
0E0

cos ϕs (7.3.10)

Replacing Eq. 7.3.7 in Eq. 7.3.2:

pζ = −2πQs

ηC
(
−ζ̄A sin (2πQss/C) + B cos (2πQss/C)

)
(7.3.11)

Replacing s = 0:

pζA = −2πQs

ηC
B (7.3.12)

from which:

B = − ηC
2πQs

pζA = −βζ pζA , (7.3.13)

where we have defined:

βζ =
ηC

2πQs
(7.3.14)

Replacing

ζ̄(s) = ζ̄A cos
(

2πQs
s
C

)
− pζA βζ sin

(
2πQs

s
C

)
(7.3.15)

pζ(s) =
ζ̄A

βζ
sin
(

2πQs
s
C

)
+ pζA cos

(
2πQs

s
C

)
(7.3.16)

These expressions can be recast in Courant–Snyder form:

ζ̄(s) =
√

βζ εs cos
(

2πQs
s
C
+ Φs,ζ̄

)
(7.3.17)

pζ(s) =
√

εs

βζ
cos

(
2πQs

s
C
+ Φs,pζ

)
(7.3.18)

with the longitudinal emittance and phases determined by the initial conditions ζ̄A =
ζ̄(0) and pζA = pζ(0):

εs =
ζ̄2

A
βζ

+ βζ p2
ζA

(7.3.19)

Φs,ζ̄ = atan2
(

βζ pζA , ζ̄A
)

(7.3.20)

Φs,pζ
= atan2

(
−ζ̄A/βζ , pζA

)
(7.3.21)

The two phase offsets differ by π/2 (modulo 2π), consistently with the sine/cosine
quadrature between coordinate and momentum in a simple harmonic oscillator.
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In the longitudinal plane we can take the Twiss parameter αζ = 0, since the longitudi-
nal focusing is weak compared to the revolution scale and can be treated as constant
around the ring.
For a matched bunch with longitudinal emittance εs, the rms beam sizes read

σζ̄ =
√

βζ εs (7.3.22)

σpζ
=

√
εs

βζ
(7.3.23)

so that

σζ̄σpζ
= εs (7.3.24)

and equivalently

βζ =
σζ̄

σpζ

(7.3.25)

and the longitudinal envelope rotates in phase space with tune Qs.

7.4 Kick-drift model

For the kick-drift model we want to rewrite Eq. 7.2.5:

∆pζ = CKsζ̄ (7.4.1)

7.5 Hamiltonian of the synchrotron motion

In this section we use the time in the laboratory frame as independent variable as
done in the PyHEADTAIL longitudinal treatment. In this section we also include the
effect of a reference momentum change of ∆P0 per turn.
We assume small energy deviations, hence we can consider the coordinates (ζ, δ) to
be canonically conjugate (δ≪ 1⇒ δ ≃ pζ – see Eq. 1.6.17).
The longitudinal motion can be described by the following Hamiltonian:

H(ζ, δ) = −1
2

ηβ0cδ2 +
β0c
C

∆P0

P0
ζ − q0

P0
∑

i

1
2πhi

Vi cos
(
−2πhi

ζ

C
+ ϕi

)
(7.5.1)

This can be proven using Hamilton’s equations:

dζ

dt
=

∂H
∂δ

= −ηβ0cδ (7.5.2)

dδ

dt
= −∂H

∂ζ
= −β0c

C
∆P0

P0
+

q0

P0C ∑
i

Vi sin
(
−2πhi

ζ

C
+ ϕi

)
(7.5.3)
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The coordinate change over one revolution is:

∆ζ =
dζ

dt
C

β0c
= −ηCδ (7.5.4)

∆δ =
dδ

dt
C

β0c
= −∆P0

P0
+

q0

β0cP0
∑

i
Vi sin

(
−2πhi

ζ

C
+ ϕi

)
(7.5.5)

which are consistent with those found in Sec. 7.

7.5.1 Fixed points

The fixed points can be found by imposing ∆ζ = 0 and ∆δ = 0. If only a single
harmonic is present a closed solution can be found:

−∆P0

P0
+

q0

β0cP0
VRF sin

(
−2πhRF

ζ

C
+ ϕi

)
= 0 (7.5.6)

We want to get an explicit expression for ζ:

∆P0β0c
q0VRF

= sin
(
−2πhRF

ζ

C
+ ϕi

)
(7.5.7)

There are two families of solutions:

arcsin
(

∆P0β0c
q0VRF

)
+ 2nπ = −2πhRF

ζ

C
+ ϕRF (7.5.8)

π − arcsin
(

∆P0β0c
q0VRF

)
+ 2nπ = −2πhRF

ζ

C
+ ϕRF (7.5.9)

where n is an integer number. Depending on the sign of η only one family of fixed
points is stable.
We solve for ζ:

ζ =
C

2πhRF

(
ϕRF − arcsin

(
∆P0β0c
q0VRF

)
+ 2nπ

)
(7.5.10)

ζ =
C

2πhRF

(
ϕRF + π + arcsin

(
∆P0β0c
q0VRF

)
+ 2nπ

)
(7.5.11)

It is possible to set ϕRF to place a fixed point of either family at ζ = 0:

ϕRF = arcsin
(

∆P0β0c
q0VRF

)
(7.5.12)

ϕRF = π − arcsin
(

∆P0β0c
q0VRF

)
(7.5.13)

It can be shown that, to have a stable fixed point at ζ = 0, one needs to use Eq. 7.5.12
when η < 0 (below transition) and Eq. 7.5.13 when η > 0 (above transition).
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7.6 RF-frequency change modeled as a shift in ζ

The standard cavity map is synchronized with the reference particle on every turn.
Consequently, changing the frequency in this map changes the variation of the RF
phase within the bunch, but does not by itself introduce the turn-by-turn phase slip
associated with an RF-frequency change. This phase slip can be represented by a shift
in ζ.
Let m be the turn number and let

T0 =
C

β0c
=

1
f0

. (7.6.1)

At a cavity located at s = sRF, the definition

ζ = s− β0c (t−mT0) (7.6.2)

gives

t =
sRF − ζ

β0c
+ mT0. (7.6.3)

The energy kick from a cavity with frequency fRF can therefore be written as

∆E = qVRF sin
(
2π fRFt + ϕ̃RF

)
(7.6.4)

= qVRF sin
(
−2π fRF

ζ

β0c
+ 2πm

fRF

f0
+ ϕRF

)
, (7.6.5)

where the phase at the cavity location has been absorbed into

ϕRF = ϕ̃RF + 2π fRF
sRF

β0c
. (7.6.6)

For fRF = hRF f0, with integer hRF, the turn-dependent term in Eq. 7.6.5 is an integer
multiple of 2π and the standard cavity map is recovered:

∆E = qVRF sin
(
−2π fRF

ζ

β0c
+ ϕRF

)
. (7.6.7)

Consider instead the frequency change

fRF = hRF f0 + ∆ fRF. (7.6.8)

Substituting this expression into Eq. 7.6.5 gives

∆E = qVRF sin
(
−2π fRF

ζ

β0c
+ 2πm

hRF f0 + ∆ fRF

f0
+ ϕRF

)
(7.6.9)

= qVRF sin
(
−2π fRF

ζ

β0c
+ 2πmhRF + 2πm

∆ fRF

f0
+ ϕRF

)
(7.6.10)

= qVRF sin
(
−2π fRF

ζ

β0c
+ 2πm

∆ fRF

f0
+ ϕRF

)
. (7.6.11)
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where the third line follows from m, hRF ∈ Z and the 2π-periodicity of the sine. We
define

∆ζRF =
β0c
f0

∆ fRF

fRF
= C

∆ fRF

fRF
. (7.6.12)

Replacing Eq. 7.6.12 in Eq. 7.6.11 gives

∆E = qVRF sin
[
−2π fRF

ζ −m∆ζRF

β0c
+ ϕRF

]
. (7.6.13)

We therefore find that the RF phase slip accumulated over m turns is equivalent to
applying the following transformation once per turn, immediately before a cavity
using the standard relative-time map:

ζ ←− ζ − ∆ζRF. (7.6.14)

In Xtrack, the TimeDelay element implements this transformation. Its shift_zeta
parameter is set to ∆ζRF.
For a small frequency change,

∆ζRF ≃ C
∆ fRF

hRF f0
. (7.6.15)

Since the RF frequency and revolution frequency have the same fractional change, the
definition of the slip factor gives

∆ fRF

fRF
=

∆ f
f0

= −ηδ. (7.6.16)

The corresponding equilibrium momentum offset is therefore

δ = − 1
η

∆ fRF

fRF
, (7.6.17)

and Eq. 7.6.12 can equivalently be written as

∆ζRF = −ηCδ. (7.6.18)
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Chapter 8

Counter-rotating beams

In machines having counter-rotating beams, such as the LHC, it is useful to be able
to express beam coordinates for one of the beams in the reference frame of the other.
Furthermore it is also useful to be able to define the two sequences using the same
orientation. For the LHC, for example, the sequence of the LHC Beam 2 is defined
following the orientation of the LHC Beam 1. In this case the properties of the el-
ements are specified in such a way that the built sequence is able to backtrack the
physical beam and the sequence required to track the physical beam (usually called
Beam 4 sequence) can be obtained with suitable transformations.

8.1 Reversed reference frame

The reference frames for Beam 4 and Beam 2 are related by the following transforma-
tions:

x̃ = −x (8.1.1)
ỹ = y (8.1.2)
s̃ = −s (8.1.3)
t̃ = −t (8.1.4)

ζ̃ = −ζ (8.1.5)
p̃x = px (8.1.6)
p̃y = −py (8.1.7)
p̃ζ = pζ (8.1.8)

δ̃ = δ (8.1.9)

where the tilde indicates the coordinates in the reversed reference frame.

8.2 Transformation of beam elements

The elements are transformed in such a way that the map implements the backtrack
of the physical beam as seen in the reversed reference frame.

135



136 CHAPTER 8. COUNTER-ROTATING BEAMS

8.2.1 Horizontal deflecting cavity

In the case of a horizontal deflecting cavity we can proceed as follows.
For Beam 4 we can write:

∆px = Vx sin(ϕ−ωt) (8.2.1)

and for Beam 2 we can write:

∆ p̃x = Ṽx sin(ϕ̃−ωt̃), (8.2.2)

Since we define the element as backtracking we can write:

∆ p̃x = −∆px (8.2.3)

where the minus sign comes from the backtracking and no additional sign change
comes from the reference frame transformation (see Eq. 8.1.6).
Combining the equations above we obtain:

Ṽx sin(ϕ̃−ωt̃) = −Vx sin(ϕ−ωt) (8.2.4)

Using Eq. 8.1.4 we can write:

Ṽx sin(ϕ̃ + ωt) = −Vx sin(ϕ−ωt) (8.2.5)

We choose to reverse the voltage definition since the electric field is also expressed in
the reversed reference frame:

Ṽx = −Vx (8.2.6)

obtaining:
sin(ϕ̃ + ωt) = sin(ϕ−ωt) (8.2.7)

Using trigonometric properties we can write:

− sin(−ϕ̃−ωt) = sin(ϕ−ωt) (8.2.8)

and then:
sin(π − ϕ̃−ωt) = sin(ϕ−ωt) (8.2.9)

From this we obtain:
ϕ̃ = π − ϕ (8.2.10)

8.2.2 Vertical deflecting cavity

The case of a vertical deflecting cavity is similar but not identical.
For Beam 4 we can write:

∆py = Vy sin(ϕ−ωt) (8.2.11)

and for Beam 2 we can write:

∆ p̃y = Ṽy sin(ϕ̃−ωt̃), (8.2.12)
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Since we define the element as backtracking we can write:

∆ p̃y = −(−∆py) (8.2.13)

where one minus sign comes from the backtracking and an additional sign change
comes from the reference frame transformation (see Eq. 8.1.7).
Combining the equations above we obtain:

Ṽy sin(ϕ̃−ωt̃) = Vy sin(ϕ−ωt) (8.2.14)

Using Eq. 8.1.4 we can write:

Ṽy sin(ϕ̃ + ωt) = −Vy sin(ϕ−ωt) (8.2.15)

We do not reverse the voltage definition as the vertical component of the electric field
does not change sign due to the reference frame transformation:

Ṽy = Vy (8.2.16)

Hence we obtain:
sin(ϕ̃ + ωt) = sin(ϕ−ωt) (8.2.17)

Using trigonometric properties we can write:

− sin(−ϕ̃−ωt) = sin(ϕ−ωt) (8.2.18)

and then:
sin(π − ϕ̃−ωt) = sin(ϕ−ωt) (8.2.19)

From this we obtain:
ϕ̃ = π − ϕ (8.2.20)
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Chapter 9

Synchrotron radiation

We collect here some relevant properties of synchrotron radiation [35]:
We assume B = |B⊥|.
Classical particle radius:

r0 = Q2/
(

4πϵ0m0c2
)

(9.0.1)

Curvature, rigidity, field:
1
ρ
=

QB
p

=
QB

m0cβγ
(9.0.2)

Emitted power:

Ps =
2r0c3Q2β2γ2B2

3m0c2 (9.0.3)

Critical frequency:

ωc =
3Qβ2γ2B

2m0
(9.0.4)

Critical energy:

Eγc = h̄ωc =
3Qh̄β2γ2B

2m0
(9.0.5)

Number of photons per unit time:

ṅs =
15
√

3
8

Ps

Eγc
=

60
√

3
72

r0cQB
h̄

(9.0.6)

Average photon energy:

⟨Eγ⟩ =
8
√

3
45

Eγc =
8
√

3
15

Qh̄β2γ2B
2m0

(9.0.7)

Photon energy variance:

〈
E2

γ

〉
=

11
27

E2
γc =

11
12

Q2h̄2β4γ4B2

m2
0

(9.0.8)
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〈
ṅs∆δ2

〉
=

〈
ṅsE2

γ

〉
E2

0
=

11
12

1
m2

0c4γ2
0

Q2h̄2β4γ4B2

m2
0

60
√

3
72

cQB
h̄

Q2

4πϵ0m0c2 (9.0.9)

The algorithm to generate photon energies with the appropriate distribution is de-
scribed in [36].

9.1 Damping from synchrotron radiation

The damping constants from synchrotron radiation can be easily obtained from the
magnitude of the eigenvalues of the one-turn matrix:

αx = − log(|λx|) (9.1.1)
αy = − log(|λy|) (9.1.2)
αζ = − log(|λζ |) (9.1.3)

The damping acts such that:
1

Ax

dAx

dt
= −αx

T0
(9.1.4)

where T0 is the revolution period. From Eq. 4.5.2 we obtain:

dJx

dt
= −2αx

T0
Jx (9.1.5)

By averaging over the beam distribution we obtain:

dεx

dt
= −2αx

T0
εx (9.1.6)

9.2 Equilibrium emittance

This section is based on the approach described in [37].
To account for the kicks experienced by the particles due to quantum excitation we
note that the transverse momentum change due to an energy kick in the direction of
the particle motion can be written as:

Pnew
x,y = Pold

x,y
Pnew

Pold (9.2.1)

From this:

Pnew
x,y − Pold

x,y = Pold
x,y

(
Pnew − Pold

Pold

)
(9.2.2)

Dividing by P0:

Pnew
x,y − Pold

x,y

P0
=

Pold
x,y

P0

(
Pnew − Pold

P0

)
P0

Pold (9.2.3)
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Using the accelerator coordinates definitions (Eqs. 1.6.2 and 1.6.3), we obtain:

∆px,y =
px,y

1 + δ
∆δ (9.2.4)

The corresponding change in normalized coordinates can be computed from Eq. 4.3.1:



∆x̃

∆ p̃x

∆ỹ

∆ p̃y

∆ζ̃

∆ p̃ζ


= W−1



0
px

1 + δ
∆δ

0
py

1 + δ
∆δ

0

∆δ


(9.2.5)

Using Eq. 4.1.19 we obtain:

∆x̂ = Kx∆δ (9.2.6)
∆ p̂x = Kpx ∆δ (9.2.7)
∆ŷ = Ky∆δ (9.2.8)
∆ p̂y = Kpy ∆δ (9.2.9)

∆ζ̂ = Kζ∆δ (9.2.10)
∆ p̂ζ = Kpζ

∆δ (9.2.11)

where:

Kx =

(
a11px + a13py

1 + δ
+ a15

)
(9.2.12)

Kpx =

(
b11px + b13py

1 + δ
+ b15

)
(9.2.13)

Ky =

(
a21px + a23py

1 + δ
+ a25

)
(9.2.14)

Kpy =

(
b21px + b23py

1 + δ
+ b25

)
(9.2.15)

Kζ =

(
a31px + a33py

1 + δ
+ a35

)
(9.2.16)

Kpζ
=

(
b31px + b33py

1 + δ
+ b35

)
(9.2.17)

The change in action (see Eq. 4.5.1) associated with the first mode, due to the emission
of a photon, can be written as:

∆Jx =
1
2

[
(x̂ + ∆x̂)2 + ( p̂x + ∆ p̂x)

2 − x̂2 − p̂2
x

]
(9.2.18)
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=
1
2

[
∆x̂2 + ∆ p̂2

x + 2x̂∆x̂ + 2p̂x∆ p̂x

]
(9.2.19)

Averaging over all particles in the beam we obtain:

∆εx = ⟨∆Jx⟩ =
1
2

(
⟨∆x̂2⟩+ ⟨∆ p̂2

x⟩
)

(9.2.20)

Using Eqs. 9.2.6 and 9.2.7 we obtain:

∆εx = ⟨∆Jx⟩ =
1
2

(
K2

x +K2
px

)
⟨∆δ2⟩ (9.2.21)

Assuming that the kicks are uncorrelated we can obtain the emittance growth rate
from quantum excitation by integrating over a full turn:(

dεx

dt

)
quant

=
1

2T0c

∫ C

0

(
K2

x +K2
px

)
⟨Ṅ∆δ2⟩ ds (9.2.22)

where Ṅ is the photon emission rate (number of photons per unit time), T0 is the
revolution period, and C is the circumference.
By summing Eqs. 9.1.6 and 9.2.22 we obtain the total instantaneous growth rate:

dεx

dt
=

(
dεx

dt

)
damp

+

(
dεx

dt

)
quant

= −2αx

T0
εx +

1
2T0c

∫ C

0

(
K2

x +K2
px

)
⟨Ṅ∆δ2⟩ ds

(9.2.23)

By setting the derivative to zero we obtain the value of the equilibrium emittance:

εx =
1

4αxc

∫ C

0

(
K2

x +K2
px

)
⟨Ṅ∆δ2⟩ ds (9.2.24)

In the ultra-relativistic approximation:

⟨Ṅ∆δ2⟩ = ⟨Ṅ(∆E)2⟩
E2

0
(9.2.25)

9.3 Radiation integrals

Xsuite can compute the following radiation integrals:

I1 =
∮ (

h0xDx + h0yDy
)

ds (9.3.1)

I2 =
∮
|h|2 ds (9.3.2)

I3 =
∮
|h|3 ds (9.3.3)

I4x =
∮ (
|h|2h0x + 2hxk1

)
Dx ds (9.3.4)
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I4y =
∮ (
|h|2h0y − 2hyk1

)
Dy ds (9.3.5)

I4 = I4x + I4y =
∮ [

2k1
(
hxDx − hyDy

)
+ |h|2(h0xDx + h0yDy)

]
ds (9.3.6)

I5x =
∮

h3Hx ds (9.3.7)

I5y =
∮

h3Hy ds (9.3.8)

The following quantities are used in the calculation.

• Horizontal and vertical curvature of the particle trajectory:

hx =
ByQ
m0cγ

(9.3.9)

hy = − BxQ
m0cγ

(9.3.10)

• Total transverse curvature and relation to the transverse magnetic field:

h =
√

h2
x + h2

y (9.3.11)

which is related to the transverse magnetic field by:

B =
√

B2
x + B2

y = h
m0βcγ

Q
(9.3.12)

• “Curly H” functions:

Hx = γxD2
x + 2αxDxD′x + βxD′2x (9.3.13)

Hy = γyD2
y + 2αyDyD′y + βyD′2y (9.3.14)

• The derivative of the dispersion D′x,y can be obtained from the transverse mo-
mentum dispersion Dpx,y using the relation:

D′x,y =
dDx,y

ds
=

dx′

dδ
=

d
dδ

px,y

1 + δ
= (1− δ)Dpx,y − px,y (9.3.15)

• h0x and h0y are the curvatures of the reference trajectory. The path length on the
particle trajectory is related to the path length on the reference trajectory by:

ds′ = (1 + h0xx + h0yy) ds (9.3.16)

The radiation integrals can be used to compute the following quantities (where C0
is the ring circumference, r0 is the classical particle radius, h̄ is the reduced Planck’s
constant) :
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• Momentum compaction factor (unitless):

αc =
I1

C0
(9.3.17)

• Energy loss per turn:

Us =
2
3

r0E0γ3 I2 (9.3.18)

• Damping partition numbers:

Jx = 1− I4x

I2
(9.3.19)

Jy = 1−
I4y

I2
(9.3.20)

Jz = 2 +
I4

I2
(9.3.21)

which satisfy Robinson’s theorem:

Jx + Jy + Jz = 4 (9.3.22)

• Longitudinal damping rate in [s−1]:

αϵ =
cr0γ3

3C0
(2I2 + I4) (9.3.23)

• Transverse damping rates in [s−1]:

αx =
cr0γ3

3C0
(I2 − I4x) (9.3.24)

αy =
cr0γ3

3C0
(I2 − I4y) (9.3.25)

• Energy spread (unitless):

σ2
δ =

55
√

3
96

h̄γ2

m0c
I3

2I2 + I4
(9.3.26)

• Transverse equilibrium emittances in [m rad]:

ϵx =
55
√

3
96

h̄γ2

m0c
I5x

I2 − I4x
(9.3.27)

ϵy =
55
√

3
96

h̄γ2

m0c
I5y

I2 − I4y
(9.3.28)
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9.3.1 Derivations

9.3.1.1 Energy Loss and Second Radiation Integral

From the instantaneous radiated power,

Ps =
2
3

c3r0Q2E2B2

(m0c2)3 =
2
3

cr0Eγ3|h|2 (9.3.29)

The energy loss per turn is obtained by integration around one turn.

Us =
∫

Ps(t) dt ≈ 1
c

∮
Ps(s′) ds′ =

2
3

r0Eγ3
∮
|h|2 ds′ (9.3.30)

We can assume (h0xx + h0yy)≪ 1, obtaining:

Us =
2
3

r0Eγ3 I2 (9.3.31)

where we have defined the second radiation integral:

I2 =
∮
|h|2 ds (9.3.32)

9.3.1.2 Longitudinal Damping Rate and Fourth Radiation Integral

Following Hofmann’s analysis, the longitudinal damping rate can be written as [35]:

αϵ =
1
2

1
Trev

dUs

dE
(9.3.33)

We calculate:

dUs

dE
=

1
c

d
dE

∮
Ps(s′) ds′ =

1
c

d
dE

∮
Ps (1 + h0xx(E) + h0yy(E)) ds (9.3.34)

Using the dispersion to express x(E) and y(E):

dUs

dE
=

d
dE

1
c

∮
Ps (1 + h0xDxδ + h0yDyδ) ds (9.3.35)

The derivative w.r.t. E is related to the derivative w.r.t. δ by:

d
dE

=
dδ

dE
d
dδ

=
d

dE

(
E− E0

E0

)
d
dδ

=
1
E0

d
dδ

(9.3.36)

Writing out the derivative then gives:

dUs

dE
=

1
c

∮ dPs

dE
(1 + h0xDxδ + h0yDyδ) +

Ps

E0

d
dδ

(1 + h0xDxδ + h0yDyδ) ds

=
1
c

∮ dPs

dE
(1 + h0xDxδ + h0yDyδ) +

Ps

E0
(h0xDx + h0yDy) ds (9.3.37)
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The derivative of Ps w.r.t. E can be rewritten as:

dPs

dE
= 2Ps

[
1
E
+

1
B

(
∂B
∂x

dx
dE

+
∂B
∂y

dy
dE

)]
(9.3.38)

The derivatives of the positions w.r.t. E are related to the dispersions through Eq. 9.3.36

dx
dE

=
1
E0

dx
dδ

=
1
E0

Dx (9.3.39)

dy
dE

=
1
E0

dy
dδ

=
1
E0

Dy (9.3.40)

Using the fact that B =
√

B2
x + B2

y, the derivatives of B w.r.t. x and y are:

∂B
∂x

=
Bx

B
∂Bx

∂x
+

By

B
∂By

∂x
(9.3.41)

∂B
∂y

=
Bx

B
∂Bx

∂y
+

By

B
∂By

∂y
(9.3.42)

The magnetic field gradients are defined as:

∂By

∂x
=

∂Bx

∂y
= G =

γ0m0c
Q0

k1 (9.3.43)

∂Bx

∂x
= −

∂By

∂y
= Ḡ =

γ0m0c
Q0

K̄1 (9.3.44)

Here, k1 is the normalized normal quadrupole strength and K̄1 is the normalized skew
quadrupole strength, both in units of 1/m2. In the following we neglect the skew
quadrupole component and we assume that for the closed orbit γ ≃ γ0, obtaining:

dPs

dE
= 2Ps

[
1
E
+

1
E0

γm0c
Q0

k1

B2

(
ByDx + BxDy

)]
(9.3.45)

The curvatures in Eqs. (9.3.9), (9.3.10) and (9.3.12) can be substituted, which gives:

dPs

dE
= 2

Ps

E

[
1
E
+

1
E0

k1

h2

(
hxDx − hyDy

)]
(9.3.46)

Substituting Eq. (9.3.29) gives:

dPs

dE
=

4
3

cr0Eγ3
[
|h|2
E

+
1
E0

k1
(
hxDx − hyDy

)]
(9.3.47)

Substituting this expression back in Eq. (9.3.34) gives:

dUs

dE
=

2
3

cr0Eγ3

c

∮ [
2
|h|2
E

(1 + h0xx + h0yy) + 2
k1

E0

(
hxDx − hyDy

)
(1 + h0xx + h0yy)

+
|h|2
E0

(h0xDx + h0yDy)

]
ds (9.3.48)
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The first term can be identified as I2; again we assume that h0xx + h0yy ≪ 1 and, as
stated above, on the closed orbit we assume E/E0 ≈ 1. Hence, we can write:

dUs

dE
=

2
3

r0γ3
[

2I2 +
∮ [

2k1
(
hxDx − hyDy

)
+ |h|2(h0xDx + h0yDy)

]
ds
]

(9.3.49)

The last integral is identified as the fourth radiation integral, I4, given by:

I4 =
∮ [

2k1
(
hxDx − hyDy

)
+ |h|2(h0xDx + h0yDy)

]
ds (9.3.50)

Hence we can write:

dUs

dE
=

2
3

r0γ3(2I2 + I4) (9.3.51)

The longitudinal damping rate is obtained by substituting this expression in Eq. (9.3.33):

αϵ =
1
3

r0γ3

Trev
(2I2 + I4) (9.3.52)

9.3.1.3 Energy Spread and Third Radiation Integral

From Hofmann, the variance in the amplitude of a damped oscillator that is excited
by a short pulse aδ(t) is given by [35]:〈

x2
〉
=

ṅ
〈

a2〉
4α

(9.3.53)

Here, x is the deflection of the oscillator, ṅ is the average rate at which excitation
occurs, a is the amplitude of the excitation and α is the damping rate of the oscillator.
For quantum excitation of the longitudinal emittance, we identify x as the RMS energy
dE, ṅ as the average rate of photon emission, a as the photon energy and α as αϵ, the
longitudinal damping rate. The normalized variance is then:〈

dE2〉
E2

0
=

ṅ
〈

E2
γ

〉
4αϵE2

0
(9.3.54)

The rate of photon emission is given by:

ṅ =
60
√

3
72

r0cQB
h̄

(9.3.55)

The variance in the photon energy is given by:〈
E2

γ

〉
=

11
12

Q2h̄2γ4B2

m2
0

(9.3.56)

and the longitudinal damping rate is given by Eq. (9.3.52). Combining all these terms
leads to 〈

dE2〉
E2

0
=

60
√

3
72

11
12

3
4

r0cQB
h̄

Q2h̄2γ4B2

m2
0E2

0

C0

cr0γ3
1

2I2 + I4
(9.3.57)
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This simplifies to 〈
dE2〉
E2

0
=

55
√

3
96

Q3h̄γB3C0

m2
0E2

0

1
2I2 + I4

(9.3.58)

The curvature h can be substituted for B, which gives〈
dE2〉
E2

0
=

55
√

3
96

h̄m0γ4c3C0

E2
0

h3

2I2 + I4
(9.3.59)

Now averaging over the entire circumference of the ring gives〈〈
dE2〉
E2

0

〉
ring

=
55
√

3
96

h̄γ2C0

m0c

1
C0

∮
h3 ds′

2I2 + I4
=

55
√

3
96

h̄γ2

m0c

∮
h3 ds′

2I2 + I4
(9.3.60)

The integral in the numerator can be defined as

I3 =
∮
|h|3 ds′ =

∮
|h|3(1 + h0xx + h0yy) ds (9.3.61)

This is the third radiation integral. This way, the energy spread becomes〈〈
dE2〉
E2

0

〉
ring

=
55
√

3
96

h̄γ2

m0c
I3

2I2 + I4
(9.3.62)

9.3.1.4 Transverse Damping Rates

The derivation in this section is valid for either x or y. To this end, u will be used
as a substitute for either x or y. The goal is to find the rate at which the transverse
emittance, ϵu, decreases. The emittance is given by

ϵu = γuu2
β + 2αuuβu′β + βuu′2β (9.3.63)

Here, the subscript β indicates the betatron component of the coordinate value. The
total coordinates, u and u′, are a combination of the betatron and the energy deviation
δ parts, that is

u = uβ + uδ (9.3.64)

u′ = u′β + u′δ (9.3.65)

When a photon is emitted, the coordinate does not change. This means that

du = duβ + duδ = 0 (9.3.66)

The change in position due to an energy deviation is related to the dispersion through

duδ = Dudδ = Du
dE
E0

= −Du
dEγ

E0
(9.3.67)
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Therefore

duβ = −duδ = Du
dEγ

E0
(9.3.68)

where dEγ is the energy of the emitted photon. The angle is allowed to change due to
the photon emission, that is

du′ = du′β + du′δ (9.3.69)

We want to express du′ in terms of the photon energy. To this end, assume that the
particle before photon emission is on-momentum, such that

u′1 = u′β (9.3.70)

Following Hofmann we can write [35]:

u′2β − u′1β = duβ = −
(

u′1β − D′
) dEγ

E0
(9.3.71)

Note that the emittance only depends on uβ and u′β. The change in emittance is:

dϵu = 2
(

γuuβ duβ + αu(uβ du′β + u′β duβ) + γuu′β du′β
)

(9.3.72)

Substituting Equations (9.3.68) and (9.3.71) gives

dϵu = 2
[

γuuβ Du
dEγ

E0
+ αu

(
−uβ

(
u′β − D′

) dEγ

E0
+ u′β Du

dEγ

E0

)
− βuu′β

(
u′β − D′

) dEγ

E0

]
(9.3.73)

= −2
dEγ

E0

[(
αuuβu′β + βuu′2β

)
−
(

γuDuuβ + αx(Duu′β + D′uuβ) + βuD′uu′β
)]
(9.3.74)

The instantaneous power radiated by a particle undergoing betatron oscillations can
be expressed as:

Ps′ = Ps +
dPs

du
uβ (9.3.75)

Using the chain rule for the derivative gives:

dPs

du
=

dPs

dB
dB
du

= 2
Ps

B

(
dB

dBw

∂Bw

∂u
+

dB
dBu

∂Bu

∂u

)
= 2

Ps

B2

(
Bw

∂Bw

∂u
+ Bu

∂Bu

∂u

)
(9.3.76)

Here, w denotes the component other than u. That is, if u is chosen to be x, then
w = y and vice versa. As has been done in Section 9.3.1.2, ∂Bu

∂u represents the skew
quadrupole gradients, whereas ∂Bw

∂u represents the normal quadrupole gradients. The
following step is similar to the derivation of Eq. 9.3.46, which results in

dPs

du
= 2

Ps

B2 Bw
∂Bw

∂u
= 2Ps

hu

h2 k1 (9.3.77)
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The radiated power then becomes

Ps′ = Ps

[
1 + 2

hu

h2 k1uβ

]
(9.3.78)

The energy radiated in a time interval ds′/c is then given by

dEγ = Ps′
ds′

c
=

Ps

c

[
1 + 2

hu

h2 k1uβ

]
ds′

=
Ps

c

[
1 + 2

hu

h2 k1uβ

]
(1 + h0uuβ) ds

=
Ps

c

[
1 +

(
h0u + 2

hu

h2 k1

)
uβ

]
ds (9.3.79)

Here, only the u-component of h0 was used, because we study betatron oscillations
only in the selected plane. Furthermore, terms of second order in uβ were neglected.
This result can be substituted back in Eq. 9.3.74, which gives

dϵu = −2
Ps

cE0

[
1 +

(
h0u + 2

hu

h2 k1

)
uβ

]
×
[(

αuuβu′β + βuu′2β
)
−
(

γuDuuβ + αx(Duu′β + D′uuβ) + βuD′uu′β
)]

ds

(9.3.80)

Using the same reasoning as before, the odd terms average to zero. This means only
the even terms need to be kept. This results in

dϵu = −2
Ps

cE0

[ (
αuuβu′β + βuu′2β

)
−
(

h0u + 2
hu

h2 k1

)(
γuDuu2

β + αx(Duuβu′β + D′uu2
β) + βuD′uuβu′β

) ]
ds

(9.3.81)

The averages of the squared terms are〈
u2

β

〉
=

1
2

ϵuβu (9.3.82)〈
uβu′β

〉
= −1

2
ϵuαu (9.3.83)〈

u′2β
〉
=

1
2

ϵuγu (9.3.84)

Substituting these averages gives

dϵu = −2
Ps

cE0

[ (
−1

2
α2

uϵu +
1
2

βuγuϵu

)
−
(

h0u + 2
hu

h2 k1

)(
1
2

γuβuϵuDu + αx

(
−1

2
αuϵuDu +

1
2

βuϵuD′u

)
− 1

2
αuβuϵuD′u

) ]
ds

(9.3.85)
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Note that βuγu − α2
u = 1 and that the cross terms between αuβu cancel. This way, the

expression simplifies to

dϵu = −ϵu
Ps

E0

[
1−

(
h0u + 2

hu

h2 k1

)
Du

]
ds (9.3.86)

To arrive at the change in emittance per unit time, we divide by Trev

dϵu

dt
= −ϵu

∮ Ps

C0E0

[
1−

(
h0u + 2

hu

h2 k1

)
Du

]
ds (9.3.87)

Finally, Eq. 9.3.29 may be substituted, which results in

dϵu

dt
= −ϵu

2
3

cr0γ3

C0

∮ [
h2 −

(
h2h0u + 2huk1

)
Du

]
ds (9.3.88)

Here, the second radiation integral is identified. Furthermore, the u-component of the
fourth radiation integral is found to be

I4u =
∮ (

h2h0u + 2huk1

)
Du ds (9.3.89)

Thus,

dϵu

dt
= −ϵu

2
3

cr0γ3

C0
(I2 − I4u) (9.3.90)

This is a first-order ODE, with a damping rate given by

2
3

cr0γ3

C0
(I2 − I4u) (9.3.91)

Since the betatron amplitude is proportional to
√

ϵu, the 2 in the numerator disap-
pears. This leads to the damping constant

αu =
cr0γ3

3C0
(I2 − I4u) (9.3.92)

9.3.1.5 Transverse Equilibrium Emittances and the Fifth Radiation Integral

The derivation in this section is valid for either x or y. To this end, u will be used as a
substitute for either x or y. The changes in betatron position and angle when a photon
is emitted, denoted by uβ and u′β respectively, are given by

δuβ = Du
δEγ

E0
(9.3.93)

δu′β = D′u
δEγ

E0
(9.3.94)
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Here, δE is the energy carried away by the photon. The emittance before the emission
of the photon, ϵu1, is given by

ϵu1 = γuu2
β + 2αuuβu′β + βuu′2β (9.3.95)

After the emission of the photon, the emittance has increased. The resulting emit-
tance, ϵu2, is

ϵu2 = γu(uβ + δuβ)
2 + 2αu(uβ + δuβ)(u′β + δu′β) + βu(u′β + δu′β)

2

= ϵu1 + 2
(

γuuβδuβ + αu(uβδu′β + u′βδuβ) + βuu′βδu′β
)

+ γuδu2
β + 2αuδuβδu′β + βuδu2

β (9.3.96)

The change in the emittance is then

dϵu = ϵu2 − ϵu1 = 2
(

γuuβduβ + αu(uβdu′β + u′βduβ) + βuu′βdu′β
)

+ γudu2
β + 2αuduβdu′β + βudu′2β (9.3.97)

Equations (9.3.93) and (9.3.94) can now be substituted, which results in

dϵu =
(

γuD2
u + 2αuDuD′u + βuD′2u

)(dEγ

E0

)2

+ 2
(

γuuβDx + αu

(
uβD′x + u′βDx

)
+ βuu′βD′x

) dEγ

E0
(9.3.98)

The terms that are linear in uβ and u′β will average to zero over many photon emis-
sions. Hence:

⟨dϵu⟩ =
(

γuD2
u + 2αuDuD′u + βuD′2u

) 〈dE2
γ

〉
E2

0
(9.3.99)

To this end, we defineHu as

Hu = γuD2
u + 2αuDuD′u + βuD′2u (9.3.100)

Thus, the expectation of the change in emittance is

⟨dϵu⟩ = Hu

〈
dE2

γ

〉
E2

0
(9.3.101)

Now, Eq. 9.3.54 can be used, on the transverse coordinate [35]:

⟨dϵu⟩ = Hu

〈
dE2〉
E2

0
= Hu

ṅ
〈

E2
γ

〉
4αuE2

0
(9.3.102)

This gives a result very similar to Eq. 9.3.59

⟨dϵu⟩ =
55
√

3
96

h̄γ2

m0c
h3Hu

I2 − I4u
(9.3.103)
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Integrating over the entire ring gives

⟨ϵu⟩ =
55
√

3
96

h̄γ2

m0c
1

I2 − I4u

∮
h3Hu ds′

=
55
√

3
96

h̄γ2

m0c
1

I2 − I4u

∮
h3Hu (1 + h0uu) ds (9.3.104)

Again we assume h0uu ≪ 1. We can then define the fifth radiation integral, I5u, as
follows:

I5u =
∮

h3Hu ds (9.3.105)

The expectation value of the emittance can be written as:

⟨ϵu⟩ =
55
√

3
96

h̄γ2

m0c
I5u

I2 − I4u
(9.3.106)
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Chapter 10

Spin tracking and polarization

10.1 Spin tracking

This section is based on [38, 21].
The spin precession for a particle traveling in a magnetic field B can be written in
terms of the precession angular velocity:

ΩBMT = − 1
Bρpart

[
(1 + aγ)B⊥ + (1 + a)B∥

]
(10.1.1)

where a is the anomalous magnetic moment and B∥ and B⊥ are referred to the veloc-
ity of the particle.
The precession angle for a particle traveling a path length ℓ is given by:

ϕ = |Ω|ℓ (10.1.2)

We call:
ω =

Ω

|Ω| (10.1.3)

and we define:

t0 = cos
(

ϕ

2

)
(10.1.4)

tx = ωx sin
(

ϕ

2

)
(10.1.5)

ty = ωy sin
(

ϕ

2

)
(10.1.6)

ts = ωz sin
(

ϕ

2

)
(10.1.7)

The spin vector of the particle is transformed by the following rotation matrix:

M =


(t2

0 + t2
x)− (t2

s + t2
y) 2(txty − t0ts) 2(txts + t0ty)

2(txty + t0ts) (t2
0 + t2

y)− (t2
x + t2

s ) 2(tsty − t0tx)

2(txts − t0ty) 2(tsty + t0tx) (t2
0 + t2

s )− (t2
x + t2

y)

 (10.1.8)
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10.2 Linear transport matrix including spin

The coordinate vector including the spin is defined as:

z =



x

px

y

py

ζ

δ

sx

sy

sz



We call zorb =



x

px

y

py

ζ

δ


, zspin =


sx

sy

sz

 (10.2.1)

The corresponding 9D transport matrix can be written as

R =

Rorb 0

D A

 (10.2.2)

We call e1, . . . , e9 the eigenvectors and λ1, . . . , λ9 the eigenvalues so that

Rei = λiei (10.2.3)

From the definition of eigenvectors (doing the matrix product in blocks), we can write:

Rorb ei,orb = λiei,orb (10.2.4)

D ei,orb + A ei,spin = λiei,spin (10.2.5)

From this:
D ei,orb = (λiI −A) ei,spin (10.2.6)

ei,spin = (λiI −A)−1 D ei,orb (10.2.7)

10.3 Invariant Spin Field - first order computation

This section is based on [39].
We expand the Invariant Spin Field [38] function to first order

n(zorb) = n0 + N
(
zorb − zCO

orb

)
(10.3.1)

In the following we drop all the constant terms so we simply write n(zorb) = Nzorb.
We now call zspin

1 the ISF at zorb
1 , i.e.

z
spin
1 = Nzorb

1 (10.3.2)
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We call z2 the coordinate after one revolution. By definition of the ISF, the spin part
of z2 is the ISF at zorb

2 , i.e.
z

spin
2 = Nzorb

2 (10.3.3)

We know from the structure of the one-turn matrix:

zorb
2 = Rorbz

orb
1 (10.3.4)

z
spin
2 = Dzorb

1 + Az
spin
1 (10.3.5)

Combining Eqs. 10.3.3, 10.3.4 and 10.3.5, we obtain:

NRorbz
orb
1 = Dzorb

1 + ANzorb
1 (10.3.6)

We specialize it for the case zorb
1 = eorb

1 obtaining:

λ1Neorb
1 = Deorb

1 + ANeorb
1 (10.3.7)

From Eq. 10.2.4, we obtain:

Deorb
1 = λ1e

spin
1 −Ae

spin
1 (10.3.8)

Replacing into Eq. 10.2.4, we obtain:

(λ1I−A)Neorb
1 = (λ1I−A)e

spin
1 (10.3.9)

If (λ1I−A) is not singular:
Neorb

1 = e
spin
1 (10.3.10)

Combining this result for the six orbital eigenvectors:(
Neorb

1 · · · Neorb
6

)
=
(
e

spin
1 · · · e

spin
6

)
(10.3.11)

In matrix form:
NEorb = Espin ⇒ N = Espin

(
Eorb

)−1
(10.3.12)

We note that the last column of the matrix N provides the derivative dn
dδ which is

relevant for the computation of equilibrium polarization.

