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A B S T R A C T

A phase-type distribution is the time to absorption in a continuous- or discrete-time Markov chain. Phase-
type distributions can be used as a general framework to calculate key properties of the standard coalescent
model and many of its extensions. Here, the ‘phases’ in the phase-type distribution correspond to states
in the ancestral process. For example, the time to the most recent common ancestor and the total branch
length are phase-type distributed. Furthermore, the site frequency spectrum follows a multivariate discrete
phase-type distribution and the joint distribution of total branch lengths in the two-locus coalescent-with-
recombination model is multivariate phase-type distributed. In general, phase-type distributions provide a
powerful mathematical framework for coalescent theory because they are analytically tractable using matrix
manipulations. The purpose of this review is to explain the phase-type theory and demonstrate how the
theory can be applied to derive basic properties of coalescent models. These properties can then be used
to obtain insight into the ancestral process, or they can be applied for statistical inference. In particular,
we show the relation between classical first-step analysis of coalescent models and phase-type calculations.
We also show how reward transformations in phase-type theory lead to easy calculation of covariances and
correlation coefficients between e.g. tree height, tree length, external branch length, and internal branch
length. Furthermore, we discuss how these quantities can be used for statistical inference based on estimating
equations. Providing an alternative to previous work based on the Laplace transform, we derive likelihoods
for small-size coalescent trees based on phase-type theory. Overall, our main aim is to demonstrate that phase-
type distributions provide a convenient general set of tools to understand aspects of coalescent models that are
otherwise difficult to derive. Throughout the review, we emphasize the versatility of the phase-type framework,
which is also illustrated by our accompanying R-code. All our analyses and figures can be reproduced from
code available on GitHub.
1. Introduction

Phase-type distributions have successfully been applied in the actu-
arial sciences and queuing theory for more than 30 years. The pioneer-
ing work of A. K. Erlang at a Copenhagen telephone company, where
he developed the method of stages for the duration of calls, is among
the first systematic applications of phases in stochastic modeling. A
fascinating recount of these developments can be found in Brockmeyer
et al. (1948). Later, Jensen (1953) formalized the notion of stages, and
defined a (univariate) phase-type distribution as it is known today. It
would take another two decades before Neuts (1975) and co-workers
provided a systematic development of the theory, with main exam-
ples and contributions in queuing theory. We also note that John
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Kingman followed and contributed to queuing theory throughout his
entire scientific career (Kingman, 2009) and that his knowledge about
queuing theory was essential for developing coalescent theory (see the
comments by Warren Ewens in the supplement of Rosenberg (2020)).

In the area of insurance risk, phase-type distributions have found
a number of important applications (see e.g. Asmussen and Albrecher
(2010), Bladt and Nielsen (2017), and references therein). The popu-
larity of phase-type distributions in the aforementioned areas is mainly
due to their tractability and generality: they allow for explicit expres-
sions of distributions and summary statistics even in complex stochastic
models having phase-type components. Furthermore, any non-negative
distribution can be approximated arbitrarily closely by a phase-type
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distribution. Additionally, reward structures in the context of phase-
type distributions were introduced by Kulkarni (1989), which allowed
for the definition of multivariate phase-type distributions.

Much of the theory and methods for phase-type distributions have
been developed for queuing and risk theory, but phase-type distribu-
tions are increasingly being applied in other disciplines (Hurtado and
Richards, 2021). In particular, phase-type distributions are an emerging
framework in mathematical population genetics, but it is still in its
infancy and not yet fully explored. While most applications in queuing
or risk theory employ phase-type distributions out of convenience, with
phases being unobserved and without a physical interpretation, the
situation in population genetics is somewhat unique in the sense that
many models can be identified directly as being of phase-type form.

In queueing theory and insurance risk, the typical data are inter-
arrival times, service times, and claim sizes. In general, there is no
reason for these quantities to be phase-type distributed, but the as-
sumption allows for expressing important properties like waiting-time
distributions, queue lengths, or ruin probabilities by explicit formulas.
From a statistical point of view, we are most often in the situation of
incomplete data, since data are only times until absorption (modeling
e.g. claim sizes) and not the whole underlying history of a Markov
process. Estimation can be achieved by invoking an EM-algorithm (As-
mussen et al., 1996) or a Markov chain Monte Carlo approach (Bladt
et al., 2003). In population genetics, the data is even more incomplete:
we only observe the present-day DNA sequences, and information about
the underlying evolutionary tree is missing.

The usage of stochastic simulation is increasingly popular, easy,
and efficient for statistical inference and model selection in population
genetics (e.g. Baumdicker et al., 2022; Freund and Siri-Jégousse, 2021
and Schrider and Kern, 2018). An advantage of the simulation-based
likelihood-free approaches is that they are very flexible and general;
the analyst ‘just’ needs to be able to simulate from the model. A disad-
vantage is the (often high) computational cost and lack of optimality
for the estimation procedure (see e.g. Chapter 6 in Bijma et al. (2017)
for an introduction to optimality theory in mathematical statistics and
the motivation for using maximum likelihood estimators).

