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ABSTRACT. We present new positive combinatorial formulas for Molev—Sagan—type coefficients in mixed-
variable products of double Schubert polynomials, &, (z;y) Gy (z;2), in a case where u is dominant. This
result complements the earlier results where v was assumed dominant. To generalize further, we introduce
a relation on permutations that we call “domination,” under which dominant permutations dominate all
others. When u dominates w, we get an explicit positive formula for ¢} ,(y; z), which in particular yields
positivity in the situation where u and v have separated descents (which is a directional relation for mixed
variable products).

In addition to these new positivity results, we establish a product—coproduct equivalence for double
Schubert polynomials, which allows products to be obtained from coproducts and vice versa. This equiva-
lence highlights structural symmetries and provides reduction methods for computing coefficients that are
otherwise difficult to access. These results extend the range of Schubert polynomial multiplications for
which positivity can be established combinatorially and yield explicit formulas that can be implemented
computationally.

Keywords: Double Schubert polynomial, Schubert polynomial, structure constant, coproduct, Pieri
Mathematics classification codes: 05E05, 05A05, 05A15, 14N10
Email: matthew.samuel.math@gmail.com

CONTENTS

[miroductionl

L___Introductionl

| The domimation T i

[L.1.  Statement of the formula with examples|

[T2. Dominant permutations, the code, and manipulation of variables in Schubert polynomials|
|I1.3.  Relation to pipe dreams| 12
1.4. Proof of the domination formulal 13
[1.5.  Reversing Molev-Sagan separated descents| 15
[L6._Reduction of product coefficients in the case of I-domination| 16

O N NN ==

2. Product-coproduct equivalence| 18
[2.1. The equivalence theorem| 18
[2.2. A historical missed opportunity: separated descents for ordinary Schubert polynomials| 22
[2.3. Reduction formulas for product coefficients by varying the dominant permutation| 23
|3. E}xtension to a bialgebra structure| 25
3.1. efinition of the bialgebr 25
13.2.  The Schubert basis of DI 26
[Referenced 30
[References] 30
INTRODUCTION

Double Schubert polynomials &, (x;y), indexed by permutations, constitute a central basis in Schubert
calculus. Their multiplication with respect to different sets of coefficient variables defines structure constants
1



via the relation
Gu(z;y) Gu(w;2) = Y, (y;2) Gul;y).
w

The central objective in this area is to obtain explicit combinatorial formulas that exhibit positivity, in
analogy with the celebrated Littlewood-Richardson rule for Grassmannians/Schur polynomials. In present
settings, “Positivity” lacks an immediate natural definition, since the coefficients are themselves polynomials
and do not have nonnegative coefficients at least in the standard monomials in the y and z variables.

Very recently, Gao and Xiong [9] posted to the arXiv a nonconstructive proof of our positivity conjec-
ture for these coefficients [22, Conjecture 1.1][9]. They showed that the coefficient c; ,(y;2) can satisfy
an“extended Graham positivity”: They can be expressed as polynomials in the differences y; — z; with
nonnegative integer coeflicients. This does not imply Graham’s original positivity theorem [10], but it does
confirm the conjecture in full generality, marking a major theoretical advance. However, by its nonconstruc-
tive nature, it does not yield explicit combinatorial rules.

In this paper, we establish combinatorial positivity results in broad new cases, thereby complementing the
recent nonconstructive proof. We introduce a relation on permutations that we call “domination,” extending
the classical notion of dominant permutation. We prove that if u dominates w, then the coefficient c; , (y; 2)
has a positive combinatorial formula. This complements the earlier case where the “v” permutation is
dominant, where a positive formula in this sense was presented in [22], and it closes the gap on positivity
results in the situation where u and v have separated descents, regardless of their relative order.

We also establish an equivalence between products and coproducts of double Schubert polynomials. This
equivalence enables us to compute products from coproducts and conversely, thereby exposing structural
symmetries and providing practical methods to reduce complex cases to simpler ones. The result extends
earlier work of Bergeron and Sottile on ordinary Schubert polynomials and gives a framework for organizing
the difficulty of multiplication problems in terms of coproduct computations.

Building on this equivalence, we construct a Schubert bialgebra in which the coproduct naturally induces a
dual product. This algebraic setting makes the structural significance of the product—coproduct relationship
more transparent and establishes a direct connection between Schubert polynomials and the theories of
symmetric and noncommutative symmetric functions. Notably, in the dual algebra, the coproduct has
structure constants identical to those of Schubert polynomials, a case where no fully general combinatorial
formula is yet known. Our construction, therefore, suggests a potential new path toward discovering such a
formula.

Software used. All computation in this work was carried out using schubmult schubmult [23], a free
Python package developed by the author. The package is available on PyPI and comes with command-line
executables. It supports:

Products of ordinary Schubert polynomials

Products of double Schubert polynomials (both same-variable and mixed-variable)

Coproducts of Schubert polynomials

Products of quantum Schubert polynomials

Conjectural methods for products of quantum double Schubert polynomials (same-variable, mixed-
variable, and parabolic cases).

1. THE DOMINATION FORMULA
1.1. Statement of the formula with examples.

Definition 1.1.1 (S as a Coxeter group, window notation). For standard results and notation regarding
Coxeter groups, we refer the reader to [4] or [I1]. S, will refer to the infinite symmetric group of permutations
N — N fixing all but finitely many elements, and S,, is the subgroup of all u € S, such that u(i) = ¢ for
all i > n. We will use window notation, where we express a permutation u as a permutation of the first n
positive integers (enclosed by brackets []) such that if we write

u=lai,as,...,a,]

where a; # a; if i # j and 1 < a; < n for all ¢, then u(i) = a; for 1 < i < n, and u(i) =i if i > n. An
alternative notation, code notation will be defined in Definition [I.1.5
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We use the standard notation of s; as the adjacent transposition such that right multiplication exchanges
the elements at indices ¢ and 7 4 1, and ¢;; is the transposition such that right multiplication exchanges the
elements at indices 7 and j. These are the simple reflections (resp. reflections) in a Coxeter presentation of
Soo-

Definition 1.1.2 (Separated). descents] Two permutations w and v are said to have separated descents if
there exists a positive integer p such that ¢(us;) > £(u) for all i < p and {(vs;) > £(v) for all j > p. It
is important to note that this definition is not symmetric in v and v. [22] and [6] address the separated
descents case of positivity of ¢}/, (y; 2) as defined above. Positivity of ¢}, (y; z) is proved in this article.

Definition 1.1.3 (Special group elements the homomorphism). For p > 1, k& > 0, define the cycle

clp k| = Skt1-pSkta—p - Sk
and also define
[P, k| = Sk4p—1Sktp—2- - Sk

We use the same notation for these as in [24], and ¢[p, k] corresponds to elementary symmetric polynomials,

while 7[p, k] corresponds to complete symmetric polynomials. The choices of “¢” refer to the word “column”

and “r” to “row,” referring to the shape of the indexing partition of the corresponding Schur polynomial.
For g > 0 define

dp, q] = spSp+1- Sprg-1

(where by convention d[p,0] = 1) and define

dlg] = d[1,4]

Note that d[p, q] = ¢[q,p + ¢ — 1], so that this is merely a convenient way to re-express the ¢ permutations.
If ¢ < ga, then d[p,¢1]~'d[p, g2] = d[p + a1, 2 — q1].

Define a partial homomorphism o, for a not necessarily positive integer p by o,(s;) = S;+, whenever
i+ p > 0. This is defined for all w such that w = s;, ---s;,, with i; +p > 0 for all j. o will be used often,
so o with no subscript will indicate o1 to avoid clutter.

m

Definition 1.1.4 (Sottile’s Pieri relations). Following [24], with slightly different notation, for permutations
u, w we declare that u £, w if there exist transpositions £4,5,, - - -, ta,b, for some p with 0 < p < k such that:

(1) a; <k < b; for all 4.

(2) a; #aj if i # j.

(3) l(utaypy - tap;) =L(u)+iforall 1 <i<p.

(4) w=utep, - ta,b,-
This definition is used in Sottile’s Pieri formula in the reference and is central to the development of our
formula. We also define a relation u = w, also defined by Sottile, if there exist transpositions ta,p,,- .-, ta,b,
for some p > 0 such that , , and hold, but instead of we have that b; # b; if i # j. Note that,
unlike for i>, p can be greater than k with the relation still holding. After introducing the Pieri relations,
which explain how permutations can be changed using carefully crafted transposition sequences, we go on

to the code of a permutation, another essential combinatorial tool. This will enable us to compactly depict
permutations in a manner that organically engages with the previously established relations.

Definition 1.1.5 (dominant permutations, the dominant approximation). 9(v), code representation
Given w € Sy, the code ¢(w) (also known as the Lehmer code) of w as follows:

¢i(w) = #{7 > 1 | w(i) > w(j)}
In other words, ¢;(w) is the number of inversions (i, ) of w, with ¢ fixed. We also define the dual code
¢ (w) = e(w™)

which is simply the code of the inverse. The concept of permutation is quite ancient, found for instance in
[16].
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Some useful facts about the code, which we will leave to the reader, are as follows: u(i) < u(i + 1) if and
only if ¢;(u) < ¢;11(u), and in that case

c5(0) it ¢ i+ 1)
¢j(usi) = ¢ cp(u)+1 ifj=i
¢ (u) ifj=i+1

Furthermore, ¢} (w) is equal to the number of inversions (i, j) of w™!, which is to say that w=!(i) > w=1(4).
This means that, in terms of w, if ¢ is the index such that w(q) = ¢, then ¢f(w) is the number of indices
p < g such that w(p) > 4. It follows easily that.

w(ei(w)+1)=1
The inverse function of the code will be denoted by [- - -], meaning [¢(w)] = w. For example, since
([1,3,5,2,4,7,6]) = (0,1,2,0,0,1)
we have
[0,1,2,0,0,1] = [1,3,5,2,4,7, 6]

A permutation pu is said to be a if ¢(p) is a partition. Dominant permutations can also be characterized
as the permutations that avoid the pattern 132, that is to say, there are no indices i < j < k such that

u(i) < u(k) < u(y) [20].
For a permutation v, we define a dominant permutation 9(v) following [22], recursively as follows. If v is
dominant, then 9(v) = v. Otherwise, let ¢ be the maximal index such that ¢;(v) < ¢;41(v); then set

o(v) =0(vs;)
This recursive process always terminates at a unique dominant permutation, since at each step there is only
one possible choice of index.