10.4 Equilibrium polarization and polarization time

This section is based on [39, 40, 41, 21, 42, 43].
In the presence of photon emission, the polarization of the beam evolves following
the equation:

P(t) = P(0)e−
t

τtot + Peq

(
1− e−

t
τtot

)
(10.4.1)

The equilibrium polarization and the buildup time can be computed as:
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Peq =
8

5
√

3
α−
α+

(10.4.2)

τ−1
tot =

5
√

3
8

reh̄γ5

me
· α+ (10.4.3)

where, truncating to the first order the dependence of the ISF on the phase space
coordinates, we have:

α+ ≃
1
C

∮ ds
|ρ(s)|3

[
1− 2

9
(n0 · îv)

2 +
11
18

∣∣∣∣∂n∂δ

∣∣∣∣2
]

s

(10.4.4)

α− ≃
1
C

∮ ds
|ρ(s)|3

[
îB · (n0 −

∂n

∂δ
)

]
s

(10.4.5)

The buildup time can be decomposed into two terms:

τ−1
tot = τ−1

pol + τ−1
depol (10.4.6)

where:

τ−1
pol =

5
√

3
8

reh̄γ5

me

1
C

∮ ds
|ρ(s)|3

[
1− 2

9
(n0 · îv)

2
]

s
(10.4.7)

τ−1
depol =

5
√

3
8

reh̄γ5

me

1
C

∮ ds
|ρ(s)|3

[
11
18

∣∣∣∣∂n∂δ

∣∣∣∣2
]

s

(10.4.8)

10.5 Monte Carlo method for equilibrium polarization

This section is based on [41, 44].
We can define:

P∞ =
8

5
√

3

∮ ds
|ρ(s)|3

[
îB · (n0)

]
s∮ ds

|ρ(s)|3
[
1− 2

9(n0 · îv)2
]

s

(10.5.1)

The equilibrium polarization and the buildup rate can be written as follows:

Peq = P∞
1

1 +
τpol

τdepol

(10.5.2)

τ−1
tot = τ−1

pol + τ−1
depol (10.5.3)

The term τdepol can be evaluated using particle tracking, accounting for quantum exci-
tation from synchrotron radiation. Unlike the approach used in the previous section,
this method accounts for the nonlinear dependence of the ISF on the phase space co-
ordinates. Using τdepol we can get from Eqs. 10.5.2 and 10.5.3 estimates for Peq and
τtot that include nonlinear effects.



Chapter 11

Coasting beams and acceleration

Tracking with time-dependent fields requires a consistent relation between the sim-
ulation clock, the longitudinal coordinates, and the particles’ arrival times. During
acceleration, the reference velocity and revolution period change, so the time asso-
ciated with a turn must follow the evolving reference motion. This matters for both
coasting and bunched beams.
Coasting beams also require care when grouping particles for collective interactions.
Particles with different revolution frequencies can complete different numbers of rev-
olutions in the same time interval. At a given location, a collective interaction must
therefore use particles belonging to the same arrival-time window. The SyncTime
scheme organizes tracking into such windows, pausing particles that arrive beyond
the current window until a later simulation frame.
This chapter introduces the common clock and arrival-time convention, develops
the frame construction at constant reference energy, and extends it to acceleration.
The coordinate updates preserve physical arrival times when the clock advances or
the reference velocity changes. Acceleration alone does not require SyncTime; the
same clock convention also applies to ordinary turn-by-turn tracking with an active
EnergyProgram.

11.1 Simulation clock and arrival time

A simulated “turn” is one pass through the ordered list of elements, advancing one
time frame. It need not correspond to one revolution of every particle. We denote the
common clock at the start of frame n by Tn, and its advance by ∆Tn = Tn+1 − Tn. The
longitudinal coordinate is defined by

ζ = s− β0c(t− Tn), t = Tn +
s− ζ

β0c
. (11.1.1)

Here t is the particle’s arrival time at its current position s, and β0 is its current refer-
ence velocity divided by c. The clock Tn is common to the ensemble; the arrival times
and completed revolution counts are not.
In Xsuite, Tn is stored in Particles.time_s, while ∆Tn is stored in Particles.t_sim.
In particular, t_sim is a duration, not the absolute simulation time. With SyncTime,
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the requested num_turns counts frames, whereas each particle’s at_turn counts its
completed revolutions.
The following construction first assumes constant reference energy and a constant
frame duration, with Tn = n∆T. Section 11.6 extends it to an accelerating reference
using a common reference-turn/time map.

11.2 Constant-energy frame construction

We define for each particle and for any pair of positions s1 < s2:

β̂(s1, s2) =
1
c

s2 − s1

t(s2)− t(s1)
(11.2.1)

We choose an auxiliary value βsim such that at all times:

β̂(s1, s2) < βsim for all particles and any s1, s2 (11.2.2)

β̂(s1, s2) >
βsim

2
for all particles and any s1, s2 (11.2.3)

From βsim we define an auxiliary time interval ∆T as:

∆T =
L

βsimc
(11.2.4)

At each “turn” n we want to simulate at any collective element the time frame Fn(s)
given by:

Fn(s) =
[

Tn(s)−
∆T
2

, Tn(s) +
∆T
2

)
(11.2.5)

where:
Tn(s) = Tn +

s
βsimc

= n∆T +
s

βsimc
(11.2.6)

The intervals are contiguous; hence at any location over N frames we simulate a
time interval of length N∆T. We include the lower boundary and exclude the up-
per boundary, so an arrival at a shared edge belongs to the later frame.
From Eq. 11.2.6 we can simply derive the following relations, which will be useful in
the following:

Tn+1(s)− Tn(s) = ∆T (11.2.7)

Tn(s2)− Tn(s1) =
s2 − s1

βsimc
(11.2.8)

We also note that the condition t(s) ∈ Fn(s) can be rewritten as:

−∆T
2
≤ t− n∆T − s

βsimc
<

∆T
2

(11.2.9)

We can prove the following propositions (see Sec. 11.5):

Proposition 1: If the time tk(s1) defining the k-th arrival of a particle at location s1
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falls in the frame Fn(s1), then the particle arrives at location s2 > s1 either in the frame
Fn(s2) or in the following frame Fn+1(s2). In symbols:

tk(s1) ∈ Fn(s1)⇒ tk(s2) ∈ Fn(s2) ∪ Fn+1(s2) for any s1 < s2 (11.2.10)

Proposition 2: If the time tk(s2) defining the k-th arrival of a particle at location s2
falls in the frame Fn(s2), then the time of (k + 1)-th arrival at any location s1 < s2 falls
in the frame Fn+1(s1) or in the following frame Fn+2(s1). In symbols:

tk(s2) ∈ Fn(s2)⇒ tk+1(s1) ∈ Fn+1(s1) ∪ Fn+2(s1) for any s1 < s2 (11.2.11)

Proposition 3: If the time tk(L) defining the k-th arrival of a particle at the end of the
line falls in the frame Fn(L), then the time tk+1(0) = tk(L) of the (k + 1)-th arrival of
the particle at s = 0 falls in the interval Fn+1(0). In symbols:

tk(L) ∈ Fn(L)⇒ tk+1(0) ∈ Fn+1(0) (11.2.12)

11.3 Constant-energy ζ definition and update

For constant reference energy and Tn = n∆T, Eq. 11.1.1 becomes:

ζ = s− β0c(t− n∆T) (11.3.1)

where s is the distance from the start of the line for the present turn, t is the absolute
time since the start of the simulation, n is the index of the present simulated time
frame.
We can write t in terms of ζ as:

t =
s

β0c
− ζ

β0c
+ n∆T (11.3.2)

With this definition the ζ coordinate needs to be updated each time the particle passes
at the start of the line since across s = 0 we can write:

ζ− = L− β0c(t− n∆T) (11.3.3)

ζ+ = 0− β0c(t− (n + 1)∆T) (11.3.4)

where t is the time at which the particle passes zero (which is the same in both equa-
tions).
Combining the two equations we can write:

ζ+ = ζ− − (L− β0c∆T) (11.3.5)

In standard simulations for bunched beams at constant reference energy the simu-
lated frame is ∆T = L/(β0c), hence the ζ coordinate is continuous.
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For coasting beams ∆T is given by Eq. 11.2.4, hence ζ needs to be updated at each turn
using:

ζ+ = ζ− − L
(

1− β0

βsim

)
(11.3.6)

We want to translate the condition Eq. 11.2.9 into a condition on ζ. Replacing Eq. 11.3.2
into Eq. 11.2.9 we obtain:

−∆T
2
≤
(

s
β0c
− ζ

β0c
+ n∆T

)
− n∆T − s

βsimc
<

∆T
2

(11.3.7)

We change signs:
∆T
2
≥ − s

β0c
+

ζ

β0c
+

s
βsimc

> −∆T
2

(11.3.8)

We rearrange:

−∆T
2

< − s
β0c

+
ζ

β0c
+

s
βsimc

≤ ∆T
2

(11.3.9)

−β0c
∆T
2

< ζ − s
(

1− β0

βsim

)
≤ β0c

∆T
2

(11.3.10)

from which we can write:

t ∈ Fn(s) ⇔ −∆ζ

2
< ζ − s

(
1− β0

βsim

)
≤ ∆ζ

2
(11.3.11)

where we have defined:

∆ζ = β0c∆T =
β0

βsim
L (11.3.12)

11.4 Handling particles jumping to the following frame

From Proposition 1 we know that during tracking particles will either stay in the
present frame or “jump” to the following one.
From Eqs. 11.2.5 and 11.3.11, we know that the jump occurs when:

t ≥ Tn(s) +
∆T
2
⇔ ζ ≤ −∆ζ

2
+ s

(
1− β0

βsim

)
(11.4.1)

When this condition is met, the particle tracking needs to be paused for the remain-
der of the frame n (based on Proposition 1 it cannot go back to frame n) and, based
on Proposition 2, its tracking needs to be resumed from the same location where the
tracking was paused when tracking the following frame. As the frame index is in-
creased, ζ needs to be updated to preserve the time of arrival:

ζbefore jump = s− β0c (t− n∆T) (11.4.2)

ζafter jump = s− β0c (t− (n + 1)∆T) (11.4.3)

from which we obtain:

ζafter jump = ζbefore jump + β0c∆T = ζbefore jump + ∆ζ (11.4.4)
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11.5 Proofs for constant-energy frames

We notice that from Eqs. 11.2.2 and 11.2.3 we can write

β̂ < βsim ⇒ 1
β̂
>

1
βsim

⇒
(

1
β̂
− 1

βsim

)
> 0 (11.5.1)

β̂ >
βsim

2
⇒ 1

β̂
<

2
βsim

⇒
(

1
β̂
− 1

βsim

)
<

1
βsim

(11.5.2)

Combining the two we obtain

0 <

(
1
β̂
− 1

βsim

)
<

1
βsim

(11.5.3)

Proof of proposition 1

By definition of β̂ we can write:

tk(s2) = tk(s1) +
s2 − s1

β̂c
(11.5.4)

By the hypothesis:

tk(s1) ≥ Tn(s1)−
∆T
2

(11.5.5)

hence:

tk(s2) ≥ Tn(s1)−
∆T
2

+
s2 − s1

β̂c
(11.5.6)

Using Eq. 11.2.8 we can write:

tk(s2) ≥ Tn(s2)−
s2 − s1

βsimc
− ∆T

2
+

s2 − s1

β̂c
(11.5.7)

Rearranging:

tk(s2) ≥ Tn(s2)−
∆T
2

+
s2 − s1

c

(
1

β̂(s1, s2)
− 1

βsim

)
(11.5.8)

Using Eq. 11.5.3 and the fact that, by hypothesis, s2 > s1, we know that the last term
is positive. Therefore we can write:

tk(s2) > Tn(s2)−
∆T
2

(11.5.9)

Similarly from the hypothesis we know:

tk(s1) < Tn(s1) +
∆T
2

(11.5.10)
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From Eq. 11.5.4 we can write:

tk(s2) < Tn(s1) +
∆T
2

+
s2 − s1

β̂c
(11.5.11)

Again, using Eq. 11.2.8 we obtain:

tk(s2) < Tn(s2)−
s2 − s1

βsimc
+

∆T
2

+
s2 − s1

β̂c
(11.5.12)

Rearranging:

tk(s2) < Tn(s2) +
∆T
2

+
s2 − s1

c

(
1

β̂(s1, s2)
− 1

βsim

)
(11.5.13)

Using Eq. 11.5.3 we obtain:

tk(s2) < Tn(s2) +
∆T
2

+
s2 − s1

βsimc
(11.5.14)

Using the fact that s2 − s1 ≤ L and Eq. 11.2.4 we can write:
s2 − s1

βsimc
≤ L

βsimc
= ∆T (11.5.15)

Replacing in Eq. 11.5.14 we obtain:

tk(s2) < Tn(s2) +
∆T
2

+ ∆T (11.5.16)

Using Eq. 11.2.7 we obtain:

tk(s2) < Tn+1(s2) +
∆T
2

(11.5.17)

Combining Eq. 11.5.9 with this upper bound gives:

Tn(s2)−
∆T
2

< tk(s2) < Tn+1(s2) +
∆T
2

(11.5.18)

which is what we wanted to prove.

Proof of proposition 2

For s2 = L and s1 = 0, the claim follows directly from Proposition 3. Otherwise, the
path from s2 to the next arrival at s1 < s2 has length D = L− s2 + s1, with 0 < D < L.
Applying the speed bounds along this path gives

D
βsimc

< tk+1(s1)− tk(s2) <
2D

βsimc
. (11.5.19)

The frame centres satisfy

Tn+1(s1)− Tn(s2) =
D

βsimc
. (11.5.20)

Therefore, if ϵ = tk(s2)− Tn(s2) is in the current frame,

ϵ < tk+1(s1)− Tn+1(s1) < ϵ +
D

βsimc
< ϵ + ∆T. (11.5.21)

Using −∆T/2 ≤ ϵ < ∆T/2, the next arrival is in Fn+1(s1) or Fn+2(s1), as claimed.
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Proof of proposition 3

The two descriptions of the ring boundary refer to the same arrival: tk+1(0) = tk(L).
Moreover,

Tn(L) = (n + 1)∆T = Tn+1(0), Fn(L) = Fn+1(0). (11.5.22)

Thus membership in either frame is exactly equivalent to membership in the other,
including their shared-edge convention.

11.6 Frames during acceleration

11.6.1 Reference turns and frame boundaries

For a fixed circumference L, define the accumulated reference revolutions by

u(t) = u(t0) +
∫ t

t0

β0(t′)c
L

dt′. (11.6.1)

Assuming a moving reference beam over the time interval considered, u(t) is strictly
increasing, and we denote its inverse by T :

t = T (u). (11.6.2)

An EnergyProgram supplies this map and its inverse from the programmed reference
energy. The persistent value un = u(Tn) corresponds to Particles.reference_turns;
it is not an individual particle’s revolution count.
Let f be the fraction of a reference revolution per frame, with 0 < f ≤ 1. In Xsuite it
is set by frame_relative_length, whose default is 0.9. Then

un+1 = un + f , Tn = T (un), ∆Tn = T (un + f )− T (un). (11.6.3)

At position s, define the window by mapping both edges to time:

Fn(s) =
[
T
(

un + f
(

s
L
− 1

2

))
, T
(

un + f
(

s
L
+

1
2

)))
. (11.6.4)

The upper edge of Fn(s) equals the lower edge of Fn+1(s). Also Fn(L) = Fn+1(0), so
both descriptions of the ring boundary use exactly the same window, even while the
reference accelerates.
The frame is symmetric in reference-turn coordinates, not generally in time. Its time
width can depend on both n and s and need not equal ∆Tn. Consequently, replacing
∆T in Eq. 11.2.5 by a turn-dependent duration would not give the same construction.
At constant reference energy, T is linear and these definitions reduce to the previous
ones, with

∆Tn = ∆T =
f L
β0c

, βsim =
β0

f
. (11.6.5)

The auxiliary βsim specifies the motion of the window; it is not the speed of a physical
particle and need not be smaller than one.
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11.6.2 Conditions on particle motion

Contiguity of windows follows directly from Eq. 11.6.4. The bounds on which frame
a particle can reach additionally require a restriction on its flight time. A sufficient
generalization of Eqs. 11.2.2 and 11.2.3 is

f d
L

< u(t2)− u(t1) <
2 f d

L
(11.6.6)

for every particle and every forward path segment of length 0 < d ≤ L between
arrivals at t1 and t2, including segments crossing the ring boundary. Here d is the
advance along the reference orbit, as in the definition of β̂. For constant reference
energy this is exactly βsim/2 < β̂ < βsim.
To see why this condition suffices, write

w = u(t)− f s
L

, t ∈ Fn(s) ⇐⇒ un −
f
2
≤ w < un +

f
2

. (11.6.7)

Along a segment without a ring-boundary crossing, Eq. 11.6.6 gives 0 < w2 − w1 <
f d/L ≤ f . An arrival in frame n can therefore remain in frame n or enter frame
n + 1, but cannot return to an earlier frame. For a path from s2 to the next arrival at
s1 < s2, the reset of s adds f to this difference, giving f < w2−w1 < 2 f . The arrival is
consequently in frame n + 1 or n + 2. Together with Fn(L) = Fn+1(0), this establishes
the accelerating counterparts of the three propositions under the stated bound.
The choice of f must respect this bound throughout the ramp and over the parti-
cle distribution being simulated. A fraction suitable at injection is not automatically
suitable for an arbitrary energy program. In particular, an arrival before the lower
window edge signals that the window is too slow for that particle.

11.6.3 Coordinate changes and waiting particles

The updates follow by keeping the physical arrival time in Eq. 11.1.1 unchanged when
the clock or reference coordinates change. At fixed β0, the arrival times expressed in
the coordinates before and after the update are

t− = Tn +
s− − ζ−

β0c
, (11.6.8)

t+ = Tn+1 +
s+ − ζ+

β0c
= Tn + ∆Tn +

s− + ∆s− ζ+

β0c
. (11.6.9)

Here Tn+1 = Tn + ∆Tn and s+ = s− + ∆s. Imposing t+ = t− gives

s− − ζ−

β0c
= ∆Tn +

s− + ∆s− ζ+

β0c
. (11.6.10)

Solving for ζ+ yields

ζ+ = ζ− + ∆s + β0c∆Tn. (11.6.11)
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For a particle completing the line with s reset from L to zero, ∆s = −L. For a particle
paused at a synchronization location, s stays fixed and ∆s = 0. The updates are
therefore

ζ+crossing = ζ−crossing − L + β0c∆Tn, (11.6.12)

ζ+waiting = ζ−waiting + β0c∆Tn. (11.6.13)

If s is not reset at the end of the line, its update also uses ∆s = 0. These are changes of
coordinates, not additional physical drifts or energy kicks.
A change of reference velocity at fixed s, Tn, and physical arrival time instead requires

ζ+ = s +
β+

0

β−0
(ζ− − s). (11.6.14)

The reference change applies to waiting particles as well as active particles; being
paused does not remove a particle from the beam. In combination with the usual
momentum-coordinate transformation, it preserves its physical momentum and ar-
rival time.
At a synchronization location, particles at or beyond the upper window edge are
paused. They are reconsidered at that same location in the following frame, and
remain paused if their arrival is still beyond the window. The waiting-particle co-
ordinate shift is applied once per frame, even if the particle has not completed a rev-
olution.
In Xsuite, SyncTime elements bracket the complete line and precede collective ele-
ments, RF cavities, and any additional synchronization locations requested by the
user. The first boundary establishes the windows for the new frame; the last ac-
counts for all waiting particles before the common clock advances. This construction
uses complete frames. Time-dependent expressions and the EnergyProgram follow
the common clock when line.enable_time_dependent_vars is enabled.
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Chapter 12

Aperture Modelling and Calculation

12.1 Overview and definitions

12.1.1 Aperture model

The aperture module in xtrack/aperture provides a geometric model of machine
acceptance along an accelerator and tools to compare this acceptance with a beam
envelope derived from Twiss data and a halo prescription. The model is built from:

• logical profile shapes such as ellipses, rectangles, racetracks, etc.;

• placements of these profiles inside a model of a pipe section, which can be either
straight or curved (an arc segment);

• placements of pipes, pipe positions, along the survey of the machine.

When placing a profile in a pipe, or the pipe in the survey, transformations can be
given. In particular, the aperture model stores:

• (∆x, ∆y, ∆s, ϕ, θ, ψ) for each profile position within the pipe, where ∆s is the
shift along the possibly curved frame of the pipe, and where the angles follow
the usual conventions (see Chapter 3 on misalignments);

• a 4× 4 homogeneous transformation matrix for each pipe position, which spec-
ifies the placement of the pipe instance relative to the relevant survey reference
point in the survey reference frame (X, Y, Z).

12.1.2 Aperture bounds

Building the aperture model pre-computes so-called aperture bounds. This is a database
associating every installed aperture (a concrete instance of a profile in the model, i.e. a
particular profile position within a pipe installed at a particular pipe position in the line)
with its location along the survey. Aperture queries automatically build the model if
it has not yet been built. For every installed profile the survey s positions spanning
it are computed and memorised; this is illustrated in Figure 12.1. For the common
case of an aperture i orthogonal to the survey, the bound will simply be {si}. Aper-
ture bounds are used for checking the validity of the model as well as for aperture
interpolation.

169
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ŝ

si

sstart,i send,i

Figure 12.1: Visualisation of an aperture bound for some installed aperture i.

12.1.3 Profile shapes

Each profile shape is converted once to a closed polygon with a fixed number of
points. This is done by sampling uniformly along the path length. This gives a com-
mon polygon representation for all subsequent operations such as interpolation, ray
intersection, and point-in-polygon checks.

r

Circle. Radius r.

w
h

Rectangle. Half-width w and half-height h.

ab Ellipse. Half-major axis a and half-minor axis
b.

w h

ab Rectellipse. Half-width w, half-height h, half-
major axis a, and half-minor axis b.

w

h a
b

Racetrack. Half-width w, half-height h, and
ellipse-corner half-axes a, b.
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w

h d Octagon. Half-width w, half-height h, and
half-diagonal gap d.

v0
v1

v2

Polygon. Arbitrary polygon given by
an ordered list of vertices (v0, v1, . . .) =
((x0, y0), (x1, y1), . . .).

12.1.4 Profiles

A profile comprises of any of the above-mentioned logical shapes. Tolerances can be
specified on a profile installed in a pipe (a profile position) and on an installed pipe (a
pipe position). At each position, three tolerances can be specified:

• tol_r: radial tolerance,

• tol_x: horizontal tolerance,

• tol_y: vertical tolerance.

For each installed aperture, the tolerances of its profile position and pipe position are
added component by component to give the total tol_r, tol_x, and tol_y. These
totals effectively form a tolerance racetrack with half-width of tol_x+ tol_r, half-
height tol_y+ tol_r, and a circular radius of tol_r.

12.1.5 Beam envelope

The beam-envelope calculation uses:

• local optics and closed orbit values,

• beam and tolerance parameters specified by the user,

• summed aperture tolerances of the local profile position and pipe position.

In particular, halo_params define the following beam parameters:

• nemitt_x (εx,n) and nemitt_y (εy,n) – normalised emittances (in metres),

• delta_rms (δrms) – root-mean-square relative momentum spread (unitless),

• tol_co (rco) – closed orbit error (in metres),

• tol_disp ( fD) – dispersion tolerance scaling factor (unitless),
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• tol_disp_ref (Dref) – reference dispersion error (in metres),

• tol_disp_ref_beta (βD,ref) – reference beta for dispersion scaling (in metres),

• tol_beta_beating ( fβ) – beta beating tolerance scaling factor (unitless),

• hx := halo_x
halo_primary , hy := halo_y

halo_primary , and hr := halo_r
halo_primary – reference horizon-

tal, vertical, and radial size of the beam in units of betatron sigma.

The optical beam sizes for a one-betatron sigma beam are given by

σx =

√
εx,n

γrβr
βx · fβ, σy =

√
εy,n

γrβr
βy · fβ.

We model the beam as a racetrack of shape determined by the parameters hx, hy, and
hr. To obtain the modelled n-sigma beam envelope in metres, the racetrack defined
by the above parameters is scaled by (nσx, nσy):

n · beam_racetrack := n

σx

σy

 ·
hx

hy
hr

Separately, we can build a tolerance racetrack which includes:

• the summed aperture tolerances tol_x, tol_y, tol_r,

• uncorrelated (also referred to as spurious) dispersion orbit shift:

∆xD,β := fβ · fD · Dref ·
√

βx

βD,ref
· δrms, ∆yD,β := fβ · fD · Dref ·

√
βy

βD,ref
· δrms,

• and the closed-orbit tolerance rco.

This racetrack can be visualised as (where + denotes convolution/Minkowski sum):

halo_racetrack :=
tol_x

tol_y
tol_r

+
∆xD,β

∆yD,β +
rco

Since racetracks are closed under convolution, we can represent our beam envelope
at n-sigmas (without including correlated dispersion orbit shift yet) as:

envelope(n) := halo_racetrack+ n · beam_racetrack.

Depending on the algorithm this representation will be converted to a polygon (beam
envelope generation functions, bisection method for computing the max aperture
sigma) or will be used directly for analytic calculations.
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In aperture calculations we must further include the orbit shift error induced by cor-
related dispersion, also referred to as model dispersion. In the case of converting to a
polygon, we can further include this orbit shift in the resulting shape by ‘stretching’
it. We can convolve envelope(n) with the line segment [−vD,model, vD,model], where

vD,model :=

Dxδrms

Dyδrms

 ,

to obtain an n-sigma beam envelope including the error related to correlated disper-
sion, as well as uncorrelated dispersion error, aperture tolerance, and closed-orbit
tolerance errors. In the case of analytic methods, we will usually separately consider
two envelopes shifted by ±vD,model instead.

12.2 Algorithms

12.2.1 Aperture bounds

For any installed profile let (where by pose we mean the position and orientation)

• MS be the pose of the pipe’s survey reference point in the survey frame,

• MT be the pose of the pipe’s origin (x, y, s) = (0, 0, 0) relative to the survey
reference point,

• MP be the pose representing the installed profile’s position within the pipe
frame.

Then, MP,world = MS MT MP represents the position and orientation of the installed
profile in world coordinates (survey frame). In order to calculate the locations of
the installed profiles in the survey frame, we perform the intersection of the profile
plane (local s = 0 in the MP,world frame) with the survey curve. Each segment of
the survey is defined as either a line segment or an arc segment, and we work our
way outwards from the survey reference point testing for intersection, until a valid
s is found. The bounds sstart and send are computed by projecting each 3D polygon
point of a given installed profile onto the survey curve and taking the minimum and
maximum values.
As mentioned in this chapter’s introduction, aperture bounds are used for checking
the validity of the model as well as for aperture interpolation. Validation checks that
each installed pipe’s survey reference is consistent and that the longitudinal inter-
vals covered by different pipes’ profile-centre positions do not overlap by more than
s_tol. These intervals are distinct from the projected profile footprints, which can
overlap. For rings, the validation accounts for pipes crossing the end of the survey.

12.2.2 Cross section interpolation

The module is capable of computing the aperture polygons in the plane orthogonal to
an arbitrary s-position along the survey. Aperture bounds are used to find the correct
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ŝsq

P

Q

Figure 12.2: Visualisation of aperture interpolation at some sq outside of any aperture
bounds. The points P and Q are obtained by interpolating corresponding vertices of
profiles on either side of sq.

ŝsq

P

Q

Figure 12.3: If sq falls within bounds of an installed aperture, some of the vertices of
the new cross section need to be interpolated with the aperture to the left, such as
point P, while other ones with the aperture to the right, such as point Q.

installed apertures that need to be interpolated. If the s position for interpolation sits
outside of any bounds, we interpolate the profiles on either side of s. However, if the
s position sits within a bound of some aperture i, we need to partly interpolate i− 1
with i, and partly interpolate i with i + 1. This is illustrated in Figures 12.2 and 12.3.
Profile-position tolerances are interpolated linearly in s between neighbouring pro-
file centres within the same installed pipe, and the active pipe-position tolerances are
added to the result. Across a pipe boundary, tolerances retain the active installed pro-
file’s summed values; they are not interpolated between pipes, although the aperture
geometry is.
For a query at longitudinal position s, interpolation is performed in the cross-section
plane defined by the resampled survey pose at that s. The active profile is selected
from the bound containing s, or the immediately preceding bound when s lies be-
tween bounds. The target plane and neighbouring installed profiles are brought into
the active profile’s pipe frame. This is done to limit numerical noise that might other-
wise be present when mixing small local quantities with world coordinates.
The profiles are uniformly discretised into the same number of points and the first
step before actual interpolation is determining point correspondence between the
profiles. This is done after projecting the neighbouring polygons into the target cross-
section plane. The vertex order is reversed if the projected orientations differ, and a
cyclic shift is chosen to minimise the sum of squared distances between corresponding
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vertices. Interpolation then proceeds by connecting corresponding 3D vertices from
the two neighbouring installed profiles and intersecting those line segments with the
target plane.
Between profiles of different installed pipes, interpolation uses straight segments.
Within a curved pipe, the following approximation is employed. Note that, for a
curved pipe, MP already includes the motion along the curved reference axis, i.e. the
profile is first advanced by the pipe curvature to its local s-location and then given
its local offsets/rotations. During interpolation, the segment-plane intersection is
handled after ‘straightening’ the curvilinear frame. Given a Cartesian frame and a
curvilinear frame with curvature h (or equivalently radius R = h−1) whose origins
coincide, a Cartesian point can be transformed into a curvilinear point as follows:

x

y

s

 =


sgn(h)

√
(X + R)2 + Z2 − R

Y

R · atan2 (sgn(h)Z, sgn(h)(X + R))

 .

We can transform a plane, which is represented as a (Cartesian) normal (vX, vY, vZ)
attached to a (curvilinear) point (x, y, s), like so:

vx

vy

vs

 =


cos(hs) 0 sin(hs)

0 1 0

− sin(hs)
1+hx 0 cos(hs)

1+hx




vX

vY

vZ

 .

Once the two polygon points together with the plane’s point and normal are trans-
formed, we can perform the intersection in the ‘straightened’ frame with the usual
algorithm. The resulting point can be converted back to the Cartesian plane with:

X

Y

Z

 =


(R + x) cos(hs)− R

y

(R + x) sin(hs)

 .

12.2.3 Maximum beam sigma

There are three methods currently implemented for computing the maximum number
of sigmas for which the beam fits in a given cross section; this quantity is often referred
to as n1:

n1 := sup {n | total_envelope(n) ⊂ cross_section} . (12.2.1)

The total_envelope corresponds to envelope with the correlated dispersion error
applied; the precise method of the application of this error, and the computation of
n1 is what distinguishes the three different algorithms implemented in Xtrack. These
algorithms are described below.
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vD,model

−vD,model

halo_rt

n beam_rt

total_envelope(n) := halo_rt+ n · beam_rt+ [−vD,model, vD,model]

Figure 12.4: The construction of the total_envelope used in the bisection method. The
× symbol marks the closed orbit. The envelope is repeatedly converted to a polygon
for different n, until a limiting value for containment within the aperture is found
through bisection.

12.2.3.1 ‘Bisection’ method

The bisection method computes n1 as the largest beam scale factor for which the full
beam envelope polygon still fits inside the interpolated aperture polygon. In particu-
lar, the beam envelope is discretised to a polygon which includes the dispersive orbit
error as a ‘stretch’ described in Section 12.1.5, and visualised in Fig. 12.4. At each s
a trial envelope is repeatedly built, the algorithm checks polygon containment, and
bisects until the limiting value is found. It is the most direct geometric implementa-
tion of Eq. 12.2.1, but also the most expensive at O(EAK), where E is the number of
envelope points, A is the number of aperture points, and K = log2(

search space
search tolerance) is

the number of bisection steps, currently K ≤ 25.

12.2.3.2 ‘Rays’ method

The rays method approximates the same limit by sampling a finite set of angles θ.
For each ray direction θ, it computes the distances dhalo, denvelope, and daper from the
closed orbit to the halo_racetrack, envelope(1), and aperture, respectively, as visu-
alised in Fig. 12.5. This calculation is analytical using a ray-at-θ–racetrack intersection
formula. These are used to obtain a linear approximation of n1 ≈

daper−dhalo
denvelope−dhalo

, which
is then used to refine the result using Newton’s method. The dispersion-related or-
bit shift is included in the method by picking the more pessimistic of the two centroid
options when calculating the distances. The rays method is much faster than bisection
at O(number of rays), but its accuracy depends on the angular sampling density and
can be inaccurate for very flat beams, due to the fact that the sampling is done along
a single uniform direction θ.
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±vD,model

halo_rt

halo_rt+ 1 · beam_rt
cross_section

θ

dhalo

denvelope

daper

Figure 12.5: Let t(θ, n) be the length of the ray at angle θ intersecting envelope(n).
The rays method finds the value of n1 such that t(θ, n1)− daper = 0 for each θ. Solving
this is a nonlinear problem (and in fact quartic), so we employ Newton’s method with
an initial linearly approximated guess n1 ≈

daper−dhalo
denvelope−dhalo

. For each θ, two centroids are
considered for each of the −vD,model and vD,model (the × symbol marks the closed
orbit), and the smaller of the two values is taken, to include the dispersion-related
orbit shift error.
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±vD,model

halo_rt
cross_section

1 · beam_rt

θ1

θ2
denvelope

daper

Figure 12.6: The exact method finds n1 as the minimum value of daper
denvelope

across all
θ1, θ2, and considering both −vD,model and vD,model closed orbit shifts (the × symbol
marks the closed orbit).