In this review, we show that the class of population genetic mod-
els that allows a detailed mathematical treatment is larger than one
might perhaps expect, and we point to references for extending the
class of analytically tractable models even further. We have developed
PhaseTypeR, a software package in R that facilitates straightforward
implementation and simulation of coalescent models. In particular, all
analyses in this paper can easily be reproduced and are available on
GitHub. The package is available on CRAN and is described in Rivas-
González et al. (2023). Software for fitting both time-homogeneous and
time-inhomogeneous phase-type distributions with unidentified phases,
as in Asmussen et al. (1996) and Albrecher et al. (2022), is available
through the R package matrixdist (Bladt and Yslas, 2021).

Applications of phase-type methods to population genetic data is
till in its infancy. Statistical inference procedures and analysis of large
ample sizes based on phase-type theory remains a challenge. In this
eview we also discuss a number of limitations of the current phase-
ype framework. The limitations include a fast increase in the size of
he state space when the sample size increases, and lack of tractable
xpressions for reward transformations for inhomogeneous coalescent
odels.

The review is organized as follows: Sections 2 and 3 constitute a ba-
ic introduction to the advantages of using the phase-type framework in
opulation genetics. In Section 2, we consider univariate statistics such
s tree height, total tree length and external branch length, and show
hat they are phase-type distributed. In Section 3, we consider the joint
istribution of phase-type distributed variables. Section 4 is concerned
ith the discrete phase-type distribution, and we show that the number
f segregating sites follows such a distribution. The time to fixation
n the Wright–Fisher model is also discrete phase-type distributed. In
15

ection 5, we establish the connection between likelihood inference
for coalescent models via the Laplace transform originally suggested
by Lohse et al. (2011) and the phase-type framework. In particular, the
Laplace transform is analytically tractable for multivariate phase-type
distributed variables, and this feature facilitates likelihood inference.
Finally, in Section 6, we discuss further applications, extensions, limi-
tations, and perspectives on the use of phase-type theory in population
genetics. All our analyses and figures are available at https://github.
com/rivasiker/phasetype_review.

2. Phase-type distribution with a view towards coalescent theory

In this section, we describe why phase-type distributions are use-
ful in population genetics. We first provide simple examples of key
quantities in population genetics that are phase-type distributed. A
phase-type distribution is the time to absorption in a continuous-time
Markov chain and examples from population genetics include the tree
height, total tree length, and external branch length in a coalescent
tree. We then describe the general theory and most important formu-
lae from continuous phase-type distributions and relate them to the
classical first-step analysis of continuous-time Markov chains. Finally,
we introduce reward-transformed phase-type distributions. Reward-
transformed phase-type distributions allow us to weigh the time spent
in a state before absorption. For example, the total tree length is the
weighted tree height where the weights correspond to the number
of lineages in the different states, and the external tree length is the
weighted tree height where the weights correspond to the number of
lineages that are ancestral to exactly one leaf (see Fig. 1). The joint dis-
tribution of reward-transformed phase-type distributions is multivariate
phase-type. This is the topic for Section 3 and allows us to jointly
consider e.g. total tree length, external tree length, and internal tree
length.

2.1. Tree height, total tree length, and external branch length: Classical
approach

In the standard (Kingman) coalescent model, the time it takes for
two sequences to coalesce is exponentially distributed with rate 1,
i.e., 𝐻2 ∼ exp(1). Generalizing this, the time 𝐻𝑖 between coalescent
events from 𝑖 sequences to (𝑖−1) sequences is exponentially distributed,
i.e. 𝐻𝑖 ∼ exp(𝜆𝑖), with rate 𝜆𝑖 =

( 𝑖
2

)

= 𝑖(𝑖−1)
2 . Since these exponential

distributions are independent, we can calculate the tree height 𝐻 for
a given number of starting sequences 𝑛 ≥ 2 as 𝐻 =

∑𝑛
𝑖=2𝐻𝑖. In other

words, the time 𝐻 until the most recent ancestor of 𝑛 sequences is the
sum of independent exponential distributions (Fig. 1).