Definition 1.1.6. For a permutation v’ such that v € S,,, define

v'(5) ifj<i
" n+1 if j=1
i,n\U =
Pin(0)(1) V(-1 ifi<ji<n+1
J ifj>n+1

i i
Now fix v € S,, and 7 > 1 an integer, we define a relation \ by declaring that v \ v’ if
v = (V)

i ,
Equivalently, v \, v’ if whenever v € S, and n is minimal, we have that v satisfies the relation = with

respect to the permutation obtained from v’ by inserting n + 1 at position . We note that this concept was
introduced by Bergeron and Sottile in [3].

If v \ v/, we define a set of integers Q;(v',v) by

Qi(v',v) = {v(j) | j >iand v'(j — 1) = v(j)}
Given the fact that any element of S., fixes all but finitely many positive integers, it follows that @Q;(v’,v)
is a finite set.

We then define D;(v) to be all permutations v' € Sy such that v {, v'. The permutations D;(v) arise
when pulling a variable out of a Schubert polynomial and expressing the coefficients of the powers of this
variable as Schubert polynomials in the remaining variables, as is done in [2], from which this definition
essentially comes. The associated set Q;(v’,v) is specific to the case of double Schubert polynomials.

Example 1.1.7. The permutation p = [5,4,6, 3,1, 2] has code (4,3, 3,2) and hence is dominant. We then
have that ¢*(u) = (4,4,3,1).

Let v = [4,3,1,5,2]. Then c¢(v) = (3,2,0,1), hence d(v) = = [4,3,5,1,2]. We have that ¢(d(v)) =
(3,2,2) and ¢*(2(v)) = (3,3,1). We have that v~ = [3, 5,2,1,4} ( 1 =(2,3,1), hence d(v™!) = v~ ls; =
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[5,3,2,1,4]. ¢(d(v™1)) = (4,2,1) and ¢*(0(v1)) = (3,2,1,1). We have that v \ [4,3,1,2] and v \, [4,3,2,1],
and this list is exhaustive. We then have that

QS([473’ 172]’U) = {2}
and QS([473a2a 1]3'0) =0.

Definition 1.1.8. A permutation u is said to 1-dominate the permutation w if for each index j with
¢ (u) < j < ¢i(w) we have u(j) < u(j + 1). Equivalently, u has no descents strictly to the right of position
¢i(u) up to position ¢f(w).
For i > 0, we define a function ¢; : Soo — S by declaring that
¢ (¢i(u)) = ¢j1i(u)
for all 7, essentially “chopping off” the first i elements of the dual code. We recursively say that u k-dominates

w for k > 1 if w (k — 1)-dominates w and ¢y_1(u) 1-dominates ¢p_1(w). We then say that u dominates w
if u k-dominates w for all k¥ > 1. For simplification of notation, we write

o=

Example 1.1.9. The permutation u = [2,3,5,1,4] dominates the permutation w = [2,6,3,4,7,1,5] but is
not dominant. To see that u dominates w, note that ¢j(u) = 3, ¢j(w) = 5, and u(4) < u(5) < u(6), so u
1-dominates w. We have that ¢(u) = [1,2,4,3] and ¢(w) = [1,5,2,3,6,4]. Clearly ¢(u) 1-dominates ¢(w)
since ¢} (¢p(u)) = ¢f(p(w)). We have that ¢2(u) = [1,3,2] and ¢a(w) = [4,1,2,5,3]. Since ¢} (p2(w)) =1 and
u(1) < u(2), we have that u 3-dominates w. It is indeed true that u dominates w.

Definition 1.1.10 (Double Schubert polynomials divided difference operators). We denote the double Schu-
bert polynomial indexed by u € S in the variables z and y by &,(x;y). We define coefficients ¢y, (y; 2)
by

Su(w;y) Gu(r;2) = Y (13 2) Gul(;y)
WE Soo
Divided difference operators are indexed by an element of S, as a superscript, for example 9%. Define skew
divided difference operators 0;’ by defining for polynomials P, Q)

0°(PQ) = Y 9°(P)3;(Q)
VES
This differs from the definition of skew divided difference operators in [I7], but agrees with that in [21], and
in our opinion is more natural. We have that
Cuo(52) = 0,/ (G (3 2))
An explanation of this fact can be found in [22].
Definition 1.1.11 (Polynomial variable omission subscript substitution index shift function). Define
2 = (T1,. ., Ty - 2)
For a sequence of multiple indices in the superscript, we omit all of them.
For a set of positive integers A and a sequence of indeterminates such as y = (v;)$2,, we denote
ya ={ya | a € A}

While this is expressed as a set, the implication is that the possibly nonconsecutive indices occur in increasing
order.
We define a homomorphism 7 : Zlx,y, 2] — Z[z,y, 2] by specializing 7(z;) = z;41, 7(y;) = y; and

7(zj) = z;. We denote the composition of 7 with itself i times by 7°.

Definition 1.1.12. Define
p

Hy(z;y) = [[ (21— )
i=1
This is actually a double Schubert polynomial, namely

HP(I; y) = Gr[p,l] (I, y)



Define also
p

Ep(z;y) = [ (@i —w)
i=1
Let F denote the set of finite subsets of Z[x,y, z]. We define a function
N:Zx,y,z| x F = Zlx,y, 2]
that is Hp(z;y) thinly disguised by substitution, by
N(a|B)=[[(a—1b)
beB

Typically, a will be a single indeterminate and B will be a set or sequence of indeterminates, rather than
arbitrary elements of the ring. For example,

n (xl | y[p]) = H(‘rl —yi) = Hp(z;y)
i=1
1 (o | (o)) = [T~ 1) = Byl

By a mild abuse of notation, we may write such expressions as
M (i [ y1,y3,94) = (zi — y1) (@i — y3) (@i — ya)

We may now state our domination formula. For clarity in interpreting the notation, we refer the reader
to the index at the end of the article, which cross-references the formal definitions.

Theorem 1.1 (The domination formula). Let u,v,w € Sw and suppose u dominates w. Then ¢}, (y;2) =0
unless ¢;(w) > ¢ (u) for all j. If that condition is satisfied, let m be the mazimal index such that ¢y, (u) # 0.
For each 1 < k < 'm define

di = deg(u) + 1, e (w) — ¢ (u)]

(2= (H”(wl%)) S ()1 (T7Y3 2)
=1

Viy.-Um

Then

where vg = v, £(VmPm (W) ™) = L(vy) — £(dm(w)), and vy, ranges over all elements such that

h(w)+1
Vk \ 'Uk—ld;zl
and
Cvg—1d; ") = L(vg—1) — cf(w) + ok (u)
and we define
Ap = Qs (w41 (Ve vk—1d; )
for all k.
In particular, this holds for all v and w when w is dominant (see Lemma .

We illustrate the terms in the sum with diagrams, which are conceptually similar to the diagrams in [22].
In this diagram, the relevant permutations are arranged column-wise. Circled entries represent elements
of the @ set (Definition . Visually, these correspond to numbers that don’t change from column to
column.

More specifically, each diagram is a rectangles that contain the permutations v;, vid;ll, and v, G (w) 71
in sequence. If v; # v;d;, +11 then there will be an arrow from v; to v;d;, +11 labeled with d;1+1. In between
vi,ldfl and v; there will be a vertical bar, and a bullet occupying position ¢f(u) + 1, with the elements
below displaced to the rows below, and all permutations afterwards in the sequence between v;_id; L and
the next arrow will have elements displaced around previous bullets as though the row had been removed.
If a number below the bullet in some column is equal to the number immediately to the left of the bar in
the same row, then this number will be circled, and this contributes a factor of y, — 23, where «a is the region
number (counting from 0 beginning at the left, increasing by 1 as we pass each bar) and b is the circled
number. If ¢,,(w) # 1, there will be an arrow between vy, and v, ¢, (w)~! labeled with ¢,,(w), otherwise
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U = U ®m (w)~1 will be the final permutation in the sequence. If v,, ¢y, (w) ™! # 1, this contributes a factor
of &, ..(w)-1(7™y; 2), and will be written in a bold font in red in a column labeled &. We omit elements
v;(j) of the permutation in the region if v;(j) = j, unless this element is circled.

The significance of the bullets is that they are the positions in the polynomial from which the variable is
o (u)+1
N\

being pulled out. The relationship between v;_1d; L and v; is that vi—1d; !
sense, a path of permutations and the bullet occupies the position of n + 1.

v;, so that this is, in a

Example 1.1.13. The permutation u = [4,3,1,2] is dominant, and ¢(u) = (3,2). Also, ¢*(u) = (2,2,1).
Let v = [3,1,4,5,2] and let w = [6,3,1,4,2,5]. Then Theorem lets us compute the coefficient ¢ (y; z).
We have that ¢*(w) = (2,3,1,1,1).

(G} (G
33 [1,2,4,3] al3l3 [3,1,2] 1 3]s [1,2,4,3] alal3 [3,1,2] 1
1)1 1|1 e 112 212 | e
4| e 2] e 4| e 1| e
514 211 514 1@
21®@ 2 211 2
Y1 — 22 Ys — 21

FicURE 1. Diagrams for first coefficient in Example [1.1.13

) ) ) )

Thus ¢ (y; 2) = (y1 — 22) + (y3 — 21). If we take w = [6, 3,1, 2,4, 5] instead, then ¢*(w) = (2,2,1,1,1). Thus,
we have the following diagrams.

S S &
3033|3282 3033|3282 33 (3|33
1]1]1]e 1]1]2]e 1]2]2]e
4| e 4| e 4| e
504 5 4] 5 4]
2l@l@| 1 2@ 1| 21 |0|@

2 2 2

FIGURE 2. Diagrams for second coefficient in Example|1.1.13

(y1 — 22)(?42 — 22)

(y1 — 22)(y3 — 21)

(y2 — 21)(y3 —21)

Thus ¢y, (y;2) = (y1 — 22)(y2 — 22) + (y1 — 22)(y3 — 21) + (Y2 — 21) (Y3 — 21).

Example 1.1.14. Let u = [4,1,2,3] and let v = [1,3,5,2,4]. We compute ¢?, (y; z) where w = [4,1,5,2, 3].