12.2.3.3 ‘Exact’ method

The exact method is similar to rays in that it evaluates n1 using analytically obtained
distances. Instead of scanning a single set of rays, the search is performed along two
sets of rays, as visualised in Fig. 12.6. First, the beam centroids are computed along
one set of rays, using the halo_racetrack and including the dispersion-related orbit
shift. Then, for each centroid position, another set of rays is emitted to calculate daper,
the distance to the aperture from that point, and denvelope, the distance to the boundary
of the one-sigma beam_racetrack centred there. The halo tolerances are already in-
cluded in the centroid position. Once the most pessimistic case is found, n1 := daper

denvelope
.

This method is slower than rays, as the complexity is O((number of rays)2); it is nev-
ertheless more performant than bisection.



Chapter 13

Modeling s-dependent magnetic fields

The SplineBoris and BFieldExpansion elements reconstruct three-dimensional static
magnetic fields from longitudinal profiles of the field and its transverse derivatives
on the reference axis. Applications include undulators, wigglers, combined-function
magnets, fringe fields, and solenoids.
This chapter first develops the shared scalar-potential reconstruction in straight and
curved reference frames, following Ref. [45], and derives a vector potential for canon-
ical tracking. It then describes the two implementations. SplineBoris uses dimen-
sional spline data in a straight frame and a second-order spatial Boris integrator.
BFieldExpansion uses rigidity-normalized polynomial coefficients in a straight or
curved frame and classical fourth-order Runge–Kutta integration. Their field con-
ventions and integration properties are stated separately below.

13.1 Coordinates and field normalization

Let s be arc length along a planar reference trajectory of constant curvature h, and let
x and y be the horizontal and vertical coordinates. Define w(x) = 1+ hx. The straight
case has h = 0. The following expressions describe the regular coordinate region
around the reference axis, with w > 0. The surface w = 0 is a coordinate singularity.
Curvature specifies the reference frame, independently of the field; it does not set the
dipole strength.

13.1.1 Line element and differential operators

Let r0(s) be the reference trajectory and (ex, ey, es) its local orthonormal frame, with
ex pointing outward from a positive bend. A nearby point is

r(x, y, s) = r0(s) + xex(s) + yey. (13.1.1)

For a planar reference trajectory, the frame satisfies

dr0

ds
= es,

dex

ds
= hes,

dey

ds
= 0. (13.1.2)

Differentiating the position and taking its squared length gives

dr = ex dx + ey dy + wes ds, (13.1.3)

179
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dℓ2 = dr · dr = dx2 + dy2 + w2ds2. (13.1.4)

The cross terms vanish because the frame is orthonormal. Equivalently, in a circular
bend of radius ρ = 1/h, an angular increment dθ spans ds = ρ dθ on the reference
trajectory and (ρ + x)dθ = w ds at horizontal offset x.
For a scalar function f , the identity d f = ∇ f · dr then gives

∇ f = ex ∂x f + ey ∂y f + es
1
w

∂s f . (13.1.5)

Write a vector in physical components along the unit vectors as V = Vxex + Vyey +
Vses. A small coordinate cell has volume w dx dy ds. Its face areas normal to x, y, and
s are respectively w dy ds, w dx ds, and dx dy. Dividing the net outward flux by the
volume gives

∇ · V =
1
w
[
∂x(wVx) + ∂y(wVy) + ∂sVs

]
(13.1.6)

= ∂xVx + ∂yVy +
1
w

∂sVs +
h
w

Vx. (13.1.7)

Similarly, circulation around the coordinate faces, divided by their areas, gives the
curl. In the right-handed frame ex × ey = es, its physical components are

(∇× V )x =
1
w
[
∂y(wVs)− ∂sVy

]
,

(∇× V )y =
1
w
[∂sVx − ∂x(wVs)] ,

(∇× V )s = ∂xVy − ∂yVx.

(13.1.8)

Combining the gradient and divergence, for the constant curvature assumed here,

∇2 f = ∇ · ∇ f = ∂2
x f +

h
w

∂x f + ∂2
y f +

1
w2 ∂2

s f . (13.1.9)

13.1.2 Field normalization

We use the signed reference rigidity Bρ = P0/q0 and write

b =
B

Bρ
, a =

A

Bρ
, b = −∇ϕ. (13.1.10)

Thus b has units of inverse metres, while a and the normalized scalar magnetic po-
tential ϕ are dimensionless. This convention is used for the shared derivation and
directly matches BFieldExpansion. The conversion to the dimensional field and the
opposite scalar-potential sign used by SplineBoris is given in Sec. 13.4. The magnetic
scalar potential is unrelated to the electric potential in the particle Hamiltonian.
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13.2 Field profiles and scalar-potential reconstruction

Denote the total normal, skew, and longitudinal profiles by Nn(s), Sn(s), and Ks(s).
Their on-axis interpretation is

by(x, 0, s) = ∑
n≥0

Nn(s)
xn

n!
, bx(x, 0, s) = ∑

n≥0
Sn(s)

xn

n!
, bs(0, 0, s) = Ks(s). (13.2.1)

In particular, Nn and Sn are the n-th horizontal derivatives of by and bx on the ref-
erence axis. The field representation is specified by these functions and Ks; their
parametrization for each element is described below.
Inside a current-free aperture the magnetostatic Maxwell equations give ∇× b = 0
and ∇ · b = 0. With Eqs. (13.1.10) and (13.1.9), the latter becomes

∇2ϕ = ∂2
xϕ +

h
w

∂xϕ + ∂2
yϕ +

1
w2 ∂2

s ϕ = 0. (13.2.2)

Expand the potential in the vertical coordinate,

ϕ(x, y, s) =
∞

∑
i=0

ϕi(x, s)
yi

i!
. (13.2.3)

13.2.1 Deriving the two seed functions

The first two Taylor coefficients are the potential and its first vertical derivative on the
plane y = 0:

ϕ0(x, s) = ϕ(x, 0, s), ϕ1(x, s) = ∂yϕ(x, y, s)
∣∣
y=0 . (13.2.4)

The physical field components in the local orthonormal frame are

bx = −∂xϕ, by = −∂yϕ, bs = −
1
w

∂sϕ. (13.2.5)

The vertical field on y = 0 therefore determines ϕ1 directly:

−ϕ1(x, s) = by(x, 0, s) = ∑
n≥0

Nn(s)
xn

n!
. (13.2.6)

Similarly, the horizontal field gives

−∂xϕ0(x, s) = bx(x, 0, s) = ∑
n≥0

Sn(s)
xn

n!
. (13.2.7)

Integrating with respect to x yields

ϕ0(x, s) = C(s)− ∑
n≥0

Sn(s)
xn+1

(n + 1)!
. (13.2.8)
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The integration constant can depend on s, since the integration was only over x. The
longitudinal field on the reference axis determines this function: at x = y = 0, w = 1
and ϕ = C(s), hence

Ks(s) = bs(0, 0, s) = −C′(s), C(s) = −
∫ s

Ks(u)du + C0. (13.2.9)

The constant C0 has no effect on the field and can be set to zero. The input profiles
thus determine the two seed functions:

ϕ0(x, s) = −
∫ s

Ks(u)du− ∑
n≥0

Sn(s)
xn+1

(n + 1)!
, (13.2.10)

ϕ1(x, s) = − ∑
n≥0

Nn(s)
xn

n!
. (13.2.11)

13.2.2 Why two seeds determine the expansion

Laplace’s equation is second order in y. It can be written as

∂2
yϕ = −Dhϕ, Dh = ∂2

x +
h
w

∂x +
1

w2 ∂2
s . (13.2.12)

The operator Dh differentiates only in x and s, and its coefficients do not depend on
y. Inserting the Taylor series (13.2.3) on both sides gives

∞

∑
i=0

ϕi+2(x, s)
yi

i!
=

∞

∑
i=0

(−Dhϕi(x, s))
yi

i!
. (13.2.13)

Differentiating twice in y shifts the coefficient index by two; equating coefficients of
each power of y therefore gives

ϕi+2 = −Dhϕi. (13.2.14)

For example,

ϕ2 = −Dhϕ0, ϕ3 = −Dhϕ1, (13.2.15)

ϕ4 = D2
hϕ0, ϕ5 = D2

hϕ1. (13.2.16)

The potential consequently starts as

ϕ = ϕ0 + yϕ1 −
y2

2!
Dhϕ0 −

y3

3!
Dhϕ1 +

y4

4!
D2

hϕ0 + · · · . (13.2.17)

Thus ϕ0 determines every even coefficient, and ϕ1 every odd coefficient. The two in-
dependent inputs are functions of x and s, rather than two numbers. They determine
the local field wherever the resulting series converges.
Longitudinal derivatives of the transverse profiles therefore generate longitudinal
fringe fields and higher transverse orders automatically.
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13.2.3 Coefficient recurrence in a curved frame

For h = 0, the operator in Eq. (13.2.14) is −D0 = −∂2
x − ∂2

s , and repeated differentia-
tion of polynomial seeds eventually terminates. For h ̸= 0, BFieldExpansion instead
represents the coefficients using powers of w = 1 + hx:

ϕi(x, s) = ∑
p

ci,p(s)wp. (13.2.18)

The seed polynomials in x can be expressed in this basis by substituting x = (w −
1)/h. The recurrence can then generate negative powers of w.
To derive the coefficient update, consider one term ci,p(s)wp. Since ∂xw = h, the
horizontal derivatives give

∂2
x(ci,pwp) = h2p(p− 1)ci,pwp−2, (13.2.19)

h
w

∂x(ci,pwp) = h2p ci,pwp−2. (13.2.20)

Their sum contains p(p− 1) + p = p2. Also, w is independent of s for the constant
curvature assumed here, so

1
w2 ∂2

s (ci,pwp) = c′′i,p(s)w
p−2. (13.2.21)

Thus applying Dh lowers the power of w by two:

Dh(ci,pwp) =
[
c′′i,p(s) + h2p2ci,p(s)

]
wp−2. (13.2.22)

Substitution into ϕi+2 = −Dhϕi yields

ϕi+2(x, s) = −∑
p

[
c′′i,p(s) + h2p2ci,p(s)

]
wp−2. (13.2.23)

To identify the coefficient of wm, set m = p− 2, or p = m + 2. Equating coefficients
then gives

ci+2,m(s) = −
[

d2

ds2 + h2(m + 2)2

]
ci,m+2(s). (13.2.24)

This is the coefficient recurrence used to build the curved expansion. For example,
a term proportional to w1 with a nonzero constant coefficient generates a w−1 term,
which in turn generates w−3, and so on. The curved expansion therefore need not
terminate, even when its seeds are polynomials.

13.3 Vector potential and gauge

Tracking in BFieldExpansion uses canonical momenta and therefore requires a vector
potential as well as the magnetic field. Direct integration of the Lorentz force would
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require only the magnetic field. The implementation chooses ay = 0, ax(x, 0, s) = 0,
and as(0, 0, s) = 0. In this gauge a vector potential for the untruncated field is

ax(x, y, s) =
1
w

∫ y

0
∂sϕ(x, v, s)dv, (13.3.1)

ay(x, y, s) = 0, (13.3.2)

as(x, y, s) =
1
w

∫ x

0
(1 + hu)ϕ1(u, s)du−

∫ y

0
∂xϕ(x, v, s)dv. (13.3.3)

Applying Eq. (13.1.8) to a with ay = 0 gives

bx = ∂yas, by =
∂sax − ∂x(was)

w
, bs = −∂yax. (13.3.4)

These expressions follow by integrating the curl equations and fixing the integration
constants with the stated gauge conditions.

13.3.1 Constructing the vector potential

First, equate the longitudinal field in Eq. (13.3.4) to that from the scalar potential:

−∂yax = − 1
w

∂sϕ. (13.3.5)

Integrating in y, using ax(x, 0, s) = 0, gives

ax(x, y, s) =
1
w

∫ y

0
∂sϕ(x, v, s)dv. (13.3.6)

The factor 1/w can be taken outside the integral because w does not depend on y.
Next, the horizontal field requires

∂yas = −∂xϕ. (13.3.7)

Integration in y gives

as(x, y, s) = C(x, s)−
∫ y

0
∂xϕ(x, v, s)dv, (13.3.8)

where C(x, s) = as(x, 0, s) is still to be determined.
The vertical field on y = 0 fixes this function. Since ax(x, 0, s) = 0 for every s, its
longitudinal derivative is also zero on that plane. Equation (13.3.4) then gives

by(x, 0, s) = − 1
w

∂x(wC) = −ϕ1(x, s), (13.3.9)

or ∂x(wC) = wϕ1. Integrating in x and imposing C(0, s) = as(0, 0, s) = 0 yields

C(x, s) =
1
w

∫ x

0
(1 + hu)ϕ1(u, s)du. (13.3.10)

Substitution gives the expression for as in Eq. (13.3.3).



13.4. FIELD REPRESENTATION IN SPLINEBORIS 185

13.3.2 Checking the vertical field away from the midplane

The construction already reproduces bx and bs everywhere, and by on y = 0. To check
by away from that plane, substitute the potentials into the remaining curl component:

(∇× a)y = −ϕ1(x, s) +
∫ y

0
Dhϕ(x, v, s)dv. (13.3.11)

Laplace’s equation gives Dhϕ = −∂2
yϕ, so

(∇× a)y = −ϕ1(x, s)−
[
∂yϕ(x, y, s)− ∂yϕ(x, 0, s)

]
(13.3.12)

= −∂yϕ(x, y, s) = by(x, y, s), (13.3.13)

where ∂yϕ(x, 0, s) = ϕ1(x, s). Thus all three field components agree. This proof uses
Laplace’s equation exactly, which is why the expressions above refer to the untrun-
cated field.

13.3.3 Evaluation and elementary examples

The code evaluates the series for the potentials and their derivatives analytically,
rather than differentiating sampled field values numerically.
Two elementary cases fix the signs and normalization. A uniform vertical field by = K
has

ϕ = −Ky, ax = ay = 0, as = −K
x + hx2/2

1 + hx
. (13.3.14)

In a straight frame this reduces to as = −Kx. A uniform straight solenoid, bs =
Ks, has ϕ = −Kss, ax = −Ksy, and ay = as = 0. Its nonzero transverse vector
potential illustrates why canonical and kinetic momenta must be distinguished even
in a uniform field.

13.4 Field representation in SplineBoris

The SplineBoris element uses the straight-frame specialization h = 0 of the recon-
struction in Sec. 13.2. Its input field data are in SI units, and its symbolic field genera-
tor uses a dimensional scalar potential Φ with the convention

B = ∇Φ, Φ = −(Bρ)ϕ. (13.4.1)

The change of sign and normalization leaves the physical field unchanged. In the
notation of the straight-frame generator, the independent longitudinal functions are

an+1(s) = ∂n
x Bx|x=y=0 = (Bρ)Sn(s), (13.4.2)

bn+1(s) = ∂n
x By
∣∣
x=y=0 = (Bρ)Nn(s), (13.4.3)

bs(s) = Bs(0, 0, s) = (Bρ)Ks(s). (13.4.4)

Thus the common seed and recurrence formulas apply after this conversion; there is
no separate field-reconstruction principle for the two elements.
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Within each element, the longitudinal profiles are fourth-order polynomials supplied
through Spline4 objects. Each object specifies the value and longitudinal derivative
at both ends of an interval, together with the mean value. Tuples of these objects de-
scribe successive horizontal derivatives of the transverse field. An extended field map
is typically represented by several elements, one for each fitted longitudinal interval.
The parameter n_steps sets the number of spatial Boris steps inside each element.
The integrator uses the reconstructed magnetic field directly, without requiring the
vector potential.

13.5 SplineBoris: spatial Boris integration

The spatial Boris-like method in SplineBoris builds on the original Boris pusher [46],
the analyses in Refs. [47, 48], and spatial-stepping formulations in Refs. [49, 50]. It
solves the relativistic Lorentz-force equations for a general magnetic field, with longi-
tudinal coordinate z as the independent variable. Tracking is performed in a straight
reference frame; curved reference frames are not supported. The algorithm has a
symmetric drift–kick–rotation–kick–drift structure.
The magnetic-field representation supplied to the integrator is described in Sec. 13.4.
The total momentum magnitude is preserved exactly. Phase-space volume is also
preserved exactly in the reduced variables (x, y, Px, Py) and in the extended variables
(x, y, Px, Py, t, E). For smooth magnetic fields away from Pz = 0, the fixed-length
transfer map is reversible and second-order accurate in C1. Under field-free entrance
and exit conditions, its symplectic defect is of order O(∆z2).

13.5.1 Lorentz-force equations in spatial form

For a charged particle in a static magnetic field B(r),

dP
dt

= q (v ×B),
dr
dt

= v =
P

γm
,

with relativistic factor

γ =

√
1 +

( P
mc

)2
.

In the absence of electric fields, the total momentum magnitude

P = |P | =
√

P2
x + P2

y + P2
z

is constant in time.
Switching from time to the spatial coordinate z as the independent variable:

d
dt

= vz
d
dz

=⇒ dP
dz

=
q
Pz
(P ×B),

dr
dz

=
P

Pz
.

This reformulation is meaningful only on intervals where Pz stays nonzero and does
not change sign, so that z can be used as a valid independent variable. In what follows
we restrict to the forward branch

Pz > 0,
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so every occurrence of Pz is understood as the positive root

Pz = +
√

P2 − P2
x − P2

y .

For backward propagation one would instead keep the negative branch consistently
throughout.

13.5.2 Integration algorithm

Since vz = Pz/(γm), the infinitesimal relation between t and z is

dt
dz

=
1
vz

=
γm
Pz

=
E

c2Pz
, (13.5.1)

where E = γmc2 is constant in the magnetic-only case. For a finite step ∆z, the elapsed
time is approximated by a midpoint rule:

∆t ≃ γm ∆z
Pz,mid

=
E ∆z

c2Pz,mid
, (13.5.2)

where Pz,mid is the longitudinal momentum evaluated at the midpoint of the step
(after the first half-kick).
Writing B = (Bx, By, Bz), the equations of motion are

dx
dz

=
Px

Pz
, (13.5.3)

dy
dz

=
Py

Pz
, (13.5.4)

dt
dz

=
γm
Pz

=
E

c2Pz
, (13.5.5)

dPx

dz
=

q
Pz
(PyBz − PzBy) =

q
Pz
(PyBz)− qBy, (13.5.6)

dPy

dz
=

q
Pz
(PzBx − PxBz) = qBx −

q
Pz
(PxBz), (13.5.7)

dPz

dz
=

q
Pz
(PxBy − PyBx). (13.5.8)

The constant-magnitude constraint

Pz = +
√

P2 − P2
x − P2

y

is enforced algebraically at each substep on the forward branch.
The motion is advanced over a spatial step ∆z by a symmetric Boris-type composi-
tion. More precisely, one first performs a half drift to the midpoint (xh, yh, zh), evalu-
ates the magnetic field there, and then keeps the resulting midpoint field B(xh, yh, zh)
fixed during the central kick–rotate–kick sequence. Thus, for general nonuniform
B(x, y, z), the implemented step is not literally the exact Strang splitting of the full
variable-coefficient operator D + K + R; rather, it is a symmetric midpoint-frozen ap-
proximation of that splitting. Here D denotes the drift in (x, y), K the transverse kicks
from Bx, By, and R the rotation generated by Bz.
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13.5.2.1 Step 1: Half drift in (x, y)

xh = x +
∆z
2

Px

Pz
, yh = y +

∆z
2

Py

Pz
, zh = z +

∆z
2

.

The magnetic field is evaluated at (xh, yh, zh).

13.5.2.2 Step 2: First half-kick from Bx, By

P−x = Px −
q ∆z

2
By, P−y = Py +

q ∆z
2

Bx.

At this midpoint, compute

Pz,mid =
√

P2 − (P−x )2 − (P−y )2.

Using Eq. (13.5.2), the elapsed time increment is

∆t =
γm ∆z
Pz,mid

.

The total time is updated as t′ = t + ∆t.

13.5.2.3 Step 3: Rotation from Bz

During this substep, Bx = By = 0 and only Bz acts. The transverse equations become

dPx

dz
=

qBz

Pz
Py,

dPy

dz
= −qBz

Pz
Px. (13.5.9)

The exact solution over one step ∆z is a planar rotation with angle

θ =
qBz∆z

Pz
. (13.5.10)

The Boris update replaces this with the Cayley-transform rotation

T =
qBz∆z
2Pz,mid

, S =
2T

1 + T2 , C =
1− T2

1 + T2 ,

so that

P+
x = C P−x + S P−y , (13.5.11)

P+
y = − S P−x + C P−y . (13.5.12)

Equivalently,
P ∗ = P− +P− × t, P+ = P− +P ∗ × s,

with t = (0, 0, T) and s = (0, 0, S). This is a planar rotation by the angle 2 arctan T, so
it preserves |P⊥| exactly while approximating the exact angle θ to second order in ∆z.
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13.5.2.4 Step 4: Second half-kick

Repeat the same transverse increments:

P′x = P+
x −

q ∆z
2

By, P′y = P+
y +

q ∆z
2

Bx.

13.5.2.5 Step 5: Recompute Pz and second half-drift

P′z =
√

P2 − (P′x)2 − (P′y)2.

Advance the positions by another half drift:

x′ = xh +
∆z
2

P′x
P′z

, y′ = yh +
∆z
2

P′y
P′z

, z′ = z + ∆z.

13.5.2.6 Complete algorithm summary

Given (x, y, z, Px, Py, P, t) :

(i) Pz =
√

P2 − P2
x − P2

y ,

(ii) xh = x +
∆z
2

Px

Pz
, yh = y +

∆z
2

Py

Pz
, zh = z +

∆z
2

,

(iii) P−x = Px −
q∆z

2
By, P−y = Py +

q∆z
2

Bx,

(iv) Pz,mid =
√

P2 − (P−x )2 − (P−y )2, γ =

√
1 +
( P

mc

)2
, ∆t =

γm∆z
Pz,mid

,

(v) t′ = t + ∆t,

(vi) T =
qBz∆z
2Pz,mid

, S =
2T

1 + T2 , C =
1− T2

1 + T2 ,

P+
x = C P−x + S P−y , P+

y = −S P−x + C P−y ,

(vii) P′x = P+
x −

q∆z
2

By, P′y = P+
y +

q∆z
2

Bx,

(viii) P′z =
√

P2 − (P′x)2 − (P′y)2,

(ix) x′ = xh +
∆z
2

P′x
P′z

, y′ = yh +
∆z
2

P′y
P′z

, z′ = z + ∆z.

13.5.3 Phase-space volume preservation

The spatial Boris step preserves volume exactly in both the reduced mechanical vari-
ables and the extended accelerator variables:

det(DΦ) = 1 for (x, y, Px, Py),
det(DΨ) = 1 for (x, y, Px, Py, t, E).
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The proof is given in the following subsections by decomposing the method into its
elementary substeps.
The continuous Lorentz flow in time preserves the six-dimensional Liouville volume
element

dx dy dz dPx dPy dPz.

The spatial Boris algorithm studied here is a different object: after fixing the momen-
tum magnitude P and using z as the independent variable, the discrete dynamics is a
reduced map in the variables (x, y, Px, Py), with

Pz =
√

P2 − P2
x − P2

y

reconstructed algebraically. We first show that this reduced four-dimensional map
preserves the Euclidean volume element dx dy dPx dPy exactly, and then extend the
result to the accelerator variables (x, y, Px, Py, t, E).

13.5.3.1 Reduced four-dimensional map

Denote by D 1
2

the half drift in coordinates, by K 1
2

the half kick from the transverse field
(Bx, By), and by R the rotation generated by Bz. The full step is their composition:

Φ∆z = D 1
2
◦ K 1

2
◦ R ◦ K 1

2
◦ D 1

2
. (13.5.13)

Since the determinant of the total Jacobian is the product of those of the individual
substeps, it is enough to show that each one has determinant one.

• (a) Half drift in (x, y):

x′ = x +
∆z
2

Px

Pz
, y′ = y +

∆z
2

Py

Pz
, P′x = Px, P′y = Py.

Since Pz depends only on (Px, Py), the Jacobian has block form

DΦD 1
2
=

 I ∗
0 I

 ,

and therefore
det(DΦD 1

2
) = 1.

• (b) Half kick from (Bx, By): During the kick the coordinates are fixed,

P′x = Px −
q∆z

2
By(x, y, zh), P′y = Py +

q∆z
2

Bx(x, y, zh), x′ = x, y′ = y,

so the Jacobian has block form

DΦK 1
2
=

 I 0

∗ I

 ,

and hence
det(DΦK 1

2
) = 1.
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• (c) Rotation from Bz: During this substep the midpoint coordinates (x, y, zh) are
held fixed, so Bz = Bz(x, y, zh) is a frozen parameter of the rotation map. Write
the transverse momentum in polar coordinates,

Px = r cos ϕ, Py = r sin ϕ, Pz =
√

P2 − r2.

The Boris rotation preserves the transverse norm exactly, so

r′ = r, ϕ′ = ϕ− α(r; x, y, zh),

where

α(r; x, y, zh) = 2 arctan
(

qBz(x, y, zh)∆z
2Pz

)
.

For each fixed (x, y), the Jacobian in the momentum variables (r, ϕ) is

D(r,ϕ)ΦR =

 1 0

−∂rα(r; x, y, zh) 1

 ,

whose determinant is 1. Since dPx dPy = r dr dϕ and r′ = r, the Cartesian area
element is also preserved:

dP′x dP′y = dPx dPy.

Because the rotation leaves the coordinates unchanged,

x′ = x, y′ = y,

the full four-dimensional Jacobian has block lower-triangular form

DΦR =

 I 0

∗
∂(P′x, P′y)
∂(Px, Py)

 ,

where the lower-right block has determinant 1. Therefore

det(DΦR) = 1.

13.5.3.2 Composition of the substeps

Combining the three determinants gives

det(DΦ∆z) = det(DΦD 1
2
) det(DΦK 1

2
) det(DΦR) det(DΦK 1

2
) det(DΦD 1

2
) = 1.

Therefore the full reduced map preserves the four-dimensional volume element ex-
actly:

dx′ dy′ dP′x dP′y = dx dy dPx dPy.
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13.5.3.3 Extension to accelerator variables

Introduce the extended variables

U = (x, y, Px, Py, t, E),

where E = γmc2 is constant in the magnetic-only problem. On the positive-energy
shell one may write

P(E) =
1
c

√
E2 −m2c4, Pz =

√
P(E)2 − P2

x − P2
y ,

so the reduced map depends smoothly on E away from Pz = 0, and the arrival time
is updated by

t′ = t + g(x, y, Px, Py, E),
with g given by the midpoint rule in Eq. (13.5.2). The extended one-step map has the
form

Ψ(U) =
(
Φ∆z(x, y, Px, Py; E), t + g, E

)
.

Its Jacobian matrix is block triangular:

DΨ =



∂Φ∆z

∂(x, y, Px, Py)
0

∂Φ∆z

∂E
∂g

∂(x, y, Px, Py)
1

∂g
∂E

0 0 1

 .

This matrix is not block diagonal: the row associated with the time update may be full,
because the arrival-time increment g depends on (x, y, Px, Py, E). The determinant is
nevertheless unaffected by this row. Indeed, writing

X = (x, y, Px, Py), A =
∂Φ∆z

∂X
, b =

∂Φ∆z

∂E
, c =

∂g
∂X

, d =
∂g
∂E

,

one has

DΨ =


A 0 b

c 1 d

0 0 1

 .

Expanding the determinant along the column associated with t, which has only one
nonzero entry, gives

det(DΨ) = det

A b

0 1

 = det(A).

Therefore

det(DΨ) = det
(

∂Φ∆z

∂(x, y, Px, Py)

)
= 1.

Hence the extended map preserves the six-dimensional Euclidean volume element

dx dy dPx dPy dt dE

exactly.
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13.5.3.4 Interpretation

The precise statement proved here is a Jacobian statement:

det(DΦ∆z) = 1 for the reduced map, det(DΨ) = 1 for the extended map.

This establishes exact volume preservation in the chosen reduced and extended vari-
ables. It should not be confused with a proof of symplecticity.

13.5.4 Reversibility and second-order accuracy

It is possible to prove that one step is reversible,

Φ−h = Φ−1
h ,

and that the full fixed-length transfer map is second-order accurate in C1:

ΦL
h − φL = O(h2),

DΦL
h − DφL = O(h2).

Second-order accuracy in C1 means that both:

• the tracked particle coordinates converge with error O(h2); and

• the map’s first derivatives with respect to the initial coordinates—its Jacobian or
response matrix—also converge with error O(h2).

The asymptotic notation is defined first, while the proof of the statements above is
given in the following subsections.

13.5.4.1 Asymptotic notation

All order estimates in this section are meant uniformly on the compact region of
phase space under consideration, for sufficiently small step size. For a family of maps
Rh(U), the notation

Rh(U) = O(hp)

means that there are constants C > 0 and h0 > 0, independent of U in that compact
region, such that

∥Rh(U)∥ ≤ Chp for 0 < h < h0.

The notation
Rh(U) = OC1(hp)

means that both the map and its derivative with respect to the initial condition U
satisfy this bound:

∥Rh(U)∥ ≤ Chp, ∥DRh(U)∥ ≤ Chp.

Thus, if two maps differ by an OC1(hp) remainder, then both the maps themselves
and their Jacobians differ by O(hp).
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13.5.4.2 Extended mechanical system

Let
U = (x, y, Px, Py, t, E, z),

and let the exact spatial dynamics be the autonomous ODE

dU
dz

= F(U),

with

F(U) =

(
Px

Pz
,

Py

Pz
, q

Py

Pz
Bz − qBy, qBx − q

Px

Pz
Bz,

E
c2Pz

, 0, 1
)

,

where

P(E) =
1
c

√
E2 −m2c4, Pz =

√
P(E)2 − P2

x − P2
y ,

and the magnetic field is evaluated at (x, y, z). On compact sets where E ≥ E0 > mc2

and Pz ≥ c0 > 0, this vector field is smooth whenever B is smooth.

13.5.4.3 Smoothness of one step

Each substep of the algorithm is obtained from finitely many additions, multiplica-
tions, evaluations of B, the square root

Pz =
√

P(E)2 − P2
x − P2

y ,

and the rational functions defining the Cayley rotation. Since Pz ≥ c0 > 0, all denom-
inators stay uniformly away from zero, so for |h| small enough the one-step map Φh
is C1 in U, and in fact C2 in U and C3 in h, uniformly on the compact region.

13.5.4.4 Proof of reversibility

For every step for which the construction is well defined, the spatial Boris step is
reversible:

Φ−h = Φ−1
h . (13.5.14)

The step is the symmetric composition

Φh = D h
2
◦ K h

2
◦ Rh ◦ K h

2
◦ D h

2
.

Starting from the final state and applying the same construction with step −h, the
first backward half drift returns exactly to the same midpoint (xh, yh, zh), so the same
magnetic field is used. The backward half kick undoes the last forward half kick, the
Cayley rotation with parameter −T is the inverse of the forward rotation, the second
backward half kick undoes the first forward half kick, and the final backward half
drift returns to the initial position. □
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13.5.4.5 Proof of second-order accuracy

Assume B ∈ C3 on a neighborhood of the compact region visited by the exact and
numerical trajectories, and assume Pz ≥ c0 > 0 there. Then, for h sufficiently small,
one Boris step is a C1 map of U. Moreover, if h = L/N with N ∈N, the projected full
map over fixed length L in the six variables (x, y, Px, Py, t, E) is second-order accurate
in C1:

ΦL
h − φL = O(h2), DΦL

h − DφL = O(h2), (13.5.15)

uniformly on the region of interest, where φL denotes the exact transfer map of the
spatial Lorentz system over length L.

First-order consistency Write

d(U) =

(
Px

Pz
,

Py

Pz

)
, k(U) = (−qBy, qBx), ω(U) =

qBz

Pz
.

The first half drift gives

xh = x +
h
2

dx(U), yh = y +
h
2

dy(U), zh = z +
h
2

,

and therefore, by smoothness of B,

B(xh, yh, zh) = B(x, y, z) +O(h).

Equivalently,
k(xh, yh, zh) = k(U) +O(h),

where the O(h) term denotes the difference between the midpoint-evaluated kick
field and the kick field at the initial state. The first half kick gives(

P−x
P−y

)
=

(
Px

Py

)
+

h
2

k(xh, yh, zh) =

(
Px

Py

)
+

h
2

k(U) +O(h2),

and smoothness of Pz on the region Pz ≥ c0 gives

Pz,mid = Pz +O(h),
1

Pz,mid
=

1
Pz

+O(h).

Thus

T =
h
2

qBz(xh, yh, zh)

Pz,mid
=

h
2

ω(U) +O(h2),

and the Cayley coefficients satisfy

C = 1 +O(h2), S = h ω(U) +O(h2).

The rotation step therefore yields(
P+

x
P+

y

)
=

(
P−x
P−y

)
+ h ω(U)

(
Py

−Px

)
+O(h2).
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After the second half kick,

(
P′x
P′y

)
=

(
Px

Py

)
+ h
(q Py

Pz
Bz − qBy

qBx − q Px
Pz

Bz

)
+O(h2).

Since P′x − Px = O(h) and P′y − Py = O(h), the second half drift gives

x′ = x + h
Px

Pz
+O(h2), y′ = y + h

Py

Pz
+O(h2).

Similarly,

t′ = t + h
E

c2Pz
+O(h2), E′ = E, z′ = z + h.

Collecting all components,

Φh(U) = U + hF(U) +O(h2), (13.5.16)

uniformly on the compact region.

Second-order local defect Because Φh is C2 in U and C3 in h, consistency gives an
expansion

Φh(U) = U + hF(U) + h2A(U) +OC1(h3)

for some C1 function A(U). Using the same expansion for Φ−h, inserting

V = Φh(U) = U + hF(U) +O(h2),

and expanding F(V) and A(V) around U, one obtains

Φ−h(V) = U + h2(2A(U)− F′(U)F(U)
)
+OC1(h3).

By reversibility, Eq. (13.5.14), this must equal U. Hence

A(U) =
1
2

F′(U)F(U),

and therefore

Φh(U) = U + hF(U) +
h2

2
F′(U)F(U) +OC1(h3). (13.5.17)

The exact flow φh of the ODE has the same Taylor expansion, as shown in Sec. 13.5.9,
so the difference between Eqs. (13.5.17) and (13.5.24) is an OC1(h3) remainder. In
particular, both the maps and their Jacobians differ by order h3:

Φh(U)− φh(U) = O(h3), DΦh(U)− Dφh(U) = O(h3), (13.5.18)

uniformly on the compact region.
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Global state error over fixed length L Let Un = Φn
h(U0) and Vn = φnh(U0), with

nh ≤ L, and let en = Un −Vn. The next-step error is

en+1 = Un+1 −Vn+1 = Φh(Un)− φh(Vn).

Add and subtract Φh(Vn):

en+1 =
(
Φh(Un)−Φh(Vn)

)
+
(
Φh(Vn)− φh(Vn)

)
.

Taking norms gives

∥en+1∥ ≤ ∥Φh(Un)−Φh(Vn)∥+ ∥Φh(Vn)− φh(Vn)∥.

The second term is the one-step local defect. By Eq. (13.5.18),

∥Φh(Vn)− φh(Vn)∥ ≤ Ch3.

For the first term, Eq. (13.5.16) implies

DΦh(U) = I + hF′(U) +O(h2),

uniformly on the compact region. Since F′ is bounded on the compact region, this
gives the operator-norm bound

∥DΦh(U)∥ ≤ 1 + Ch

for all U in the region and all sufficiently small h. To compare Φh(Un) and Φh(Vn),
write

Φh(Un)−Φh(Vn) =
∫ 1

0
DΦh(Vn + s(Un −Vn)) (Un −Vn) ds.

Taking norms and using the uniform bound on DΦh gives

∥Φh(Un)−Φh(Vn)∥ ≤ (1 + Ch)∥Un −Vn∥ = (1 + Ch)∥en∥.

Combining the two bounds yields the recurrence

∥en+1∥ ≤ (1 + Ch)∥en∥+ Ch3.

Since e0 = 0, the discrete Gronwall lemma in Sec. 13.5.10 gives

∥en∥ ≤ Ch2 for 0 ≤ nh ≤ L. (13.5.19)

Global tangent-map error Let

An = DΦn
h(U0), Bn = Dφnh(U0).

Thus An is the Jacobian, with respect to the initial condition U0, of the numerical
transfer map after n steps, while Bn is the corresponding Jacobian of the exact transfer
map over the same distance nh. For the numerical map,

Un+1 = Φn+1
h (U0) = Φh(Φ

n
h(U0)) .
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Differentiating with respect to the initial condition U0 and applying the chain rule
gives

DΦn+1
h (U0) = DΦh(Φ

n
h(U0)) DΦn

h(U0).

Since Φn
h(U0) = Un and An = DΦn

h(U0), this becomes

An+1 = DΦh(Un) An.

Similarly, for the exact flow,

Vn+1 = φ(n+1)h(U0) = φh(φnh(U0)) .

Differentiating gives

Dφ(n+1)h(U0) = Dφh(φnh(U0)) Dφnh(U0).

Since φnh(U0) = Vn and Bn = Dφnh(U0), we obtain

Bn+1 = Dφh(Vn) Bn.

We next compare the one-step tangent maps evaluated at Un and Vn. By the triangle
inequality,

∥DΦh(Un)− Dφh(Vn)∥ ≤ ∥DΦh(Un)− Dφh(Un)∥
+ ∥Dφh(Un)− Dφh(Vn)∥.