The mean and variance of 𝐻 are well-known, and so is the proba-
bility density function 𝑓𝐻 (𝑠). The calculation of 𝑓𝐻 (𝑠) requires the use
of convolutions of exponential distributions. In the simple case when
𝑛 = 3, we get the convolution of two exponential distributions, namely
𝐻2 ∼ exp(𝜆2) and 𝐻3 ∼ exp(𝜆3). Since 𝜆2 ≠ 𝜆3 we get the probability
density function

𝑓𝐻 (𝑠) = 𝑓𝐻2+𝐻3
(𝑠) =

𝜆3
(𝜆3 − 𝜆2)

𝜆2𝑒
−𝜆2𝑠 +

𝜆2
(𝜆2 − 𝜆3)

𝜆3𝑒
−𝜆3𝑠, 𝑠 ≥ 0, (1)

(Wakeley, 2008, equation 2.63). By substituting 𝜆2 = 1 and 𝜆3 = 3, we
get the density function of 𝐻 when 𝑛 = 3. For 𝑛 > 3, 𝑓𝐻 (𝑠) requires
a longer series of convolutions of exponential distributions, and then
substituting the corresponding exponential rates.

Many other quantities in population genomics are also sums of
exponential distributions like, e.g., the total tree length 𝐿 =

∑𝑛
𝑖=2 𝐿𝑖 =

∑𝑛
𝑖=2 𝑖𝐻𝑖, which is similar to 𝐻 but weighted by the number of ancestral

branches in each state of the coalescent process. Recall that positive
scalar multiples of exponential distributions remain exponential: if 𝑋
is exponential with rate 𝜆 and 𝑎 > 0, then 𝑎𝑋 is exponential with rate
𝜆∕𝑎. We can then apply the same approach as described above to get
𝑓𝐿(𝑠), by using that 𝐿𝑖 ∼ exp(𝜆𝑖), where now

𝜆 =
𝑖(𝑖 − 1)

⋅
1 = 𝑖 − 1 . (2)
𝑖 2 𝑖 2
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Fig. 1. Coalescent tree for a sample of size 𝑛 = 3. The basic tree height 𝐻 = 𝐻2 +𝐻3 as well as any non-negative reward-transformed tree length 𝑎𝐻3 + 𝑏𝐻2, 𝑎 ≥ 0, 𝑏 ≥ 0, are
hase-type distributed.
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Now consider the singleton branch length or – equivalently – the
xternal branch length 𝐸. In the case 𝑛 = 3 we have 𝐸 = 3𝐻3+𝐻2, and
ince 3𝐻3 ∼ exp(1) and 𝐻2 ∼ exp(1) we now have to consider the sum
f two exponential distributions with the same rate. The distribution
s a so-called Erlang distribution, and we have that the sum of two
xponential distributions with rate 𝜆 is

𝐸 (𝑠) = 𝑓3𝐻3+𝐻2
(𝑠) = 𝜆2𝑠𝑒−𝜆𝑠, 𝑠 ≥ 0. (3)

y substituting 𝜆 = 1 we get the density for the singleton branch length
hen 𝑛 = 3.

The above approach, while feasible, relies on daunting analytical
ormulations. Moreover, the convolution of exponential distributions as
escribed above cannot be used in general for non-standard coalescent
odels, in which, unlike the Kingman coalescent, trees are not neces-

arily bifurcating, and the number of branches might be reduced by
wo or more after a coalescent event. This happens, for example, in
ultiple merger coalescent models such as the 𝛬-coalescent (Pitman,
999; Sagitov, 1999), the beta coalescent (Schweinsberg, 2003), the
si coalescent (Eldon and Wakeley, 2006), and the seed-bank coa-
escent (Lambert and Ma, 2015; Blath et al., 2016), where 𝑛 ≥ 2
ranches might coalesce to 𝑛−1, 𝑛−2,… , 1 branches. Additionally, when
erforming convolutions of exponential distributions, it is important to
istinguish between the case when the rates are the same (as in Eq. (3))
nd the case when they are different (as in Eq. (1)). Fortunately,
he desired convolutions can easily be computed by formulating the
oalescent as an absorbing Markov jump process and using phase-type
istributions.

.2. Properties of the coalescent tree: Phase-type distributions

Consider the standard coalescent when 𝑛 = 3 as a Markov jump
rocess {𝑋𝑡}𝑡≥0, with 𝑝 = 2 transient states and a single absorbing
tate. The transient states correspond to the stages in the coalescent tree
here 3 or 2 lineages are present, while the absorbing state corresponds

o the state when all of the sequences have coalesced. The coalescent
an then be summarized using a transition rate matrix 𝜦, such that

=
(

𝑻 𝒕
𝟎 0

)

, (4)

here

=
(

−𝜆3 𝜆3
0 −𝜆2

)

and 𝒕 =
(

0
𝜆2

)

. (5)

or 𝐻 we have (𝜆3, 𝜆2) = (3, 1), for 𝐿 we have (𝜆3, 𝜆2) = (1, 1∕2), and
or 𝐸 we have (𝜆3, 𝜆2) = (1, 1).