Thus, the result is

FiGure 3. Diagrams for Example |1.1.14]

We have

c(w) = (1,2,2)

(u) = (1,1,1)

S S
111 [1,3,2] 111 [1,3,2] 1 119 [1,3,2] 9o [1,3,2] 5| o
31]e 21 e ° 3|e 1| e 1| e
514 413 514 413 1
21® 312 211 311
413 4|3

Y1 — 22 6[2,1] (Ya; Z)

Con (Y5 2) = (y1 — 22) + (y4 — 21)
12,3,1,4
Example 1.1.15. We compute C%i,g,?,:ﬁ],[]l,3,5,2,4] (y; z). We have
*(w) = (3,1,1,1)

(u) = (2,1,1)



S S S
1 [1,2,4,3] 11 9 2,1] 1 1 [1,2,4,3] 11171719 2,1] 1111 [1,2,4,3] 11 9 [2,1] 1
3 313 3 313|e 3 3[3]|e
5 2| e 5 2| e 5 2| e
2 5121 |e 2 54|13 |e 2 514 |3|e
4 41@ 1 4 4121@]1 4 412|110
Y1 — 24 Y2 — 22 Ys — 21
6 [1,2,4,3] [2,1] S
[1,2,4,3] [2,1] 1——"=51(1|3|3——1
1——=111[2|2 1
3 314 ]| e 3
3 314 e
5 20 0 2] 2
2 5121 |e
2 5121 |e 4 4l3l2l1
4 413(1Q]1 9
Y2 — 23

S(1,3,2 (Y4, Y55 2)

FIGURE 4. Diagrams for Example|1.1.15
Thus, the result is ¢, (y;2) = y1 + 2y2 + ys + ya + ys — 221 — 220 — 23 — 24.

Example 1.1.16. We give an example where « is not dominant. Set v = [2,3,5,1,4], set v = [2,5,3,4,7,1,6],
and set w = [2,6,3,4,7,1,5]. Then
*(w) = (5,0,1,1,2)
¢*(u) = (3,0,0,1)

Then u dominates w but is not dominant. We have the following diagrams.

(G G}
5 [1,2,3,5,6,4] 5| o .ﬂ)2 . 2,3,1] 1 9 [1,2,3,5,6,4] 5o oﬂZ . 12,3.1] 1
5 515|3 31212 5 5514 41212
3 3132 1D e 3 3132 11D e
4 111]|® 514|3 4 111|O 51413
7 4| e 4131 7 4| e 31®|1
1 7165 1 716|5
6 614D 6 6|43
(y2 — 21)(y2 — 24)(y3 — 21) (Y2 — 21)(ys — 21)(y3 — 23)
S
9 [1,2,3,5,6,4] 919 e ﬂ)Z . 2,3,1] 1
5 51514 41313 3
3 3132 1D e 2
4 111D 5142
7 4| e 31211
1 71615
6 6143
(1/2 - Zl)(l/:a - 21) 6[1,3,2] (y5,3/6; Z)
FIGURE 5. Diagrams for Example
Thus

Cun (Y3 2) = (y2 — 21)(y2 — 24) (Y3 — 21) + (Y2 — 21)(y3 — 21)(y3 — 23) + (y2 — 21)(y3 — 21) (Y5 + Y6 — 21 — 22)
Example 1.1.17. We now compute C{g:izgéﬁ]ﬁf]l,s,s,2] (y; z). We have
*(w) = (4,3,2,2,1,1)

(u) = (4,3,2,1)
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& &
alalala 32,y B2 alalala 32y B2
1112 1] e 2 11]2]2 1] e 2
3(3(3]e 2|1 4 3033 2|1 4
5[5/ 3|2 3 5[5/ 3|2 3
21 e 3 21 e 3

2 (@] 1 21|
3 3
(y2 — 22) 6[1,2,4,3] (ys, Y6, Y73 2) (y3 — 21) 6[1,2,4,3} (Y5, Y6, Y73 2)

FIGURE 6. Diagrams for Example
Thus

Cow(W32) = (y2 — 22) (Y5 + Y6 +yr — 21 — 22 — 23) + (y3 — 21)(Ys + Y6 +y7 — 21 — 22 — 23)

1.2. Dominant permutations, the code, and manipulation of variables in Schubert polynomials.
Here we gather some results about dominant permutations, the code, the dual code, and the function ¢;
that will be useful throughout this article.

Definition 1.2.1. For each m > 0, there are homomorphisms p,, : Sec — Seo such that

Si ifi<m
pm(sz) = tm,7n+2 ifi=m
Si+1 otherwise.

Essentially, pp,(u) is the permutation «’ such that

u(i)+1 ifi<m
Wi =S u(i—1)+1 ifi>m+1
1 ifi=m+1

Lemma 1.2.2. For u € S, we have
Bu) = pzt ()

Proof. ¢f(u) is equal to the number of inversions (i, j) of u such that u(j) = 1. By the characterization of ¢}
near the end of Definition which is to say that u(cj(u)+1) = 1, it follows that ¢*(pex(u)(¢(u))) = *(u).
Thus pes(u)(¢(u)) = u, and the result follows. O

The following follows easily.
Corollary 1.2.3. Let u € Sy and let r = ¢ (u) + 1. If j <r, then

¢j(p(u) = ¢j(u) —1
If j > r, then
cj(d(u)) = ¢jp1(u)

Lemma 1.2.4. A permutation u € Su is dominant if and only if for all permutations w € S, we have that
u dominates w.

Proof. First, we prove that if u € S is dominant, then for any w € S, we have that v dominates w. Let
i be the index such that (i) = 1, which is ¢f(u) + 1 by Lemma[1.2.2] Then ¢;(u) = 0. Since u is dominant,
we have that ¢;(u) = 0 for all j > i as well, so that for all j > ¢ we have that u(j) < u(j + 1). This means
that for any permutation w € S, we have that v 1-dominates w. Now, for any m > 0 we have that ¢,,(u)
is dominant. Thus ¢, (u) 1-dominates ¢, (w) for all m > 0, regardless of what w is, so that u dominates w.
Thus, if u is dominant, then u dominates all permutations w.

Now suppose u € So, dominates all permutations. Then u(j) < u(j+1) for all j > ¢f(u). This means that
every index j after the first index 4 such that ¢;(u) = 0 (by Lemma satisfies ¢;(u) = 0. By definition,
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¢(u) dominates all permutations as well. By the induction hypothesis, ¢(¢(u)) is a partition, and we have
that

I O R
0 if j > cf(u)
Thus c¢(u) is a partition, and the result follows. O

It will be useful to have a formula for ¢*(u) in terms of ¢(u) for p dominant.

1

Lemma 1.2.5. Suppose u is a dominant permutation. Then pu~"' is dominant and ¢*(u) is the conjugate

partition of c(u), that is to say
() =#{j | (1) = i}
Proof. By the discussion in Definition [1.1.5] we have that

() =#{j L ej(n) = 1}
We prove the result by induction on £(u), the base case of £(1) = 0 being clear. We have that
)

¢ (o(w) = cipa(n
for all 7, and by Corollary we have that

ci(p(p) = ci(p) —1
for all 7 such that ¢;(u) > 0. By the induction hypothesis, for each i > 1 we have

i (¢(w) = #{j [ () —1 =i}t = #{j | ¢;(p) =i+ 1}
Thus for ¢ > 1 we have
¢ (n) =iy (o) = #{j [ ¢;(n) = i}
The result follows by induction. ]

Definition 1.2.6. We wish now to apply divided difference operators to the y variables. We thus define an
action * of S, on the polynomial ring permuting the indices of the y variables, and define

. 1

Ve (P)= —(s;,— 1) % P
Yi — Yi+1
Note that we have flipped the sign of the divided difference operator to have the formulas
Vo(Gy(z3y)) =0

if £(s;v) > £(v), and

VSi(Gv(x; y)) = GSiU(.’I;; y)
if £(s;v) < £(v). We define skew divided difference operators V¥ similarly to

VU(PQ) =Y VY(P)V¥(Q)

The basis of our formula is the Pieri formula given in [22], of which we quote a special case.

Proposition 1.2.7 (Special case of Pieri formula [22] Theorem 7.1]). Suppose k > 1 and u,w € So. If

U 7@ w, then
Vil (@1 [yp) =0
If u LN w, define
Q = {u(i) | < k and u(i) = w(i)}
then
Vil (@1 [ yw) =N (21 | ye)
Proof. This is simply a change of variables from the original theorem. |

The next proposition specialize, in the case of ordinary Schubert polynomial &, (z), to a formular that
isolate a chosen index i: one can express &,(z) as a sum of terms of the form 27 &, (z("), thereby effectively
extracting the variable z; and leaving Schubert polynomials in the remaining variables [3|, Theorem 5.1].
Proposition [[.2:8]is the double Schubert polynomial version of this, which, as far as we know, is new.
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Proposition 1.2.8. Let v € Sy, and let i > 0 be an integer. Then we have
Gu(zsy) = > N (@i | Ygu(v.w)) Sw(xP;y)
viv’
Proof. Suppose v € S,,. We have
Su(w;y) = VU Sy () (:1))
This is equal to

vvwo(n)(657»+14-'-s1w0(n)(I(i); y)n (1‘1 ‘ y[n+1—i]))
and, applying the Leibniz formula, is also equal to

Z Sy (2 y)VZT‘i,i’(fo)sl.usm_iﬂ (i | Ypns1-4)
v €S
L(v'wo(n)s1 - 8nt1—i)=L(wo(n)s1+Snt1—:)—L(v")

By the restricted Pieri formula (Proposition 7 for this to be nonzero necessarily v'wg(n)sy -« - Spr1-; ol

vwg(n). We note that v'wg(n)sy -+ Spt1—: s vwp(n) if and only if
v v'wo(n)sy -+ Spp1—iwo(n) = v'spsp_1--8;
We have that v’s,, - - - s; is exactly ¢; ,,(v) since v' € S,,, so we require that
v 0in(v)

so the sum is over all v' € D;(v).
Applying Proposition [[.:2.7 we obtain that the result is equal to

Z M (xz | yA(v’,v)) 61)/ (1'(1)’ y)
v’ €D;(v)

where A(v',v) is the set of all vwg(n)(7) such that 1 < 7 <n+1—1iand v'we(n)sy -+ sp+1-i(j) = vwo(n)(j).
These values are the same as at the indices that comprise the set of all 1 < 5 < n + 1 — 4 such that

V42— s sap1i(f) = v(n+2 - )
Applying the s1 -+ $p11—4 to j, since 1 < j <n+1—14 we have that
s1+ Sny1-i(J) =J +1
Hence we need
Vint2-(G+1)=v'(n+1-j) =vn+2-j)
Replacing j with n + 2 — p, the indices are the set of all p such that i < p <n+1 and
v'(p—1) = v(p)

Thus A(v',v) is the set of all v(p) such that p > ¢ and v'(p — 1) = v(p), which is exactly Q;(v’,v), and we
are done. 0