The first term is bounded by Eq. (13.5.18):

∥DΦh(Un)− Dφh(Un)∥ ≤ Ch3.

For the second term, set Gh(U) = Dφh(U). The mean-value theorem, applied now to
the map Gh, gives

∥Gh(Un)− Gh(Vn)∥ ≤ sup
0≤s≤1

∥DGh(Vn + s(Un −Vn))∥ ∥Un −Vn∥.

Here DGh = D2φh. From the Taylor expansion of the exact flow,

φh(U) = U + hF(U) +O(h2),

we obtain, after differentiating twice with respect to U,

D2φh(U) = hF′′(U) +O(h2).

Since F′′ is bounded on the compact region under consideration, it follows that

∥D2φh(U)∥ ≤ Ch.

Therefore
∥Dφh(Un)− Dφh(Vn)∥ ≤ Ch ∥Un −Vn∥.

Using the state-error estimate (13.5.19), this gives

∥Dφh(Un)− Dφh(Vn)∥ ≤ Ch Ch2 ≤ Ch3.
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Combining the two bounds, we obtain

∥DΦh(Un)− Dφh(Vn)∥ ≤ Ch3.

Since ∥DΦh(Un)∥ ≤ 1 + Ch and ∥Bn∥ ≤ C uniformly on 0 ≤ nh ≤ L,

∥An+1 − Bn+1∥ ≤ (1 + Ch)∥An − Bn∥+ Ch3.

With A0 = B0 = I, another application of Sec. 13.5.10 yields

∥An − Bn∥ ≤ Ch2 for 0 ≤ nh ≤ L. (13.5.20)

Equations (13.5.19) and (13.5.20) prove Eq. (13.5.15) in the autonomous variables U =
(x, y, Px, Py, t, E, z). Because both the numerical and exact updates advance z exactly
by h, projecting after N = L/h steps onto the six variables (x, y, Px, Py, t, E) preserves
the same C1 error order. □

13.5.5 Global symplectic defect at field-free boundaries

The reduced mechanical variables used inside the algorithm are not canonical vari-
ables in the presence of a magnetic field, so there is no reason to expect the interior
slice-to-slice map to be exactly symplectic with respect to the constant canonical ma-
trix S. However, a different statement becomes available for the full transfer map
from entrance to exit when the two ends of the region are field-free. The statement in
this section is formulated entirely in the canonical entrance/exit variables and does
not rely on interpreting the interior slice-to-slice Boris map as symplectic. Under the
field-free boundary assumptions made precise below, the Jacobian M of the full nu-
merical entrance-to-exit map satisfies

M⊤SM− S = O(h2)

over any fixed propagation length L. The mechanism behind the scaling is simple.
In canonical boundary coordinates, the exact full transfer map is symplectic. If the
numerical full transfer map and its tangent map both approximate the exact ones with
global errorO(h2), then inserting M = T +O(h2) into M⊤SM− S immediately yields
an O(h2) symplectic defect for the full map. This is a statement about the entrance-
to-exit transfer map only; it does not assert symplecticity, or a canonical symplectic-
defect estimate, for the interior slice-to-slice Boris updates. The proof is given in the
following subsections by combining exact symplecticity of the continuous boundary
map with the C1 accuracy estimate from Sec. 13.5.4.

13.5.5.1 Additional boundary assumptions

In addition to the regularity and Pz ≥ c0 > 0 assumptions of Sec. 13.5.4, assume that
the entrance and exit lie in field-free neighborhoods and choose a gauge such that
A = 0 in those neighborhoods. Then canonical and mechanical transverse momenta
coincide at the entrance and exit:

px = Px, py = Py.
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13.5.5.2 Boundary variables and symplectic matrix

Let
ξ = (x, px, y, py, t,−E)

be the canonical boundary state vector. At the entrance and exit, this is equivalently

ξ = (x, Px, y, Py, t,−E).

In this ordering, the canonical symplectic matrix is

S =



0 1 0 0 0 0

−1 0 0 0 0 0

0 0 0 1 0 0

0 0 −1 0 0 0

0 0 0 0 0 1

0 0 0 0 −1 0


.

To justify the exact symplecticity of the entrance-to-exit map, recall the standard spa-
tial Hamiltonian reduction for a static magnetic field. Let A(x, y, z) be a vector poten-
tial with∇×A = B and ϕ = 0. The relativistic energy relation in canonical variables
is

E2 = m2c4 + c2
[
(px − qAx)

2 + (py − qAy)
2 + (pz − qAz)

2
]

.

On the forward branch Pz > 0, solving for pz gives

pz = qAz +

√
E2

c2 −m2c2 − (px − qAx)2 − (py − qAy)2.

Using z as the independent variable, the associated spatial Hamiltonian is

K(x, y, z, px, py, E) = − pz.

Then the exact dynamics of ξ = (x, px, y, py, t,−E) is governed by the canonical
Hamilton equations

dξ

dz
= S∇ξK(ξ, z).

Therefore, for every fixed propagation length L, the exact transfer map in the bound-
ary variables is symplectic.

13.5.5.3 Exact and numerical maps

Let ΨL be the exact transfer map over a fixed length L, and let

T = DΨL

be its Jacobian matrix in the boundary variables ξ. Since ΨL is the exact flow of the
spatial Hamiltonian system in canonical variables, its Jacobian satisfies

T⊤ST = S. (13.5.21)
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Let ΦL
h be the full numerical map over the same fixed length L = Nh, and let

M = DΦL
h

be its Jacobian matrix in the boundary variables. By Eq. (13.5.15), and because canon-
ical and mechanical momenta coincide at the field-free boundaries,

M− T = O(h2). (13.5.22)

13.5.5.4 Proof of the main result

Under the assumptions stated above, for any fixed propagation length L,

M⊤SM− S = O(h2) as h→ 0. (13.5.23)

Write
M = T + E, E = O(h2).

Then
M⊤SM− S = (T + E)⊤S(T + E)− S.

Expanding gives

M⊤SM− S = T⊤ST − S + T⊤SE + E⊤ST + E⊤SE.

By Eq. (13.5.21), the first term vanishes. Since T = O(1) and E = O(h2), the remaining
terms are O(h2), O(h2), and O(h4), respectively. This proves Eq. (13.5.23). □

13.5.6 Volume preservation of the exact spatial flow

The volume-preservation result proved in Sec. 13.5.3 is a property of the discrete
spatial Boris map. The corresponding exact magnetic-only dynamics has the same
volume-preservation property, away from the singular set Pz = 0. We use the stan-
dard implication recalled in Sec. 13.5.7: a smooth vector field with zero divergence
has a flow with unit Jacobian determinant.
First, in the original time-parametrized Cartesian variables, the Lorentz equations
preserve the six-dimensional Liouville volume element

dx dy dz dPx dPy dPz.

Indeed, writing
dr
dt

=
P

γm
,

dP
dt

= q
P

γm
×B(r),

the position part has zero divergence with respect to r, since P/(γm) is independent
of position. The momentum part also has zero divergence. Explicitly, since B is
independent of P ,

∇P ·
(

q
P

γm
×B

)
=

q
m
∇P ·

(
1
γ
P ×B

)
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=
q
m

[
∇P

(
1
γ

)
· (P ×B) +

1
γ
∇P · (P ×B)

]
.

The first term is zero because

∇P

(
1
γ

)
= − P

γ3m2c2 ,

which is parallel to P , and hence orthogonal to P ×B. The second term is also zero,
since

∇P · (P ×B) = ∂Px(PyBz − PzBy) + ∂Py(PzBx − PxBz) + ∂Pz(PxBy − PyBx) = 0.

This is consistent with the usual Hamiltonian statement in canonical variables. Let
A(r) be a vector potential, B = ∇×A, and define the canonical momentum

p = P + qA(r).

In the canonical variables (r,p), the magnetic-only motion is Hamiltonian, and there-
fore preserves the canonical phase-space volume element

dx dy dz dpx dpy dpz.

The change of variables from mechanical to canonical momentum has Jacobian

∂(r,p)
∂(r,P )

=

 I 0

q ∂rA I

 ,

whose determinant is one. Hence

dx dy dz dpx dpy dpz = dx dy dz dPx dPy dPz.

Thus the canonical and mechanical coordinates give the same volume element.
Now fix the energy, equivalently the momentum magnitude P, and use z as the
independent variable on the branch Pz > 0. The exact reduced spatial system in
X = (x, y, Px, Py) is

dx
dz

=
Px

Pz
,

dy
dz

=
Py

Pz
,

dPx

dz
= q

Py

Pz
Bz − qBy,

dPy

dz
= qBx − q

Px

Pz
Bz,

where
Pz =

√
P2 − P2

x − P2
y ,

and the magnetic field is evaluated at (x, y, z). Since Pz depends only on (Px, Py), and
B depends only on position, the divergence with respect to X is

∇X · F = ∂x

(
Px

Pz

)
+ ∂y

(
Py

Pz

)
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+ ∂Px

(
q

Py

Pz
Bz − qBy

)
+ ∂Py

(
qBx − q

Px

Pz
Bz

)
= qBzPy ∂Px

(
1
Pz

)
− qBzPx ∂Py

(
1
Pz

)
.

Using

∂Px

(
1
Pz

)
=

Px

P3
z

, ∂Py

(
1
Pz

)
=

Py

P3
z

,

the two remaining terms cancel, and therefore

∇X · F = 0.

By Sec. 13.5.7, the exact reduced spatial flow therefore preserves

dx dy dPx dPy.

Equivalently, at fixed z, one may introduce transverse canonical momenta

px = Px + qAx(x, y, z), py = Py + qAy(x, y, z).

The transverse change of variables

(x, y, Px, Py) 7→ (x, y, px, py)

again has triangular Jacobian

∂(x, y, px, py)

∂(x, y, Px, Py)
=

 I 0

∗ I

 ,

and determinant one. Therefore

dx dy dpx dpy = dx dy dPx dPy.

The reduced mechanical volume preserved by the spatial flow is therefore the same
volume as the corresponding transverse canonical volume.
The extended accelerator variables add

dt
dz

=
E

c2Pz
,

dE
dz

= 0.

The corresponding vector field in (x, y, Px, Py, t, E) has divergence

∇X · F + ∂t

(
E

c2Pz

)
+ ∂E(0) = 0.

Again by Sec. 13.5.7, the exact magnetic-only spatial flow also preserves the extended
Euclidean volume element

dx dy dPx dPy dt dE.

Since the change from (Px, Py) to (px, py) has unit Jacobian and leaves t and E un-
changed, this is equivalently the preservation of

dx dy dpx dpy dt dE.

The discrete result in Sec. 13.5.3 may therefore be viewed as exact preservation, by
the algorithm, of the same reduced and extended volume elements preserved by the
continuous spatial dynamics.
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13.5.7 Divergence-free vector fields and volume preservation

For completeness we recall the standard argument connecting zero divergence with
volume preservation. Let

dU
dz

= F(U)

be a smooth autonomous system in Rn, and let φz(U0) be its flow. Define the Jacobian
matrix of the flow with respect to the initial condition,

J(z) = Dφz(U0).

Differentiating the flow with respect to U0 gives the variational equation

dJ
dz

= DF(φz(U0)) J, J(0) = I.

By Jacobi’s formula for the derivative of a determinant,

d
dz

det J = det J tr
(

J−1 dJ
dz

)
.

Substituting the variational equation gives

d
dz

det J = det J tr
(

J−1DF(φz(U0))J
)

.

Using cyclic invariance of the trace,

tr
(

J−1DFJ
)
= tr(DF) = ∇ · F.

Therefore
d
dz

det Dφz(U0) =
(
∇ · F

)
(φz(U0)) det Dφz(U0).

If ∇ · F = 0, then
d
dz

det Dφz(U0) = 0.

Since Dφ0(U0) = I, one obtains

det Dφz(U0) = 1

for all z for which the flow is defined. Thus the Euclidean volume element is pre-
served by the flow.

13.5.8 Consistency check for the parallel case

To verify the accuracy when the true Lorentz force vanishes, consider a uniform mag-
netic field B = (Bx, By, Bz) and an initial momentum exactly parallel to it, P 0 = αB
with constant α > 0. Physically, P must remain constant:

dP
dz

=
q
Pz
(P ×B) = 0, P (z) = P 0.
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13.5.8.1 Step 1: Half-kick

P−x = αBx −
q∆z

2
By, P−y = αBy +

q∆z
2

Bx.

13.5.8.2 Step 2: Rotation expanded

Let B2
⊥ := B2

x + B2
y. From the half-kick we have

P−x = αBx −
q∆z

2
By, P−y = αBy +

q∆z
2

Bx.

Compute the transverse magnitude:

(P−x )2 + (P−y )2 = α2B2
⊥ +

q2∆z2

4
B2
⊥.

Hence

P2
z,mid = P2 − (P−x )2 − (P−y )2 = α2B2

z −
q2∆z2

4
B2
⊥.

Expanding the square root,

Pz,mid = αBz

(
1− q2∆z2

8α2
B2
⊥

B2
z

)
+ O(∆z4).

Therefore
1

Pz,mid
=

1
αBz

(
1 +

q2∆z2

8α2
B2
⊥

B2
z

)
+ O(∆z4).

The exact spatial rotation angle is

θ =
qBz∆z
Pz,mid

=
q
α

∆z + O(∆z3),

whereas the Boris map rotates by

θB = 2 arctan
(

qBz∆z
2Pz,mid

)
= θ + O(∆z3).

Using sin θB = θB + O(∆z3) and cos θB = 1− 1
2 θ2

B + O(∆z4), we obtain

P+
x = (1− 1

2 θ2
B)P−x + θBP−y = αBx +

q∆z
2

By + O(∆z3),

P+
y = −θBP−x + (1− 1

2 θ2
B)P−y = αBy −

q∆z
2

Bx + O(∆z3).
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13.5.8.3 Step 3: Second half-kick

P′x = P+
x −

q∆z
2

By = αBx + O(∆z3), P′y = P+
y +

q∆z
2

Bx = αBy + O(∆z3).

All O(∆z) and O(∆z2) terms cancel exactly. Therefore

P ′ = P 0 + O(∆z3).

The local truncation error per step is O(∆z3), leading to a global error O(∆z2) over
a fixed distance. Hence even when P ∥ B, the algorithm preserves the momentum
direction up to second order in ∆z, and any residual spurious kick decreases quadrat-
ically with step size.

13.5.9 Taylor expansion of the exact flow

Let φh(U) be the exact flow of
dU
dz

= F(U).

Writing U(z) = φz(U), Taylor’s theorem gives

U(h) = U(0) + hU′(0) +
h2

2
U′′(0) +O(h3).

Since
U′(z) = F(U(z)),

we have
U′(0) = F(U).

Differentiating once more gives

U′′(z) = F′(U(z))U′(z) = F′(U(z))F(U(z)),

and therefore
U′′(0) = F′(U)F(U).

Thus the exact flow satisfies

φh(U) = U + hF(U) +
h2

2
F′(U)F(U) +OC1(h3). (13.5.24)

Here OC1(h3) means that both the remainder and its derivative with respect to the
initial condition U are bounded by Ch3, uniformly on the compact region under con-
sideration. This C1 version is the expansion used in Sec. 13.5.4.

13.5.10 Discrete Gronwall lemma

For completeness we record the elementary discrete estimate used in the proof of the
C1 global error bounds.
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13.5.10.1 Lemma

Let h > 0, let α, β ≥ 0, let p ≥ 1, and let {an}n≥0 be a nonnegative sequence satisfying

an+1 ≤ (1 + αh)an + βhp for all n ≥ 0. (13.5.25)

Then for every n ≥ 0,

an ≤ (1 + αh)na0 + βhp
n−1

∑
j=0

(1 + αh)j. (13.5.26)

In particular, if nh ≤ L, then

an ≤ eαLa0 +
β

α

(
eαL − 1

)
hp−1 (α > 0), (13.5.27)

while for α = 0 one has
an ≤ a0 + βLhp−1. (13.5.28)

13.5.10.2 Proof

Iterating Eq. (13.5.25) gives

an ≤ (1 + αh)na0 + βhp
n−1

∑
k=0

(1 + αh)k,

which is Eq. (13.5.26). If α > 0, then

n−1

∑
k=0

(1 + αh)k =
(1 + αh)n − 1

αh
≤ eαnh − 1

αh
≤ eαL − 1

αh
,

which proves Eq. (13.5.27). If α = 0, Eq. (13.5.26) reduces to

an ≤ a0 + nβhp ≤ a0 + βLhp−1,

which proves Eq. (13.5.28). □

13.5.10.3 Corollary used in the main text

If a0 = 0, p = 3, and nh ≤ L, then the lemma gives

an ≤ Ch2,

where C depends only on α, β, and L, but not on h or n.

13.6 BFieldExpansion: RK4 tracking

The BFieldExpansion element implements the field and vector-potential construction
in Secs. 13.2 and 13.3, with polynomial longitudinal profiles. It advances canonical
coordinates using classical RK4, which is not an exactly symplectic integrator.
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13.6.1 Polynomial profiles and additional strengths

The current implementation selects straight geometry for h = 0 and supports curved
geometry for h > 10−4 m−1. The quantities returned as Bx, By, Bs, Ax, Ay, As, and phi
by get_field use the normalization in Eq. (13.1.10).
The polynomial coordinate runs from s_start to s_start+ L, where L is the element
length. It need not coincide with the accumulated particle coordinate s in a line.
The field-evaluation argument s_local is entrance-relative, so that the profiles are
evaluated at s = s_start+ s_local.
With only polynomial input coefficients and unit scale,

Nn(s) =
dn

∑
j=0

kncnjsj, Sn(s) =
ds

∑
j=0

kscnjsj, Ks(s) =
dℓ

∑
j=0

ksolcjsj. (13.6.1)

The transverse factorial is included in Eq. (13.2.1); there is no longitudinal factorial
in Eq. (13.6.1). The suffix c denotes coefficients. The three polynomial degrees dn,
ds, and dℓ are independent. Transverse rows of different lengths are padded within
their own matrix at construction; omitted profiles remain empty and contribute zero.
Every supplied ksolc coefficient is used. Its scalar-potential seed is

ϕsol
0 (s) = −

∫ s

0
Ks(u)du = −

dℓ

∑
j=0

ksolcj

j + 1
sj+1. (13.6.2)

The additional degree is reserved internally, so users do not pad the longitudinal pro-
file or the transverse matrices for this integral. In particular, a constant longitudinal
field needs only ksolc=[ks]. The read-only array ksoll contains its longitudinal in-
tegral over the element interval, including kscale.
Uniform scalar strengths and integrated strengths are incorporated before construct-
ing the potential. For example,

Nn(s) = kscale

[
∑

j
kncnjsj + kn +

knln

L

]
, (13.6.3)

with the analogous expression for the skew profile. The independent kn and skew
scalar strengths exist through octupole order; missing entries contribute zero. The
factor kscale also multiplies Ks, all reconstructed fields, and both potentials. Nonzero
integrated strengths require L ̸= 0.

13.6.2 Expansion order and convergence

The parameter num_phi specifies the maximum retained power of y in field evalua-
tion. An additional scalar-potential coefficient is stored to obtain by by differentiation;
vector potentials are evaluated through the requested order. For a nonterminating ex-
pansion, the infinite-series identities above hold only to the orders retained by the
corresponding series. Finite truncation is an approximation to the three-dimensional
Maxwell field.
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The default num_phi=’auto’ retains the complete polynomial reconstruction, includ-
ing the vector potential, in straight geometry. Its choice accounts for allocated poly-
nomial degrees and transverse orders, as well as the independent scalar strengths,
including coefficients that are initially zero. In curved geometry it adds two verti-
cal orders, retaining the full expansion through first order in h. Higher powers of h
are generally incomplete: the curved recurrence need not terminate. Increasing an
explicit num_phi and checking convergence over the aperture of interest is therefore
necessary when higher curvature terms matter. The allocated shapes and truncation
order remain fixed after construction, including capacity for explicitly supplied zero
coefficients. Evaluation skips unused orders and degrees, with the populated bounds
recomputed after input updates.
There are three separate approximations to control: the input profile fit, the transverse
expansion order, and the integration step size. Higher longitudinal derivatives enter
Eq. (13.2.14), so agreement of an on-axis fit alone does not establish off-axis accuracy.
Increasing the number of tracking steps cannot restore fringe terms absent from the
field model. For piecewise profiles, derivatives and vector-potential matching at the
joins also need to be checked.

13.6.3 Hamiltonian and equations of motion

We use the canonical variables z = (x, px, y, py, τ, pτ) defined in Eqs. (1.6.2)–(1.6.3),
with τ = ζ/β0 = s/β0 − ct, and the species factor χ = (q/q0)(m0/m). Let

D = 1 + δ =
√

1 + 2pτ/β0 + p2
τ, πs =

√
D2 − π2

x − π2
y,

πx = px − χax, πy = py − χay.
(13.6.4)

Here π is the normalized kinetic momentum. The forward branch πs > 0 is used,
away from longitudinal turning points. Specializing the accelerator Hamiltonian
(1.7.2) to a static magnetic field gives

H =
pτ

β0
− w(πs + χas). (13.6.5)

The Hamiltonian formalism and canonical normalization are discussed in Ref. [12].
No paraxial expansion of the square root is made here.
In the implemented gauge ay = 0, Hamilton’s equations are

dx
ds

= w
πx

πs
,

dy
ds

= w
πy

πs
, (13.6.6)

dpx

ds
= h(πs + χas) + wχ

(
πx

πs
∂xax + ∂xas

)
,

dpy

ds
= wχ

(
πx

πs
∂yax + ∂yas

)
, (13.6.7)

dτ

ds
=

1
β0
− w

pτ + 1/β0

πs
,

dpτ

ds
= 0. (13.6.8)

Energy, and hence D, is constant because there is no electric field. The spatial Hamil-
tonian itself can depend explicitly on s and need not be constant along the trajectory.



210 CHAPTER 13. MODELING S-DEPENDENT MAGNETIC FIELDS

13.6.4 Numerical integration

Both geometries use classical RK4 [51]. For dz/ds = f (s, z), a step of length ∆s =
L/num_integration_steps is

k1 = f (sn, zn), (13.6.9)
k2 = f (sn + ∆s/2, zn + ∆s k1/2), (13.6.10)
k3 = f (sn + ∆s/2, zn + ∆s k2/2), (13.6.11)
k4 = f (sn + ∆s, zn + ∆s k3), (13.6.12)

zn+1 = zn +
∆s
6
(k1 + 2k2 + 2k3 + k4). (13.6.13)

The potential and its derivatives are reevaluated at every stage. For a fixed smooth
field and a trajectory bounded away from πs = 0, the local integration error isO(∆s5),
and the global error over a fixed length isO(∆s4). This statement concerns integration
error, separately from field truncation and fitting.
Classical RK4 does not preserve the symplectic form exactly, even when applied to
Hamilton’s equations. Nor does it generally preserve phase-space volume exactly.
The distinction between Hamiltonian flow and a symplectic discrete map is discussed
in Ref. [52]. Here pτ remains constant because its right-hand side is identically zero;
this fact alone does not imply symplecticity. Backtracking reverses ∆s and the inte-
gration interval, but RK4 is not exactly reversible at finite step size.

13.6.5 Canonical and kinetic momenta at boundaries

The flag pkin_const selects how transverse momenta are transferred between vector-
potential conventions at the entrance and exit. It does not change RK4 or its order of
accuracy. Let αx,y = χax,y; the particle attributes ax and ay store these species-scaled
quantities. Then πx,y = px,y − αx,y, as exposed by kin_px and kin_py.
With pkin_const=False, the default, the entrance canonical momenta are used with-
out conversion. At the exit, the element leaves the momenta in its gauge and stores the
exit αx, αy. Consequently, keeping px, py fixed while changing the transverse vector
potential at a join changes the kinetic momenta. To initialize a particle with prescribed
kinetic momenta inside a nonzero field, use

px = πx + χax(x, y, sin), py = πy + χay(x, y, sin), (13.6.14)

and set the stored ax, ay consistently.
With pkin_const=True, the entrance conversion is

pin
x,y = pold

x,y + χain
x,y − αold

x,y . (13.6.15)

At the exit the element subtracts χaout
x,y and sets the stored transverse vector potential

to zero. These conversions preserve kinetic momenta across the changes of potential
convention. They do not supply missing physical fringe fields or make the finite-
step map symplectic. For a smooth piecewise magnetic model, the field profiles, their
derivatives, and the choice of boundary convention must describe a consistent phys-
ical join.



Chapter 14

Space charge and beam-beam forces

14.1 Fields generated by a bunch of particles

We assume that the bunch travels rigidly along s with velocity β0c:

ρ (x, y, s, t) = ρ0 (x, y, s− β0ct) (14.1.1)

J (x, y, s, t) = β0c ρ0 (x, y, s− β0ct) îs (14.1.2)

We define an auxiliary variable ζ as the position along the bunch:

ζ = s− β0ct . (14.1.3)

We call K the lab reference frame in which we have defined all equations above, and
we introduce a boosted frame K′ moving rigidly with the reference particle. The co-
ordinates in the two systems are related by a Lorentz transformation [53]:

ct′ = γ0 (ct− β0s) (14.1.4)

x′ = x (14.1.5)

y′ = y (14.1.6)

s′ = γ0 (s− β0ct) = γ0ζ (14.1.7)

The corresponding inverse transformation is:

ct = γ0
(
ct′ + β0s′

)
(14.1.8)

x = x′ (14.1.9)

y = y′ (14.1.10)

s = γ0
(
s′ + β0ct′

)
(14.1.11)

The quantities
(
cρ, Jx, Jy, Js

)
form a Lorentz 4-vector and therefore they are trans-

formed between K and K′ by relationships similar to Eqs. 14.1.4-14.1.6 [53]:

cρ′
(
r’, t′

)
= γ0

[
cρ
(
r
(
r’, t′

)
, t
(
r’, t′

))
− β0 Js

(
r
(
r’, t′

)
, t
(
r’, t′

))]
(14.1.12)

J′s
(
r’, t′

)
= γ0

[
Js
(
r
(
r’, t′

)
, t
(
r’, t′

))
− β0cρ

(
r
(
r’, t′

)
, t
(
r’, t′

))]
(14.1.13)
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where the transformations r (r’, t′) and t (r’, t′) are defined by Eqs. 14.1.8 and 14.1.11
respectively. The transverse components Jx and Jy of the current vector are invariant
for our transformation, and are anyhow zero in our case.
Using Eq. 14.1.2 these become:

ρ′
(
r’, t′

)
=

1
γ0

ρ
(
r
(
r’, t′

)
, t
(
r’, t′

))
(14.1.14)

J′s
(
r’, t′

)
= 0 (14.1.15)

Using Eqs. 14.1.1 and 14.1.8-14.1.10, we obtain:

ρ
(
x′, y′, s(s′, t′), t(s′, t′)

)
= ρ0

(
x′, y′, s(s′, t′)− β0c t(s′, t′)

)
(14.1.16)

From Eq. 14.1.7 we get:

s(s′, t′)− β0c t(s′, t′) =
s′

γ0
(14.1.17)

where the coordinate t′ has disappeared.
We can therefore write:

ρ′
(
x′, y′, s′, t′

)
=

1
γ0

ρ0

(
x′, y′,

s′

γ0

)
(14.1.18)

The electric potential in the bunch frame is the solution of Poisson’s equation:

∂2ϕ′

∂x′2
+

∂2ϕ′

∂y′2
+

∂2ϕ′

∂s′2
= −ρ′(x′, y′, s′)

ε0
(14.1.19)

From Eq. 14.1.18 we can write:

∂2ϕ′

∂x′2
+

∂2ϕ′

∂y′2
+

∂2ϕ′

∂s′2
= − 1

γ0ε0
ρ0

(
x′, y′,

s′

γ0

)
(14.1.20)

We now make the substitution:

ζ =
s′

γ0
(14.1.21)

obtained from Eq. 14.1.7, which allows us to rewrite Eq. 14.1.20 as:

∂2ϕ′

∂x2 +
∂2ϕ′

∂y2 +
1

γ2
0

∂2ϕ′

∂ζ2 = − 1
γ0ε0

ρ0 (x, y, ζ) (14.1.22)

Here we have dropped the “′” sign from x and y as these coordinates are unaffected
by the Lorentz boost.
The quantities

(
ϕ
c , Ax, Ay, As

)
form a Lorentz 4-vector, so we can write:

ϕ = γ0
(
ϕ′ + β0cA′s

)
(14.1.23)

As = γ0

(
A′s + β0

ϕ′

c

)
(14.1.24)
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In the bunch frame the charges are at rest, therefore A′x = A′y = A′s = 0 and:

ϕ = γ0ϕ′ (14.1.25)

As = γ0β0
ϕ′

c
=

β0

c
ϕ (14.1.26)

Combining Eq. 14.1.25 with Eq. 14.1.22 we obtain the equation in ϕ:

∂2ϕ

∂x2 +
∂2ϕ

∂y2 +
1

γ2
0

∂2ϕ

∂ζ2 = − 1
ε0

ρ0 (x, y, ζ) (14.1.27)

14.1.1 2.5D approximation

For large enough values of γ0, Eq. 14.1.22 can be approximated by:

∂2ϕ

∂x2 +
∂2ϕ

∂y2 = − 1
ε0

ρ0 (x, y, ζ) (14.1.28)

which means that we can solve a simple 2D problem for each beam slice (identified
by its coordinate ζ).

14.1.2 Modulated 2D

Often the beam distribution can be factorized as:

ρ0(x, y, ζ) = q0λ0(ζ)ρ⊥(x, y) (14.1.29)

where: ∫
ρ⊥(x, y) dx dy = 1 (14.1.30)

and λ0(z) is therefore the bunch line density.
For a bunched beam: ∫

λ0(z) dz = N (14.1.31)

where N is the bunch population.
In this case the potential can be factorized as:

ϕ(x, y, ζ) = q0λ(ζ)ϕ⊥(x, y) (14.1.32)

where ϕ⊥(x, y) is the solution of the following 2D Poisson equation:

∂2ϕ⊥
∂x2 +

∂2ϕ⊥
∂y2 = − 1

ε0
ρ⊥ (x, y) (14.1.33)
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14.2 Lorentz force

We now compute the Lorentz force on the particles moving in the longitudinal di-
rection, including particles of the bunch itself (space charge forces) and particles of a
colliding bunch moving in the opposite direction (beam-beam forces). The angles of
such test particles are neglected as done in the usual thin-lens approximation. There-
fore the velocity of a test particle can be written as:

v = βc îs (14.2.1)

The Lorentz force can be written as:

F = q
(
−∇ϕ− ∂A

∂t
+ βc îs × (∇×A)

)
= q

(
−∇ϕ− β0

γ0c
∂ϕ

∂t
îs + βc îs × (∇×A)

) (14.2.2)

We compute the vector product:

îs × (∇×A) =

(
∂As

∂x
− ∂Ax

∂s

)
îx +

(
∂As

∂y
−

∂Ay

∂s

)
îy

=

(
∂As

∂x
− ∂Ax

∂s

)
îx +

(
∂As

∂y
−

∂Ay

∂s

)
îy +

(
∂As

∂s
− ∂As

∂s

)
︸ ︷︷ ︸

=0

îs

= ∇As −
∂A
∂s

(14.2.3)

We replace:

F = q
(
−∇ϕ− β0

γ0c
∂ϕ

∂t
îs + ββ0∇ϕ− ββ0

γ0

∂ϕ

∂s
îs

)
(14.2.4)

The potentials will have the same form as the sources (this can be shown explicitly
using the Lorentz transformations):

ϕ(x, y, s, t) = ϕ

(
x, y, t− s

β0c

)
(14.2.5)

For a function in this form we can write:

∂ϕ

∂s
=

∂

∂ζ
= − 1

β0c
∂ϕ

∂t
(14.2.6)

obtaining:

F = q

(
−∇ϕ +

β2
0

γ0

∂ϕ

∂ζ
îs + ββ0∇ϕ− ββ0

γ0

∂ϕ

∂ζ
îs

)
(14.2.7)

Reorganizing:

F = −q(1− ββ0)∇ϕ− β0(β− β0)

γ0

∂ϕ

∂ζ
îs (14.2.8)
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Writing the dependencies explicitly:

Fx(x, y, ζ(t)) = −q(1− ββ0)
∂ϕ

∂x
(x, y, ζ(t)) (14.2.9)

Fy(x, y, ζ(t)) = −q(1− ββ0)
∂ϕ

∂y
(x, y, ζ(t)) (14.2.10)

Fz(x, y, ζ(t)) = −q
(

1− ββ0 −
β0(β− β0)

γ0

)
∂ϕ

∂ζ
(x, y, ζ(t)) (14.2.11)

where ζ(t) is the position of the particle within the bunch.

14.3 Space charge

Over the single interaction we neglect the particle slippage1:

β = β0 (14.3.1)
ζ(t) = ζ (14.3.2)

This gives the following simplification of Eqs. (14.2.9) - (14.2.11):

Fx(x, y, ζ) = −q(1− β2
0)

∂ϕ

∂x
(x, y, ζ) (14.3.3)

Fy(x, y, ζ) = −q(1− β2
0)

∂ϕ

∂y
(x, y, ζ) (14.3.4)

Fz(x, y, ζ) = −q(1− β2
0)

∂ϕ

∂ζ
(x, y, ζ) (14.3.5)

In this way the force over the single interaction becomes independent of time and
therefore we can compute the kicks simply as:

∆P =
L

β0c
F (14.3.6)

where L is the portion of the machine on which we want to compute the e-cloud
interaction.
The kicks on the normalized momenta can be expressed as (recalling that P0 = m0β0γ0c):

∆px =
m0

m
∆Px

P0
= −

qL(1− β2
0)

mγ0β2
0c2

∂ϕ

∂x
(x, y, ζ) (14.3.7)

∆py =
m0

m
∆Py

P0
= −

qL(1− β2
0)

mγ0β2
0c2

∂ϕ

∂y
(x, y, ζ) (14.3.8)

1In any case one would need to take into account also the dispersion in order to have the right
slippage.
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∆δ ≃ ∆pz =
m0

m
∆Pz

P0
= −

qL(1− β2
0)

mγ0β2
0c2

∂ϕ

∂ζ
(x, y, ζ) (14.3.9)

If the beam includes particles of different species (tracking of fragments), note that
here q and m refer to the individual particle while m0 is the mass of the reference
particle.
In the modulated 2D case (see Sec. 14.1.2 and in particular Eq. 14.1.32), the kick can be
expressed as:

∆px =
m0

m
∆Px

P0
= −

qq0L(1− β2
0)

mγ0β2
0c2

λ0(ζ)
∂ϕ⊥
∂x

(x, y) (14.3.10)

∆py =
m0

m
∆Py

P0
= −

qq0L(1− β2
0)

mγ0β2
0c2

λ0(ζ)
∂ϕ⊥
∂y

(x, y) (14.3.11)

∆δ ≃ ∆pz =
m0

m
∆Pz

P0
= −

qq0L(1− β2
0)

mγ0β2
0c2

dλ0

dζ
(ζ) ϕ⊥ (x, y) (14.3.12)

In some cases, for example in the case of transversely Gaussian beams, an analytic
closed form exists for the quantities ∂ϕ⊥

∂x and ∂ϕ⊥
∂y but not for the potential ϕ⊥ itself.

In those cases, in order to compute the longitudinal kick, it is possible to obtain a
function ϕ⊥(x, y) generating the same transverse kicks by computing numerically the
integral:

ϕ⊥(x, y) =
∫ (x,y)

(0,0)

(
∂ϕ⊥
∂x

îx +
∂ϕ⊥
∂y

îy

)
· dr′ (14.3.13)

14.4 Beam-beam interaction (4D model)

We consider a test particle moving in the opposite direction with velocity:

vW = −β0Wc îs (14.4.1)
sW(t) = −β0Wct (14.4.2)

Equations (14.2.9) - (14.2.11) become:

Fx(x, y, ζW(t)) = −q(1 + β0W β0S)
∂ϕ

∂x
(x, y, ζW(t)) (14.4.3)

Fy(x, y, ζW(t)) = −q(1 + β0W β0S)
∂ϕ

∂y
(x, y, ζW(t)) (14.4.4)

Fz(x, y, ζW(t)) = −q
(

1 + β0W β0S −
β0S(β0W + β0S)

γ0

)
∂ϕ

∂ζ
(x, y, ζW(t)) (14.4.5)

where we have used the subscript S (strong) for the bunch generating the fields, and
the subscript W (weak) for the test particle.
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ζW(t) is the position of the test particle within the bunch generating the fields:

ζW(t) = sW(t)− β0Sct = −(β0W + β0S)ct (14.4.6)

In the modulated-2D case (Eq. 14.1.32), Eqs. (14.4.3) - (14.4.4) become:

Fx(x, y, ζW(t)) = −qq0S(1 + β0W β0S)λ0S(ζW(t))
∂ϕ⊥
∂x

(x, y) (14.4.7)

Fy(x, y, ζW(t)) = −qq0S(1 + β0W β0S)λ0S(ζW(t))
∂ϕ⊥
∂y

(x, y) (14.4.8)

Fz(x, y, ζW(t)) = −qq0S

(
1 + β0W β0S −

β0S(β0W + β0S)

γ0

)
dλ0S

dζ
(ζW(t))ϕ⊥(x, y)

(14.4.9)

The change in momentum for the test particle is given by:

∆P =
∫ +∞

−∞
F(t) dt (14.4.10)

Therefore:

∆Px(x, y, ζW(t)) = −qq0SNS(1 + β0W β0s)
∂ϕ⊥
∂x

(x, y)
∫ +∞

−∞
λ0S(ζW(t)) dt (14.4.11)

∆Py(x, y, ζW(t)) = −qq0SNS(1 + β0W β0s)
∂ϕ⊥
∂y

(x, y)
∫ +∞

−∞
λ0S(ζW(t)) dt (14.4.12)

∆Pz(x, y, ζW(t)) = −qq0S

(
1 + β0W β0S −

β0S(β0W + β0S)

γ0

)
ϕ⊥(x, y)

∫ +∞

−∞

dλ0S

dζ
(ζW(t)) dt

(14.4.13)

Using Eq. (14.4.6) and Eq. (14.1.31) we can write:∫ +∞

−∞
λ0S(ζW(t)) dt =

1
(β0W + β0S)c

∫ +∞

−∞
λ0S(ζ) dζ =

NS

(β0W + β0S)c
(14.4.14)

Similarly, for a bunched beam:∫ +∞

−∞

dλ0S

dζ
(ζW(t)) dt =

1
(β0W + β0S)c

∫ +∞

−∞

dλ0S

dζ
dζ =

λ0S(+∞)− λ0S(−∞)

(β0W + β0S)c
= 0

(14.4.15)
From which we can write:

∆px =
m0

m
∆Px

P0
= − qq0SNS

mβ0Wγ0Wc2
(1 + β0W β0s)

(β0W + β0S)

∂ϕ⊥
∂x

(x, y) (14.4.16)

∆py =
m0

m
∆Py

P0
= − qq0SNS

mβ0Wγ0Wc2
(1 + β0W β0s)

(β0W + β0S)

∂ϕ⊥
∂y

(x, y) (14.4.17)

∆pz =
m0

m
∆Pz

P0
= 0 (14.4.18)
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14.5 Longitudinal profiles

14.5.1 Gaussian profile

The profile is in the form:

λ0(z) =
N√
2πσ

e−
(z−z0)

2

2σ2 (14.5.1)

14.5.2 q-Gaussian

The profile is in the form:

λ0(z) =
N
√

β

Cq
eq

(
−β(z− z0)

2
)

(14.5.2)

where eq is the q-exponential function:

eq(x) = [1 + (1− q)x]
1

1−q
+ (14.5.3)

Cq is a normalization factor dependent on q alone:

Cq =

√
πΓ
(

3−q
2(q−1)

)
√

q− 1Γ
(

1
q−1

) (14.5.4)

The parameter beta defines the standard deviation of the distribution:

σ =

√
1

β(5− 3q)
⇐⇒ β =

1
σ2(5− 3q)

(14.5.5)

These expressions are valid for values of the parameter q in the range of interest:

1 < q <
5
3

(14.5.6)

In general the q-Gaussian is defined outside this range, but for smaller values it has
limited support (not of interest) and for larger values it has an undefined standard
deviation.