In general, a phase-type distributed random variable is defined
s the time to absorption in a continuous-time Markov chain with
n absorbing state. Let the first 𝑝 states of the Markov chain be the
ransient states and state 𝑝 + 1 be the absorbing state. We can then
rite the transition rate matrix for the Markov chain as in (4) where 𝑻

s now a sub-intensity matrix of size 𝑝 × 𝑝 which holds the transition
ates between the transient states, 𝒕 is a column vector of size 𝑝 with
he exit rates from the transient states into the absorbing state, and 𝟎
16

s a row vector of zeros of size 𝑝. By convention, the rows of 𝜦 sum
o zero, i.e. 𝜦𝒆 = 𝟎 with the column vector 𝒆 = (1,… , 1)′, where the
superscript denotes transposition. Therefore, the transition rate matrix
for the absorbing Markov jump process is fully determined by 𝑻 , since
the exit rate vector is given by 𝒕 = −𝑻 𝒆. We also need to provide an
initial state distribution 𝜶 of starting in each of the 𝑝 transient states.

e write 𝜏 ∼ PH(𝜶,𝑻 ) for a phase-type distributed random variable
ith parameters (𝜶,𝑻 ), and the probability density function is given
y

𝜏 (𝑠) = 𝜶𝑒𝑻 𝑠𝒕 =
∞
∑

𝑖=0

𝑠𝑖

𝑖!
𝜶𝑻 𝑖𝒕, 𝑠 ≥ 0. (6)

A main advantage of continuous phase-type distributions (PHs)
is that they have well-defined formulas in matrix notation for cal-
culating their basic properties. In (6) we provided the probability
density function. Similarly, the mean, variance, moments, and cumu-
lative distribution function are also available in analytically tractable
expressions. The mathematical expressions are general, defined solely
by 𝜶 and 𝑻 , and available in our R package PhaseTypeR.

In those cases where phase-type distributions correspond to con-
volutions of exponential distributions, the phase-type formulas using
matrix notation naturally yield the same result. We consider the two
examples of tree height and external branch length to demonstrate this
agreement.

2.2.1. Example: Tree height distribution
We return to 𝑓𝐻 (𝑠) when 𝑛 = 3 for an illustrative example. The tree

height 𝐻 is the time until absorption, 𝐻 = inf{𝑡 ≥ 0 ∶ 𝑋𝑡 = 𝑝 + 1}, of
a continuous-time Markov jump process {𝑋𝑡}𝑡≥0 with 𝑝 = 2 transient
states. The initial distribution is given by the row vector 𝜶 = (1, 0) and
the 𝑝 × 𝑝 = 2 × 2 sub-intensity matrix

𝑻 =
(

−𝜆3 𝜆3
0 −𝜆2

)

(7)

where 𝜆3 = 3 and 𝜆2 = 1. When the tree height 𝐻 is described as
a phase-type distribution we write 𝐻 ∼ PH(𝜶,𝑻 ). In other words, 𝐻
is the time until absorption of the sum of two sequentially occurring
exponential distributions defined by a probability vector 𝜶 of starting
in a certain state, and a sub-intensity matrix 𝑻 with the transition rates
between the 𝑝 = 2 transient states given by (7) with (𝜆3, 𝜆2) = (3, 1).

We now calculate the density function (6) for 𝜶 = (1, 0), 𝑻 given by
(7) with 𝜆2 ≠ 𝜆3, and 𝒕 = −𝑻 𝒆 = (0, 𝜆2)′. The first term in (6) with 𝑖 = 0
is zero because 𝜶𝑻 0𝒕 = 𝜶𝑰𝒕 = 𝜶𝒕 = 0. The remaining terms with 𝑖 ≥ 1
are determined by

𝜶𝑻 𝑖𝒕 = (−1)𝑖+1
𝑖

∑

𝑘=1
𝜆𝑘3𝜆

𝑖−𝑘+1
2 = 1

(𝜆3 − 𝜆2)
(−1)𝑖+1(𝜆2𝜆𝑖+13 − 𝜆3𝜆𝑖+12 )

=
𝜆3𝜆2

(𝜆3 − 𝜆2)
(−1)𝑖+1(𝜆𝑖3 − 𝜆

𝑖
2), (8)

where in order to obtain the second equal sign we used that we have
an alternating sum when multiplying by (𝜆3 − 𝜆2). In the end, we get

𝑓𝐻 (𝑠) =
𝜆3𝜆2

(𝜆3 − 𝜆2)

∞
∑

𝑖=1

𝑠𝑖

𝑖!
(−1)𝑖+1(𝜆𝑖3 − 𝜆

𝑖
2) =

𝜆2
(𝜆2 − 𝜆3)