Example 1.2.9. Suppose ¢ =2 and v = [2,5,1,3,4]. Then
Di(v) ={[2,1],[3,1,2],[4,1,2, 3]}
Qi([2,1],12,5,1,3,4]) = {1,3,4}
Q:([3,1,2],[2,5,1,3,4]) = {1,4}

Qi([4a 1a 2; 3]’ [27 5’ 1’ 374]) = {1}
Thus

6[2,571,3,4] (z39) = N (22 [ Y1, Y3, ya) 6[271] (x(Q);y)—H_l (z2 | y1,Ya) 6[3,1,2] (x(Z);y)—H'I (w2 [ y1) 6[4,172,3] (JE(Q);?J)
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Example 1.2.10. Suppose i = 3 and v = [2,4,6,5,3,1]. Then
D;(v) ={[2,4,5,3,1],[3,4,5,2,1},[2,5,4,3,1],[3,5,4,2,1]}
Qi([2,4,5,3,1],[2,4,6,5,3,1]) = {1,3,5}
Q:([3,4,5,2,1],[2,4,6,5,3,1]) = {1,5}
Q:([2,5,4,3,1],[2,4,6,5,3,1]) = {1,3}
Qi([3,5,4,2,1],[2,4,6,5,3,1]) = {1}
Thus
(‘5[2,4,6,5,3,1] (35531) =M (553 | y17y3,y5) 6[2,4,5,3,1] (33(3);2/) +11 (333 \ y173/5) 6[3,4,5,2,1] (33(3);3/)
+ N (25 | y1,y3) Spsasy (@™ y) + M (s | 41) S 5(amn) 2.1 (@@ y)
Example 1.2.11. We compute &y 4,39)(2;y) with Theorem

1]e 1|e 11| e
4 (13| e 4 12| e 413 e
312|®@| e 31®|2]|e 311D
2111DD 2111D|D 2|10
(2 —y1) (w2 —y2) (@3 —y1) (21 —y3) (w2 —y1) (@3 —y1) (21 —y2) (22 — y1) (22 — v2)
1| e 1| e
41| e 4111 e
31|12 e 31®|1
2|1@11]|0 PRI
(1 —y2)(z1 —y3)(z3 —y1) (71— y2)(z1 — y3)(z2 — Y2)

FIGURE 7. Diagrams for computation of double Schubert polynomial in Example [1.2.11

1.3. Relation to pipe dreams. Proposition leads to the following positive formula for Schubert
polynomials.

Theorem 1.2. Let v € So with £(vs;) > £(v) for allv > n for some n > 0. Then

Sy(wyy) = Z Hﬂ (5CZ | le(vi,vi_l))

(v)}—o =1

1
where the sequence of v; ranges over all such that vg = v and v;_1 \ v; for all i > 1.

The significance of Theorem [I.2]lies in its ability to connect the monomials of double Schubert polynomials
(products of terms of the form x; — y;) to reduced words with compatible sequences when expressed in this
form.

1
Lemma 1.3.1. Let v be a permutation. If v \ V', let a1,...,ax be the elements of Q1(v',v) in decreasing
order. Then
V= Sq,  Sq,0(V)

Proof. Suppose v € S,,. We have by definition that there is a sequence of integers by, ..., by, all distinct and
greater than 1, such that
Vi1, c tl,bp(l) =n-+1
and
vty p, -t (0 1) = 0'(d)
for all i < n — 1. This means that
Vt1p, b, = SpSp_1 - s510(V")

This is because if v" = o(v'), then

and
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The cycle s, ---sysends 1 —wn+1landi—i—1if 1 <i<n+1, hence
Vt1p, -t = SpSp_1 - s510(V")
In particular,
V= 5,8p—1- 510V )1, - t1p,
This results in the factorization
V=8 81t (by—1) 41 B (b —1)410(V)

The value v'(b; — 1) necessarily decreases as j decreases, since applying the corresponding reflection in
the reverse order strictly increases the length with each application. Consequently, multiplying s, - --s; on

the right by these reflections remove the simple reflections s,(4, 1), -, Sy/(5,~1)- The indices removed are
precisely the complement of the elements of Q1(v’,v), hence the elements of Q1(v’,v) in decreasing order
are what remain, as desired. O

1 1

Theorem 1.3. Suppose v = vg \y v1--- N\ V41 = 1. Let g 1,...Gim, be the elements of Q1(vi,v;—1) in
decreasing order. Let the sequences ai, ..., a0y, and by, ..., b, be the concatenation, in order of increasing i,
of the sequences of length m;

Qi,1+i_1;~~~7Qi,mi+i_1

and

(i,8,...,1)
respectively. Then (a1,...,an) are the indices of the simple reflections in a reduced word for v, and
(b1,...,by) is a sequence of integers compatible with this reduced word.

1.4. Proof of the domination formula. The idea of the proof is to pick apart the divided difference to
apply it to the double Schubert polynomial variable index by variable index.

Lemma 1.4.1. Let u,w € S, let p € Z[x], and let i > 0 be an integer. Then
o7 (T () = 7 (0% (p))

Proof. Since
1
0% = ——— (1 — s;)
Tj = Tj+1
It suffices to show that

0i(s;) (T (25)) = 7' (55 ()

Writing this out, we have on the left-hand side

Tivpy1 Ep=

Si4j(Titp) = Titp—1  fp=j+1
Titp otherwise
which agrees with the right-hand side when worked out. ]

Definition 1.4.2. Let (ay,...,a;) be a reduced word. A sequence (by,...,b,,) of the same length such
that b; € {1,a;} is said to be a subword for the element by ---by,. Let (b;,,...,b;.) be all of the nonunit
elements of this subword, with ¢; < --- < 45. Then the subword is said to be reduced if (b;,,...,b;,) is a
reduced word.

The following was proved by Macdonald in [I7].

Proposition 1.4.3. Suppose u,w € So and let (ay,...,an) be a fived reduced word for w. Then OF is the
sum over all reduced subwords (by, ..., by) for u of the elements

a1 9a2 | Aam
abl 61)2 abrn
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Proof. This is true if w = 1. Otherwise, suppose (a1, ...,am) is a reduced word for w. Let

1 if (uag) < f(u)
n(u, am) = { 0 if f(uay,) > €(u)

Then
O = O 9 (1,4, )0
The set of reduced subwords (b1, . .., by,) for u is the union of the set of all subwords (b, ...,by_1,1) that are
reduced subwords for u plus the set of all subwords (b1, ...,bmn—1,am) such that (b1,...,by_1) is a reduced
subword of (ai,...,am—1) for ua,,, with this second set occurring only if n(u, a,,) = 1. Let
Ao —

D= agll - abm,ll
D occurs in 9% where (by,...,bn-1) is a reduced subword for v by the induction hypothesis, and 9% =
7™, so the terms in the summand 9% d% correspond bijectively to subwords of the first type. For the
second summand, D occurs in O™ where (b1,...,bn_1) is a reduced subword for ua,, by the induction
hypothesis, and a,, = 93", so the terms in the summand 9;;;'™ a, correspond bijectively to subwords of the
second type. Since this accounts for all of them, the result follows by induction. O
Lemma 1.4.4. Let w € So have ¢*(w) = (mq,...,my). Then

w = d[g,myg] - - - d[2, ma]d[m4]

Proof. This is true if ¢(w) = 0. Otherwise, suppose ¢(w) > 0 and the result holds for smaller lengths.
Assume without loss of generality that m, > 0. Then

sqw =d[g + 1,mq — 1]d[g — 1,mqg_1] - - - d[2, ma]d[m4]
by the induction hypothesis, since
*(sqw) = (m1,...,mg—1,0,my — 1)
Since sqd[g + 1,mq — 1] = d[g, mq], the result follows for s,(s,w) = w by induction. O

Definition 1.4.5 (The normal). form| The element d[a,b] (for all @ > 1, b > 0) has a unique reduced
word. Consequently, the factorization w = d[g,my] - - - d[m1] corresponds to an unambiguous reduced word
for w. We call this reduced word the normal form of w. This is simply a convenient choice of normal form
for our situation. More generally, systematic procedures exist for computing normal forms of elements in
Coxeter groups via parabolic subgroups; the construction above is one instance of such methods in the case
of symmetric groups [4].

Lemma 1.4.6. Let (ay,...,an) be the normal form for an element w € S and let (by,...,by) be a reduced
subword for an element u € S with ¢*(u) = (m4,...,my). Then my < my. If (aj,a511,...,am) is the
ending portion such that a; - - - an, = d[m4], then if my > 0 we have b; # 1 for all j <i < j+m/].

Proof. Since d[m;] and d[m/] are the minimal length left coset representatives of w and u, respectively, with
respect to the parabolic subgroup generated by {s; }i~1, it follows that d[m}] < d[m;] in Bruhat order. Hence
m}j < my (see []). We prove the subword statement by induction on £(u).

If m} = 0, there is nothing to prove. If 1 is the only index ¢ such that m/ # 0, then we can see that this
is true for combinatorial reasons (d[m]] has exactly one reduced word, and the only place it fits is at the
beginning of (a;,...,am)).

Suppose p > 1 is the last index such that mj, > 0. Then {(s,u) < £(u), so by setting one nonunit element
to 1in (b1,...,bn) we obtain a reduced subword for spu (by the exchange property). By the induction

hypothesis, the desired portion of (a;, ..., a) is occupied by m/ nonunit elements in this reduced subword
for s,u since ¢f(spu) = mj}. Replacing the element removed by multiplying on the left by s,, we obtain the
result. |

Lemma 1.4.7. Let u,w € So and suppose u 1-dominates w. Then 0¥ = 0 unless ¢ (w) > ¢ (u), in which
case

o1 = 9790 glex (u)) i (91,65 ()= )]
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Proof. Let (aj,...,an) be the consecutive ending portion of the normal form of w such that a; = s; and
let (b1,...,bm) be a reduced subword for u. By Lemma b, # 1 for all j < p < j+ ¢i(u) (whereas if
¢ (w) < ¢f(u), this is not possible and there is no reduced subword for «). Since u has no descent between
¢i(u) and ¢} (w), we have that b, =1 for all p > j + ¢} (u). It follows that

v — awd[cf(w)rld[ca{(u)}ad[ci(u)+1,c’1‘(w)7c’1‘(u)]

u ud[c} (u)]~1

since this is true for every subword. Now, we can see by examining the normal forms of these elements that

ud[e} (u)] ™! = o (¢(u))
and

wd[e}(w)] ™" = o(é(u))
and the result follows. |
Proof of Theorem[I1.1, We compute this by induction on the maximal index m such that ¢, (u) # 0, with
the base case being that u is the identity. If u is the identity, then the result is

(S (; 2))a=y

This agrees with the stated formula when we set m = 0. For the induction step, by Lemma we have

Oy = (G dlei ()] o™

We apply this to the double Schubert polynomial &, (z;z). Applying 3%, we obtain &, -1 (x:2), provided
((vdy*) = £(v) — £(dy), or otherwise 0. Assuming the term is nonzero, using Proposition [1.2.8) we have that

Gvdl_l(x; z) = Z Mn (xq(u)_H | zAl) Sy, (x(q(“)ﬂ); 2)

v1 €Dcf(u)+1(’ud171)

Now applying d[¢} ()], this becomes

S N | 2a,) 6, (r252)

U1€Dc{(u)+1(vdfl)

Now we are trying to compute 85((33((1%))) applied to this sum. By Lemma the application to the double

Schubert polynomial &,, (7x; z) = &, (T2; 2) is equal to
Tajjgj)) (&, (23 2))

We can apply the induction hypothesis to compute this, since ¢(u) dominates ¢(w) and ¢*(p(u)) is strictly
shorter than ¢*(u) (in the sense of the rightmost position of nonzero elements), and theref we have the
result. g

1.5. Reversing Molev-Sagan separated descents. The article [22] uses the properties of dominant
permutations and the Pieri formula to compute products of the form &, (x;y) &, (z; 2) where there exists a
p with £(us;) > £(u) if i < p and £(vs;) > €(v) if ¢ > p. We apply Theorem [1.1] to reverse the conditions in
this formula.