14.6 Beam-beam interaction (6D model, Hirata method)

This section describes in detail the numerical method used for the simulation of beam-
beam interactions in the weak-strong framework using the “Synchro Beam Mapping”
approach [54, 55]. This allows correctly modeling the coupling introduced by beam-
beam between the longitudinal and transverse planes. The goal of this section is in
particular to provide in a compact, complete and self-consistent manner, the set of
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equations that are needed for the implementation in a numerical code. Complemen-
tary information can be found in [56], including graphical representations of the pro-
cedure presented in this section and several validation tests.
The effect of a “crossing angle” in an arbitrary “crossing plane” with respect to the
assigned reference frame is taken into account with a suitable coordinate transforma-
tion following the approach described in [54, 9]. The employed description of the
strong beam allows the correct inclusion of the hour-glass effect as well as the linear
coupling at the interaction point, following the treatment presented in [9].
If not differently stated in an explicit way in the following, all coordinates are given in
the reference system defined by the closed orbit of the weak beam, which is traveling
with positive speed along the s direction. The Interaction Point (IP) is located at s=0
and the crossing plane is defined by the angle that the strong beam forms with the
s-axis. In the presence of an offset between the beams (separation), the orientation of
the reference system is defined by the closed orbit of the weak beam and the system is
centered at the IP location as defined for the strong beam. Therefore the strong beam
always passes through the origin of the reference frame.

14.6.1 Direct Lorentz boost (for the weak beam)

We want to transform the coordinates by moving to a Lorentz boosted frame in which
the collision is head-on (i.e. px = py = 0 for the strong beam and for the reference
particle of the weak beam). We call ϕ the half crossing angle and α the angle that the
crossing plane makes with respect to the x− z plane. For this purpose, we perform a
transformation which actually includes four operations (more details can be found in
Appendix 14.6.6.1 and in [56, 9]):

• Transform the accelerator positions and momenta into Cartesian coordinates
(which can then be Lorentz boosted);

• Rotate particle coordinates to the “barycentric” reference frame;

• Perform the Lorentz boost;

• Drift all the particles back to s = 0 (as not all particles with s = 0 are fixed points
of the transformation, and we are tracking with respect to s and not with respect
to time).

We name the original accelerator coordinates (as defined in the SixTrack Physics Man-
ual [57]): (

x, px, y, py, σ, δ
)

(14.6.1)

and the transformed coordinates:(
x∗, p∗x, y∗, p∗y, σ∗, δ∗

)
(14.6.2)

We start by computing the drift Hamiltonian in the original coordinates (we are doing
a Lorentz transformation, therefore constants matter as we are assuming that h is the
total energy of the particle):

h = δ + 1−
√
(1 + δ)2 − p2

x − p2
y (14.6.3)
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We transform the momenta:

p∗x =
px

cos ϕ
− h cos α

tan ϕ

cos ϕ
(14.6.4)

p∗y =
py

cos ϕ
− h sin α

tan ϕ

cos ϕ
(14.6.5)

δ∗ = δ− px cos α tan ϕ− py sin α tan ϕ + h tan2 ϕ (14.6.6)

In order to calculate the angles in the transformed frame, we evaluate:

p∗z =
√
(1 + δ∗)2 − p∗x2 − p∗y2 (14.6.7)

We can now evaluate the following derivatives of the transformed Hamiltonian (from
Hamilton’s equations it can be easily seen that these are the angles in the boosted
frame):

h∗x =
∂h∗

∂p∗x
=

p∗x
p∗z

(14.6.8)

h∗y =
∂h∗

∂p∗y
=

p∗y
p∗z

(14.6.9)

h∗σ =
∂h∗

∂δ
= 1− δ∗ + 1

p∗z
(14.6.10)

These can be used to build the following matrix:

L =


(1 + h∗x cos α sin ϕ) h∗x sin α sin ϕ cos α tan ϕ

h∗y cos α sin ϕ
(

1 + h∗y sin α sin ϕ
)

sin α tan ϕ

h∗σ cos α sin ϕ h∗σ sin α sin ϕ 1
cos ϕ

 (14.6.11)

which can then be used to transform the test-particle positions:
x∗

y∗

σ∗

 = L


x

y

σ

 (14.6.12)

14.6.2 Synchro-beam mapping

Following the approach introduced in [54], the strong beam is sliced along z. A com-
mon approach is to use constant-charge slices (see Appendix 14.6.6.2). For each parti-
cle in the weak beam and for each slice in the strong beam we perform the following.

We identify the position of the Collision Point (CP):

S =
σ∗ − σ∗sl

2
(14.6.13)
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Here σ∗ is defined in the reference system of the weak beam ( σ∗ > 0 for particles at
the head of the weak bunch) while σ∗sl is defined in the reference system of the strong
beam ( σ∗sl > 0 for particles at the head of the strong bunch). S is the coordinate of
the collision point in the reference system of the weak beam (from Eq. 14.6.13, we can
see that particles at the head of the weak bunch collide with particles at the tail of the
strong bunch at S > 0).

N.B. Here we are making an approximation since we are assuming that particles are moving
at the speed of light along z independently of their angles. This means that the presented
approach works only for small particle angles. It is for this reason that we need to Lorentz
boost to get rid of the crossing angle and we cannot just move to the reference of the strong
beam using a rotation (in this case the weak beam would have large angles).
We now evaluate the transverse position of the particle at the CP, with respect to the
centroid of the slice, taking into account the particle angles:

x∗ = x∗ + p∗xS− (x∗sl − p∗x,slS) (14.6.14)

y∗ = y∗ + p∗yS− (y∗sl − p∗y,slS) (14.6.15)

Here x∗sl, y∗sl, p∗x,sl and p∗y,sl are defined in the coordinate system of the weak beam. The
momenta of the strong slice appear with a negative sign since in the weak frame the
strong slice is travelling “backwards”.

14.6.3 Propagation of the strong beam to the collision point

The distribution of the strong beam in the transverse phase-space can be written using
the Σ-matrix [12]:

f (η) = f0e−ηTΣ−1η (14.6.16)

where:

η =


x

px

y

py

 (14.6.17)

Points having the same phase space density lie on hyper-elliptic manifolds defined
by the equation:

ηTΣ−1η = const. (14.6.18)

Further considerations on the Σ-matrix can be found in Appendix 14.6.6.3.
We transform the Σ-matrix at the Interaction Point to take into account the Lorentz
Boost:

Σ∗011 = Σ0
11 (14.6.19)

Σ∗012 = Σ0
12/ cos ϕ (14.6.20)

Σ∗013 = Σ0
13 (14.6.21)

Σ∗014 = Σ0
14/ cos ϕ (14.6.22)



222 CHAPTER 14. SPACE CHARGE AND BEAM-BEAM FORCES

Σ∗022 = Σ0
22/ cos2 ϕ (14.6.23)

Σ∗023 = Σ0
23/ cos ϕ (14.6.24)

Σ∗024 = Σ0
24/ cos2 ϕ (14.6.25)

Σ∗033 = Σ0
33 (14.6.26)

Σ∗034 = Σ0
34/ cos ϕ (14.6.27)

Σ∗044 = Σ0
44/ cos2 ϕ (14.6.28)

(14.6.29)

We transport the position part of the boosted Σ-matrix to the CP (here we are taking
into account the hourglass effect, assuming that we are in a drift space):

Σ∗11 = Σ∗011 + 2Σ∗012S + Σ∗022S2 (14.6.30)

Σ∗33 = Σ∗033 + 2Σ∗034S + Σ∗044S2 (14.6.31)

Σ∗13 = Σ∗013 +
(

Σ∗014 + Σ∗023

)
S + Σ∗024S2 (14.6.32)

The Σ-matrix is given in the reference system of the weak beam.
For singular cases we will also need to transport the other terms:

Σ∗12 = Σ∗012 + Σ∗022S (14.6.33)

Σ∗14 = Σ∗014 + Σ∗024S (14.6.34)

Σ∗22 = Σ∗022 (14.6.35)

Σ∗23 = Σ∗023 + Σ∗024S (14.6.36)

Σ∗24 = Σ∗024 (14.6.37)

Σ∗34 = Σ∗034 + Σ∗044S (14.6.38)

Σ∗44 = Σ∗044 (14.6.39)

We introduce the following three auxiliary quantities:

R (S) = Σ∗11 − Σ∗33 (14.6.40)
W (S) = Σ∗11 + Σ∗33 (14.6.41)

T (S) = R2 + 4Σ∗13
2 (14.6.42)

The following derivatives will be needed later:

∂R
∂S

= 2
(

Σ0
12 − Σ0

34

)
+ 2S

(
Σ0

22 − Σ0
44

)
(14.6.43)

∂W
∂S

= 2
(

Σ0
12 + Σ0

34

)
+ 2S

(
Σ0

22 + Σ0
44

)
(14.6.44)

∂Σ∗13
∂S

= Σ0
14 + Σ0

23 + 2Σ0
24S (14.6.45)

∂T
∂S

= 2R
∂R
∂S

+ 8Σ∗13
∂Σ∗13
∂S

(14.6.46)
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We will now compute, at the location of the CP, the coupling angle θ, defining a ref-
erence frame in which the beam is decoupled. We will call x̂ and ŷ the coordinates in
the decoupled frame and Σ̂∗11, Σ̂∗33 the corresponding squared beam sizes. The angle θ
is defined as the angle between the x̂-axis and the x-axis.
These quantities can be found by diagonalizing the x − y block of the Σ-matrix. We
will make determination choices (Eqs. 14.6.49, 14.6.52 and 14.6.56) so that the set
(θ, Σ̂∗11, Σ̂∗33) is uniquely defined and the coupling angle θ lies in the interval:

−π

4
< θ <

π

4
(14.6.47)

Different cases need to be treated separately:

Case T>0,
∣∣Σ∗13

∣∣>0

We evaluate the coupling angle at the position of the CP in the boosted frame:

cos 2θ = sgn (Σ∗11 − Σ∗33)
Σ∗11 − Σ∗33√(

Σ∗11 − Σ∗33
)2

+ 4Σ∗13
2

(14.6.48)

Or more synthetically:

cos 2θ = sgn(R)
R√
T

(14.6.49)

In the following we will also need the derivative of this quantity:

∂

∂S
[cos 2θ] = sgn(R)

∂R
∂S

1√
T
− R

2
(√

T
)3

∂T
∂S

 (14.6.50)

It can be proved that [9]:

cos θ =

√
1
2
(1 + cos 2θ) (14.6.51)

sin θ = sgn(R)sgn(Σ∗13)

√
1
2
(1− cos 2θ) (14.6.52)

The corresponding derivatives are given by:

∂

∂S
cos θ =

1
4 cos θ

∂

∂S
cos 2θ (14.6.53)

∂

∂S
sin θ =− 1

4 sin θ

∂

∂S
cos 2θ (14.6.54)

The squared beam sizes in the rotated (uncoupled) boosted frame are given by:

Σ̂∗11 =
1
2

[
(Σ∗11 + Σ∗33) + sgn (Σ∗11 − Σ∗33)

√(
Σ∗11 − Σ∗33

)2
+ 4Σ∗13

2
]

(14.6.55)
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Σ̂∗33 =
1
2

[
(Σ∗11 + Σ∗33)− sgn (Σ∗11 − Σ∗33)

√(
Σ∗11 − Σ∗33

)2
+ 4Σ∗13

2
]

(14.6.56)

Equation 14.6.56 can be written in a compact form as:

Σ̂∗11 =
1
2

(
W + sgn(R)

√
T
)

(14.6.57)

Σ̂∗33 =
1
2

(
W − sgn(R)

√
T
)

(14.6.58)

The corresponding derivatives, which will be needed in the following, are given by:

∂

∂S
[
Σ̂∗11
]
=

1
2

(
∂W
∂S

+ sgn(R)
1

2
√

T
∂T
∂S

)
(14.6.59)

∂

∂S
[
Σ̂∗33
]
=

1
2

(
∂W
∂S
− sgn(R)

1
2
√

T
∂T
∂S

)
(14.6.60)

Case T>0,
∣∣Σ∗13

∣∣=0:

The treatment of the previous case is still applicable with the exception of Eq. 14.6.54
in which the denominator becomes zero. This happens when Σ∗13=0, which implies√

T = |R| and therefore cos 2θ = 1. The case T = 0 will be treated separately later,
therefore here we can assume |R| > 0. We can expand with respect to Σ∗13/R obtain-
ing:

cos 2θ =
|R|√

R2 + 4Σ∗13
2
=

1√
1 + 4Σ∗13

2

R2

≃ 1

1 + 2Σ∗13
2

R2

≃ 1− 2
Σ∗13

2

R2 (14.6.61)

Replacing this result in Eq. 14.6.52 we obtain:

sin θ = sgn(R)sgn(Σ∗13)

∣∣Σ∗13

∣∣
|R| =

Σ∗13
R

(14.6.62)

We call S0 the location at which Σ∗13 = 0. At this location we define the auxiliary
quantities:

c =Σ∗14 + Σ∗23 (14.6.63)
d =Σ∗24 (14.6.64)

We introduce ∆S = S− S0 and we can write using Eqs. 14.6.30–14.6.32:

Σ∗13 = c∆S + d∆S2 (14.6.65)

By taking the derivative of Eq. 14.6.62 and using Eq. 14.6.65 we obtain:

∂

∂S
sin θ =

1
R2

[
(c + 2d∆S) R − ∂R

∂S

(
c∆S + d∆S2

)]
(14.6.66)
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In the implementation we need only the value for ∆S=0, which is simply given by:

∂

∂S
sin θ =

c
R

(14.6.67)

Case T=0, |c|>0

Special care has to be taken at sections S0 at which Σ∗11 = Σ∗33 and Σ∗13 = 0 as
Eqs. 14.6.49 and 14.6.60 cannot be evaluated directly. Also in this case we define:

∆S = S− S0 (14.6.68)

At the location of the apparent singularity (∆S=0) we define the auxiliary quantities:

a =Σ∗12 − Σ∗34 (14.6.69)
b =Σ∗22 − Σ∗44 (14.6.70)
c =Σ∗14 + Σ∗23 (14.6.71)
d =Σ∗24 (14.6.72)

and therefore, using Eqs. 14.6.30–14.6.32, we can write:

R = 2a∆S + b∆S2 (14.6.73)

Σ∗13 = c∆S + d∆S2 (14.6.74)

With these definitions the function T (defined by Eq. 14.6.42) can be expanded around
∆S = 0 (using the Eqs. 14.6.30, 14.6.31, 14.6.32):

T = ∆S2
[
(2a + b∆S)2 + 4 (c + d∆S)2

]
(14.6.75)

Replacing Eq. 14.6.75 in Eq. 14.6.49 allows removing the apparent singularity:

cos 2θ =
|2a + b∆S|√

(2a + b∆S)2 + 4 (c + d∆S)2
(14.6.76)

This can be differentiated, obtaining:

∂

∂S
[cos 2θ] = sgn(2a + b∆S)

 b√
(2a + b∆S)2 + 4 (c + d∆S)2

− (2a + b∆S)(2ab + b2∆s + 4cd + 4d2∆S)(√
(2a + b∆S)2 + 4 (c + d∆S)2

)3


(14.6.77)

Similarly, replacing Eq. 14.6.75 in Eq. 14.6.58 we obtain:

Σ̂∗11 =
W
2

+
1
2

sgn
(

2a∆S + b∆S2
)
|∆S|

√
(2a + b∆S)2 + 4 (c + d∆S)2 (14.6.78)
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Σ̂∗33 =
W
2
− 1

2
sgn

(
2a∆S + b∆S2

)
|∆S|

√
(2a + b∆S)2 + 4 (c + d∆S)2 (14.6.79)

This can be differentiated, obtaining:

∂

∂S
[
Σ̂∗11
]
=

1
2

∂W
∂S

+
1
2

sgn
(

2a∆S + b∆S2
)

sgn(∆S)
[√

(2a + b∆S)2 + 4 (c + d∆S)2

+
∆S
(
2ab + b2∆s + 4cd + 4d2∆S

)√
(2a + b∆S)2 + 4 (c + d∆S)2


(14.6.80)

∂

∂S
[
Σ̂∗33
]
=

1
2

∂W
∂S
− 1

2
sgn

(
2a∆S + b∆S2

)
sgn(∆S)

[√
(2a + b∆S)2 + 4 (c + d∆S)2

+
∆S
(
2ab + b2∆s + 4cd + 4d2∆S

)√
(2a + b∆S)2 + 4 (c + d∆S)2


(14.6.81)

In the implementation only the values at ∆S=0 are needed. For this case the results
obtained above can be simplified as:

cos 2θ =
|2a|

2
√

a2 + c2
(14.6.82)

∂

∂S
[cos 2θ] = sgn(2a)

 b
2
√

a2 + c2
− a(ab + 2cd)

2
(√

a2 + c2
)3

 (14.6.83)

Σ̂∗11 =
W
2

(14.6.84)

Σ̂∗33 =
W
2

(14.6.85)

∂

∂S
[
Σ̂∗11
]
=

1
2

∂W
∂S

+ sgn(2a)
√

a2 + c2 (14.6.86)

∂

∂S
[
Σ̂∗33
]
=

1
2

∂W
∂S
− sgn(2a)

√
a2 + c2 (14.6.87)

Eqs. 14.6.52 and 14.6.54 can still be used to evaluate sin θ and cos θ and the corre-
sponding derivatives, once we assume that sgn(0) = 1 and notice from Eqs. 14.6.73
and 14.6.74 that for small ∆S:

sgn(R)sgn(Σ∗13) = sgn(a)sgn(c) (14.6.88)

Case T=0, c=0, |a|>0
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The treatment of the previous case is still applicable with the exception of Eq. 14.6.54
in which the denominator becomes zero.
For this case we can write (from Eq. 14.6.76) around the point where this condition is
verified:

cos 2θ =
1√

1 + 4d2∆S2

(2a+b∆S)2

≃ 1− 2d2∆S2

(2a + b∆S)2 (14.6.89)

We notice from Eqs. 14.6.73 and 14.6.74 that for small ∆S:

sgn(R)sgn(Σ∗13) = sgn(a)sgn(d)sgn(∆S) (14.6.90)

Replacing Eq. 14.6.89 and 14.6.90 into Eq. 14.6.52 we obtain:

sin θ =
d∆S
2a

∣∣∣∣1− b∆S
2a

∣∣∣∣ (14.6.91)

which can be differentiated at ∆S = 0, obtaining:

∂

∂S
sin θ =

d
2a

(14.6.92)

The case in which also d = 0 is (or is equivalent to) the uncoupled case as Σ∗13 is zero
for all S.

Case T=0, c=0, a=0

Around the apparently singular point we can write:

R = b∆S2 (14.6.93)

Σ∗13 = d∆S2 (14.6.94)

Therefore:
T = S4

(
b2 + 4d2

)
(14.6.95)

and:
cos 2θ =

|b|√
b2 + 4d2

(14.6.96)

which is a constant. Eqs. 14.6.52 and 14.6.54 can still be used to evaluate sin θ and
cos θ while the corresponding derivatives vanish:
This can be differentiated, obtaining:

∂

∂S
cos θ = 0 (14.6.97)

∂

∂S
sin θ = 0 (14.6.98)

Replacing a = c = 0 into Eq 14.6.79 we obtain:

Σ̂∗11 =
W
2

+
1
2

sgn(b)∆S2
√

b2 + 4d2 (14.6.99)
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Σ̂∗33 =
W
2
− 1

2
sgn(b)∆S2

√
b2 + 4d2 (14.6.100)

and:

∂

∂S
[
Σ̂∗11
]
=

1
2

∂W
∂S

(14.6.101)

∂

∂S
[
Σ̂∗33
]
=

1
2

∂W
∂S

(14.6.102)

The case in which also d = 0 is (or is equivalent to) the uncoupled case as Σ∗13 is zero
for all S.

14.6.4 Forces and kicks on weak beam particles

The positions of the weak beam particle in the uncoupled boosted frame are given by:

x̂∗ = x∗ cos θ + y∗ sin θ (14.6.103)

ŷ∗ = −x∗ sin θ + y∗ cos θ (14.6.104)

In the following we will also need to evaluate:

∂

∂S

[
x̂∗ (θ(S))

]
=

∂x∗

∂S
cos θ + x∗

∂

∂S
[cos θ] +

∂y∗

∂S
sin θ + y∗

∂

∂S
[sin θ] (14.6.105)

∂

∂S

[
ŷ∗ (θ(S))

]
= −∂x∗

∂S
sin θ − x∗

∂

∂S
[sin θ] +

∂y∗

∂S
cos θ + y∗

∂

∂S
[cos θ] (14.6.106)

In this boosted, rotated and re-centered frame, closed formulas exist to evaluate the
following quantities:

F̂∗x = −Ksl
∂Û∗

∂x̂∗
(

x̂∗, ŷ∗, Σ̂∗11, Σ̂∗33

)
(14.6.107)

F̂∗y = −Ksl
∂Û∗

∂ŷ∗
(

x̂∗, ŷ∗, Σ̂∗11, Σ̂∗33

)
(14.6.108)

Ĝ∗x = −Ksl
∂Û∗

∂Σ̂∗11

(
x̂∗, ŷ∗, Σ̂∗11, Σ̂∗33

)
(14.6.109)

Ĝ∗y = −Ksl
∂Û∗

∂Σ̂∗33

(
x̂∗, ŷ∗, Σ̂∗33, Σ̂∗33

)
(14.6.110)

where Û∗ is the electric potential associated with the normalized transverse distribu-
tion and:

Ksl =
Nslqslq0

P0c
(14.6.111)

where Nsl is the number of particles in the strong-beam slice, qsl and q0 are the particle
charges for the strong and weak beam respectively, and P0 is the reference momentum
of the weak beam.
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The minus sign in Eqs. 14.6.107-14.6.110 comes from the definition of electric poten-
tial, i.e. E = −∇U.
For a bi-Gaussian beam (elliptic) [54]:

f̂ ∗x = −∂Û∗

∂x̂∗
=

1

2ϵ0

√
2π
(
Σ̂∗11 − Σ̂∗33

) Im

w

 x̂∗ + iŷ∗√
2
(
Σ̂∗11 − Σ̂∗33

)


− exp

(
− (x̂∗)2

2Σ̂∗11
− (ŷ∗)2

2Σ̂∗33

)
w

 x̂∗
√

Σ̂∗33
Σ̂∗11

+ iŷ∗
√

Σ̂∗11
Σ̂∗33√

2
(
Σ̂∗11 − Σ̂∗33

)



(14.6.112)

f̂ ∗y = −∂Û∗

∂x̂∗
=

1

2ϵ0

√
2π
(
Σ̂∗11 − Σ̂∗33

)Re

w

 x̂∗ + iŷ∗√
2
(
Σ̂∗11 − Σ̂∗33

)


− exp

(
− (x̂∗)2

2Σ̂∗11
− (ŷ∗)2

2Σ̂∗33

)
w

 x̂∗
√

Σ̂∗33
Σ̂∗11

+ iŷ∗
√

Σ̂∗11
Σ̂∗33√

2
(
Σ̂∗11 − Σ̂∗33

)



(14.6.113)

ĝ∗x = − ∂Û∗

∂Σ̂∗11
= − 1

2
(
Σ̂∗11 − Σ̂∗33

) {x̂∗Ê∗x + ŷ∗Ê∗y +
1

2πϵ0

[√
Σ̂∗33

Σ̂∗11
exp

(
− (x̂∗)2

2Σ̂∗11
− (ŷ∗)2

2Σ̂∗33

)
− 1

]}
(14.6.114)

ĝ∗y = − ∂Û∗

∂Σ̂∗33
=

1
2
(
Σ̂∗11 − Σ̂∗33

) {x̂∗Ê∗x + ŷ∗Ê∗y +
1

2πϵ0

[√
Σ̂∗11

Σ̂∗33
exp

(
− (x̂∗)2

2Σ̂∗11
− (ŷ∗)2

2Σ̂∗33

)
− 1

]}
(14.6.115)

where w is the Faddeeva function.
For a round beam, i.e. Σ̂∗11 = Σ̂∗33 = Σ̂∗:

f̂ ∗x = −∂Û∗

∂x̂∗
=

1
2πϵ0

[
1− exp

(
− (x̂∗)2 + (ŷ∗)2

2Σ̂∗

)]
x

(x̂∗)2 + (ŷ∗)2
(14.6.116)

f̂ ∗y = −∂Û∗

∂x̂∗
=

1
2πϵ0

[
1− exp

(
− (x̂∗)2 + (ŷ∗)2

2Σ̂∗

)]
y

(x̂∗)2 + (ŷ∗)2
(14.6.117)

ĝ∗x = − ∂Û∗

∂Σ̂∗11
=

1

2
[
(x̂∗)2 + (ŷ∗)2

]
ŷ∗Ê∗y − x̂∗Ê∗x +

1
2πϵ0

(
x̂∗
)2

Σ̂∗
exp

(
− (x̂∗)2 + (ŷ∗)2

2Σ̂∗

)
(14.6.118)

ĝ∗y = − ∂Û∗

∂Σ̂∗33
=

1

2
[
(x̂∗)2 + (ŷ∗)2

]
x̂∗Ê∗x − ŷ∗Ê∗y +

1
2πϵ0

(
ŷ∗
)2

Σ̂∗
exp

(
− (x̂∗)2 + (ŷ∗)2

2Σ̂∗

)
(14.6.119)
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We have used lower-case symbols to indicate that the factor given by Eq. 14.6.111 is
not yet applied.

The transverse kicks in the coupled (but still boosted) reference frame are given by:

F∗x = F̂∗x cos θ − F̂∗y sin θ (14.6.120)

F∗y = F̂∗x sin θ + F̂∗y cos θ (14.6.121)

To compute the longitudinal kick we notice from Eq. 14.6.13 that:

∂

∂z
=

1
2

∂

∂S
(14.6.122)

Therefore:

F∗z =
1
2

∂

∂S

[
Û∗
(

x̂∗ (θ(S)) , ŷ∗ (θ(S)) , Σ̂∗11(S), Σ̂∗33(S)
)]

(14.6.123)

This can be rewritten as:

F∗z =
1
2

(
F̂∗x

∂

∂S

[
x̂∗ (θ(S))

]
+ F̂∗y

∂

∂S

[
ŷ∗ (θ(S))

]
+ Ĝ∗x

∂

∂S
[
Σ̂∗11(S)

]
+ Ĝ∗y

∂

∂S
[
Σ̂∗33(S)

])
(14.6.124)

where all the terms have been evaluated before.
The quantities evaluated so far can be used to compute the effect of the beam-beam
interaction on the particle coordinates and momenta [54]:

x∗new = x∗ − SF∗x (14.6.125)
p∗x,new = p∗x + F∗x (14.6.126)

y∗new = y∗ − SF∗y (14.6.127)

p∗y,new = p∗y + F∗y (14.6.128)

z∗new = z∗ (14.6.129)

δ∗new = δ∗ + F∗z +
1
2

[
F∗x

(
p∗x +

1
2

F∗x + p∗x,sl

)
+ F∗y

(
p∗y +

1
2

F∗y + p∗y,sl

)]
(14.6.130)

The physical meaning of the different terms in these equations is illustrated in [56].

14.6.5 Inverse Lorentz boost (for the weak beam)

Now we need to go back to the accelerator coordinates by undoing the transformation
described in Sec. 14.6.1.
As before we evaluate:

p∗z =
√
(1 + δ∗)2 − p∗x2 − p∗y2 (14.6.131)

and then:

h∗x =
p∗x
p∗z

(14.6.132)
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h∗y =
p∗y
p∗z

(14.6.133)

h∗σ = 1− δ∗ + 1
p∗z

(14.6.134)

We invert the matrix (14.6.11) using Cramer’s rule:

Det (L) =
1

cos ϕ
+
(

h∗x cos α + h∗y sin α− h∗σ sin ϕ
)

tan ϕ (14.6.135)

Linv =
1

Det (L)
×

(
1

cos ϕ + sin α tan ϕ
(

h∗y − h∗σ sin α sin ϕ
))

sin α tan ϕ (h∗σ cos α sin ϕ− h∗x) − tan ϕ
(

cos α− h∗x sin2 α sin ϕ + h∗y cos α sin α sin ϕ
)

cos α tan ϕ
(
−h∗y + h∗σ sin α sin ϕ

) (
1

cos ϕ + cos α tan ϕ (h∗x − h∗σ cos α sin ϕ)
)

− tan ϕ
(

sin α− h∗y cos2 α sin ϕ + h∗x cos α sin α sin ϕ
)

−h∗σ cos α sin ϕ −h∗σ sin α sin ϕ
(

1 + h∗x cos α sin ϕ + h∗y sin α sin ϕ
)

 (14.6.136)

This can be used to transform the positions:
x

y

σ

 = Linv


x∗

y∗

σ∗

 (14.6.137)

The Hamiltonian can be transformed with a re-scaling:

h = h∗ cos2 ϕ =

(
δ∗ + 1−

√
(1 + δ∗)2 − p∗x2 − p∗y2

)
cos2 ϕ (14.6.138)

This can be used to transform the transverse momenta (inverting Eqs. 14.6.4 and
following):

px = p∗x cos ϕ + h cos α tan ϕ (14.6.139)
py = p∗y cos ϕ + h sin α tan ϕ (14.6.140)

The longitudinal momentum can be calculated directly using Eq. 14.6.6:

δ = δ∗ + px cos α tan ϕ + py sin α tan ϕ− h tan2 ϕ (14.6.141)

14.6.6 Additional material

14.6.6.1 Detailed explanation of “the boost” transformation

The reference frame transformation used in Sec. 14.6.1 can be written as [54, 9]:
σ∗

x∗

s∗

y∗

 = A−1RCP
−1LboostRCARCPA


σ

x

s

y

 (14.6.142)
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Here A is the matrix transforming the accelerator coordinates (Courant-Snyder) to
Cartesian coordinates:

ct

X

Z

Y

 = A


σ

x

s

y

 =


−1 0 1 0

0 1 0 0

0 0 1 0

0 0 0 1




σ

x

s

y

 (14.6.143)

RCP is a rotation matrix bringing the crossing plane to the X− Z plane:

RCP =


1 0 1 0

0 cos α 0 sin α

0 0 1 0

0 − sin α 0 cos α

 (14.6.144)

RCA is a rotation matrix moving to the barycentric reference frame (in which the two
beams are symmetric with respect to the s-axis):

RCA =


1 0 0 0

0 cos ϕ sin ϕ 0

0 − sin ϕ cos ϕ 0

0 0 0 1

 (14.6.145)

Lboost is the matrix defining a Lorentz boost in the direction of the rotated X-axis:

Lboost =


1/ cos ϕ − tan ϕ 0 0

− tan ϕ 1/ cos ϕ 0 0

0 0 1 0

0 0 0 1

 (14.6.146)

The momenta are transformed similarly [9]:
δ∗

p∗x
h∗

p∗y

 = B−1RCP
−1LboostRCARCPB


δ

px

h

py

 (14.6.147)

where the transformation from accelerator to Cartesian coordinates is given by:
E/c− p0

Px

Pz − p0

Py

 = p0


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 1




δ

px

h

py

 (14.6.148)
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As explained in Sec.14.6.1 not all particles with s = 0 are fixed points of the transfor-
mation, therefore a drift back to s=0 needs to be performed as we are tracking w.r.t. s
and not w.r.t. time. The net effect of the transformation is to move from the reference
frame of the weak beam to the boosted barycentric frame.

14.6.6.2 Constant charge slicing

We consider a Gaussian longitudinal bunch distribution:

λ(z) =
1

σz
√

2π
e
− z2

2σ2
z (14.6.149)

We introduce the cumulative distribution function:

Q(z) =
∫ z

−∞
λ(z′)dz′ =

1
2
+

1
2

erf
(

z√
2σz

)
(14.6.150)

We define longitudinal cuts zcut
n such that the bunch is sliced in N sections having the

same charge:

Q(zcut
n ) =

n
N

(14.6.151)

Replacing 14.6.151 in 14.6.150 we obtain:

zcut
n =

√
2σzerf−1

(
2n
N
− 1
)

(14.6.152)

For each slice we need to find the longitudinal centroid position. For a generic slice
having edges z1 and z2 the centroid position can be written as:

zcentroid =
1

Q(z2)−Q(z1)

∫ z2

z1

zλ(z)dz =
σz√

2π (Q(z2)−Q(z1))

(
e
− z2

1
2σ2

z − e
− z2

2
2σ2

z

)
(14.6.153)

14.6.6.3 Considerations on the Σ-matrix description

Given the reduced Σ-matrix of the beam (including only position terms, no momenta):

Σ =

Σ11 Σ13

Σ13 Σ33

 (14.6.154)

the distribution for a Gaussian beam can be written as:

ρ(x) = ρ0e−xTΣ−1x (14.6.155)

Points having the same density lie on ellipses defined by the equation:

xTΣ−1x = const. (14.6.156)
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As Σ is symmetric, it can be diagonalized:

Σ = VWVT (14.6.157)

where the matrix V has in its columns the eigenvectors of Σ and W is a diagonal
matrix with the corresponding eigenvalues:

W =

Σ̂11 0

0 Σ̂33

 (14.6.158)

V is a unitary matrix (eigenvectors are orthonormal):

VVT = I⇒ V−1 = VT (14.6.159)

V can be used to transform coordinates from the initial frame to the decoupled frame:
where x̂ are the coordinates in the decoupled frame, i.e. the projections of x on the
eigenvectors:

x̂ = VTx (14.6.160)

Combining Eqs. 14.6.157 and 14.6.159 we can write:

Σ−1 = VW−1VT (14.6.161)

This can be replaced in Eq. 14.6.156, re-writing the equation of the ellipse as:

xTVW−1VTx = const. (14.6.162)

Using Eq. 14.6.160 we obtain the equation of the ellipse in the reference system of the
eigenvectors:

x̂TW−1x̂ = const. (14.6.163)

which can be rewritten in the familiar form:
x̂2

Σ̂11
+

ŷ2

Σ̂33
= const. (14.6.164)

Once the Σ-matrix is assigned, the one-sigma ellipse can be drawn by the following
procedure:

• We diagonalize Σ and we generate an auxiliary matrix defined as:

A = V
√

WVT (14.6.165)

• We generate a set of points on the unit circle

z =

cos t

sin t

 (14.6.166)

• We apply A to t to generate points on the one-sigma ellipse:

x1σ = Az (14.6.167)

This can be verified as follows:

x1σ
TΣ−1x1σ = zTATΣ−1Az = zT(V

√
WV)(VTW−1VT)(V

√
WVT)z

= zTV
√

WW−1
√

WVTz = zTVVTz = zTz = 1 (14.6.168)
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14.7 Beam-beam interaction (6d model, Particle In Cell)

To simulate self-consistently the interaction between two bunches of particles, it is
possible to use the Particle In Cell method. The computation is done in a boosted ref-
erence frame in which the bunches move mainly along s as illustrated in the previous
section.
For this purpose, as for space charge simulations, we define a uniform 3D grid with
grid sizes ∆x, ∆y, ∆ζ. We note that each value of ζ corresponds to a different time of
arrival at the Interaction Point (IP):

ζ = sIP − β0ct ⇔ t =
sIP − ζ

β0c
(14.7.1)

We simulate the interaction in discrete time intervals corresponding to the passage of
the different slices. The duration of each interval is

∆t =
∆ζ

β0c
(14.7.2)

We call ti the time at which the i-th slice is passing at the IP. This is related to the ζi
coordinate of the slice by the relation

ti =
sIP − ζi

β0c
(14.7.3)

14.7.1 Propagation of particles during the interaction

From the conventional tracking using s as the independent variable we get for all
particles the coordinates at the IP, which we call xIP, px IP, yIP, py IP, zetaIP = sy IP −
β0ctIP, where tIP is the time of arrival of the particle at the IP. Assuming the motion
is in a drift space, for each time step, we propagate the particles from the IP to their
positions at the time ti:

x (ti) = xIP + βxc (ti − tIP) = xIP + βxc
(

sIP − ζi

β0c
− sIP − ζIP

β0c

)
(14.7.4)

Using the fact that:

px =
Px

P0
=

m0γβxc
m0γ0β0c

=
γβx

γ0β0
(14.7.5)

we can write:
x (ti) = xIP + px

γ0

γ
(ζIP − ζi) (14.7.6)

With the coordinates of the propagated particles we can solve a Poisson problem hav-
ing as source the 3D particle distribution at time ti. Using the fact that the bunches
are elongated and relativistic, we can solve the 2D Poisson equation instead of the full
3D problem. This procedure needs to be performed for the two colliding bunches.
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14.7.2 Time relation between the two beams

For a particle of beam 1 having longitudinal coordinate ζB1
IP we want to know the lon-

gitudinal coordinate ζB2
IP corresponding to the section of beam 2 crossing the particle

at time ti.
We assume that the reference systems of the two beams are antiparallel and coincident
in the transverse plane:

sB2 − sB2
IP = −

(
sB1 − sB1

IP

)
(14.7.7)

xB2 = −xB1 (14.7.8)

yB2 = +xB1 (14.7.9)

Similarly to what is done in Sec. 14.7.1, we can write the s position at the time ti for
the particles of beam 1 and beam 2:

sB1 (ti) = sB1
IP +

βB1
s

βB1
0

(
ζB1

IP − ζB1
i

)
(14.7.10)

sB2 (ti) = sB2
IP +

βB2
s

βB2
0

(
ζB2

IP − ζB2
i

)
(14.7.11)

To find particles that are at the same s at time ti we replace Eqs. 14.7.10-14.7.11 in
Eq. 14.7.7, obtaining:

ζB2
IP = ζB2

i −
βB1

s

βB1
0

βB2
0

βB2
s

(
ζB1

IP − ζB1
i

)
(14.7.12)

This relation can be used to probe the field map generated by the other bunch at the
position of each particle.