𝜆3𝑒
−𝜆3𝑠

+
𝜆3

(𝜆3 − 𝜆2)
𝜆2𝑒

−𝜆2𝑠, 𝑠 ≥ 0, (9)

which is the same result as in (1).
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2.2.2. Example: External and total length distribution
For the external length distribution 𝐸 we have a phase-type repre-

sentation given by initial distribution 𝜶 = (1, 0) and sub-intensity matrix
𝑻 given by (7) with 𝜆3 = 𝜆2 = 1. In the following we let 𝜆3 = 𝜆2 = 𝜆
to establish the connection with (3). Note that 𝒕 = −𝑻 𝒆 = (0, 𝜆)′. Let
us again consider the density function (6). The first term with 𝑖 = 0 is
zero because 𝜶𝑻 0𝒕 = 𝜶𝑰𝒕 = 𝜶𝒕 = 0. The remaining terms with 𝑖 ≥ 1 are
determined by

𝜶𝑻 𝑖𝒕 = (−1)𝑖+1𝑖𝜆𝑖+1, (10)

and we get

𝑓𝐸 (𝑠) =
∞
∑

𝑖=1

𝑠𝑖

𝑖!
(−1)𝑖+1𝑖𝜆𝑖+1 = 𝜆2𝑠

∞
∑

𝑖=1
(−1)𝑖−1 𝑠𝑖−1

(𝑖 − 1)!
𝜆𝑖−1 = 𝜆2𝑠𝑒−𝜆𝑠, 𝑠 ≥ 0,

(11)

hich is the same result as in (3).
For an arbitrary number of leaves 𝑛, the tree height 𝐻 is phase-type

istributed with initial distribution 𝜶 = (1, 0,… , 0) and sub-intensity
matrix

𝑻 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−𝜆𝑛 𝜆𝑛 0 ⋯ 0
0 −𝜆𝑛−1 𝜆𝑛−1 ⋯ 0
0 0 −𝜆𝑛−2 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ −𝜆2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (12)

where 𝜆𝑖 =
( 𝑖
2

)

. The sub-intensity matrix for the total tree length 𝐿 has
the same structure, but with 𝜆𝑖 = (𝑖 − 1)∕2 (recall Eq. (2)). Phase-type
distributions with rate matrices given by (12) are called generalized
Erlang distributions (Bladt and Nielsen, 2017), and if the starting state
is 𝜶 = (1, 0,… , 0) then this distribution corresponds to the distribution
of the sum of exponential random variables with rates 𝜆𝑛, 𝜆𝑛−1,… , 𝜆2.
In the special case when all the parameters 𝜆𝑖 are distinct, i.e. 𝜆𝑖 ≠ 𝜆𝑗
for all 𝑖 ≠ 𝑗, we have the closed form solution for the density

𝑓 (𝑠) =
𝑛
∑

𝑖=2
𝜆𝑖𝑒

−𝜆𝑖𝑠
𝑛
∏

𝑗=2,𝑗≠𝑖

𝜆𝑗
(𝜆𝑗 − 𝜆𝑖)

see e.g. equation (2.64) in Wakeley (2008)). This expression is a linear
ombination of exponential distributions with positive and negative
oefficients.

Calculation of the mean, variance, density function, and cumulative
istribution function for 𝐻,𝐿 or 𝐸 for any sample size 𝑛 ≥ 2 is
traightforward because the phase-type representation with parameters

and 𝑻 is available. In particular, the computational methods for
alculating matrix exponentials (e.g. Moler and Van Loan (2003)) are
table and reliable; for instance, we have never encountered numerical
roblems with the expm package in R (Goulet et al., 2021).

.2.3. Example: Probability of a number of lineages at a fixed time in the
ast

The distribution of the number of lineages at a past time point 𝑡
an also be obtained by using phase-type results. Tavaré (2004) (p. 19)
erived the distribution of the number of lineages 𝐴𝑛(𝑡) at time 𝑡 for a
oalescent tree that starts with 𝑛 lineages at time 0. More specifically,
e showed that

(𝐴𝑛(𝑡) = 𝑗) =
𝑛
∑

𝑘=𝑗
𝑒−𝜆𝑘𝑡𝑏(𝑛, 𝑘, 𝑗),

where

𝜆𝑘 =
(

𝑘
2

)

, 𝑏(𝑛, 𝑘, 𝑗) =
(2𝑘 − 1)(−1)𝑘−𝑗𝑗(𝑘−1)𝑛[𝑘]

𝑗!(𝑘 − 𝑗)!𝑛(𝑘)
,

(𝑘) = 𝑛(𝑛 + 1)⋯ (𝑛 + 𝑘 − 1), 𝑛[𝑘] = 𝑛(𝑛 − 1)⋯ (𝑛 − 𝑘 − 1),

and 𝑛[0] = 𝑛(0) = 1.