Lemma 1.5.1. Let u,v,w € So, and let s; be such that none of u,v,w has s; as a descent. Then

Cuo(Y; 2) = sl (Y5 2)
and
wS;

Cuo (Y3 2) = €45, (U3 2)
Proof. The latter formula was demonstrated in [22]. For the former, we apply Oy s' to &,(z;2). We have
that
843038; = 85057881 + azfsl
We have that 0% (&, (z;2)) =0, and s;(S,(x; 2)) = S,(x; ), so the end result is
9y, (6y(; 2))
as desired. g
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The following theorem is dual to Theorem 8.1 in [22].

Theorem 1.4. Let u,v,w € S. Suppose u=d(u) = s;, -+ 83, with L(vs;;) > L(v) for all 1 < j < k. Then
¥ ,(y;2) = 0 unless L(wu="0(u)) = L(w) + £(u""0(u)), in which case

W . o wuflb(u) .

Cu,v(ya Z) - Cb(u),v (ya Z)
Hence, this can be computed with Theorem [I.1] and has nonnegative integer coefficients as a polynomial in
the terms y; — z;.

In particular, this applies whenever there exists a p such that £(u) < (us;) for alli > p and £(v) < £(vs;)

for all i < p.

Proof. The proof is identical to that of [22 Proposition 4.3], hence we cite that proof as proof of this
result. g

Hence, citing Theorem 3.1 of [22], if u and v have separated descents, in any direction, then ¢}/, (y; z) has
nonnegative integer coefficients as a polynomial in y; — z;. This formula completes all of the generalizations
in [22] that could only be generalized in one direction; [22] is the correct direction in which to compute the
equivariant case positively, but “commutativity” (not literally, but rather the ability to switch the lower
indices) is not present in the general Molev-Sagan case. The generalizations of formulas in [I9] (multiplying
factorial Schur polynomials with different numbers of x variables) and [15] (multiplying a double Schubert
polynomial by a factorial Schur polynomial that has at least as many x variables) are made computable
positively in the opposite direction with Theorem [[.4] where the factorial Schur polynomial with more
variables has coefficients in z (whereas only coefficients in y were computed previously). This also provides
a third way to compute a product of two factorial Schur polynomials with the same number of z variables
(the first being in [18], the second in [22]). Like Molev and Sagan’s Littlewood-Richardson rule in this case,
however, the formula is not positive when substituting y = 2, unlike the formula in [22] that is positive in
this sense.

Example 1.5.2. We compute a dual example to Example 8.1 in [22], where v = [3,1,4,2] and v = [4, 1, 3, 2].
u is not a dominant permutation, but Theorem applies. We choose w = [4,1,5,2,3]. Then we have

Alu) = (2,2)
o(u) = [3,4,1,2]
wuo(u) = [4,5,1,2,3]
F(wu () = (2,2,2)
G
4)4fa B
1]2]2 4
3| e 2
211 e 3
301
3

6[1,4,2,3} (Y3,Y4; 2)

FI1GURE 8. Diagram for Example
Thus
[4,1,5,2,3] L) —
€[3,1,4,2],[4,1,3,2] (y, z) = (y3 - 22)(?43 —23) + (yi’) - 23)(y4 - Zl) + (ya — Zl)(y4 - 22)
1.6. Reduction of product coefficients in the case of 1-domination. The induction step in the proof
of Theorem is, in itself, useful in computing other types of coefficients. The result that is of use is as
follows.

Proposition 1.6.1. Suppose u,w € Sy are such that u 1-dominates w and that v € So. If it is not the
case that

C(vd(e} (u) + 1,65 (w) — ¢ (w)] ) = £(v) — (¢ (w) = ¢} (),
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then ¢y}, (y; 2) = 0. Otherwise, let p = ¢i(u) and let d = d[cj(u) + 1, ¢f(w) — ¢j(u)]. Then

Cu(¥32) = Z mn (yl | ZQPH(U’»W”)) Cig:))m'(T% z)
mi*lp{:v/
Proof. Applying Lemma [1.4.7] we have
oY = a;’((j((;”;)>3182 5@l (W6 ()= ()

The condition on the length of vd[c}(u) + 1,¢}(w) — ¢;(u)]~! then arises because otherwise applying this
operator yields 0. Assume the condition holds, then. We have that

6vd—1(:r;z) = Z M (.’Eerl | ZQP+1(U’7vd—1)) Gv/(l'(p+1);z)
'ud*lpilv’
by Proposition Applying s; - - - sp, yields

51"'817(61)(1*1 (iL’,Z)) - Z I (xl | ZQP+1(U’,vd*1))6U’(T‘T;Z)
d—lpi‘1 ’
o (p(w)) . B (w) .
9, (s(u)y then acts on Sy (125 2) as Dy O S (z;z) by Lemma|1.4.1} The result follows. O

Remark. Proposition [1.6.1]is new even for ordinary Schubert polynomials, setting y = z = 0.

Proposition enables us to reduce certain product coefficients incrementally and, in some cases,
compute the coefficient positively. Indeed, Theorem illustrates this method for a wide class of coefficients
where full positive computation is achieved. However, other formulas in our framework may still allow
positive computation of coefficients even when domination does not apply.

Example 1.6.2. Here, it will be natural to represent permutations by their code using the code notation.
For example, consider computing 0%181%’[3,0,2’1]}(% z). Since ¢5([1,0,3]) = 1 = ¢§([7,0,1]), Proposition
applies, reducing the computation to coefficients of the form. c%g’;% ,(Ty; 2). At this stage, however, the
prospects are not especially promising, as no special methods are currently available for coefficients of this
type.
Computing D»([[3,0,2,1]), we obtain
{[3,0,1], [3,1,1], [3,2], [3, 2, 1]}

We can compute, using Lemma on descent position 2, that

[6,1] .o — 6] S —
€10,31,3,0,1] (y;:2) = €[0,0,2],[3,0,1] (y;2) =0
since this is a separated descents product, so that [22, Theorem 3.1] applies, and similarly
[6,1] o) — L6] S —
€10,3],[3,1,1] (y;2) = €10,0,21,[3,1,1] (y;2) =0
Both [3,2] and [3,2,1] are dominant, so these coeflicients can be computed with [22, Theorem 8.1]. We
have
C%g:éﬁ,ﬂ&gﬂ (y;2) =y1 +y2 — 21 — 22
and
6,1
ol W:2) = (11— 21) (2 — 1)
We have that Q2([3,0,2,1],[3,2,1]) is empty, and Q2([3,0,2,1],[3,2]) = {2}.
The final result is thus
[7,0.1] o) — [6,1] ) [6,1] )
033,021 Y5 2) = (U1 — 22)C0 3] 13,21 (T3 2) + €[o'3],3,2,17 (793 2)
= (y1 —22)(y2 +y3 — 21 — 22) + (y2 — 21)(y3 — 21)

The following result provides a partial solution to the Schubert-Schur problem. It is also an easy conse-
quence of Proposition [1.6.1] and it asserts that Schubert-Schur products are Schubert positive whenever the
Schur polynomial is “sufficiently fat.”
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Theorem 1.5. Let v € Sy, let k > 0 be an integer, and let X be a partition with at most k parts. Let N be
the mazimum value of 0 and all ¢;(v) + i —1 for all i > k such that ¢;(v) #0. If \; > N — k for all i with
1 <i <k, then the coefficient of S (x;y) in the product

sx(@1, - k3 Y) (3 2)
is combinatorially Molev-Sagan-positive for all w € S .
Remark. Theorem is new even for ordinary Schubert-Schur products.

Proof. Let u be the permutation such that &, (z;y) = sa(z1,...,2%;y). In particular, ¢;(u) = Agp1—; if
1<i<k,and ¢;(u) =0if ¢ > k. Suppose the polynomial &,,(x;y) occurs with a nonzero coefficient in this
product. By Lemma applied in reverse, we may assume w is k-Grassmannian and &, (z; z) has at most
N z-variables. We prove this by induction on N — k, the result being true in the base case N — k < 0 by
[22] Theorem 3.1], since in that case u and v have separated descents.

By virtue of the fact that ¢}/, (y; z) is nonzero, we have that ¢;(w) > ¢;(u) for all 1 <7 < k. In particular,
¢f(u) = ¢f(w) =k for all 4 with 1 <¢ < N — k. Applying Proposition we have that

w . _ P (w .
i)=Y N 2guww) oo (T5:2)
’U/GD)C+1(’U)
We have that ¢(u) is k-Grassmannian with partition A’ such that \; = A; — 1 for all 4, and &,/ (x; z) has at
most N — 1 x-variables. We have that
ANi—1>N—-1—-k
for all 4 with 1 <+ < k. Hence, the induction hypothesis applies to cig))v,
sum. It follows that all of the terms in the sum are positive; hence, the result follows by induction. O

(y; z) for each v’ occurring in this

2. PRODUCT-COPRODUCT EQUIVALENCE
2.1. The equivalence theorem.

Definition 2.1.1 (The variable partition homomorphism). Let A be a set of positive integers and let B be
its complement. For convenience, consider these as sequences

ap < ag < ---
by <by <---
We define a homomorphism of Z[y, z]-algebras
Ay Z[l‘7 Y, Z] - Z[$7 Y, Z] ®Z[y7z] Z[l‘7 Y, Z]
by declaring that
Au(ri) = Ta; @1 le =
1® lL’b]. if i = bj
We study this homomorphism in the basis of elementary tensors &, (z;y) ® &, (x; z) and define structure
constants d2¥ (A | y; z) by
Ax(Gu(r:y)) = Y di” (A] y;2) Sulz:y) © Gu(x;2)

Equivalently, these coefficients are determined by the expansion

Su(z;y) = > d" (A]y;2) Gulwasy) S(wp; 2)

We note that, in the case of the ordinary Schubert polynomial case (y = z = 0), this coproduct has
a geometric interpretation: it arises from the induced map on cohomology associated with the embedding
FI(V)x FI(W) < FI(VaW) [2]. For double Schubert polynomials in the same set of variables, an analogous
construction in equivariant cohomology appears in [IJ.