14.7.3 Computation of the kick

The transverse kick at each time step can be written as:

∆pB1
x =

∆PB1
x

PB1
0

=
Fx∆t
PB1

0
(14.7.13)

Using Eqs. 14.2.9 and 14.7.2, taking into account that the beams move in opposite
directions, we obtain:

∆pB1
x = − q∆ζB1

mB1
0 γB1

0 (βB1
0 )2c2

(
1 + βB1βB2

) ∂ϕB2

∂x
(x, y, ζB2) (14.7.14)

14.8 Configuration of beam-beam lenses for tracking sim-
ulations (weak-strong)

The effects of the non-linear forces introduced by beam-beam interactions in the Large
Hadron Collider (LHC) are studied with tracking simulations using, for example, the
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SixTrack and sixtracklib codes [57, 58]. In these simulations the beam-beam interac-
tions are modeled by a set of “thin” non-linear lenses around the collision points. “6D
beam-beam lenses” based on Hirata’s synchro-beam method [54, 59, 56] are used to
model the Head-On (HO) interactions at the four interaction points (IPs) while sim-
pler “4D lenses” are used to model parasitic Long-Range encounters [60].
This section describes a method to configure the beam-beam lenses in tracking simu-
lations based on the model of the accelerator, which has been recently developed as
an evolution of existing tools in the MAD-X scripting language [61]2

In particular, in Sec. 14.8.1, we discuss how to reconstruct the absolute position of
the two beams with respect to the lab frame using the twiss and survey tables; in
Sec. 14.8.2 we discuss how to compute the separation between the two beams; in
Sec. 14.8.3 we describe how to identify the crossing plane and crossing angle; in Sec. 14.8.6
we describe how to configure the anticlockwise beam (conventionally called beam 4)
from the MAD-X model based on two clockwise-oriented sequences; in Sec. 14.8.7 we
introduce the effect of crab cavities on the beam-beam configuration.

14.8.1 Identification of the beam position and direction

The position and orientation of the beams at a certain machine element can be ob-
tained from MAD-X combining the information from the survey and twiss tables.
We assume that:

• The sequences start from an element at which the reference trajectories of the
two beams are known to be parallel;

• Both beams (B1 and B2) have the same orientation (clockwise);

• Markers or beam-beam lenses are installed at the s-locations of the beam-beam
interactions.

The survey provides the coordinates in the lab frame of the two beams:

Psu =


xsu

ysu

ssu

 (14.8.1)

and the corresponding set of angles (θsu, ϕsu, ψsu) defining the orientation of the local
reference system used by the twiss [1]. The origin and the orientation of the lab frame
are defined by the first element in the sequence.
The components of the unit vectors defining the local reference frame with respect to
the lab frame can be obtained from the following relationship:

2The authors would like to acknowledge all the colleagues who have contributed to the develop-
ment of the MAD-X tools for the configuration of tracking simulations, on which the present work
is largely based, and have provided important input and support, in particular G. Arduini, J. Bar-
ranco Garcia, R. De Maria, S. Fartoukh, M. Giovannozzi, S. Kostoglou, E. Métral, Y. Papaphippou,
D. Pellegrini, T. Pieloni and F. Van Der Veken.
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êx, êy, ês

)
=

cos θsu 0 sin θsu

0 1 0

− sin θsu 0 cos θsu

×


1 0 0

0 cos ϕsu sin ϕsu

0 − sin ϕsu cos ϕsu

×


cos ψsu − sin ψsu 0

sin ψsu cos ψsu 0

0 0 1

 .

(14.8.2)

The MAD-X twiss provides the transverse position of the beam in the local reference
frame (xtw, ytw), so that the absolute position of the beam in the lab frame can be
written as

P = Psu + xtwêx + ytwêy . (14.8.3)

At the beam-beam locations the local reference frames for the two beams are assumed
to be aligned. This is not strictly the case in the regions between the separation-
recombination magnets (D1 and D2), but also in that case the existing small diver-
gence can be considered negligible. The beam-beam module of pymask checks the
conditions:

||êb1
x − êb2

x || ≪ 1 , (14.8.4)

||êb1
y − êb2

y || ≪ 1 . (14.8.5)

Therefore we will simply define:

êx = êb1
x = êb2

x , (14.8.6)

êy = êb1
y = êb2

y . (14.8.7)

14.8.2 Computation of beam-beam separations

The beam-beam separations are defined as the transverse coordinates of the strong
beam with respect to the weak beam. They can be computed as:

∆x = êx ·
(

PS − PW
)

, (14.8.8)

∆y = êy ·
(

PS − PW
)

, (14.8.9)

where the superscripts identify the weak (W) and the strong (S) beam.
Typically the accuracy of the survey table is insufficient to compute the separations
correctly, especially for elements that are too far from the first element in the sequence,
due to accumulation of errors along the sequence. A correction can be computed
looking at the apparent displacement of the closest Interaction Point (IP) between the
two surveys, as the IPs are supposed to coincide.

14.8.3 Crossing plane and crossing angle

At the beam-beam encounters the local reference frames for the two beams share the
same orientation. Therefore the elevation angle α of the crossing plane and the cross-
ing angle θ can be computed in the local reference frame, as will be illustrated in the
following.
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Figure 14.1: Schematic illustration of the crossing plane.

14.8.4 The crossing plane

The directions defined by the local trajectories of the two beams are identified by the
unit vectors

p̂W =
(

pW
x , pW

y , pW
s

)
, (14.8.10)

p̂S =
(

pS
x , pS

y , pS
s

)
, (14.8.11)

containing the angles of the closed orbit obtained from the twiss of the two beams.
The plane defined by these two directions is called Crossing Plane (XP), as illustrated
in Fig. 14.1, and its equation is given by:

vXP(w1, w2) = w1p̂W + w2p̂S . (14.8.12)

The line defined by the intersection of the crossing plane and the transverse plane
identified by the unit vectors êx and êy is given by the condition:

vXP(w1, w2) · ês = 0 . (14.8.13)

Replacing Eq. (14.8.12) into Eq. (14.8.13) we obtain:

w1pW
s + w2pS

s = 0 , (14.8.14)

and replacing this condition in Eq. (14.8.12) we obtain the equation of the intersection
line

vT(w1) = w1

(
p̂W − pW

s

pS
s

p̂S
)

. (14.8.15)
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The elevation angle α of the intersection line with respect to the local x-direction (êx)
can be written as:

α = arctan
vT · êy

vT · êx
. (14.8.16)

Using Eq. (14.8.15) we obtain:

α = arctan

(
pW

y −
pW

s

pS
s

pS
y

)
(

pW
x −

pW
s

pS
s

pS
x

) . (14.8.17)

In the paraxial approximation (pS
s ≃ pW

s ≃ 1) this simply becomes:

α = arctan
∆py

∆px
, (14.8.18)

where we have defined:

∆px = pW
x − pS

x , (14.8.19)

∆py = pW
y − pS

y . (14.8.20)

In the legacy beam-beam macros as well as in the configuration pymask tool, the
following logic is implemented

α =


arctan

(
∆py

∆px

)
if |∆px| ≥

∣∣∆py
∣∣

π

2
− arctan

(
∆px

∆py

)
if |∆px| <

∣∣∆py
∣∣ , (14.8.21)

for which α is limited to the range:

−
π

4
≤ α ≤

3
4

π . (14.8.22)

In particular, for a purely horizontal crossing we have α = 0 and for a purely vertical
crossing we have α = π

2 .

14.8.5 The crossing angle

The crossing angle θ between the two beams can be found from the relation:

cos θ = p̂W · p̂S . (14.8.23)

The half crossing angle

ϕ =
θ

2
(14.8.24)
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is often used instead of θ.
In the paraxial approximation

px ≪ 1 , (14.8.25)
py ≪ 1 , (14.8.26)

(14.8.27)

the scalar product in Eq. (14.8.23) can be rewritten as

p̂W · p̂S = pW
x pS

x + pW
y pS

y + pW
s pS

s

= pW
x pS

x + pW
y pS

y +

√
1− (pW

x )
2 −

(
pW

y

)2√
1−

(
pS

x
)2 −

(
pS

y
)2

≃ pW
x pS

x + pW
y pS

y +

1−
(

pW
x
)2

2
−

(
pW

y

)2

2


1−

(
pS

x
)2

2
−

(
pS

y

)2

2


≃ pW

x pS
x + pW

y pS
y + 1−

(
pW

x
)2

2
−

(
pW

y

)2

2
−
(

pS
x
)2

2
−

(
pS

y

)2

2
, (14.8.28)

which can be written in compact form as:

p̂W · p̂S ≃ 1−

(
pW

x − pS
x
)2

+
(

pW
y − pS

y

)2

2
. (14.8.29)

For small crossing angle we can write:

cos θ ≃ 1−
θ2

2
. (14.8.30)

Replacing Eqs. (14.8.29) and (14.8.30) into Eq. (14.8.23) we obtain

|θ| =
√

∆p2
x + ∆p2

y . (14.8.31)

The sign of θ is defined positive when the weak beam needs to rotate in the clockwise
sense in the crossing plane in order to be brought on the strong beam. This corre-
sponds to the following sign choices:

|∆px| >
∣∣∆py

∣∣ |∆px| <
∣∣∆py

∣∣
∆px ≥ 0, ∆py ≥ 0 θ > 0 θ > 0

∆px < 0, ∆py ≥ 0 θ < 0 θ > 0

∆px < 0, ∆py < 0 θ < 0 θ < 0

∆px ≥ 0, ∆py < 0 θ > 0 θ < 0

which are consistent with the sign convention used in LHC operation.
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14.8.6 Transformations for the anticlockwise beam (B4)

The typically used MAD-X model of the LHC consists of two sequences both having
clockwise (CW) orientation, conventionally called Beam 1 and Beam 2. To perform
tracking simulations of the anticlockwise (ACW) beam, an anticlockwise sequence
needs to be generated, which is conventionally called Beam 4. The beam-beam lenses
in the Beam 4 sequence can be configured based on the beam-beam lenses defined
in Beam 2, taking into account that the two are related by the following change of
coordinates:

xACW = −xCW , (14.8.32)

yACW = +yCW , (14.8.33)

sACW = −sCW . (14.8.34)

The corresponding transformation for the transverse momenta is:

pACW
x = +pCW

x , (14.8.35)

pACW
y = −pCW

y . (14.8.36)

This can be easily seen from the fact that:

px ≃
dx
ds

, (14.8.37)

py ≃
dy
ds

. (14.8.38)

Additionally, from Eqs. (14.8.32) - (14.8.36) it is possible to derive the following rela-
tions to transform the Σ-matrix [59] of the strong beam:

ΣACW
11 = +ΣCW

11 , (14.8.39)

ΣACW
12 = −ΣCW

12 , (14.8.40)

ΣACW
13 = −ΣCW

13 , (14.8.41)

ΣACW
14 = +ΣCW

14 , (14.8.42)

ΣACW
22 = +ΣCW

22 , (14.8.43)

ΣACW
23 = +ΣCW

23 , (14.8.44)

ΣACW
24 = −ΣCW

24 , (14.8.45)

ΣACW
33 = +ΣCW

33 , (14.8.46)

ΣACW
34 = −ΣCW

34 , (14.8.47)

ΣACW
44 = +ΣCW

44 . (14.8.48)
(14.8.49)

14.8.7 Crab crossing

To discuss the effect of crab cavities, we define along the bunches of Beam 1 and
Beam 2 (sharing the same s coordinate as in the MAD-X model), the longitudinal
coordinates z1 and z2, oriented like s.
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Assuming that the slices with z1 = z2 = 0 collide at s=0, the collision point (CP) for
two generic slices z1 and z2 is at the location:

sCP =
z1 + z2

2
. (14.8.50)

In the absence of crab crossing, the transverse position of the two beams is indepen-
dent of z:

x1 = +ϕs , (14.8.51)
x2 = −ϕs . (14.8.52)

Ideal crab cavities, in the linear approximation, introduce a z-dependent orbit correc-
tion such that:

x1(s) = +ϕs + ϕcz1 , (14.8.53)
x2(s) = −ϕs− ϕcz2 , (14.8.54)

where ϕc is the crabbing angle and we assume, without loss of generality, a horizontal
crabbing plane.
The separation of the two slices at their collision point is obtained by replacing (14.8.50)
into (14.8.53) and (14.8.54):

∆x(sCP) = x2(sCP)− x1(sCP) = −(ϕ + ϕc)(z1 + z2) . (14.8.55)

If ϕc = −ϕ, the separation is zero independently of z1 and z2 (perfect crabbing).
The crab crossing in the IPs of the HL-LHC for the clockwise and anticlockwise beams
is illustrated with the relevant sign conventions in Figs. 14.2 - 14.5.

14.8.7.1 Configuration of beam-beam lenses for beam 1

In order to model the HO interaction for a crab crossing, the “strong bunch” is sliced
longitudinally using the constant charge method, and one beam-beam lens for each
slice is installed in the sequence.
In particular, in the sequence of beam 1, the lens corresponding to a slice of the
strong beam (beam 2) having longitudinal coordinate z2 = Z2 is installed at the lo-
cation where the slice encounters the synchronous particle of the weak beam (see
Eq. (14.8.50) with z1 = 0):

slens = +
Z2

2
. (14.8.56)

The position of the strong beam at the lens can be found by replacing Eq. (14.8.56) into
Eq. (14.8.54):

X2 = −slens(ϕ + 2ϕc) . (14.8.57)

The effect of the crab bump alone is given by:

Xcrab
2 = −2ϕcslens = −ϕcZ2 . (14.8.58)
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Figure 14.2: Crab crossing in the IP1 of the HL-LHC modeled for the tracking of the clockwise
beam (beam 1).

Figure 14.3: Crab crossing in the IP1 of the HL-LHC modeled for the tracking of the anti-
clockwise beam (beam 4).
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Figure 14.4: Crab crossing in the IP5 of the HL-LHC modeled for the tracking of the clockwise
beam (beam 1).

Figure 14.5: Crab crossing in the IP5 of the HL-LHC modeled for the tracking of the anti-
clockwise beam (beam 4).
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Taking into account the RF curvature coming from the crab cavity frequency, the po-
sition of the slice at the beam-beam lens can be written as:

Xcrab
2 = −ϕc

Lring

2πhCC
sin
(

2πhCC

Lring
Z2

)
= −ϕc

Lring

2πhCC
sin
(

2πhCC

Lring
2slens

)
, (14.8.59)

where hCC is the harmonic number of the crab cavity and Lring is the circumference of
the ring.

14.8.8 Configuration of beam-beam lenses for beam 2

In the sequence of beam 2, we install the beam-beam lens for a slice of the strong
beam (beam 1) having longitudinal coordinate z1 = Z1 at the location where the slice
encounters the synchronous particle of the weak beam (see Eq. (14.8.50) with z2 = 0):

slens =
Z1

2
. (14.8.60)

The position of the strong beam at the lens can be found by replacing Eq. (14.8.60)
into Eq. (14.8.53):

X1 = slens(ϕ + 2ϕc) . (14.8.61)

The effect of the crab bump alone is given by:

Xcrab
1 = 2ϕcslens = ϕcZ1 . (14.8.62)

Taking into account the RF curvature coming from the crab cavity frequency, the po-
sition of the slice at the beam-beam lens can be written as:

Xcrab
1 = ϕc

Lring

2πhCC
sin
(

2πhCC

Lring
Z1

)
= ϕc

Lring

2πhCC
sin
(

2πhCC

Lring
2slens

)
. (14.8.63)

From Eqs. (14.8.59) and (14.8.63), we find that for lenses at the same longitudinal po-
sition slens the corresponding slices of the two beams Z1 = Z2 = 2slens have opposite
transverse coordinates:

Xcrab
1 = −Xcrab

2 . (14.8.64)

14.8.8.1 Crab bump from twiss table

For a non-ideal crabbing, for example in the presence of a non-closure of the crab-
bump, the realistic z-dependent orbit distortion introduced by the crab cavities can
be characterized using the twiss, by installing orbit correctors at the position of the
crab cavities that introduce the crab cavity deflection as seen at a certain reference
position along the bunch zref. To obtain the effect on particles at different positions
along the bunch it is possible to apply the following scaling:

x (z) = x (zref)
sin
(

2πhCC
Lring

z
)

sin
(

2πhCC
Lring

zref

) . (14.8.65)
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14.8.9 Step-by-step configuration procedure

Based on the method introduced in the previous sections, the following procedure
has been implemented in pymask to configure the beam-beam lenses in the SixTrack
and sixtracklib tracking model:

1. Inactive beam-beam lenses (not configured) are installed in both clockwise se-
quences (Beam 1 and Beam 2) at the locations of the HO and LR beam-beam
encounters. As discussed in Sec. 14.8.7, at each IP a set of lenses is installed to
model the HO, one corresponding to each bunch slice.

2. The MAD-X twiss and survey tables are computed for both clockwise sequences.

3. The transverse beam shapes (Σ-matrix) are extracted from the twiss table for all
beam-beam lenses.

4. The positions of the beams at the beam-beam lenses in the lab frame are com-
puted combining the information from the survey and twiss tables, as discussed
in Sec. 14.8.1.

5. The beam-beam separations are computed, as discussed in Sec. 14.8.2.

6. For all HO interactions, the crossing plane and the crossing angle are identified,
as discussed in Sec. 14.8.3.

7. The relevant quantities for the beam-beam lenses in the anticlockwise sequences
(Beam 3 and Beam 4) are obtained from the data computed for the lenses in the
clockwise sequences (Beam 1 and Beam 2), using the transformations described
in Sec. 14.8.6.

8. The effect of the crab cavities is introduced by using the shape of the crab bumps
obtained from twiss tables computed with orbit correctors at the locations of the
cavities, as discussed in Sec. 14.8.7.

9. The information computed before is used to configure the beam-beam lenses
in the MAD-X model of the sequence for which the tracking simulation will be
performed, typically either Beam 1 or Beam 4.

10. The SixTrack input and the pysixtrack/sixtracklib input files are generated us-
ing the MAD-X model and the additional information computed as described
above.

11. The closed orbit as computed from the MAD-X sequences is saved on file, for
the generation of matched beam distributions and for the computation of the
beam-beam dipolar kicks on the closed orbit, which are usually subtracted in
weak-strong tracking simulations.
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Chapter 15

Bhabha scattering and beamstrahlung

15.1 Bhabha scattering

In quantum electrodynamics (QED), the Coulomb attraction of two opposite charges
(e.g. an electron and a positron) is called Bhabha scattering [62]. The mathematical
treatment of Bhabha scattering can be done using the method of equivalent photons
(Weizsäcker-Williams approach) [63, 64]. The essence of this method lies in the fact
that the electromagnetic field of a relativistic charged particle, say the positron, is
almost transversal and can therefore accurately be substituted by an appropriately
chosen equivalent radiation field of photons. Thus, the cross section for the scattering
of an electron with this positron (Bhabha scattering) can be approximated by that of
the electron and an “equivalent” photon (Compton scattering). In this case, the equiv-
alent photon corresponds to the exchanged virtual photon between the scattering pri-
maries. The whole process, including the subsequent emission of bremsstrahlung
photons, can be treated in a numerical simulation as an inverse Compton scattering
process [65]. In this, the virtual photons emitted by the positron will collide with the
electron. Due to the relativistic dynamics of the participating leptons, the virtual pho-
tons have an energy which is often negligible compared to that of the leptons, thus
we can treat them as real. The process is called inverse since here the electron will lose
energy while the photons will gain energy, contrary to standard Compton scattering.
The scattered photons are real and typically end up with an energy E′γ comparable to
the initial lepton energy Ee [66].

The generation of photons from radiative Bhabha scattering in Xsuite can be divided
into 3 steps. First, the charge density of the opposite bunch slice at the location of
the macroparticle in the soft-Gaussian approximation is computed [67]. From this
one computes the integrated luminosity of the collision of the macroparticle with the
virtual photons represented by the slice, integrated over the time of passing through
the slice. Second, a set of virtual photons is generated corresponding to the total
energy of the opposite slice. Third, the code iterates over these virtual photons and
simulates the bremsstrahlung process as a series of inverse Compton scattering events
between the macroparticle and each virtual photon.

249



250 CHAPTER 15. BHABHA SCATTERING AND BEAMSTRAHLUNG

Figure 15.1: Schematic illustration of a single macroparticle from bunch 1 (blue) colliding
with a single longitudinal slice of the opposing bunch 2 (red).

15.1.1 Luminosity Computation

Figure 15.1 illustrates how Xfields computes the integrated luminosity in a collision
of a single macroparticle from one beam with a single slice of the opposing beam1.
In the figure x, y denote the transverse coordinates of a macroparticle in the boosted
and uncoupled frame, at the collision point with a slice of the opposing bunch, cor-
responding to the notation x̂∗, ŷ∗ in the previous sections. The centroid (mean) co-
ordinate of the opposing slice, with a bunch intensity of Nb,s, is denoted by xc, yc, in
the boosted, uncoupled, transported reference frame of its own bunch. Xfields mod-
els the charge density of a longitudinal slice as a 2D Gaussian distribution ρ(x, y).
Considering an infinitesimal area δxδy around the transverse position x, y of a given
macroparticle at the collision point with the slice, one can write the number of charges
with which this macroparticle will interact:

Ne(x, y) = Nb,sρ(x, y)δxδy, (15.1.1)

and the integrated luminosity of the macroparticle-slice collision:

L =
Nb,m · Ne(x, y)

δxδy
= Nb,mNb,sρ(x, y), (15.1.2)

where Nb,m denotes the number of elementary charges per macroparticle.

1Note that this luminosity can be recorded in a table with the flag_luminosity flag of the
BeamBeamGaussian3D element and lumitable keyword in the Xline internal log. The recorded en-
tries must be summed up to get the total integrated luminosity of the collision. This method has an
uncertainty of ±10% compared to the analytical formula.
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15.1.2 Virtual Photon Generation

Equation (15.1.2) describes the integrated luminosity of primary-primary collisions.
In order to simulate the collision of the primaries with virtual photons instead, Xfields
uses the assumption that the virtual photon distribution Nγ(x, y) is proportional to
that of the primary charges:

Nγ(x, y) = nNe(x, y), (15.1.3)

where n is a proportionality factor denoting the number of virtual photons corre-
sponding to one elementary charge. The number density spectrum of virtual photons
is given by:

dn
dxdQ2 =

α

2π

1 + (1− x)2

x
1

Q2 , (15.1.4)

where x =
h̄ω

Ee
=

Eγ

Ee
is the total energy of the virtual photon normalized to the

primary energy and Q2 is the squared virtuality of the virtual photon [68].
The virtual photon energies and virtualities can be drawn using the method of in-
verse CDF (Cumulative Distribution Function) sampling. The sampling algorithm
in Xsuite has been adapted from GUINEA-PIG [69], a Particle In Cell (PIC) based sin-
gle beam-beam collision simulation software. For each macroparticle in the beam, we
first compute the total number of equivalent photons using the energy of the opposite
bunch slice. Subsequently, the energy and virtuality of each photon will be sampled.
In the current implementation all virtual photons inherit the dynamical variables of
the strong bunch slice centroid. Note that the virtual photons sampled this way will
also be “macroparticles” in the sense that they represent the dynamics of all virtual
photons generated by all charges in a primary macroparticle.

15.1.3 Inverse Compton Scattering of Virtual Photons

We account for the proportionality of the primary charge and virtual photon distribu-
tions described by Eq. (15.1.3) by resampling the virtual photons for each macroparti-
cle. With each photon, we simulate the bremsstrahlung process in the form of a set of
inverse Compton scattering events. The number of Compton events can be described
as:

R = σC,tot(s)L = σC,tot(s)Nb,mNb,sρ(x, y), (15.1.5)

where s ≈ 4EγEe

m2
e c4 is the center of mass energy squared of the photon-primary Comp-

ton interaction, normalized to the rest mass of the primary [70], and σC,tot(s) denotes
the total Compton scattering cross section, given by:

σC,tot(s) =
2πr2

e
s

[
ln(s + 1)

(
1− 4

s
− 8

s2

)
. +

1
2
+

8
s
− 1

2(s + 1)2

]
, (15.1.6)
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with re being the classical electron radius. For each event, we sample the scattered
photon energy from the differential cross section:

dσC

dy
=

2πr2
e

s

[
1

1− y
+ 1− y− 4y

s(1− y)
+

4y2

s2(1− y)2

]
, (15.1.7)

which describes the scattering of a beam of unpolarized photons on the primary

charge [65]. Here y =
h̄ω′

Ee
=

E′γ
Ee

is the energy of the scattered photon in units of

the total energy of the colliding primary. Given the energy E′γ, we can compute the
scattering angle of the primary and the photon as well as their momenta, using the
constraints given by energy and momentum conservation. While the emitted pho-
ton spectrum corresponds to the sum of all charges represented by a macroparticle, a
given macroparticle should represent the dynamics of a single primary charge. Thus,
the dynamical variables of the macroparticles are updated according to energy and
momentum conservation accounting for the emission of only a fraction of the pho-
tons. The latter are picked randomly based on a probability corresponding to the
inverse of the number of charges per macroparticle.

15.2 Beamstrahlung

The implementation of beamstrahlung in Xfields is based on GUINEA-PIG [69]. In
this section a high level summary of the modeling is presented. Further details can be
found in [71].
Xfields samples the quantum theoretical synchrotron radiation spectrum G(v, ξ):

G(v, ξ) =
v2

(1− (1− ξ)v3)2

(
G1(y) +

ξ2y2

1 + ξy
G2(y)

)
, (15.2.1)

which is normalized such that G(v = 0, ξ) = 1 and G(v, ξ) ≤ 1 for all v and ξ. The
variable ξ is defined as:

ξ =
Ecrit

E
(15.2.2)

and denotes the magnitude of the quantum correction, i.e. the critical energy normal-
ized to the energy E of the primary particle in GeV undergoing the beamstrahlung
process. The critical beamstrahlung energy is defined in the classical way as:

Ecrit =
3h̄cγ3

2ρ
(15.2.3)

The unitless variable y is related to the energy of the emitted beamstrahlung photon
Eγ:

y =
Eγ

Ecrit

1

1− Eγ

E

. (15.2.4)

Equation 15.2.4 can be expressed with the help of a uniform random variable v as
follows:
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y =
v3

1− v3 ; v ∈ U[0, 1]. (15.2.5)

With these the number of beamstrahlung photons emitted in the interval [v, v + ∆v]
during a time interval δt can be given as:

∆Nγ = p0G(v, ξ)∆v, (15.2.6)

where

p0 =
2

2
3

Γ(4
3)

αγδt

ρ
≈ 25.4 · Eδt

ρ
(15.2.7)

is a scaling factor dependent on the relativistic γ of the primary, the instantaneous
bending radius ρ and the fine structure constant α. The bending radius of each macropar-
ticle in the electromagnetic field of a given longitudinal slice of the opposite bunch is
obtained from the radial kick:

F∗r = rpp

√
F∗2x + F∗2y , (15.2.8)

ρ =
1
F∗r

, (15.2.9)

with rpp = 1
1+δ = p

p0
. In the Xfields BeamBeamGaussian3D element the time interval

δt is expressed as a longitudinal distance ∆z, which is the distance the macroparti-
cle travels between two consecutive longitudinal slices and it corresponds to the bin
width of the longitudinal slicing.
Figure 15.2 shows the beamstrahlung photon number density p0G(v, ξ) for a fixed
value of p0 and ξ. The area in the region C is the mean number of beamstrahlung
photons emitted during an interval δt, i.e. a passage through one longitudinal slice of
width ∆z.
The functions G1(y) and G2(y) are defined as follows:

G1(y) =

√
3Γ(1

3)

2
5
3 π

∞∫
y

K 5
3
(x)dx,

G2(y) =

√
3Γ(1

3)

2
5
3 π

K 2
3
(y).

(15.2.10)

Equations 15.2.10 are evaluated numerically with the below approximate formulas:

0 ≤ y ≤ 1.54

G1(y) = y−
2
3 (1− 0.8432885317 · y 2

3 + 0.1835132767 · y2

− 0.0527949659 · y 10
3 + 0.0156489316 · y4)

G2(y) = y−
2
3 (0.4999456517− 0.5853467515 · y 4

3

+ 0.3657833336 · y2 − 0.0695055284 · y 10
3 + 0.0191803860 · y4)

(15.2.11)
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Figure 15.2: Schematic illustration of the number density function of beamstrahlung photons
p0G(v, ξ) (red curve) for a given p0 (blue dashed line) and ξ, as a function of v.

1.54 < y ≤ 4.48

G1(y) =
2.066603927− 0.5718025331 · y + 0.04243170587 · y2

−0.9691386396 + 5.651947051 · y− 0.6903991322 · y2 + y3

G2(y) =
1.8852203645− 0.5176616313 · y + 0.03812218492 · y2

−0.4915880600 + 6.1800441958 · y− 0.6524469236 · y2 + y3

(15.2.12)

4.48 < y ≤ 165.0

G1(y) =
e−y
√

y
· 1.0174394594 + 0.5831679349 · y

0.9949036186 + y

G2(y) =
e−y
√

y
· 0.2847316689 + 0.5830684600 · y

0.3915531539 + y
.

(15.2.13)

For y > 165 the model assumes no radiation. With these one can simulate beam-
strahlung emission by first drawing a random uniform number p. The condition
p > p0 corresponds to region A in Fig. 15.2, therefore no photons are emitted. In the
other case a second random uniform number v is drawn, and Eq. 15.2.1 is computed.
If p < p0G(v, ξ) is satisfied (region C) a photon is emitted with an energy

Eγ

E
=

ξv3

1− (1− ξ)v3 , (15.2.14)

otherwise no photon is emitted (region B). The generated beamstrahlung photons are
themselves macroparticles in the sense that they represent the dynamics of all photons
generated by all charges in a primary macroparticle.
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Wakefields and impedances

16.1 Transverse wakefields

Transverse wakefields are defined such that the corresponding transverse kicks can
be written as:

∆px =
q2e2

m0γβ2
0c2 ∑

i,j,k,l≥0
xkyl

∫ ∞

−∞
x̄i(z′)ȳj(z′)λ(z′)W i,j,k,l

x (z− z′) dz′ (16.1.1)

∆py =
q2e2

m0γβ2
0c2 ∑

i,j,k,l≥0
xkyl

∫ ∞

−∞
x̄i(z′)ȳj(z′)λ(z′)W i,j,k,l

y (z− z′) dz′ (16.1.2)

where x̄(z) and ȳ(z) are the transverse centroid positions along the beam.
The convolution can be obtained numerically using the method of Section 19.2.
The lower order terms of the summation are often referred to as:

• W0,0,0,0
x constant x

• W0,0,0,0
y constant y

• W1,0,0,0
x dipolar x, or driving x

• W0,1,0,0
y dipolar y, or driving y

• W0,1,0,0
x dipolar xy, or driving xy

• W1,0,0,0
y dipolar yx, or driving yx

• W0,0,1,0
x quadrupolar x, or detuning x

• W0,0,0,1
y quadrupolar y, or detuning y

• W0,0,0,1
x quadrupolar xy, or detuning xy

• W0,0,1,0
y quadrupolar yx, or detuning yx

255
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The z variable can be written as a function of time in the lab frame as:

z = −β0ct, (16.1.3)

We call Ŵx,y the wakefield defined as a function of time t:

Ŵx,y(t) = Wx,y (−β0ct) (16.1.4)

Wx,y(z) = Ŵx,y

(
− z

β0c

)
(16.1.5)

For ultrarelativistic beams we have:

Ŵx,y(t) = 0 for t < 0 (16.1.6)
Wx,y(z) = 0 for z > 0 (16.1.7)

The coefficient 1/γβ2
0 in Eqs. 16.1.1 and 16.1.2 comes from the fact that, if we have a

force Fx acting on a length ∆s, we can derive the corresponding kick as follows:

∆Px = Fx∆t, (16.1.8)

and substituting the Px with the normalized one px = Px
P0

we find

∆px =
Fx

P0
∆t =

Fx

P0

∆s
β0c

, (16.1.9)

hence substituting P0 = m0γβ0c we find

∆px =
Fx

m0γβ2
0c2

∆s. (16.1.10)

16.2 Transverse impedances

The transverse beam coupling impedances Zx,y(ω) are related to the wakefields through
a Fourier transform (see [72, Eq. 1.216]):

Ŵx,y(t) = −
j

2π

∫ +∞

−∞
dω ejωtZx,y(ω) , (16.2.1)

Zx,y(ω) = j
∫ +∞

−∞
dt e−jωtŴx,y(t) . (16.2.2)

The equivalence between the two equations can be seen multiplying both sides of
Eq. 16.2.1 by e−jω′t and integrating over t∫ ∞

−∞
dt e−jω′tŴx,y(t) = −

j
2π

∫ ∞

−∞
dt
∫ +∞

−∞
dωZx,y(ω)ej(ω−ω′)t (16.2.3)

= − j
2π

∫ +∞

−∞
dω Zx,y(ω)

∫ ∞

−∞
dt ej(ω−ω′)t. (16.2.4)
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We now apply the following property of the Dirac δ function

δ(ω−ω′) =
j

2π

∫ ∞

−∞
dt ej(ω−ω′)t, (16.2.5)

and we find∫ ∞

−∞
dt e−jω′tŴx,y(t) = −j

∫ +∞

−∞
dω Zx,y(ω)δ(ω−ω′) = −jZx,y(ω

′). (16.2.6)

We can write the impedances also in terms of the wakefield expressed as a function
of z = −β0ct (using Eqs. 16.1.4 and 16.1.5):

Wx,y(z) = −
j

2π

∫ +∞

−∞
dω e−jω z

β0c Zx,y(ω) , (16.2.7)

Zx,y(ω) =
j

β0c

∫ +∞

−∞
dzejω z

β0c Wx,y(z) . (16.2.8)

As the transverse wakes are real functions, the impedances satisfy the following sym-
metry properties:

Re
{

Zx,y(−ω)
}
= −Re

{
Zx,y(ω)

}
(16.2.9)

Im
{

Zx,y(−ω)
}
= Im

{
Zx,y(ω)

}
(16.2.10)

16.3 Longitudinal wakefield

Longitudinal wakefields are defined such that the corresponding kicks can be written
as:

∆δ = − q2e2

m0γβ2
0c2

∫ +∞

−∞
dz′λ(z′)Ws(z− z′) . (16.3.1)

The minus sign is introduced such that a positive wake causes the particles to lose
energy. The convolution can be obtained numerically using the method of Section
19.2.
Also in this case, we call Ŵs the wakefield defined as a function of time t:

Ŵs(t) = Ws (β0ct) (16.3.2)

Ws(z) = Ŵs

(
− z

β0c

)
(16.3.3)

16.4 Longitudinal impedance

The longitudinal beam coupling impedances Zs(ω) are related to the wakefields through
a Fourier transform (see [72, Eq. 1.216]):

Ŵs(t) =
1

2π

∫ +∞

−∞
dω ejωtZs(ω) , (16.4.1)
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Zs(ω) =
∫ +∞

−∞
dt e−jωtŴs(t) . (16.4.2)

We can write the impedances also in terms of the wakefield expressed as a function
of z = −β0ct (using Eqs. 16.3.2 and 16.3.3):

Ws(z) =
1

2π

∫ +∞

−∞
dω e−jω z

β0c Zs(ω) , (16.4.3)

Zs(ω) =
1

β0c

∫ +∞

−∞
dzejω z

β0c Ws(z) . (16.4.4)

As the longitudinal wake is a real function, the corresponding impedance satisfies the
following symmetry properties:

Re {Zs(−ω)} = Re {Zs(ω)} (16.4.5)
Im {Zs(−ω)} = − Im {Zs(ω)} (16.4.6)

16.5 Integrated wakefields

We consider the horizontal dipolar wake term. The corresponding contribution to the
horizontal kick is:

∆pdip
x (z) =

q2e2

m0γβ2
0c2

∫ +∞

−∞
λ(z′)x̄(z′)W1,0,0,0

x (z− z′) dz′. (16.5.1)

In the following we keep the normalization factor outside the discretization and de-
fine:

Kdip
x (z) =

∫ +∞

−∞
λ(z′)x̄(z′)W1,0,0,0

x (z− z′) dz′. (16.5.2)

We sample the bunch on a uniform grid:

zn = n∆z. (16.5.3)

Splitting the integral into bins centered on zj, the convolution evaluated at the grid
point zi can be written as:

Kdip
x,i = ∑

j

∫ zj+
∆z
2

zj−∆z
2

λ(z′)x̄(z′)W1,0,0,0
x (zi − z′) dz′, (16.5.4)

where Kdip
x,i = Kdip

x (zi).