Subsequently, Blum and Rosenberg (2007) used this distribution to
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obtain the distribution of intercoalescence times conditional on 𝐴𝑛(𝑡). 𝑘
We briefly explain how the distribution of 𝐴𝑛(𝑡) can be obtained
sing a phase type approach. Indeed, let 𝐻 (𝑙) =

∑𝑛
𝑖=𝑙+1𝐻𝑖 be the time

ntil the coalescent reaches a state with 𝑙 lineages. Obviously, the event
𝑛(𝑡) ≤ 𝑙 is equivalent to the event 𝐻 (𝑙) ≤ 𝑡 which can be computed by
hoosing ‘‘𝑙 lineages’’ as the absorbing state. Thus, the computation of
he distribution of 𝐻 (𝑙) is analogous to the computation for the tree
eight in the previous example, but with the reduced sub-intensity
atrix 𝑇 taken as the {1,… , (𝑛− 𝑙)} × {1,… , (𝑛− 𝑙)} sub-matrix of (12).

.3. Mean and variance for phase-type distributions from first-step analysis

We now consider the mean, variance, and higher-order moments
or a phase-type distribution with the sub-intensity matrix 𝑻 , where
𝑖𝑗 = 𝑡𝑖𝑗 . As described above, a phase-type distribution corresponds

o the first passage time into the absorbing state, and the traditional
rocedure for determining the mean and variance uses a first-step
nalysis (e.g. Section 5.4 in Ibe (2013)). An alternative procedure
or deriving the higher-order moments is to differentiate the Laplace
ransform and evaluate at zero. We describe both procedures in this
ubsection.

Let 𝑀𝑖 be the expected time to absorption given the initial state is 𝑖.
or any transient state 𝑖, we have (see e.g. Section 5.4 in Ibe (2013) or
ection 5.1.3 in Wakeley (2008))

𝑖 =
1

−𝑡𝑖𝑖
+
∑

𝑘≠𝑖

𝑡𝑖𝑘
(−𝑡𝑖𝑖)

𝑀𝑘, (13)

because the time before leaving state 𝑖 is exponential with rate −𝑡𝑖𝑖, and
the probability of jumping from state 𝑖 to another transient state 𝑘 is
𝑡𝑖𝑘∕(−𝑡𝑖𝑖). We can rearrange the equation to get

−𝑡𝑖𝑖𝑀𝑖 −
∑

𝑘≠𝑖
𝑡𝑖𝑘𝑀𝑘 = 1,

or

−
𝑝
∑

𝑘=1
𝑡𝑖𝑘𝑀𝑘 = 1. (14)

et 𝑴 = (𝑀1,… ,𝑀𝑝)𝑡 be the vector of means. In matrix format, we
rite (14) as

𝑻𝑴 = 𝒆,

nd we get 𝑴 = (−𝑻 )−1𝒆. We call 𝑼 = (−𝑻 )−1 the Green matrix (Bladt
nd Nielsen, 2017). For 𝜏 ∼ PH(𝜶,𝑻 ), the initial distribution is 𝜶, and
e get the mean

[𝜏] = 𝜶𝑴 = 𝜶(−𝑻 )−1𝒆. (15)

Now let us derive an expression for the variance. Let

𝑖 = ∫

𝜏

0
𝑠2𝑓𝑖(𝑠)𝑑𝑠

e the second moment for the time to absorption given initial state 𝑖.
akeley (2008, Section 5.1.3, page 145) derives the equation

𝑖 = E[𝜏2𝑖 ] + 2E[𝜏𝑖]
∑

𝑘≠𝑖

𝑡𝑖𝑘
(−𝑡𝑖𝑖)

𝑀𝑘 +
∑

𝑘≠𝑖

𝑡𝑖𝑘
(−𝑡𝑖𝑖)

𝑄𝑘.

Here, 𝜏𝑖 is the exponentially distributed time before the jump from
state 𝑖 (with rate −𝑡𝑖𝑖), and we have E[𝜏𝑖] = 1∕(−𝑡𝑖𝑖) and E[𝜏2𝑖 ] =
2∕(−𝑡𝑖𝑖)2. Substituting, we get

𝑄𝑖 =
2

(−𝑡𝑖𝑖)2
+ 2 1

(−𝑡𝑖𝑖)
∑

𝑘≠𝑖

𝑡𝑖𝑘
(−𝑡𝑖𝑖)

𝑀𝑘 +
∑

𝑘≠𝑖

𝑡𝑖𝑘
(−𝑡𝑖𝑖)

𝑄𝑘,

and re-arranging we obtain

𝑡𝑖𝑖𝑄𝑖 +
∑

𝑘≠𝑖
𝑡𝑖𝑘𝑄𝑘 =

2
𝑡𝑖𝑖

+ 2
∑

𝑘≠𝑖

𝑡𝑖𝑘
𝑡𝑖𝑖
𝑀𝑘.

sing Eq. (13), this formula amounts to
𝑝
∑

𝑡𝑖𝑘𝑄𝑘 = 2
( 1
𝑡

+
∑ 𝑡𝑖𝑘

𝑡
𝑀𝑘

)

= −2𝑀𝑖.