We will express the coefficients explicitly in terms of Molev-Sagan coefficients in the following theorem.
To begin, we give a definition:
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Definition 2.1.2. Let x4 be a dominant permutation, and let A be a set of positive integers (finite or infinite).
Indexing A in increasing order and writing it as a function on the corresponding integer interval, we then
define p4 to be the dominant permutation such that

¢; (pa) = C*A(i)(:u)
where we define ¢f(p4) =0 if ¢ > |A.

Theorem 2.1. Suppose w € Soo and let o be a dominant permutation such that £(wu) = £(p) — €(w). Let
A be a set of positive integers and let B =N\ A. Then

Sy(z;y) = Z cqvfﬁA,vﬂB (=4 —2) Gu(ra;y) Su(2; 2)
wl(upa)=~L(pa)—0(u)
vil(vpp)=L(up)—L(v)

That is to say, fixing p, we have that d%* (A|y;z) = 0 unless f(upas) = (ua) — L(u) and L(vpp) =
up) — £(v), in which case

&y (Al y;2) = iy o (=5 —2)
Remark. Theorem is new even for ordinary Schubert polynomials.
Example 2.1.3. We provide a simple example. Set A = {1}, B = {2}. We have
6[1,4,2,3] (z39) = (21 — y2)(21 — y3) + (21 — ¥3) 6[2,1] (w259) + (21 + 22 — Y2 — ¥3) 6[2,1] (715 2)
+ G211 (22; ) 2,11 (215 2) + S[z,1,9) (223 y) + G312 (715 2)

For the dominant permutation, we can choose p = [2,2]. Then wu = [1,1]. We have pua = pp = [1,1]. To
find the first coefficient, we compute

el (- =2) = (21— y2) (21 — )

For the second, u = [2,1], and upa = [0, 1].

1,1
0%0,1%,[[1,1]](*21; —2) =21 — Y3

For the third term, v = [2, 1], so

6%1:1%7[[011]](7y; 72) =21+ 22— Y2 — Y3

For the fourth term, we have
[1,1] . _
ol fo.ap (¥ —2) =1
For the fifth term, v = [3,1,2], so up4 is the identity, so that the coefficient is 1, and similarly for the last
term where v = [3, 1, 2].

The reader might have noticed that the right-hand side has z variables, but the left-hand side does not.
In fact, all of the z variables cancel. Nevertheless, the representation exhibits a positivity outlined below.

Corollary 2.1.4 (Positivity of double Schubert polynomial coproducts). Let w € So, let A, B C N be
complementary and write

Su(z;y) =Y db" (Al 4;y) Sulwa;y) Sul(zp;y)

Then the coefficient d5¥ (A | y;y) is a polynomial in the positive Toots y; — y;+1 with nonnegative integer
coefficients.

Proof. We have that
Ay (A Y:9) = ufin ons (=05 =)
for some i, since we can always pick some dominant permutation p satisfying ¢(wu) = £(1) — ¢(w). By the

main result of [10], ¢/, ., (y;v) is a polynomial in the negative roots y;1 — y; with nonnegative integer

coefficients. Substitution of —y into this gives the result. ]
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Corollary 2.1.5 (Positivity of mixed variable double Schubert polynomial coproducts). Let w € Su, let
A, B C N be complementary and write

Gu(z;y) = D di" (A]y;2) Sulwa;y) S(2p; 2)

u,v
Then the coefficient diy (A | y; 2) is a polynomial in the terms z; — y; with nonnegative integer coefficients.

Proof. See [9, Theorem 1.1]. O

Surprisingly, the proof of Theorem 2.1]is essentially a simple algebraic observation derived from the Cauchy
formula. The Cauchy formula for double Schubert polynomials is well-known [I7], and related analysis in
the context of nil-Coxeter algebra and the generating function for Schubert polynomials can be found in [7].
Given the general importance of the following theorem in our proof of product-coproduct equivalence, we
note that it was proved for the universal double Schubert polynomials defined by Fulton [8] by Kirillov in
[12]. The result then descends immediately to the case of double Schubert polynomials. For completeness,
we provide here a direct elementary proof for double Schubert polynomials since it is all that is needed.

Proposition 2.1.6 (The generalized Cauchy formula for double Schubert polynomials). Let w € Sy be a
permutation and consider an additional infinite set of variables a = {a; | i > 1}. Then we have

Su(z5y) = > S, (750) Sy, (a5)
wiwe=w

L(wr)+HL(wa)=C(w)

Proof. In the polynomial ring Z[z,y, a] we have that the expression of the polynomial &, (z;y) in the basis
of double Schubert polynomials &, (z;a) as a module over Z[y, a] can be written as

(
w(:v,y Z au x Y )|m aGu(w;a)

UES

(G}
(G

We have that

0" (S (2 9) e = {6“’“1(“‘” if ((wu") = E(w) ~ (u)

0 otherwise.
Thus
Sy(x;y) = > G- (a;y) Su(w;a)
UES s
L(wu™ 1) =0(w)—£(u)
This is clearly equivalent to the result. (Il

We will also need the following factorization property for double Schubert polynomials associated with
dominant permutations.

Lemma 2.1.7. Suppose A and B are complementary sets of positive integers, and let p be dominant. Then
Sulw;y) =6, (3ya) Gy (73y8)
Proof. Let A={a; <ag <---}and B={b; <bgy <---}. Since A and B are complementary, we have that

HEC* l‘ s Ya; HE m ybj)

By definition of 4 and pup, and the characterization of double Schubert polynomials corresponding to
dominant permutations as products of factorial elementary symmetric polynomials in [22] Lemma 4.5], the
result follows. 0

Proof of Theorem[2.1 By Lemma [2.1.7 we have
Su@iy) = 6, (w3ya) &pup (3 y5)

Let a and b be additional sets of variables. Combining this identity with the Cauchy formula, we obtain

G, (2;9) ZGUMA r;a) qu (250) &y-1(asya) Gy-1(biyn)
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Multiplying this out, we obtain
Gu(ziy) =D > Guul(zia)elh . (a:b)Sy-1(aiya) S, (byp)

w o u,v

= Z Z Suwu(x;sa)eyl vus(@;0) Gu(—ya; —a) &, (~yn; —b)

w o u,v

= Z qu(x; Cl) Gw(_y7 _a)

Therefore, substituting gives

Cuw(@;y) = ) ol oun (=¥ —2) Gul(z4;y) Gy(TB; 2)

u,v

as desired. O

To justify calling this an “equivalence” theorem, we need to show that products can be obtained from
coproducts in this way.

Definition 2.1.8 (The left dominant approximation). To any permutation u we associate a dominant
permutation 9*(u), the left dominant approximation of u, as follows. If w is dominant, set u = ?*(u).
Otherwise, if 7 is the maximal index such that ¢ (u) < ¢f,;(u), set 0*(u) = 0*(s;u). Note that we have

*(u) =o(uH)™!
Then we define *(u, v) to be the dominant permutation such that
¢(0%(u, ) = ¢(0"(u)) 4 (0" (v))
Lemma 2.1.9. Suppose u,v € So,. Then there exist complementary subsets of positive integers A, B such
that
0" (u,v) 4 = 0" (u)
and
" (u,v)p =0"(v)
Proof. This can be deduced from Lemma [2.1.7] and Lemma [1.2.5 O
Theorem 2.2 (Every product coefficient occurs as a coproduct coefficient). Suppose u,v,w € Sy. Let A
and B be subsets of N as in Lemma . Then ¢y ,(y; z) = 0 unless £(wd* (u,v)~1) = L(0*(u,v)) — L(w).
In that case, we have that
* —1 * —1
o (g 2) = dum () O (A ]~y —2)
Proof. Consider the product
60*(u,v) (SC; y) = 6D*(u) (:K; yA) 60*(1))(x; yB)
Introduce new sets of variables a, b, and write
Go(w) (1 Ya) Gor (1) (T3yB) = D Gur(w30) G (235) S g (u) -1 (— Y45 —a) Srpe (1) -1 (—y3; —b)

In particular, the coefficient of & ox(y)-1 (=ya; —a) Sypx(v)-1 (—yp; —b) is
Gu(z;a) &y(z;b) = Z Cou (a5 0) Gy (75 0)
w
Considering the Cauchy formula on &y (,,.)(;y), we obtain
Z Gw'(m; a) Gw’b*(u,v)*1 (_ya _a)
w’ L (w'0* (u,v) = 1)=L(0* (u,v))—£(w’)

By linear independence of double Schubert polynomials, if ¢}/, (a;b) # 0 then &,,(z; a) must occur as a term
in this formula. Thus, £(wd*(u,v)™1) = £(0*(u,v)) — ¢(w). By applying Theorem [2.1} we obtain that

w oy (w0 () T)0" (us) Sy qudt(w) e (v) ! .
Cuw (Y5 2) = Clue (u) 110 (u,0) 4,00 (0) - 0= ()5 Y5 Z) = Do a0 1 (A ] ~y;—2)
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And we have the result. O

The following result illustrates the equivalence between products and coproducts for permutations with
a given number of descents.

Theorem 2.3 (Descent product-coproduct equivalence). Let K be a set of descents. If w has descents
contained in K, then there exists a set of descents K' with |[K| = |K'| and a w' € So with descents
contained in K' as well as A C N such that for all u,v € S, with descents contained in K there exist
u',v" € Soy such that

Con(y;2) = dy” (Aly;2)

u,v

Conversely, if K' is a set of descents, w' € Ss has descents contained in K', and A C N, then there
exists a set of descents K with |K| < |K'| and a w € So with descents contained in K such that for all
u', v € So there exist u,v € So with descents contained in K such that the above equality holds.