Conventional discretization

If both the source term λ(z)x̄(z) and the wakefield W1,0,0,0
x (z) are sufficiently smooth

over a bin of size ∆z, they can both be replaced by their values at the bin centers:

λ(z′)x̄(z′) ≃ λj x̄j, W1,0,0,0
x (zi − z′) ≃W1,0,0,0

x (zi − zj). (16.5.5)
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Equation (16.5.4) then becomes:

Kdip
x,i ≃ ∆z ∑

j
λj x̄jW1,0,0,0

x (zi − zj) = ∆z ∑
j

λj x̄jW
1,0,0,0,sample
x,i−j , (16.5.6)

where:
W1,0,0,0,sample

x,k = W1,0,0,0
x (zk). (16.5.7)

With this approach the bin size has to be small enough to resolve both the variation
of the source term λ(z)x̄(z) and the variation of the wakefield W1,0,0,0

x (z). For short-
range wakes this approximation may require a very small bin size, even when the
bunch density and the horizontal centroid are slowly varying.

Integrated wakefield

When the wakefield varies much faster than the bunch density and centroid, one can
keep only the source term constant within each bin:

λ(z′)x̄(z′) ≃ λj x̄j, (16.5.8)

while retaining the variation of the wakefield inside the bin. Equation (16.5.4) be-
comes:

Kdip
x,i ≃∑

j
λj x̄j

∫ zj+
∆z
2

zj−∆z
2

W1,0,0,0
x (zi − z′) dz′. (16.5.9)

We now work on the integral that remains. With the change of variable:

u = zi − z′, (16.5.10)

we have dz′ = −du. The lower and upper limits in z′ become:

z′ = zj −
∆z
2

⇒ u =

(
i− j +

1
2

)
∆z, (16.5.11)

z′ = zj +
∆z
2

⇒ u =

(
i− j− 1

2

)
∆z. (16.5.12)

The minus sign from dz′ = −du reverses these limits, giving:

∫ zj+
∆z
2

zj−∆z
2

W1,0,0,0
x (zi − z′) dz′ =

∫ (i−j+ 1
2)∆z

(i−j− 1
2)∆z

W1,0,0,0
x (u) du. (16.5.13)

We define the integrated horizontal dipolar wakefield as:

W1,0,0,0,int
x,k =

1
∆z

∫ (k+ 1
2)∆z

(k− 1
2)∆z

W1,0,0,0
x (u) du, (16.5.14)

or, equivalently: ∫ (k+ 1
2)∆z

(k− 1
2)∆z

W1,0,0,0
x (u) du = ∆z W1,0,0,0,int

x,k . (16.5.15)
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Therefore the sampled kick is again a discrete convolution:

Kdip
x,i ≃ ∆z ∑

j
λj x̄jW

1,0,0,0,int
x,i−j . (16.5.16)

With the integrated wakefield approach the bin size ∆z needs only to resolve the vari-
ation of the source term λ(z)x̄(z). The possibly much faster variation of the wakefield
is accounted for by the bin integral in Eq. (16.5.14).
The same derivation can be used for the other wake components by replacing the
source term and wakefield with the ones corresponding to the term being discretized.

16.6 Analytical wakes

Resonator

Ultra-relativistic resonator with shunt impedance R, quality factor Q > 1 and reso-
nant frequency fr

• Longitudinal:

Ws(t) =
ωrR

Q
e−αt

(
cos(ω̂rt)− α

ω̂r
sin(ω̂rt)

)
, (16.6.1)

Zs(ω) =
R

1− jQ
(

ωr
ω −

ω
ωr

) . (16.6.2)

• Transverse:

Wx,y(t) =
ω2

r R
Qω̂r

e−αt sin(ω̂rt) , (16.6.3)

Zx,y(ω) =
ωr

ω

R

1− jQ
(

ωr
ω −

ω
ωr

) . (16.6.4)

where ωr = 2π fr, ω̂r = ωr

√
1− 1

4Q2 , α = ωr
2Q . Ref: [72, Section 2.2]

Cylindrical thick wall

Cylindrical resistive wall wake, based on the “classic thick wall formula” (see e.g. [73,
Chapter 2]) with resistivity ρ, permeability µ, radius r and length L:

• Longitudinal:

Ws(t) = −L
1

4πr

√
Z0ρ

πc
t−

3
2 , (16.6.5)

Zs(ω) = L (1 + j sign(ω))
ρ

2πr
1

δs(ω)
, (16.6.6)
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where δs(ω) =
√

2ρ
|ω| is the frequency-dependent skin depth.

Note: the longitudinal resistive wall wake is negative for any value of t, while,
with the adopted sign convention, longitudinal wakes should be positive for
t → 0+. This happens because the thick wall approximation is not valid for
small t. Computing the wake numerically with IW2D shows that the resistive
wall wake is actually positive close to zero and performs a few oscillations after
which it agrees very well with the formula above. For applications where short
range effects are relevant this model should not be used.

• Transverse:

Wx,y(t) = L
1

πr3

√
cZ0ρ

π
t−

1
2 , (16.6.7)

Zx,y(ω) = L(1 + j sign(ω))
ρ

πr3
1

ω
√

ε0µ0

1
δs(ω)

. (16.6.8)
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Chapter 17

Intra-Beam Scattering

Intra-beam scattering (IBS) is the process of small angle, multiple Coulomb scatter-
ing of charged particles within the beam. It leads to a redistribution of the particle
momenta in six-dimensional phase space.

17.1 Analytical Growth Rates

Theoretical models commonly characterize the effect of intra-beam scattering through
growth rates, or growth times. The former is expressed in

[
s−1] and the latter in [s].

These govern the evolution of the rms beam sizes or rms emittances of the beam, de-
pending on the convention used.

Growth rates (and growth times) can be expressed in either amplitude or emittance
convention. The former governs the evolution of rms beam sizes while the latter
governs that of rms emittances. The two conventions are equivalent by a factor 2 and
conversion can be done as:

Emit. Times Amp. Times

Emit. Rates Amp. Rates

÷2

×2

×2

÷2

inversein
ve

rs
e inversein

ve
rs

e

Figure 17.1: Illustration of the conversions between IBS growth rates and times, across
emittance and amplitude conventions.

The growth rates themselves are expressed from the lattice optics as well as the beam
properties.

263
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In Xsuite, for consistency with synchrotron radiation damping times (see section 9.1),
the amplitude growth rates are computed. The horizontal (Kx), vertical (Ky) and
longitudinal (Kz) amplitude growth rates are defined as:

Kx =
1
τx

=
1

ε1/2
x

dε1/2
x

dt
,

Ky =
1
τy

=
1

ε1/2
y

dε1/2
y

dt
,

Kz =
1
τz

=
1

ε1/2
z

dε1/2
z

dt
,

(17.1.1)

where (τx), (τy) and (τz) are the amplitude growth times.

Currently two different formalisms are available to compute these growth rates. Both
assume transverse and longitudinal Gaussian bunch profiles. Both rely on the com-
putation of the Coulomb logarithm LC, which in Xfields is computed according to the
expression in the Physics Vade Mecum [74]:

LC = ln
(

rmax

rmin

)
. (17.1.2)

In Eq (17.1.2) rmax is taken as the smaller of σx and the Debye length, while rmin is taken
as the larger of the classical distance of closest approach and the quantum diffraction
limit from the nuclear radius.

17.1.1 Nagaitsev Formalism

One available formalism follows the approach introduced by S. Nagaitsev in [75].
It provides a fast computation method through symmetric elliptic integrals of the
second kind, RD(x, y, z), defined as:

RD(x, y, z) =
3
2

∫ ∞

0

dt√
(t + x)(t + y)(t + z)3

. (17.1.3)

Interestingly, this elliptic integral has the following special properties:

RD(x, x, x) = x−3/2, (17.1.4)

RD(x, y, z) + RD(y, z, x) + RD(z, x, y) =
3
√

xyz
. (17.1.5)

Thanks to Eq (17.1.5) only two evaluations of this integral are needed to obtain var-
ious simple terms from which one can compute the growth rates. Importantly, the
computation time of this integral in Nagaitsev’s approach does not scale with the size
of the lattice.
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First the ax, ay, as, a1 and a2 terms are computed:

ax =
βx

εx
, ay =

βy

εy
, as = ax

(
D2

x
β2

x
+ Φ2

x

)
+

1
σ2

p
,

a1 =
1
2
(ax + γ2as), a2 =

1
2
(ax − γ2as) ,

(17.1.6)

where the Φx,y term is defined as:

Φx,y = D′x,y −
β′x,yDx,y

2βx,y
. (17.1.7)

Then the λ1, λ2 and λ3 terms are computed:

λ1 = ay , λ2 = a1 +
√

a2
2 + γ2a2

xΦ2
x , λ3 = a1 −

√
a2

2 + γ2a2
xΦ2

x . (17.1.8)

and used to compute three integrals R1, R2 and R3 (though with Eq (17.1.5) only two
need to be computed):

R1 =
1

λ1
RD(

1
λ2

,
1

λ3
,

1
λ1

) ,

R2 =
1

λ2
RD(

1
λ3

,
1

λ1
,

1
λ2

) ,

R3 =
1

λ3
RD(

1
λ1

,
1

λ2
,

1
λ3

) .

(17.1.9)

Using all the above the Sp, Sx and Sxp terms are computed according to Eq (17.1.10):

Sp =
γ2

2

2R1 − R2

1− 3a2√
a2

2 + γ2a2
xΦ2

x

− R3

1 +
3a2√

a2
2 + γ2a2

xΦ2
x

 ,

Sx =
1
2

2R1 − R2

1 +
3a2√

a2
2 + γ2a2

xΦ2
x

− R3

1− 3a2√
a2

2 + γ2a2
xΦ2

x

 ,

Sxp =
3γ2Φ2

xax√
a2

2 + γ2a2
xΦ2

x

(R3 − R2) .

(17.1.10)
From these, one computes the integrals - called the Nagaitsev integrals in the Xfields
code base - Ix, Iy and Iz:

Ix =
∫ C

0

βxds
Lσxσy

[
Sx +

(
D2

x
β2

x
+ Φ2

x

)
Sp + Sxp

]
,

Iy =
∫ C

0

βyds
Lσxσy

(R2 + R3 − 2R1) ,

Iz =
∫ C

0

ds
Lσxσy

Sp .

(17.1.11)
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with C the circumference (or length) of the machine. Finally, the emittance growth rates
in the horizontal, vertical and longitudinal planes are computed as:

1
εx

dεx

dt
=

1
εx

Nr2
0cLC

12πβ3γ5σz
Ix (17.1.12)

1
εy

dεy

dt
=

1
εy

Nr2
0cLC

12πβ3γ5σz
Iy (17.1.13)

1
εz

dεz

dt
=

1
σ2

p

Nr2
0cLC

12πβ3γ5σz
Iz (17.1.14)

In the above N is the total beam intensity, r0 the classical particle radius, c the speed of
light in vacuum, LC the Coulomb logarithm from Eq (17.1.2), β and γ the relativistic
parameters of the beam and σz the bunch length.

Please note: Nagaitsev’s computations yield emittance growth rates. In Xsuite these
are computed as exposed above, and converted to amplitude growth rates before be-
ing returned to the user, as shown in Fig. 17.1.

Importantly, this formalism does not take into account vertical dispersion, and in the
presence of Dy will yield an erroneous vertical growth rate. For machines with verti-
cal dispersion, the Bjorken-Mtingwa formalism presented below is recommended.

17.1.2 Bjorken-Mtingwa Formalism

The IBS growth rates can also be computed according to the theory by Bjorken and Mt-
ingwa [76]. The specific implementation follows that of the MAD-X code, for which
modifications to the terms of B&M’s theory have been made by Antoniou and Zim-
mermann to account for vertical dispersion and non-ultrarelativistic beams [77].

In this formalism, growth rates are computed at every element in the lattice and aver-
aged over the machine. For a given plane u (horizontal, vertical or longitudinal), the
emittance growth rate is computed as:

Tu =
Nr2

0cm3LCπ2

γΓ

〈∫ ∞

0

dλλ1/2

[det(L + λI)]1/2

{
Tr L(u) Tr

(
1

L + λI

)
− 3 Tr L(u)

(
1

L + λI

)}〉
(17.1.15)

in which N is the total beam intensity, r0 the classical particle radius, c the speed of
light in vacuum, m the mass of the considered particle, LC the Coulomb logarithm
from Eq (17.1.2), γ the relativistic parameter of the beam, and Γ the six-dimensional
phase space volume of the beam, defined as:

Γ = (2π)3 (βγ)3 m3εxεyσδσz (17.1.16)
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with σδ the relative momentum spread and σz the bunch length. One should note the
expression for Γ is corrected by a factor

√
2 for coasting beams.

In Eq (17.1.15) λ is simply the integration variable, I is the 3x3 identity matrix, and L
is a 3x3 matrix; the matrix L is defined as:

L = L(x) + L(y) + L(z) , (17.1.17)

where the plane-dependent matrices L(x), L(y) and L(z) are defined as:

L(x) =
βx

ϵx


1 −γϕx 0

−γϕx γ2Hx/βx 0

0 0 0

 , (17.1.18)

L(y) =
βy

ϵy


0 0 0

0 γ2Hy/βy −γϕy

0 −γϕy 1

 , (17.1.19)

L(z) =
γ2

σ2
δ


0 0 0

0 1 0

0 0 0

 . (17.1.20)

The Φx,y and Hx,y terms are defined as:

ϕx,y = D′x,y −
β′x,yDx,y

2βx,y
, (17.1.21)

and

Hx,y =
D2

x,y + β2
x,yϕ2

x,y

βx,y
. (17.1.22)

In [77] a new expression was derived for each growth rate, which is the implemented
approach. In Xfields, the computation of the growth rates takes the following steps.
First the a, b, c, ax, bx, ay, by, az and bz terms are computed as defined below:

a = γ2
(

Hx

εx
+

Hy

εy

)
+

γ2

σ2
δ

+

(
βx

εx
+

βy

εy

)
, (17.1.23)

b =

(
βx

εx
+

βy

εy

)(
γ2D2

x
εxβx

+
γ2D2

y

εyβy
+

γ2

σ2
δ

)
+

βxβy

εxεy
γ2
(

Φ2
x + Φ2

y

)
+

βxβy

εxεy
, (17.1.24)

c =
βxβy

εxεy

(
γ2D2

x
εxβx

+
γ2D2

y

εyβy
+

γ2

σ2
δ

)
, (17.1.25)
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ax =2γ2

(
Hx

εx
+

Hy

εy
+

1
σ2

δ

)
−

βxHy

Hxεy
+

βx

Hxγ2

(
2βx

εy
−

βy

εy
− γ2

σ2
δ

)

− 2
βx

εx

βy

εy
+

βx

γ2Hx

(
6βx

εx
γ2Φ2

x

)
,

(17.1.26)

bx =

(
βx

εx
+

βy

εy

)(
γ2Hx

εx
+

γ2Hy

εy
+

γ2

σ2
δ

)
− γ2

(
β2

x
ε2

x
Φ2

x +
β2

y

ε2
y

Φ2
y

)
+

(
βx

εx
−

4βy

εy

)
βx

εx

+
βx

γ2Hx

(
γ2

σ2
δ

(
βx

εx
−

2βy

εy

)
+

βxβy

εxεy
+

6βxβy

εxεy
γ2Φ2

x + γ2

(
2β2

yΦ2
y

ε2
y
− β2

xΦ2
x

ε2
x

))

+
βxHy

εyHx

(
βx

εx
−

2βy

εy

)
(17.1.27)

ay =− γ2

(
Hx

εx
+

2Hy

εy
+

βx

βy

Hy

εx
+

1
σ2

δ

)
+ 2γ4 Hy

βy

(
Hy

εy
+

Hx

εx

)
+

2γ4Hy

βyσ2
δ

−
(

βx

εx
−

2βy

εy

)
+

(
6βy

εy
γ2Φ2

y

) (17.1.28)

by =γ2
(

βy

εy
− 2βx

εx

)(
Hx

εx
+

1
σ2

δ

)
+

(
βy

εy
− 4βx

εx

)
γ2Hy

εy
+

βxβy

εxεy

+ γ2

(
2β2

xΦ2
x

ε2
x
−

β2
yΦ2

y

ε2
y

)
+

γ4Hy

βy

(
βx

εx
+

βy

εy

)(
Hy

εy
+

1
σ2

δ

)

+

(
βx

εx
+

βy

εy

)
γ4 HxHy

βyεx
− γ4 Hy

βy

(
β2

x
ε2

x
Φ2

x +
β2

y

ε2
y

Φ2
y

)
+

6βxβy

εxεy
γ2Φ2

y

(17.1.29)

az = 2γ2

(
Hx

εx
+

Hy

εy
+

1
σ2

δ

)
− βx

εx
−

βy

εy
(17.1.30)

bz =

(
βx

εx
+

βy

εy

)
γ2

(
Hx

εx
+

Hy

εy
+

1
σ2

δ

)
− 2

βxβy

εxεy
− γ2

(
β2

xΦ2
x

ε2
x

+
β2

yΦ2
y

ε2
y

)
(17.1.31)

Finally, the emittance growth rates in the horizontal, vertical and longitudinal planes
are computed as:

1
εx

dεx

dt
=

Nr2
0cm3LCπ2

γΓ

〈[
γ2Hx

εx

] ∫ ∞

0

λ1/2 [axλ + bx]

(λ3 + aλ2 + bλ + c)
dλ

〉
(17.1.32)

1
εy

dεy

dt
=

Nr2
0cm3LCπ2

γΓ

〈[
βy

εy

] ∫ ∞

0

λ1/2 [ayλ + by
]

(λ3 + aλ2 + bλ + c)
dλ

〉
(17.1.33)
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1
εz

dεz

dt
=

Nr2
0cm3LCπ2

γΓ

〈[
γ2

σ2
δ

] ∫ ∞

0

λ1/2 [azλ + bz]

(λ3 + aλ2 + bλ + c)
dλ

〉
(17.1.34)

where the constants in the common fraction term are the same as for Eq (17.1.15), λ is
an integration variable and the angled brackets signify the averaging over the lattice,
given the terms contained inside are arrays with one value per element.

Please note: Bjorken and Mtingwa’s computations yield emittance growth rates.
In Xsuite these are computed as exposed above, and converted to amplitude growth
rates before being returned to the user, as shown in Fig. 17.1.

17.2 Steady-state emittances

The steady-state emittances in the presence of Synchrotron Radiation (SR), Quantum
Excitation (QE), and Intra-Beam Scattering (IBS) emerge from a dynamic equilibrium,
where these three phenomena balance each other out. More specifically, the QE and
SR are accounted for through the natural emittances and SR damping constants, the
IBS is described by its growth rates. Each of these effects depends on the optical func-
tions along the storage ring. All the following equations remain valid independently
of which formalism (Nagaitsev or Bjorken-Mtingwa) is used when computing the IBS
growth rates. In addition, the SR damping constants and IBS growth rates follow the
amplitude convention as defined in Eq. (9.1.6).

17.2.1 Steady-state emittances with QE, SR, and IBS

The steady-state emittances are solutions to a system of three ordinary differential
equations describing the dynamic interplay of the QE, SR, and IBS. The system of dif-
ferential equations can be solved numerically by computing the emittance evolution
for a succession of infinitesimal time steps. The equations are as follows:

dεu

dt
= −2αSR

u (εu − εu,0) + 2αIBS
u εu, u = x, y, z (17.2.1)

εu,0 is the natural emittance, εu the emittance, αSR
u the SR damping constant and αIBS

u
the IBS growth rate. It can be noted that the IBS growth rates are a function of all three
emittances (αIBS

u (εx, εy, εz)).
The steady-state emittance is reached when the emittance evolution reaches zero and
leads to:

εu =
εu,0

1− αIBS
u /αSR

u
, u = x, y, z (17.2.2)

Although mathematically correct, the equation assumes a finite vertical emittance. In
the case of lepton storage rings, the vertical emittance is often negligible in the absence
of vertical dispersion or betatron coupling. As a result, the IBS growth rates would
reach extremely large values when a near zero vertical emittance is considered. A
finite vertical emittance is introduced through betatron coupling or an external exci-
tation to overcome this limitation.
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17.2.2 Steady-state emittances due to betatron coupling

In the presence of betatron coupling, emittance sharing occurs between the two trans-
verse planes. The treatment of betatron coupling can be simplified by expressing it
through the emittance coupling factor κ = ε̃y/ε̃x, the ratio of the perturbed vertical
emittance to the horizontal one.
Based on the natural emittance, defined in Eq. (9.2.24) but written in a form [78] so
that the horizontal damping partition number jx appears:

ε0 = Cq
γ2

jx
I5

I2
,

where Cq =
55

32
√

3
h̄

mec ≈ 3.84× 10−13 m for electrons, γ the relativistic gamma and I2, I5

respectively the second and fifth radiation integrals.

ε̃0 = Cq
γ2

j̃x

⟨K3H⟩
K2 , where j̃x =

jx
1 + κ

+
κ jy

1 + κ
(17.2.3)

Here, jy represents the vertical damping partition number. After some simplifications
and remembering ε̃0 = ε̃x + ε̃y we finally obtain:

ε̃x,0 =
ε̃0

1 + κ
=

ε̃0

1 + κ
jy
jx

, ε̃y,0 =
κε̃0

1 + κ
=

κε̃0

1 + κ
jy
jx

(17.2.4)

Furthermore, the perturbed horizontal and vertical emittances can be expressed as a
function of the ones without betatron coupling:

ε̃x =
ε

1 + κ
jy
jx

, ε̃y =
κε

1 + κ
jy
jx

It can be noted that total transverse emittance conservation occurs solely if jx = jy.
As a result, the transverse emittance evolution can be rewritten as:

dε̃u

dt
= −2αSR

u (ε̃u − ε̃u,0) + 2αIBS
u ε̃u, u = x, y (17.2.5)

And the steady-state transverse emittances become:

ε̃u =
ε̃u,0

1− αIBS
u

αSR
u (1+κ jy/jx)

, u = x, y (17.2.6)

17.2.3 Steady-state emittances due to an external excitation

Alternatively, a finite vertical emittance can also be obtained by exciting the beam
using the Pulse-Picking by Resonant Excitation (PPRE) method [79] in the vertical
plane. In this situation, the horizontal and vertical planes are left uncoupled while
the vertical emittance can be controlled. Nonetheless, the emittance coupling factor
can still be employed. In this scenario, the emittance evolution follows Eq. (17.2.5) and
the final emittance Eq. (17.2.2). Compared to the previous case, the total transverse
emittance is not conserved even if jx = jy.
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17.3 IBS Kicks

The approach of using analytical growth rates does not provide a way to study the
interplay of IBS with arbitrary effects, such as space charge, electron clouds, beam-
beam, etc. To do so, it is necessary to include IBS effects in tracking simulations to-
gether with other desired effects. In Xfields two elements are available to model IBS
effects in tracking simulations, both providing momentum kicks to tracked particles
according to a specific formalism.

17.3.1 Analytical Kicks

A first element is available to provide momentum kicks based on analytical growth
rates, according to the approach introduced by R. Bruce [80]. In Xfields the computa-
tion of the kick is done as follows.

First, the beam intensity N, bunch length σz, momentum deviation σδ, and geometric
emittances εx,y are inferred from the tracked particles object. These are used to com-
pute the analytical IBS growth rates. From these, each particle is given a momentum
kick in each dimension according to:

∆pu = Rσpu

√
2TIBS,uTrevσz

√
πρ(z) ; u = x, y, z (17.3.1)

Here R is a random number from the standard normal distribution; σpu is the standard
deviation of the momentum in plane u; TIBS,u is the emittance growth rate for plane u;
Trev is the revolution frequency and ρ(z) is the longitudinal line density.

Note from the form of Eq (17.3.1) that only zero or strictly positive growth rates are
valid, and as such this formalism is traditionally available above transition energy.

The longitudinal line density ρ(z) is used as a weighting factor to provide a stronger
kick to particles in the denser regions of the bunch. It is obtained by binning the
longitudinal plane of the particle distribution and normalizing the values.

17.3.2 Kinetic Kicks

A second element is available to provide momentum kicks based on diffusion and
friction terms from the kinetic theory of gases, as introduced by P. Zenkevich [81].
The momentum kick has a form similar to the Langevin equation:

∆pu = −Ku puσz
√

πρ(z)∆t + Rσpu

√
2Cuσz

√
πρ(z)∆t ; u = x, y, z (17.3.2)

where Ku and Cu are functions of the friction and diffusion terms, respectively.

In Xfields the exact implementation makes use of terms from the Nagaitsev formal-
ism (see Sec. 17.1.1) as derived by M. Zampetakis [82]. First the ax, ay, as, a1 and a2
terms are computed according to Eq (17.1.6). Then the λ1, λ2 and λ3 terms are com-
puted according to Eq (17.1.8), to obtain the R1, R2 and R3 elliptic integrals according
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to Eq (17.1.9).

New forms equivalent to the original diffusion and friction terms of the Approximate
Model can be expressed from these. By first defining

q =
√

a2
2 + γ2a2

xΦ2
x , (17.3.3)

one can first compute:

Dx,x =
1
2

[
2R1 + R2

(
1− a2

q

)
+ R3

(
1 +

a2

q

)]
,

Dx,z =
3γ2Φ2

xax

q
(R3 − R2) ,

Dy,y = R2 + R3,

Dz,z =
γ2

2

[
2R1 + R2

(
1 +

a2

q

)
+ R3

(
1− a2

q

)]
,

(17.3.4)

and then:

Kx = R2

(
1 +

a2

q

)
+ R3

(
1− a2

q

)
,

Ky = 2R1,

Kz = γ2
[

R2

(
1− a2

q

)
+ R3

(
1 +

a2

q

)]
.

(17.3.5)

The following integrals are computed from the above:

Dxi =
∫ C

0

βxds
Cσxσy

[
Dx,x +

(
D2

x
β2

x
+ Φ2

x

)
Dz,z + Dx,z

]
,

Dyi =
∫ C

0

βyds
Cσxσy

Dy,y,

Dzi =
∫ C

0

ds
Cσxσy

Dz,z .

(17.3.6)

Fxi =
∫ C

0

βxds
Cσxσy

[
Kx +

(
D2

x
β2

x
+ Φ2

x

)
Kz

]
,

Fyi =
∫ C

0

βyds
Cσxσy

Kx,

Fzi =
∫ C

0

ds
Cσxσy

Kz .

(17.3.7)

with C the circumference of the machine. Finally, the new diffusion coefficients are
computed according to:

Gx =
1
εx

Nr2
0cLC

12πβ3γ5σz
Dxi (17.3.8)
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Gy =
1
εy

Nr2
0cLC

12πβ3γ5σz
Dyi (17.3.9)

Gz =
1
σ2

δ

Nr2
0cLC

12πβ3γ5σz
Dzi (17.3.10)

and the friction coefficients according to:

Fx =
1
εx

Nr2
0cLC

12πβ3γ5σz
Fxi (17.3.11)

Fy =
1
εy

Nr2
0cLC

12πβ3γ5σz
Fyi (17.3.12)

Fz =
1
σ2

δ

Nr2
0cLC

12πβ3γ5σz
Fzi (17.3.13)

In the above N is the total beam intensity, r0 the classical particle radius, c the speed
of light in vacuum, LC the Coulomb logarithm from Eq (17.1.2). β and γ are the rela-
tivistic parameters of the beam and σz the bunch length.

From these coefficients, each particle is given a momentum kick in each dimension
according to:

∆pu = −Fu puTrev2
√

πσzρ(z) + Rσpu

√
TrevGu2

√
πσzρ(z) ; u = x, y, z (17.3.14)

Here R is a random number from the standard normal distribution; pu and σpu are
the momentum and its standard deviation in plane u; Trev is the revolution frequency
and ρ(z) is the longitudinal line density as defined previously (see Sec. 17.3.1).



274 CHAPTER 17. INTRA-BEAM SCATTERING



Chapter 18

Touschek scattering

Touschek scattering originates from single Coulomb scattering events between two
relativistic leptons belonging to the same bunch [83]. If the resulting momentum de-
viation exceeds the momentum acceptance of the machine, or if the induced closed-
orbit and betatron oscillations exceed the physical or dynamic aperture, the particles
are lost from the beam. In modern low-emittance e± storage rings the Touschek effect
is typically the dominant limitation to the beam lifetime.
Unlike intra-beam scattering, which describes the cumulative effect of many small-
angle Coulomb collisions on the beam emittances, the Touschek effect is a single-event,
large-momentum-transfer process.
The model described in this chapter follows the approach of Xiao and Borland [84],
originally developed for elegant [85], and is described in more detail in Ref. [86].

18.1 Touschek scattering rate

In the c.m. frame the probability that one of the two interacting particles is scattered
into the element of solid angle dΩ∗ is given by the Møller differential cross-section [87,
84]

dσ∗

dΩ∗
(θ∗) =

r2
e

4γ∗2

[(
1 +

1
β∗2

)2 4− 3 sin2 θ∗

sin4 θ∗
+

4
sin2 θ∗

+ 1

]
, (18.1.1)

where re is the classical electron radius, γ∗ and β∗ are the relativistic factors in the
c.m. frame, θ∗ is the c.m. polar scattering angle, ϕ∗ the azimuthal angle, and dΩ∗ =
sin θ∗ dθ∗ dϕ∗.
The total Touschek scattering rate is obtained by integrating over all scattering angles
and over all particles in the bunch [84]. In the c.m. frame,

R∗ = 2
∫
|v∗| σ∗ ρ(x ∗1 ) ρ(x ∗2 ) dV∗, (18.1.2)

where |v∗| is the relative velocity of the two particles and ρ(x ∗i ) the beam phase-space
density. The volume element dV∗ spans the phase space of both particles, and σ∗ is
the total Møller cross-section

σ∗ =
∫ 2π

0

∫ π/2

0

dσ∗

dΩ∗
sin θ∗ dθ∗ dϕ∗. (18.1.3)
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Transforming to the laboratory frame [84],

|v| σ =
|v∗|
γ

σ∗

γ
, R = 2

∫
|v| σ ρ(x1) ρ(x2) dV, (18.1.4)

with
dV = dxβ dyβ dz dx′β1 dx′β2 dy′β1 dy′β2 dδ1 dδ2,

where (xβ, x′β) and (yβ, y′β) denote the betatron coordinates (i.e. with the dispersive
contribution removed) and δi = ∆pi/p0 the relative momentum deviations. Combin-
ing Eqs. (18.1.3) and (18.1.4), the Touschek scattering rate in the laboratory frame can
be written in the expanded form

R = 2
∫ ∫ 2π

0

∫ π/2

0

|v∗|
γ2

dσ∗

dΩ∗
sin θ∗ ρ(x1) ρ(x2) dθ∗ dϕ∗ dV. (18.1.5)

18.2 Piwinski formula

For a Gaussian bunch, Piwinski [88] evaluated Eq. (18.1.5) in closed form, obtaining
an expression for the Touschek scattering rate in terms of the linear optics functions
and the beam parameters:

RP =
r2

e cN2
b

8πγ2σz

√
σ2

x σ2
y − σ4

δ D2
xD2

y

√
π(B2

1 − B2
2)

×
∫ ∞

τm

[(
2 +

1
τ

)2 (τ/τm

1 + τ
− 1
)
+ 1−

√
1 + τ√
τ/τm

− 1
2τ

(
4 +

1
τ

)
ln

τ/τm

1 + τ

]
e−B1τ I0(B2τ)

√
τ dτ√
1 + τ

.

(18.2.1)

Here Nb is the bunch intensity, c the speed of light in vacuum, γ the Lorentz factor,
σz the RMS bunch length, σδ the RMS relative momentum spread, and I0 the mod-
ified Bessel function of the first kind of order zero. In the implementation the inte-
gral is evaluated with the change of variable τ = tan2 k, so that dτ = 2 tan k(1 +
tan2 k) dk. This maps the semi-infinite interval τ ∈ [τm, ∞) to the finite interval
k ∈ [arctan

√
τm, π/2), which is more convenient for numerical quadrature of the

logarithmic, exponential, and Bessel-function terms appearing in the integrand. The
Jacobian is included in the numerical integrand: the factor

√
τ√

1 + τ
dτ = 2τ

√
1 + τ dk

is obtained after the substitution. The RMS transverse beam sizes are

σx =
√

εxβx + D2
xσ2

δ , σy =
√

εyβy + D2
yσ2

δ , (18.2.2)

while σxβ =
√

εxβx and σyβ =
√

εyβy denote the betatron beam sizes, with εx,y the
geometric emittances and Dx,y the dispersion functions.
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The lower integration limit is related to the local momentum acceptance δa through

τm = β2δ2
a , (18.2.3)

where β = v/c. The local momentum acceptance (LMA) is the largest momentum
deviation that a particle can sustain at a given longitudinal position without being
lost. It is in general not symmetric, and is therefore described by a negative and a
positive limit, δN < 0 and δP > 0. In the implementation, Eq. (18.2.1) is evaluated
separately for δa = |δN| and δa = δP, and the two contributions are averaged to obtain
the local Piwinski rate.
The auxiliary quantities B1 and B2 are defined as

B1 =
β2

x

2β2γ2σ2
xβ

(
1−

σ2
h D̃2

x

σ2
xβ

)
+

β2
y

2β2γ2σ2
yβ

(
1−

σ2
h D̃2

y

σ2
yβ

)
, (18.2.4)

B2
2 = B2

1 −
β2

xβ2
yσ2

h

β4γ4σ4
xβσ4

yβσ2
δ

(
σ2

x σ2
y − σ4

δ D2
xD2

y

)
, (18.2.5)

with
D̃x = αxDx + βxD′x, D̃y = αyDy + βyD′y, (18.2.6)

and
1
σ2

h
=

1
σ2

δ

+
D2

x + D̃2
x

σ2
xβ

+
D2

y + D̃2
y

σ2
yβ

. (18.2.7)

18.3 Monte Carlo evaluation of the scattering rate

The Piwinski formula gives the local scattering rate, but not the phase-space distribu-
tion of the scattered particles, which is what is needed in a particle tracking code to
evaluate the beam loss distribution from Touschek scattering. In Xsuite the distribu-
tion of scattered particles is obtained by Monte Carlo integration of Eq. (18.1.5).
Using the general Monte Carlo approximation of an integral,∫

V
f (x) dx ≈ V

N

N

∑
i=1

f (xi), (18.3.1)

the Touschek scattering rate for particles ending up outside the local momentum ac-
ceptance can be written as

RMC =
V
N

M

∑
i=1

[
|v∗|
γ2

dσ∗

dΩ∗
sin θ∗ ρ(x1)ρ(x2)

]
i
=

M

∑
i=1

ri, (18.3.2)

where V is the sampled phase-space volume, N the total number of simulated scatter-
ing events, and M the number of scattered particles falling outside the acceptance.1

The term ri is the contribution of the i-th selected particle to the total rate. For suffi-
ciently large N, RMC converges to the true rate.

1A single scattering event can produce one or two such particles; each is counted individually in
Eq. (18.3.2).
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18.3.1 Sampling of the scattering pair

The sampling is performed in normalized phase space, assuming a Gaussian bunch
and no x–y coupling. The longitudinal plane is treated on the same footing as the
transverse ones by defining

εz = σzσδ, βz =
σz

σδ
, αz = 0. (18.3.3)

Eleven uniformly distributed random numbers are drawn per scattering event. Six
of them define the normalized coordinates (X1, X′1, Y1, Y′1, Z1, ∆1) of the first particle,
drawn uniformly in

[−nu
√

εu, +nu
√

εu] , u = x, y, z, (18.3.4)

where nx, ny and nz are user-defined truncation parameters (default nx = ny = nz =
3, i.e. sampling up to three beam sigmas). Three further random numbers define the
normalized slopes and momentum deviation of the second particle, (X′2, Y′2, ∆2); the
two particles are assumed to collide at the same point, so their spatial coordinates
coincide,

x2 = x1, y2 = y1, z2 = z1. (18.3.5)

The last two random numbers define the scattering angles, as described in Section 18.3.2.
The physical longitudinal coordinates follow from the normalized ones as z1 =

√
βz Z1

and δi = ∆i/
√

βz, so that z1 and δi are sampled uniformly within ±nzσz and ±nzσδ,
respectively.
Applying the transformation from normalized to physical coordinates and adding the
dispersive contribution gives, for the first particle,

x1 =
√

βx X1 + δ1Dx,

x′1 =
X′1 − αxX1√

βx
+ δ1D′x,

y1 =
√

βy Y1 + δ1Dy,

y′1 =
Y′1 − αyY1√

βy
+ δ1D′y,

(18.3.6)

and, for the second particle, whose physical position is imposed by Eq. (18.3.5),

X2 =
x1 − δ2Dx√

βx
,

x′2 =
X′2 − αxX2√

βx
+ δ2D′x,

Y2 =
y1 − δ2Dy√

βy
,

y′2 =
Y′2 − αyY2√

βy
+ δ2D′y.