=1 𝑖𝑖 𝑘≠𝑖 𝑖𝑖
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Let 𝑸 = (𝑄1,… , 𝑄𝑝)′ be the column vector with entries 𝑄𝑖, 𝑖 = 1,… , 𝑝.
n matrix format, we have

𝑸 = −2𝑴 = 2𝑻 −1𝒆,

r

= 2𝑻 −2𝒆.

e conclude that E[𝜏2] = 2𝜶(−𝑻 )−2𝒆
In general, the higher-order moments for a PH(𝜶,𝑻 ) distributed

random variable are given by

E[𝜏𝑛] = 𝑛!𝜶(−𝑻 )−𝑛𝒆, (16)

as stated in, e.g., Corollary 3.1.18 in Bladt and Nielsen (2017). This
formula is general, has a simple implementation, and avoids calculating
the moments using first-step analysis. Perhaps the easiest derivation of
the general formula is to first calculate the Laplace transform

𝜏 (𝑢) = ∫

∞

0
𝑒−𝑢𝑠𝜶𝑒𝑻 𝑠𝒕𝑑𝑠 = 𝜶 ∫

∞

0
𝑒−(𝑢𝑰−𝑻 )𝑠𝑑𝑠𝒕 = 𝜶(𝑢𝑰 − 𝑻 )−1𝒕, 𝑢 ≥ 0.

Second, the higher-order moments for the PH(𝜶,𝑻 ) distribution can be
erived by differentiating the Laplace transform with respect to 𝑢 an
ppropriate number of times, and evaluate at zero.

We end this subsection with a brief discussion of the evaluation of
he matrix formulas in the spirit of Røikjer et al. (2022). Suppose we
ant to evaluate the first moment, i.e 𝜶(−𝑻 )−1𝒆. If we let 𝒛 = (−𝑻 )−1𝒆

hen we need to solve the linear equation system −𝑻 𝒛 = 𝒆, and multiply
he solution 𝒛 by 𝜶 from the left. In population genetics, the rate
atrices are often upper triangular, and in this case the linear equation

ystem can be solved using the back solve algorithm (e.g. Arnold et al.
2019), Section 2.5). To illustrate how the back solve algorithm works
e consider the total tree height with sample size 𝑛 = 4. In this case

he linear equation system −𝑻 𝒛 = 𝒆 becomes

−
⎛

⎜

⎜

⎝

−6 6 0
0 −3 3
0 0 −1

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑧1
𝑧2
𝑧3

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

1
1
1

⎞

⎟

⎟

⎠

.

Solving backwards we get 𝑧3 = 1, 3𝑧2 − 3𝑧3 = 1 or 𝑧2 = 1 + 1∕3, and
finally 6𝑧1 − 6𝑧2 = 1 or 𝑧1 = 1 + 1∕3 + 1∕6. We have 𝜶 = (1, 0, 0), and
the mean is therefore 𝑧1 = 1 + 1∕3 + 1∕6. The back solve algorithm
for solving a linear equation system where the coefficient matrix is
upper triangular is implemented in R in the backsolve command.
Furthermore, the back solve methodology also works if the rate matrix
is an upper block triangular matrix instead of a strictly upper triangular
matrix; see Røikjer et al. (2022) for more information.

Now consider the problem of evaluating the second moment
2𝜶(−𝑻 )−2𝒆. We first find 𝒛1 = (−𝑻 )−1𝒆 as the solution to the linear
equation system −𝑻 𝒛1 = 𝒆 using the back solve algorithm as described
above. Second we solve the linear equation system −𝑻 𝒛2 = 𝒛𝟏 with
respect to 𝒛2 (again using the back solve algorithm), and finally we
compute the second moment from 2𝜶(−𝑻 )−2𝒆 = 2𝜶(−𝑻 )−1𝒛1 = 2𝜶𝒛2.

As a final remark we note that the rate matrices in population
genetics are often sparse and large. Using R, the matrices could be
stored in the compressed sparse row (CSR) format for efficient eval-
uation. Efficient implementation of the phase-type matrix formulas is
an important future research area.

2.4. Reward-transformed phase-type distributions

Recall from Fig. 1 that quantities such as the total tree length,
external tree length, or internal tree length are weighted versions of
the time spent in the states of the ancestral process. In this subsection,
we consider these so-called reward-transformed variables. The class
of phase-type distributions is closed under reward-transformations,
meaning that a reward-transformed phase-type distribution is, again,
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phase-type distributed. This is a huge advantage in order to obtain
the probability distribution and moments of the reward-transformed
variable.