Proof. If w € S,,, let j11 be the longest element of SX and let u be such that
¢i(p) = 2¢;(pu1)

for all 4. Then there exist A, B such that us = pp = p1. By Theorem for any u,v € SE\K (the set of
minimal length coset representatives of the parabolic subgroup generated by s; for ¢ ¢ K), we have that

-1 -1
Coo(y;2) =dy " (A ys2)

Let K’ be the descent set of u~'. Then |K’| = |K|, and we may select w’ = wu™", v’ = upy*, and v’ = vu;t.

Since ;1! has descents contained in K’, so does wp~!. This covers all u and v with descents contained in

K such that ¢, (y; 2) # 0 since such u and v must be contained in SK.

Conversely, suppose w’ has descents contained in K’. Let p = 0*(w)™!, and let K be the descent set
of p. Since w has at most |K’| descents, p has at most |K’| descents, so |K| < |K’|. Then for any A and
B =N\ A, pa and pp have descents contained in K. For any u', v’ we have that

dy (Al y2) = iy vn 3 2)

u' A 1B

by Theorem All three indices in the product coefficient have descents contained in K. Set w = w'p,
u=1u'pa, and v =v'up, and the result follows. O

Thus, a combinatorial formula for products in k-step flag varieties is equivalent to a coproduct formula for
Schubert polynomials indexed by permutations with k descents. In fact, known results imply combinatorial
positivity of coproducts of double Schubert polynomials indexed by permutations with at most two descents,
and for coproducts of ordinary Schubert polynomials with at most three descents.

Corollary 2.1.10. The puzzle rule in [5] computes dv¥ (A | y;y) Graham-positively for all u, v, w, and A
such that w has at most two descents.

Corollary 2.1.11. The puzzle rule proved in [I3] computes d¥%¥ (A | 0;0) positively for all u, v, w, and A
such that w has at most three descents.

2.2. A historical missed opportunity: separated descents for ordinary Schubert polynomials.
Let k > 1 be an integer, and consider the coproduct

Su(x) =Y dy’ (k) Su(a1, ..., xx) Sy(Thi1,- -, 2n)

uU,v

The coeflicients d%" (k) were computed in 1991 by Macdonald in [I7, (4.19)] and shown to be nonnegative.
The condition of separated descents was introduced in 2019 in [I4]. Recall that permutations u, v are said to
have separated descents if there exists a p > 0 such that ¢(us;) > £(u) for all i < p and £(vs;) > £(v) for all
i > p. We now interpret this condition in terms of Theorem We begin with the following proposition.

Proposition 2.2.1. Let u € So and suppose j > 0 is an integer. Then f(us;) < £(u) if and only if
(0% (u)s;) < L(d*(u)).
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Proof. We prove this by induction on £(9*(u)) —£(u), the result being clear if w = 9*(u). If u is not dominant,
let i be the maximal index such that ¢j(u) < ¢/ (u). We know by definition that ?*(u) = 0*(s;u). If
l(us;) < L(u), then £(s;us;) < £(s;u). By the induction hypothesis, £(3*(u)s;) < £(3*(u)).

Conversively, suppose ¢(us;) > ¢(u) and assume the induction hypothesis. We claim that ¢(s;us;) >
{(s;u). If instead we assume that £(s;us;) < ¢(s;u), then in fact s;u = us; by the exchange property. This
means that «='(i) = j, v='(i +1) = j 4+ 1. However, this implies that ¢ (u) = ¢}, (u), contradicting
the choice of 7. Thus we can conclude that ¢(s;us;) > ((s;u), and hence by the induction hypothesis
2(0*(u)s;) > £(d*(u)), as desired. This completes the induction and proves the proposition. O

If u and v have separated descents, therefore, so do 9*(u) and 9*(v). We also have the following.

Lemma 2.2.2. Let p be a dominant permutation, let A = [k] for some k > 0, let B = N\ [k], and let
p=ci(p). Then l(pas;) > l(pa) for alli < p and l(pups;) > €(up) for all i > p, or in other words ps and
up have separated descents.

Proof. If p =0, then up = 1, and the result follows immediately. Otherwise, observe that the elements of
¢*(pa) are the right descents of p4, and similarly for ¢*(pp). Since ¢*(p) is a partition, g4 has no descents
i such that i < p because ¢j(pua) > p for all j, and pp has no descents i such that i > p because ¢;(up) < p
for all j. This establishes the claim. (Il

Conversely, suppose £(us;) > £(u) for all i < p, £(vs;) > £L(v) for all i > p, and *(u,v)a = 2*(u)
and 0*(u,v)p = 0*(v), then A and B can be chosen to be intervals (one initial and finite, and the other
complementary and infinite). Therefore, setting y = z = 0, to compute ¢/, (0;0) from Theorem the
coefficients we need are exactly those in Macdonald’s coproduct. Thus, a formula for separated descents
could already have been obtained in 1991, 28 years before its appearance in [14].

We now establish positivity of this coproduct in the equivariant and Molev—Sagan settings.

Theorem 2.4 (Separated coproduct theorem). Let k > 0 and let A = [k] be an initial interval. Then the
coefficients

ds" (A ] y; )

appearing in the exrpansion

6w(£7y) = ZdZ’v (A ‘ y,Z) Su(xla"'axk;y) 6v($k+1,...,$n;2),

u,v
where n denotes the last descent of w, have the following properties:

(1) They are polynomials with nonnegative coefficients in the differences z; — y;.

(2) After the specialization z = y, they are Graham positive, meaning polynomials in the simple roots
Yi — Yi+1 with nonnegative integer coefficients.

(3) They are computed by the positive formula [22, Theorem 3.1].

Moreover, nonnegativity as a polynomial in the differences z; — y; also holds when A = N\ [k], which is
computed by Theorem [1_1]

Proof. Assume first that A = [k] and set B = N\[k]. We have that d;;;" (A | y; 2) = ey, .., (—y; —2) for some
dominant permutation pu. There exists a p such that £(upas;) > (upa) for all i < p and L(vups;) > L(vup)
for all 4 > p by Lemma Hence, [22] Theorem 3.1] allows us to compute this coefficient nonnegatively
as a polynomial in z; — y; that is manifestly Graham positive after the substitution z = y. For A = N\ [k],
the opposite descent conditions hold, and Theorem [[.4] applies to provide positivity as a polynomial in
z; —y;. When we set z = y, the coefficients become equal, but Graham positivity is directly visible (without
cancellation) only when we use [22, Theorem 3.1] to compute the coefficient. O

2.3. Reduction formulas for product coefficients by varying the dominant permutation. Theorem
does not depend on which dominant permutation is chosen to define the coefficient in the coproduct.
Suppose we wish to compute the product coefficient ¢, (y; z). Then, by Theorem we have that

* —1 * —1
o (yi2) = dim ) (A ] —y; =)
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Choosing *(u,v) as the dominant permutation in which to transform this into a coproduct coefficient may,
however, be overkill. Write

W = wd*(u,v)
o= ud*(u)""
0 =v0"(v)!

We may think of @, v, and @ as the “base indices” of this coproduct coefficient. We have that

W0 (u,v
Cﬂv (y;2) = Cﬁa*((u),ﬁ)a*(v) (y:2)

Choose
=)

and choose sets of positive integers A and B such that

0" (u,v)a = 0% (u)
and

0" (u,v)p =0"(v)
Then we may transform this to obtain

Cow(U32) = o)y o (U3 2)

It is always the case that ¢(wu) < (w), so this transformation never increases the length of the upper index.
At worst, d(w~!) = 0*(u,v), so the indices remain unchanged. The following example demonstrates that
this method can convert a coefficient that we do not immediately know how to compute into one that we do
know how to compute.

Example 2.3.1. Let

u=[1,0,2]
v =[0,2,1]
w =[4,0,1]

Then
C;f,v(y; Z) =Y+ Y5 — 21— 22
None of the known formulas allows a direct positive computation of this coefficient. The reduction method,

. 0,1,2
however, transforms it into cH ]

[0.0.2],[0,1,1] (y; z), which the reader may verify is equal to the original coefficient.

Since

Spo,1,17(%;2) = Ea3(w; 2)
this case can be computed using the Pieri formula [22, Theorem 7.1]. Alternatively, one may apply the
Molev—Sagan formula [I8] Theorem 3.1], as the expression is a product of factorial Schur polynomials.

8(2) (%1, T2, 33 Y)S(1,1) (71, T2, T2; 2) = (Y1 — 21) (Y5 — 22) + (y2 — 21)(y1 — 21) + (y2 — 22) (Y5 — 22))5(2) (21, T2, T35 )
+ (1 +y2 — 21 — 22)8(3) (71, 22, 23;Y) + (Y1 +y5 — 21 — 22)5(2,1) (T1, T2, T3 Y)
+53,1)(T1, T2, T35 Y) + 5(2,1,1) (21, T2, 233 Y)

whereas the original product we were trying to compute, &y o,27(7; y) Spo,2,17(2; 2), has 25 nonzero double
Schubert polynomial terms.

The schubmult Python package can display product and coproduct coefficients in positive form. For the
most general algorithms applicable to arbitrary polynomials, obtaining such a presentation is computationally
intractable (even in small cases) when approached directly through integer programming without problem-
specific optimizations. By contrast, when the reduction formulas introduced in this paper are applied,
together with other positive formulas established in prior work, the package frequently produces positive
presentations for cases of reasonable size. This statement reflects empirical evidence rather than a quantified
result. Notably, such optimizations were essential to render positivity testing of coefficients feasible in the
case n = 6 before the general positivity result of [9] was known.
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3. EXTENSION TO A BIALGEBRA STRUCTURE

3.1. Definition of the bialgebra. One would not normally call A 4 for abitrary A a “coproduct.” However,
we may extend it to a true coproduct with some modification of the algebra structure. For convenience in
this case we drop the y and z variables.

We define a commutative algebra A over the integers as follows. For each n, define A,, to be the polynomial
ring over Z in the variables x1,...,x,. Then define

Aoa
n=0

The multiplication within A,, is as usually defined for the polynomial ring. However, if a € A,, and b € A,
with m # n and m,n > 0, then
ab=20
Otherwise, the component for n = 0 is identified with the coefficient ring. Note that the “identity element”
for positive n is not an identity element of A.
Each A, has a basis consisting of elements :an)7 where a is a sequence of n nonnegative integers, and the

notation indicates that

Qn
n

Tg =27t
The direct sum therefore has a basis that can canonically be identified with union of these.
We define a coproduct A : A — A® A on the basis z{™ by
Aa®)= Y P ox?

pt+qg=n
ab=c

where the equation ab = ¢ indicates that a concatenated with b is equal to c. We also define a counit
e: A—=7Zby 6(3:51")) = 0 unless n = 0.