(18.3.7)

The Gaussian phase-space density at the particles’ coordinates is
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ρ =
Nb

8π3εxεyεz
exp

(
− z2

2σ2
z
− δ2

2σ2
δ

)

× exp

(
−

x2
β + (αxxβ + βxx′β)

2

2σ2
xβ

−
y2

β + (αyyβ + βyy′β)
2

2σ2
yβ

)
, (18.3.8)

where the subscript β again denotes betatron coordinates.
The sampled phase-space volume appearing in Eq. (18.3.2) is

V =
π2√

βxβyβz
(2nx
√

εx)
3 (2ny

√
εy
)3

(2nz
√

εz)
3 . (18.3.9)

18.3.2 Scattering kinematics

Each sampled pair is boosted from the laboratory frame to its center-of-mass frame.
The two remaining random numbers define the polar scattering angle θ∗, drawn uni-
formly in [θmin, θmax], with θmin = 0.00005π and θmax = 0.99995π, and the azimuthal
angle ϕ∗, drawn uniformly in [0, π]. The small exclusion around 0 and π avoids the
forward/backward divergence of the Møller cross-section.
The momenta are then rotated by (θ∗, ϕ∗) in the c.m. frame and boosted back to the
laboratory frame.
The weight of the event is finally computed as the integrand of Eq. (18.3.2), i.e. the
product of the two densities, sin θ∗, the Møller cross-section evaluated at θ∗, and the
kinematic factor β∗/γ2.

18.3.3 Selection of the particles to be tracked

After the boost back to the laboratory frame the pair is ordered so that particle 1 car-
ries the smaller momentum deviation. A particle is retained as a candidate for track-
ing only if its momentum deviation falls outside the local momentum acceptance,

δ1 < δN or δ2 > δP. (18.3.10)

Particles that remain inside the acceptance cannot be lost and are discarded.
The acceptance used in Eq. (18.3.10) is the LMA scaled by a safety factor smaller than
one. This accounts for the fact that particles with non-zero betatron amplitude can
be lost at momentum deviations smaller than the on-orbit acceptance, and therefore
prevents potentially lost particles from being missed.

18.3.4 Weighting of the scattered macroparticles

A lumped-element approach is used to model the losses: the lattice is divided into
a series of sections by placing scattering elements at different locations, chosen such
that the optics functions vary slowly between adjacent elements. Evaluating the local
scattering rate by Monte Carlo integration everywhere in the machine would be com-
putationally expensive. Instead, the Piwinski formula is used to estimate rapidly the
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total Touschek scattering rate over each lattice section, and this is used to normalize
the Monte Carlo distribution.
The Piwinski rate RP(s) is evaluated at each scattering element and integrated with
the trapezoidal rule over the lattice section between the current and the preceding
scattering element. Normalizing to the machine circumference C gives the contribu-
tion of that section to the ring-averaged scattering rate,

RP =
1
C

∫ sk

sk−1

RP(s) ds. (18.3.11)

Each scattered macroparticle generated at the element, carrying the local contribution
ri of Eq. (18.3.2), is then assigned the weight

wi =
ri

∑j∈S rj
RP, (18.3.12)

where S is the full set of particles selected by Eq. (18.3.10). By default, only the
highest-weight subset Str ⊆ S is returned for tracking: the retained particles are cho-
sen such that their cumulative contribution is approximately fret ∑j∈S rj, where fret
is the weight_retention_fraction parameter. For particles in Str the weights are
still normalized with the denominator in Eq. (18.3.12), i.e. with the full selected set S
rather than with the retained subset. Therefore, for fret = 1 the returned ensemble
reproduces the total scattering rate from the corresponding section, while for fret < 1
it reproduces the retained fraction of that rate. Summed over all sections, Eq. (18.3.11)
reproduces by construction the ring-averaged Piwinski rate of Eq. (18.3.14) when no
particles are discarded.
The full beam-loss profile is obtained by tracking the scattered macroparticles from
the location of their scattering element and histogramming the loss positions weighted
by wi. The total Touschek loss rate is the sum of the weights of the lost particles, from
which the Touschek lifetime follows as

τT =
Nb

∑i wi
. (18.3.13)

For reference, the corresponding analytical estimate from the Piwinski formula is ob-
tained by averaging the local rate over the machine circumference [88],

1
τT

=

〈
RP

Nb

〉
=

1
C

∮
C

RP(s)
Nb

ds. (18.3.14)



Chapter 19

FFT solvers and convolutions

19.1 Notation for Discrete Fourier Transform

We will use the following notation for the Discrete Fourier Transform of a sequence
of length M:

âk = DFTM(am) =
M−1

∑
m=0

am e−j2π km
M for k ∈ 0, ..., M (19.1.1)

The corresponding inverse transform is defined as:

am = DFT−1
M (âk) =

1
M

M−1

∑
k=0

âk ej2π km
M for m ∈ 0, ..., M (19.1.2)

Multidimensional Discrete Fourier Transforms are obtained by applying 1D DFTs se-
quentially. For example, in two dimensions:

âkxky = DFTMx My

{
amxmy

}
= DFTMy

{
DFTMx

{
amxmy

}}
=

Mx−1

∑
mx=0

e−j2π kxmx
Mx

My−1

∑
my=0

e−j2π
kymy
My amxmy

(19.1.3)

amxmy = DFT−1
Mx My

{
akxky

}
= DFT−1

My

{
DFT−1

Mx

{
âkxky

}}
=

1
Mx My

Mx−1

∑
kx=0

ej2π kxmx
Mx

My−1

∑
ky=0

ej2π
kymy
My âkxky

(19.1.4)

19.2 FFT convolution - 1D case

The potential can be written as the convolution of a Green function with the charge
distribution:

ϕ(x) =
∫ +∞

−∞
ρ(x′) G(x− x′)dx′ (19.2.1)
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We assume that the source is limited to the region [0, L]:

ρ(x) = ρ(x)Π[0,L] (x) (19.2.2)

where Π[a,b](x) is a rectangular window function defined as:

Π[a,b](x) =

{
1 for x ∈ [a, b]
0 elsewhere

(19.2.3)

We are interested in the electric potential only in the region occupied by the sources,
so we can compute:

ϕL(x) = ϕ(x)Π[0,L] (x) (19.2.4)

We replace Eq. (19.2.2) and Eq. (19.2.4) into Eq.(19.2.1), obtaining:

ϕL(x) = Π[0,L] (x)
∫ +∞

−∞
Π[0,L]

(
x′
)

ρ(x′) G(x− x′)dx′ (19.2.5)

We apply the change of variable x′′ = x− x′:

ϕL(x) =
∫ +∞

−∞
Π[0,L] (x)Π[0,L]

(
x− x′′

)
ρ(x− x′′) G(x′′) dx′′ (19.2.6)

The integrand vanishes outside the set of the (x, x′′) defined by:{
0 < x < L
0 < (x− x′′) < L

(19.2.7)

We flip the signs in the second equation, obtaining:{
0 < x < L
−L < (x′′ − x) < 0

(19.2.8)

Combining the two equations we obtain:

−L < −L + x < x′′ < x < L (19.2.9)

i.e. the integrand is zero for −L < x′′ < L. Therefore in Eq. (19.2.6) we can replace
G(x′′) with its truncated version:

G2L(x′′) = G(x′′)Π[−L,L]
(
x′′
)

(19.2.10)

obtaining:

ϕL(x) =
∫ +∞

−∞
Π[0,L] (x)Π[0,L]

(
x− x′′

)
ρ(x− x′′) G2L(x′′)dx′′ (19.2.11)

Since the two window functions force the integrand to zero outside the region |x′′| <
L we can replace G2L(x′′) with its replicated version:

G2LR(x′′) =
+∞

∑
n=−∞

G2L(x′′ − 2nL) =
+∞

∑
n=−∞

G(x′′ − 2nL)Π[−L,L]
(
x′′ − 2nL

)
(19.2.12)
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obtaining:

ϕL(x) =
∫ +∞

−∞
Π[0,L] (x)Π[0,L]

(
x− x′′

)
ρ(x− x′′) G2LR(x′′)dx′′ (19.2.13)

We can go back to the initial coordinate by substituting x′′ = x− x′:

ϕL(x) = Π[0,L] (x)
∫ +∞

−∞
ρ(x′) G2LR(x− x′)dx′ (19.2.14)

This is a cyclic convolution, so we can proceed as follows. We split the integral:

ϕL(x) = Π[0,L] (x)
+∞

∑
n=−∞

∫ 2(n+1)L

2nL
ρ(x′) G2LR(x− x′) dx′ (19.2.15)

In each term we replace x′′′ = x′ + 2nL:

ϕL(x) = Π[0,L] (x)
+∞

∑
n=−∞

∫ 2L

0
ρ(x′′′ − 2nL) G2LR(x− x′′′ − 2nL) dx′′′ (19.2.16)

We use the fact that G2LR(x) is periodic:

ϕL(x) = Π[0,L] (x)
+∞

∑
n=−∞

∫ 2L

0
ρ(x′′′ − 2nL) G2LR(x− x′′′)dx′′′

= Π[0,L] (x)
∫ 2L

0

+∞

∑
n=−∞

ρ(x′′′ − 2nL) G2LR(x− x′′′)dx′′′

(19.2.17)

We can define a replicated version of ρ(x):

ρ2LR(x) =
+∞

∑
n=−∞

ρ(x− 2nL) (19.2.18)

noting that this implies:
ρ2LR(x) = 0 for x ∈ [L, 2L] (19.2.19)

We obtain:

ϕL(x) = Π[0,L] (x)
∫ 2L

0
ρ2LR(x′) G2LR(x− x′)dx′ (19.2.20)

The function:

ϕ2LR(x) =
∫ 2L

0
ρ2LR(x′) G2LR(x− x′)dx′ (19.2.21)

is periodic with period 2L. From it the potential of interest can be simply calculated
by selecting the first half period [0, L]:

ϕL(x) = Π[0,L] (x) ϕ2LR(x) (19.2.22)
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To compute the convolution in Eq. 19.2.21 we expand ϕ2LR(x) in Fourier series:

ϕ2LR(x) =
+∞

∑
k=−∞

ϕ̃k ej2πk x
2L (19.2.23)

where the Fourier coefficients are given by:

ϕ̃k =
1

2L

∫ 2L

0
ϕ2LR(x) e−j2πk x

2L dx (19.2.24)

We replace Eq. (19.2.21) into Eq. (19.2.24) obtaining:

ϕ̂k =
1

2L

∫ 2L

0

∫ 2L

0
ρ2LR(x′) G2LR(x− x′) e−j2πk x

2L dx′ dx (19.2.25)

With the change of variable x′′ = x− x′ we obtain:

ϕ̃k =
1

2L

∫ 2L

0
ρ2LR(x′)e−j2πk x′

2L dx′
∫ 2L

0
G2LR(x′′)e−j2πk x′′

2L dx′′ (19.2.26)

where we recognize the Fourier coefficients of ρ2LR(x) and G2LR(x):

ρ̃k =
1

2L

∫ 2L

0
ρ2LR(x) e−j2πk x

2L dx (19.2.27)

G̃k =
1

2L

∫ 2L

0
G2LR(x) e−j2πk x

2L dx (19.2.28)

obtaining simply:
ϕ̂k = 2L Ĝk ρ̂k (19.2.29)

We assume that the functions ρ2LR(x) and G2LR(x) are sampled (or averaged) with
step:

hx =
2L
M

=
L
N

(19.2.30)

We can approximate the integrals in Eqs. (19.2.27) and (19.2.28) as:

ρ̃k =
1
M

M−1

∑
n=0

ρ2LR(xn) e−j2π kn
M =

1
M

ρ̂k (19.2.31)

G̃k =
1
M

M−1

∑
n=0

G2LR(xn) e−j2π kn
M =

1
M

Ĝk (19.2.32)

where we recognize the Discrete Fourier Transforms:

ρ̂k = DFTM {ρ2LR(xn)} (19.2.33)

Ĝk = DFTM {G2LR(xn)} (19.2.34)

Using Eq. (19.2.23) we can obtain a sampled version of ϕ(x):

ϕ2LR(xn) =
M−1

∑
n=0

ϕ̃k ej2π kn
M (19.2.35)
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where we have assumed that ϕ(x) is sufficiently smooth to allow truncating the sum.
Using Eqs. (19.2.29), (19.2.31) and (19.2.32) we obtain:

ϕ2LR(xn) = 2L
M−1

∑
n=0

G̃k ρ̃k ej2π kn
M =

2L
M2

M−1

∑
n=0

Ĝk ρ̂k ej2π kn
M (19.2.36)

This can be rewritten as:

ϕ2LR(xn) =
1
M

M−1

∑
n=0

(hxĜk) ρ̂k ej2π kn
M = DFT−1

M {ϕk} (19.2.37)

where
ϕ̂k = hxĜk ρ̂k (19.2.38)

We call “Integrated Green Function” the quantity:

G2LR(xn) = hxG2LR(xn) (19.2.39)

We introduce the corresponding Fourier transform:

Ĝint
k = DFTM

{
Gint

2LR(xn)
}

(19.2.40)

Eq. (19.2.38) can be rewritten as:

ϕ̂k = Ĝint
k ρ̂k (19.2.41)

In summary the potential at the grid nodes can be computed as follows:

1. We compute the Integrated Green function at the grid points in the range [0, L]:

Gint
2LR(xn) =

∫ xn+
hx
2

xn− hx
2

G(x)dx (19.2.42)

2. We extend to the interval [L, 2L] using the fact that in this interval:

Gint
2LR(xn) = Gint

2LR(xn − 2L) = Gint
2LR(2L− xn) (19.2.43)

where the first equality comes from the periodicity of Gint
2LR(x) and the second

from the fact that G(x) is an even function (i.e. G(x) = G(−x)). Note that for
xn ∈ [L, 2L] we have that 2L− xn ∈ [0, L] so we can reuse the values computed
at the previous step.

3. We transform it:
Ĝint

k = DFT2N {G2LR(xn)} (19.2.44)

4. We assume that we are given ρ(xn) in the interval [0, L]. From this we can obtain
ρ2LR(xn) over the interval [0, 2L] simply extending the sequence with zeros (see
Eq. (19.2.19)).
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5. We transform it:
ρ̂k = DFT2N {ρ2LR(xn)} (19.2.45)

6. We compute the potential in the transformed domain:

ϕ̂k = Ĝint
k ρ̂k for k ∈ [0, 2N] (19.2.46)

7. We inverse-transform:
ϕ2LR(xn) = DFT−1

2N
{

ϕ̂k
}

(19.2.47)

which provides the physical potential in the range [0, L]:

ϕ(xn) = ϕ2LR(xn) for xn ∈ [0, L] (19.2.48)

19.3 Extension to multiple dimensions

The procedure described above can be extended to multiple dimensions by applying
the same reasoning for all coordinates. This gives the following procedure:

1. We compute the Integrated Green function at the grid points in the volume
[0, Lx]× [0, Ly]× [0, Lz]:

Gint
2LR(xnx , yny , znz) =

∫ xnx+
hx
2

xnx− hx
2

dx
∫ yny+

hy
2

yny−
hy
2

dy
∫ znz+

hz
2

znz− hz
2

dz G(x, y, z) (19.3.1)

2. We extend to the region [0, 2Lx]× [0, 2Ly]× [0, 2Lz] using the fact that:

Gint
2LR(xn, yn, zn) = Gint

2LR(xn − 2Lx, yn, zn) = Gint
2LR(2Lx − xn, yn, zn)

for xn ∈ [Lx, 2Lx], yn ∈ [0, 2Ly], zn ∈ [0, 2Lz] (19.3.2)

Gint
2LR(xn, yn, zn) = Gint

2LR(xn, yn − 2Ly, zn) = Gint
2LR(xn, 2Ly − yn, zn)

for yn ∈ [Ly, 2Ly], xn ∈ [0, 2Lx], zn ∈ [0, 2Lz] (19.3.3)

Gint
2LR(xn, yn, zn) = Gint

2LR(xn, yn, zn − 2Lz) = Gint
2LR(xn, yn, 2Lz − zn)

for zn ∈ [Lz, 2Lz], xn ∈ [0, 2Lx], yn ∈ [0, 2Ly] (19.3.4)

This allows reusing the values computed at the previous step.

3. We transform it:

Ĝint
kxkykz

= DFT2Nx2Ny2Nz {G2LR(xn, yn, zn)} (19.3.5)

4. We assume that we are given ρ(xn, yn, zn) in the region [0, Lx]× [0, Ly]× [0, Lz].
From this we can obtain ρ2LR(xn) over the region [0, 2Lx] × [0, 2Ly] × [0, 2Lz]
simply extending the matrix with zeros (see Eq. (19.2.19)).
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5. We transform it:

ρ̂int
kxkykz

= DFT2Nx2Ny2Nz {ρ2LR(xn, yn, zn)} (19.3.6)

6. We compute the potential in the transformed domain:

ϕ̂kxkykz = Ĝint
kxkykz

ρ̂kxkykz for kx/y/z ∈ [0, 2Nx/y/z] (19.3.7)

7. We inverse-transform:

ϕ2LR(xn, yn, zn) = DFT−1
2Nx2Ny2Nz

{
ϕ̂kxkykz

}
(19.3.8)

which provides the physical potential in the region [0, Lx]× [0, Ly]× [0, Lz]:

ϕ(xn, yn, zn) = ϕ2LR(xn, yn, zn) for (xn, yn, zn) ∈ [0, Lx] × [0, Ly] × [0, Lz]
(19.3.9)

19.4 Green functions for 2D and 3D Poisson problems

3D Poisson problem, free space boundary conditions

For the equation:

∇2ϕ(x, y, z) = − 1
ε0

ρ(x, y, z) (19.4.1)

where:

∇ =

(
∂

∂x
,

∂

∂y
,

∂

∂z

)
(19.4.2)

the solution can be written as

ϕ(x, y, z) =
∫∫∫ +∞

−∞
ρ(x′, y′, z′) G(x− x′, y− y′, z− z′) dx′ dy′ dz′ (19.4.3)

where:
G(x, y, z) =

1
4πε0

1√
x2 + y2 + z2

(19.4.4)

The corresponding integrated Green function [89] can be written as:

Gint
2LR(xnx , yny , znz) =

∫ xnx+
hx
2

xnx− hx
2

dx
∫ yny+

hy
2

yny−
hy
2

dy
∫ xnz+

hz
2

znz− hz
2

dz G(x, y, z) (19.4.5)

=+ F
(

xnx +
hx

2
, ynx +

hy

2
, znx +

hz

2

)
(19.4.6)

− F
(

xnx +
hx

2
, ynx +

hy

2
, znx −

hz

2

)
(19.4.7)

− F
(

xnx +
hx

2
, ynx −

hy

2
, znx +

hz

2

)
(19.4.8)
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+ F
(

xnx +
hx

2
, ynx −

hy

2
, znx −

hz

2

)
(19.4.9)

− F
(

xnx −
hx

2
, ynx +

hy

2
, znx +

hz

2

)
(19.4.10)

+ F
(

xnx −
hx

2
, ynx +

hy

2
, znx −

hz

2

)
(19.4.11)

+ F
(

xnx −
hx

2
, ynx −

hy

2
, znx +

hz

2

)
(19.4.12)

− F
(

xnx −
hx

2
, ynx −

hy

2
, znx −

hz

2

)
(19.4.13)

where F(x, y, z) is a primitive of G(x, y, z), which can be obtained as:

F(x, y, z) =
∫ x

x0

dx
∫ y

y0

dy
∫ x

z0

dz G(x, y, z) (19.4.14)

with (x0, y0, z0) being an arbitrary starting point.
An expression for F(x, y, z) is the following

F(x, y, z) =
1

4πε0

∫∫∫ 1√
x2 + y2 + z2

dxdydz (19.4.15)

=
1

4πε0

[
−z2

2
arctan

(
xy

z
√

x2 + y2 + z2

)
− y2

2
arctan

(
xz

y
√

x2 + y2 + z2

)
(19.4.16)

− x2

2
arctan

(
yz

x
√

x2 + y2 + z2

)
+ yz ln

(
x +

√
x2 + y2 + z2

)
(19.4.17)

+xz ln
(

y +
√

x2 + y2 + z2
)
+ xy ln

(
z +

√
x2 + y2 + z2

)]
(19.4.18)

Note that we need to choose the first cell center to be in (0,0,0) for evaluation of the
integrated Green function. Therefore the cell edges have non zero coordinates and
the denominators in the formula will always be non-vanishing.

2D Poisson problem, free space boundary conditions

For the equation:

∇2
⊥ϕ(x, y) = − 1

ε0
ρ(x, y) (19.4.19)

where:

∇ =

(
∂

∂x
,

∂

∂y

)
(19.4.20)

the solution can be written as

ϕ(x, y) =
∫∫∫ +∞

−∞
ρ(x′, y′) G(x− x′, y− y′) dx′ dy′ (19.4.21)
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where:

G(x, y) = − 1
4πε0

log

(
x2 + y2

r2
0

)
(19.4.22)

where r0 is an arbitrary constant which has no effect on the evaluated fields (changes
the potential by an additive constant).
The corresponding integrated Green function can be written as:

Gint
2LR(xnx , yny) =

∫ xnx+
hx
2

xnx− hx
2

dx
∫ yny+

hy
2

yny−
hy
2

dy G(x, y, z) (19.4.23)

=+ F
(

xnx +
hx

2
, ynx +

hy

2

)
(19.4.24)

− F
(

xnx +
hx

2
, ynx −

hy

2

)
(19.4.25)

− F
(

xnx −
hx

2
, ynx +

hy

2

)
(19.4.26)

+ F
(

xnx −
hx

2
, ynx −

hy

2

)
(19.4.27)

where F(x, y) is a primitive of G(x, y), which can be obtained as:

F(x, y) =
∫ x

x0

dx
∫ y

y0

dy G(x, y) (19.4.28)

where (x0, y0) is an arbitrary starting point.
An expression for F(x, y) is the following (where we have chosen r0 = 1):

F(x, y) = − 1
4πε0

∫∫
ln
(

x2 + y2
)

dx/, dy (19.4.29)

=
1

4πε0

[
3xy− x2 arctan(y/x)− y2 arctan(x/y)− xy ln

(
x2 + y2

)]
(19.4.30)

Note that we need to choose the first cell center to be in (0,0) for evaluation of the
integrated Green function. Therefore the cell edges have non zero coordinates and
the denominators in the formula will always be non-vanishing.

19.5 Generalization to observation interval different from
source interval

The potential generated by a source ρ(x) can be written as the convolution of a Green
function with the charge distribution:

ϕ(x) =
∫ +∞

−∞
ρ(x′) G(x− x′)dx′ (19.5.1)

We assume that the source is limited to the region [a, b]:

ρ(x) = ρ(x)Π[a,b] (x) (19.5.2)
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where Π[a,b](x) is a rectangular window function defined as:

Π[a,b](x) =

{
1 for x ∈ [a, b]
0 elsewhere

(19.5.3)

We are interested in the electric potential in a given region [c, d], so we can compute:

ϕcd(x) = ϕ(x)Π[c,d] (x) (19.5.4)

We combine Eqs. (19.5.2), (19.5.4) and (19.5.1), obtaining:

ϕcd(x) = Π[c,d] (x)
∫ +∞

−∞
Π[a,b]

(
x′
)

ρ(x′) G(x− x′)dx′ (19.5.5)

We apply the change of variable x′′ = x− x′:

ϕcd(x) =
∫ +∞

−∞
Π[c,d] (x)Π[a,b]

(
x− x′′

)
ρ(x− x′′) G(x′′) dx′′ (19.5.6)

The integrand vanishes outside the set of the (x, x′′) defined by the two window func-
tions: {

c < x < d
a < (x− x′′) < b

(19.5.7)

We flip the signs in the second equation, obtaining:{
c < x < d
−b < (x′′ − x) < −a

(19.5.8)

Combining the two equations we obtain:

c− b < −b + x < x′′ < −a + x < d− a (19.5.9)

i.e. the integrand is not zero for c− b < x′′ < d− a. Therefore in Eq. (19.5.6) we can
replace G(x′′) with its truncated version:

Gtr(x′′) = G(x′′)Π[c−b, d−a]
(
x′′
)

(19.5.10)

obtaining:

ϕcd(x) =
∫ +∞

−∞
Π[c,d] (x)Π[a,b]

(
x− x′′

)
ρ(x− x′′) Gtr(x′′)dx′′ (19.5.11)

We can go back to the initial coordinate by substituting x′′ = x− x′:

ϕcd(x) = Π[c,d] (x)
∫ +∞

−∞
ρ(x′) Gtr(x− x′)dx′ (19.5.12)

We call:

L1 = b− a (19.5.13)
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L2 = d− c (19.5.14)

The measure of the set on which Gtr(x′′) is non zero is

(d− a)− (c− b) = L1 + L2 (19.5.15)

We define L such that:
L1 + L2 = 2L (19.5.16)

Since the two window functions in Eq. 19.5.11 force the integrand to zero outside the
region c− b < x′′ < d− a of measure 2L, we can replace Gtr(x′′) with its replicated
version:

GR(x′′) =
+∞

∑
n=−∞

Gtr(x′′ − 2nL) =
+∞

∑
n=−∞

G(x′′ − 2nL)Π[c−b, d−a]
(
x′′ − 2nL

)
(19.5.17)

obtaining:

ϕcd(x) =
∫ +∞

−∞
Π[c,d] (x)Π[a,b]

(
x− x′′

)
ρ(x− x′′) GR(x′′)dx′′ (19.5.18)

We can go back to the initial coordinate by substituting x′′ = x− x′:

ϕcd(x) = Π[c,d] (x)
∫ +∞

−∞
ρ(x′) GR(x− x′)dx′ (19.5.19)

This is a cyclic convolution, so we can proceed as follows. We split the integral:

ϕcd(x) = Π[c,d] (x)
+∞

∑
n=−∞

∫ 2(n+1)L

2nL
ρ(x′) GR(x− x′) dx′ (19.5.20)

In each term we replace x′′′ = x′ + 2nL:

ϕcd(x) = Π[c,d] (x)
+∞

∑
n=−∞

∫ 2L

0
ρ(x′′′ − 2nL) GR(x− x′′′ − 2nL) dx′′′ (19.5.21)

We use the fact that GR(x) is periodic:

ϕcd(x) = Π[c,d] (x)
+∞

∑
n=−∞

∫ 2L

0
ρ(x′′′ − 2nL) GR(x− x′′′)dx′′′

= Π[c,d] (x)
∫ 2L

0
GR(x− x′′′)

+∞

∑
n=−∞

ρ(x′′′ − 2nL) dx′′′

(19.5.22)

We can define a replicated version of ρ(x):

ρR(x) =
+∞

∑
n=−∞

ρ(x− 2nL) (19.5.23)
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We obtain:

ϕcd(x) = Π[c,d] (x)
∫ 2L

0
ρR(x′) GR(x− x′)dx′ (19.5.24)

The function:

ϕR(x) =
∫ 2L

0
ρR(x′) GR(x− x′)dx′ (19.5.25)

is periodic with period 2L. Replacing in Eq. 19.5.24 we see that the potential of interest
can be simply calculated by selecting the right interval [c, d]:

ϕcd(x) = Π[c,d] (x) ϕR(x) (19.5.26)

To compute the convolution in Eq. 19.5.25 we expand ϕR(x) in a Fourier series starting
from x = c:

ϕR(x) =
+∞

∑
k=−∞

ϕ̃k ej2πk x
2L (19.5.27)

where the Fourier coefficients are given by:

ϕ̃k =
1

2L

∫ 2L

0
ϕR(x) e−j2πk x

2L dx (19.5.28)

We replace Eq. (19.5.25) into Eq. (19.5.28) obtaining:

ϕ̃k =
1

2L

∫ 2L

0

∫ 2L

0
ρR(x′) GR(x− x′) e−j2πk x

2L dx′ dx (19.5.29)

With the change of variable x′′ = x− x′ we obtain:

ϕ̃k =
1

2L

∫ 2L

0
ρR(x′)e−j2πk x′

2L dx′
∫ 2L

0
GR(x′′)e−j2πk x′′

2L dx′′ (19.5.30)

where we recognize the Fourier coefficients of ρR(x) and GR(x):

ρ̃k =
1

2L

∫ 2L

0
ρR(x) e−j2πk x

2L dx (19.5.31)

G̃k =
1

2L

∫ 2L

0
GR(x) e−j2πk x

2L dx (19.5.32)

obtaining simply:
ϕ̃k = 2L G̃k ρ̃k (19.5.33)

We assume that the functions ρR(x) and GR(x) are sampled (or averaged) with step:

hx =
2L
M

(19.5.34)

We assume that all intervals have a size multiple of hx. So we can define:

N1 = L1/hx (19.5.35)
N2 = L2/hx (19.5.36)
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We call:

ρRn = ρR (a + nhx) (19.5.37)
ϕRn = ϕR (c + nhx) (19.5.38)
GRn = GR (c− b + nhx) (19.5.39)

By construction in the range 0 ≤ n < M:

ρRn ≡ ρn =

{
ρ (a + nhx) for 0 ≤ n < N1

0 for N1 ≤ n < M
(19.5.40)

GRn ≡ Gn = G (c− b + nhx) for 0 ≤ n < M (19.5.41)

We can approximate the integral as follows:

ρ̃k =
1

2L

∫ 2L

0
ρR(x) e−j2πk x

2L dx =
1

2L

∫ a+2L

a
ρR(x) e−j2πk x

2L dx (19.5.42)

≃ hx

2L

M−1

∑
n=0

ρR(a + nhx) e−j2πk a+nhx
2L = e−j2πk a

2L
1
M

M−1

∑
n=0

ρRne−j2π kn
M (19.5.43)

We recognize the Discrete Fourier Transform:

ρ̃k = e−j2πk a
2L

1
M

DFTM {ρRn} = e−j2πk a
2L

1
M

ρ̂k (19.5.44)

and similarly we can obtain

ϕ̃k = e−j2πk c
2L

1
M

DFTM {ϕRn} = e−j2πk c
2L

1
M

ϕ̂k (19.5.45)

G̃k = e−j2πk c−b
2L

1
M

DFTM {GRn} = e−j2πk c−b
2L

1
M

Ĝk (19.5.46)

Replacing in Eq. 19.5.33 we obtain

ϕ̂k = hxej2πk b−a
2L ρ̂kĜk = hxej2πk N1

M ρ̂kĜk (19.5.47)

19.6 Compressed FFT convolution

We assume that the source has the form

ρ(x) =
B−1

∑
j=A

ρloc
j (x− jP) (19.6.1)

where ρloc
j (x) is limited to the interval [a, b].

We are interested in the potential in a set of intervals given by:

[c + iP, d + iP] for i = C, ..., D− 1 (19.6.2)
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The contribution of the j-th term of ρ to ϕ in the i-th interval is:

ϕij(x) =
∫ +∞

−∞
ρloc

j (x′ − jP) Gtr
i−j(x− x′)dx′ (19.6.3)

where:
Gtr

l (x′′) = G(x′′)Π[c−b+lP, d−a+lP]
(
x′′
)

(19.6.4)

We define a local version of Gtr as

Gtr, loc
l (x) = Gtr

l (x + lP) = G(x + lP)Π[c−b, d−a] (x) (19.6.5)

obtaining:

ϕij(x) =
∫ +∞

−∞
ρloc

j (x′ − jP) Gtr, loc
i−j (x− x′ − (i− j)P)dx′ (19.6.6)

We replace x′ = x′ − jP:

ϕij(x) =
∫ +∞

−∞
ρloc

j (x′) Gtr, loc
i−j (x− x′ − iP)dx′ (19.6.7)

We define a local version of ϕ:

ϕloc
ij (x) = ϕij(x + iP) (19.6.8)

obtaining:

ϕloc
ij (x) =

∫ +∞

−∞
ρloc

j (x′) Gtr, loc
i−j (x− x′)dx′ (19.6.9)

We write all the window functions explicitly:

ϕloc
ij (x) =

∫ +∞

−∞
Π[a,b](x′)Π[c−b, d−a](x− x′)ρloc

j (x′) Gtr, loc
i−j (x− x′)dx′ (19.6.10)

Again, we want to find the region in x where this is non-zero:

a < x′ < b (19.6.11)

c− b < x− x′ < d− a (19.6.12)

from which:

c− b + x′ < x < d− a + x′ (19.6.13)
c− b + a < x < d− a + b (19.6.14)

So we find that ϕloc
ij (x) is non-zero in the region:

c− L1 < x < d + L1 (19.6.15)

The total potential in the i-th interval of interest:

ϕloc
i (x) =

B−1

∑
j=A

ϕloc
ij (x) =

B−1

∑
j=A

∫ +∞

−∞
ρloc

j (x′) Gtr, loc
i−j (x− x′)dx′ (19.6.16)
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Since all terms in the sum are zero outside the region defined by Eq. 19.6.15 also
ϕloc

i (x) is zero outside the same interval, which is larger by 2L1 compared to the set of
interest [c, d].
We build:

Gaux(x) =
D−A−1

∑
l=C−B+1

Gtr, loc
l (x− lLaux) (19.6.17)

where:
Laux = L1 + L2 (19.6.18)

and

ρaux(x) =
B−1

∑
j=A

ρloc
j (x− jLaux) (19.6.19)

and we define
ϕaux(x) =

∫ +∞

−∞
ρaux(x′) Gaux(x− x′)dx′ (19.6.20)

We extract a segment of it:

ϕaux, loc
i (x) = ϕaux(x + iLaux)Π[c,d](x) (19.6.21)

We replace Eq. 19.6.17:

ϕaux, loc
i (x) = Π[c,d](x)

∫ +∞

−∞
ρaux(x′) Gaux(x− x′ + iLaux)dx′ (19.6.22)

We replace Eq. 19.6.19 and Eq. 19.6.17:

ϕaux, loc
i (x) = Π[c,d](x)

∫ +∞

−∞

B−1

∑
j=A

ρloc
j (x′ − jLaux)

D−A−1

∑
l=C−B+1

Gtr, loc
l (x− x′ + (i− l)Laux)dx′

(19.6.23)

= Π[c,d](x)
D−A−1

∑
l=C−B+1

B−1

∑
j=A

∫ +∞

−∞
ρloc

j (x′ − jLaux) Gtr, loc
l (x− x′ + (i− l)Laux)dx′

(19.6.24)

We change variable x′′ = x′ − (i− l)Laux

ϕaux, loc
i (x) =

D−A−1

∑
l=C−B+1

B−1

∑
j=A

∫ +∞

−∞
Π[c,d](x)ρloc

j (x′′ + (i− l − j)Laux) Gtr, loc
l (x− x′′)dx′′

(19.6.25)

The integrand is nonzero for:

c < x < d (19.6.26)

a < x′′ + (i− l − j)Laux) < b (19.6.27)

c− b < x− x′′ < d− a (19.6.28)
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We subtract the first and the last:

a < x′′ + (i− l − j)Laux) < b (19.6.29)

− b < −x′′ < −a (19.6.30)

We flip the last:

a < x′′ + (i− l − j)Laux) < b (19.6.31)

a < x′′ < b (19.6.32)

The two are compatible only if

l = i− j (19.6.33)

This means that in the double sum only the terms satisfying Eq. 19.6.33 are nonzero,
hence:

ϕaux, loc
i (x) = Π[c,d](x)

B−1

∑
j=A

∫ +∞

−∞
ρloc

j (x′′+) Gtr, loc
i−j (x− x′′)dx′′ (19.6.34)

Comparing against Eq. 19.6.16 we find:

Π[c,d](x)ϕaux, loc
i (x) = Π[c,d](x)ϕloc

i (x) (19.6.35)

Using Eq. 19.6.21 we obtain:

Π[c,d](x)ϕloc
i (x) = Π[c,d](x)ϕaux(x + iLaux) (19.6.36)

To compute the convolution in Eq. 19.6.20 we can use the results from the previous
section.
We call:

NS = B− A (19.6.37)
NT = D− C (19.6.38)

(19.6.39)

The support of ρaux(x) is:

[a + ALaux, a + BLaux] having size NSLaux (19.6.40)

The support of Gaux(x) is:

[c− b + (C− B + 1)Laux, c− b + (D− A)Laux] having size (NS + NT − 1) Laux
(19.6.41)

Using a sampling step hx, we can define:

N1 = L1/hx (19.6.42)
N2 = L2/hx (19.6.43)

Naux = Laux/hx = N1 + N2 (19.6.44)
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The number of samples in the support of Gaux(x) is

Maux = (NS + NT − 1)Naux (19.6.45)

We define

Gaux
m = Gaux (c− b + (C− B + 1)Laux + mhx) for 0 ≤ m < Maux (19.6.46)

Replacing Eq. 19.6.17:

Gaux
m =

D−A−1

∑
l=C−B+1

Gtr, loc
l (c− b + (C− B + 1)Laux + mhx − lLaux) (19.6.47)

=
D−A−1

∑
l=C−B+1

G(c− b + (C− B + 1)Laux + lP + hx(m− lNaux))×(19.6.48)

Π[c−b, d−a](c− b + (C− B + 1)Laux + hx(m− lNaux)) (19.6.49)

We define:

Gsegm
l,n = G(c− b+(C− B+ 1)Laux + lP+nhx)Π[c−b, d−a](c− b+(C− B+ 1)Laux +nhx)

for 0 ≤ n < Naux and (C− B + 1) ≤ l < (D− A) (19.6.50)

So we can write:

Gaux
m =

D−A−1

∑
l=C−B+1

Gsegm
l,m−lNaux

(19.6.51)

We define:

ρaux
m =

{
ρaux (a + ALaux + mhx) for 0 ≤ m < NSNaux

0 for NSNaux ≤ m < Maux
(19.6.52)

We can use the result from before linking the DFTs of these sequences:

ϕ̂aux
k = hxe

j2πk (B−A−1)Laux+(b−a)
(NS+NT−1)Laux = hxe

j2πk (NS−1)Naux+N1
(NS+NT−1)Naux ρ̂aux

k Ĝaux
k (19.6.53)

The inverse DFT of ϕ̂aux
k provides:

ϕaux
m = ϕaux (c + CLaux + mhx) for 0 ≤ m < NT Naux (19.6.54)
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