Lemma 3.1.1. With A and €, A is a coassociative, counital coalegebra.

Proof. We have
A(xgln)) — th(lp) ® xEQ)
Applying A to either tensor factor results in
Zx((lp) ® ffz(;q) ® ()

The symmetry of this is exactly the coassociativity condition. Seeing that we may choose p = n or ¢ = n,
the definition of the counit gives us the result that A is counital as well under A and e. (|

Lemma 3.1.2. A: A— A® A is a homomorphism of rings.

Proof. This is where the condition that =7 )xl()q) = 0 unless p = g when both p,q > 0 comes in. It ensures
that only monomials of the same length have nonzero products and preserves the structure of the coproduct
as a homomorphism of rings. O

A is afforded a grading into finite dimensional components by observing that each A, itself is a graded
ring with each homogeneous component being a finitely generated free module. Considering the pair (n,d),
where 7 is the number of variables and d is the degree, as a Z? grading, we may take the graded dual module
D, which, by virtue of the grading, is isomorphic as a free module to .A. We identify the dual basis element
x; with the sequence of nonnegative integers a. That is to say,

(a,zp) = dap

Inspection of the coproduct reveals that the product of a and b in D is simply the concatenation ab. Hence
D is isomorphic to the free associative algebra on a countable set indexed by nonnegative integers.
D also has a coproduct compatible with its product, namely

Thus A and D are dual bialgebras.



26 1

3.2. The Schubert basis of D. D is actually a well-understood algebra that has been considered in various
contexts. What we present is a “new” basis for D that is dual to the Schubert basis of A. We will be able
to easily provide a positive combinatorial formula for the structure constants of this basis using the previous
results in this article.
Specifically, with the unique pairing (—, =) : D x A — Z such that

<a7 l‘g) = 60¢5
we define =7 to be the unique basis of D,, such that

<EZ, 62> = Ouv
We characterize it with an explicit formula.

Theorem 3.1. For each permutation v and integer n with ¢(us;) > €(u) for all i > n we have the equation

n EC(H) o C(H)

== i
L(a)=n

where (s any strict dominant permutation such that 0 # ¢, (p) > €(u) and cpy1(p) = 0.

Proof. By definition, the coefficient of o in E is the coeflicient of &' in z,. This can be derived from

the Cauchy formula for double Schubert polynomials. Note that for any permutation p as laid out in the
statement of the theorem, £(up=1) = ¢(u) — £(u). Thus,

A &S (5 —y) = Syu(w; —y)

= Z Gu(m) Guu—l (y)

Expressing the second factor in the e, A( ) basis, we have
Z G ‘(M) a, C(M)BC(M)_Q,C(M) (y)

An alternative expression for &, (x; —y) is

We have that

y) = Z Tale(p)—a,c(p) (y)

from which we see that the coefficient is correct. O
This is not stable for fixed u as n increases, and this is expected.

Example 3.2.1. Suppose w = [1,4,5,2,3]. Then

= [022] — [013]
If we chose [1,3,5,7,2,4,6] instead, we have

E1357246 = [0015] — [0033] — [0114] 4 [0123]
For w =[4,2,7,1,3,5,6],
71356 = —[026] + [035] + [125] — [134] + [206] — [215] — [305] + [314]
Lemma 3.2.2. Let u,v € S and p,q > 0 be integers. Write
ZPEd — Zdu (0. q ~p+q

Then for each u,v,w the coefficient d;; ,(p,q) is the coefficient of &y (x1,...,2p) Sy(Tpy1, ..., Tprq) in the
expansion of G, (x1,...,Tptq) n terms of the basis of products of Schubert polynomials in x1,...,x, and
Schubert polynomials in xp1 onward.

Proof. This is true by examination of the definition of the coproduct of A, since this is the coefficient of
&P ® &Y in the coproduct of G, O

Thus the product structure of D encodes splitting of the Schubert polynomial into two sets of variables.
In particular,



POSITIVE MIXED VARIABLE FORMULAS 27

Lemma 3.2.3. Let a > 0 be an integer and w € So. Then we have

E)
[1]

g3
I
[1]

g3

w€D1(w )
L(w,w')=a

We also have

Lemma 3.2.4. Let a > 0 be an integer and w € Sw. Then we have

This is actually sufficient to get a full LR rule.

Lemma 3.2.5. Suppose

Then

= —p+
:ﬁ[o]q = Z d’l'lj,},'u(p7 Q):Z,(%va)—l
L(w(tPov)—1)=L(w)—L(v)

Theorem 3.2. Let u,v € S, and p,q > 0 be integers. Write

=PI =a
p=d Zduq)p’ pa

w

Then d? ,(p,q) = 0 unless ((w(1Pv)~1) = L(w) —L(v) and ((u)+L(v) = L(w). If these conditions are satisfied,
then dif ,(p, q) is the number of sequences of permutations (0o, .. .,0q) such that oo = w(tPv)™', o = u, and

p+q ptg—1 p+1

o0 N\ o2 N\ -\ 0y
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hat is most interesting in this construction is the coproduct. Consider our example

Using the word basis

026

[4,2,7,1,3,5,6]

Example 3.2.6.

w

®

+

035

&

000

+

®

000

— A NN I 0 O O —~ N N F O A N IO N O SO AN M 10 N 1O O = N FH O N O N

o O O O O O QO = = - 4 4 &4 N4 4 o 0 60 o o — = 4 4 NN NN O O O o - 4 O O o
B S N N = B N P R P P = N P ==, PP e P e P P P s PR RO IO O RO IR IO C I OC I
I+ 4+ 1 I+ +4+++++ 1+ 1+ F A+ 0+ L+ L+ A+ 4+
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Reexpressing this in the dual Schubert basis, e.g. with Lemma we have
= 1®E3y71356 + E3243 ® Eda71456 + Si043 ® Edi72356 + Ed243 © Edae1ss

+ 239534 ® E3172456 + El2534 ® Bdo6145 + Eros34 © Sd1623s + Sizsaa ® Eidosis
+ E326345 ® E316245 + 36345 © Edas14 + Edaeaas ® Ba1s23 + Edoeaas ® Biog
+ E3973456 © Ed1504 + El27aa56 © Sd132 + Eraraase ® Eidars + Elsa © Tariase
+ 832 ® ES170356 + E3342 © E3172456 + B34z ® Edreras + Edzaz © Edreoss
+ 233524 ® E3173456 + 2E33504 ® E316245 + Eras24 © Sios14 + Eiasos © Edises
+ El36245 ® E316345 + 25336245 © Ed1504 + Edzeaas ® E3oa1 + Elze04s ® Ediz
+ 23372456 ® E31534 + Els72456 © T3142 + Exaraase © Ed1 + Eizroase © Edros
+ E8423 ® 3172456 + E3432 ® Bd173456 + Etazz © Ed16045 + Elasos © Sa16345
+ Bl4503 ® E31524 + E36035 ® B31534 + Ease2ss ® Eanan + Edarasse ® Eaiaz
+ El470356 ® Bd12 + 231 ® 3471356 T 251 © Edar1as6 + Sa143 © B3 ara3se
+ B3143 ® E371456 + Ea143 ® Edse135 + Fa143 ® B3170456 + Ba143 ® Edae1as
+ E31534 © Eiaraas6 + Ea1534 © Elseass + Sa1s34 © Sa173456 + Sa1s34 © Edzeras
+ B31534 ® Ea4513 + Ed1534 ® Ed16245 + Sa1534 ® Eidas1a + Ed1634s ® Eangras
+ E316345 ® Edas23 + Ed16345 © Ed16345 + E16345 © Soas14 + Sdreaas © Saz
+ B316345 ® E31524 + Ea16345 ® Edaa1 + E3173456 © Saasoa + S3173456 ® Sdgzn
+ E3173456 ® E31534 + E3173456 © o413 + Ed173456 © Ed142 + 3173456 © Sl
+ B331 ® E3170456 + E3341 ® E316245 + Ea3514 ® B316345 + Eazs14 © Eaisog
+ E336145 ® E1534 + Eds6145 © Ed142 + Edar1456 © Ed143 + Edzr1ase © Eiio
+ B3413 ® E3173456 + Eaaz1 ® E16345 + Soas1z ® Edisaa + Edasrzs ® Baas
+ E3471356 ® B31 + E312 © 8470356 + S0 © Edsr1456 + Ea1a2 © Edaraase
+ B3142 ® B3 46035 + E142 ® Ea173456 + Ea142 ® B3z6145 + Edis24 ® Eioraase
+ 2831504 © Eiag245 + E31524 ® Elasoz + E31524 © 316345 T Sd1504 © Boasia
+ B316245 ® Edap34s + 25316245 ® Einsoa + Bd16245 ® Edaza + Edreoas ® B3isas
+ E316245 © Ed341 + E3172456 © Elas3a + Ed172456 © Edzaz + Ed172456 © Elsos
+ B3172456 ® B3143 + E3172456 © Eds1 + E301 @ Edaraase + Eao1 ® B317a4s6
+ E341 © Els6245 + S241 © Bd16345 + S30514 @ Edoeaas + Edosra © Eraso
+ B32514 ® B31534 + E6145 ® Blos34 + Edo6145 © Einao + Edosras ® Eaiaz
+ E3271456 ® El243 + Edo71456 © Exsa + Ear1456 © Ea1 + Eiio3 ® Elaraase
+ B3132 ® E3o73456 + Ed132 ® Eingzas + Sa1523 ® Elreaas + Edisos © Eissoa
+ Ed16935 © Elosza + Edrea3s @ Elaan + Eii72356 © Eroaz + Edi7ase © Bz
+ B3213 ® E3or3456 + Edos1 ® Edagaas + Basiz ® Elasaa + Edosrzs ® Bioas
+ Edr1356 © 1

Now we may ask: how do we interpret this?

Remark. In the formula
INCHED SEFE
u,v

the coefficients ¢, are the structure constants of Schubert polynomials. That is, the entire multiplicative

U,v

structure of Schubert polynomials is encoded in the coproduct.
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Example 3.2.7. Consider the term 2 23,55, ® El34045 in Example This indicates that the structure

4271356 —
constant 3751736245 = 2. Indeed, we have

G31524(7) S136245(7) = S32814567(%) + S3a71256(2) + S356124(2) + Sa1823567(7)
+ 264971356 (%) + Guze125(x) + Ss172346(x) + S526134()

which confirms that this is in fact the case.
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