Let 𝜏 ∼ PH(𝜶,𝑻 ) and let {𝑋𝑡}𝑡≥0 be the underlying Markov jump
process. We then define a vector 𝒓 = (𝑟(1), 𝑟(2),… , 𝑟(𝑝)) consisting
of non-negative rewards, so that a new reward-transformed random
variable 𝜏 is given by

̃ = ∫

𝜏

0
𝑟(𝑋𝑡) 𝑑𝑡. (17)

If 𝑟(𝑖) = 1 for all 𝑖, then 𝜏 = 𝜏. If 𝑟(𝑖) = 1 and 𝑟(𝑗) = 0 for 𝑗 ≠ 𝑖,
then 𝜏 is the time spent in state 𝑖. If instead any of the entries in 𝒓 is a
on-negative number different from 1, then 𝜏 corresponds to the total

reward accumulated until absorption.
An alternative but equivalent definition of the reward-transformed

variable is

̃ =
𝑝
∑

𝑖=1
𝑟(𝑖)𝑍𝑖,

here 𝑍𝑖 is the total time spent in state 𝑖 before absorption.
If all of the values in 𝒓 are positive, then it can be shown that

̃ ∼ PH(𝜶, 𝑻̃ ), where 𝑻̃ =▵ (𝒓)−1𝑻 (Bladt and Nielsen, 2017). Here,
▵ (𝒓) denotes the diagonal matrix of size 𝑝 × 𝑝 with 𝒓 in the diagonal.
Alternatively, if one or more of the rewards in 𝒓 are equal to 0,
then 𝜏 will also follow a PH, but the number of states in the new
PH is 𝑝 minus the number of zero-reward states. This reflects that
even though transitions through a zero-reward state are possible, they
should not be accounted for (they can be removed) in the distribution
for 𝜏. Theorem 3.1.33 in Bladt and Nielsen (2017) provide general
formulas for the initial distribution and sub-intensity matrix for a
reward-transformed phase-type distribution, and these formulas are
implemented in PhaseTypeR.

The ability to reward transform is extremely useful in population ge-
netics, since, as explained above, many quantities are, in fact, weighted
sums of exponential distributions. This is the case for the total tree
length 𝐿, which is a version of the tree height 𝐻 weighted by the
number of branches in each time interval between coalescent events.
Since 𝐻 ∼ PH(𝜶𝐻 ,𝑻𝐻 ), as explained in Sections 2.1 and 2.2, we can
define a reward vector 𝒓𝐿 = (𝑛, 𝑛 − 1,… , 2), so that 𝐿 ∼ PH(𝜶𝐿,𝑻 𝐿),
where 𝑻 𝐿 =▵ (𝒓𝐿)−1𝑻𝐻 and 𝜶𝐿 = 𝜶𝐻 = 𝒆1. The sub-intensity matrix
𝐿 will be the same as when calculated using Eq. (12).

Many other quantities in population genomics are linear combina-
tions of the times spent in a state before absorption. This is the case
for the total branch length leading to each of the elements of the site
frequency spectrum (singletons, doubletons, etc.), the total length of
the external branches, and the total length of the internal branches.
Consider for example the total branch length 𝐵1 leading to singletons
when 𝑛 = 4. A naive first step would be to represent the total tree
height 𝐻 using phase-type theory. We could use Eq. (12) to calculate
the sub-intensity matrix

𝑻𝑯 =
⎛

⎜

⎜

⎝

−6 6 0
0 −3 3
0 0 −1

⎞

⎟

⎟

⎠

, (18)

so 𝐻 ∼ PH(𝜶𝐻 ,𝑻𝐻 ), where 𝜶𝐻 = (1, 0, 0). However, we cannot directly
reward transform 𝑻𝑯 to get a PH-representation of the total singleton
branch length. The reason for this is that we are now interested in
modeling a specific type of branch, so we need to consider all possible
trees for the coalescent process. For 𝑛 = 4, there are two types of trees,
depicted in Fig. 2A. Both trees start with a coalescence between two
singleton branches forming a doubleton branch. From the remaining
sequences, any of the two singleton branches will coalesce with the
doubleton branch to form a tripleton branch with probability 2/3 (left
tree), or the two singleton branches will coalesce with probability 1/3
to form a second doubleton branch (right tree). Finally, in both trees,
the two remaining branches will find common ancestry and enter the

absorbing state in the next coalescent.
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Fig. 2. A. The two possible trees with a sample size of 𝑛 = 4. The coloring of the branches is according to the number of descendant leaves. B. The states and state transition
diagram. C. The corresponding sub-intensity matrix and phase-type distribution for the tree height 𝐻 . D. Rewards for total branch length 𝐿. E. Rewards for total singleton branch
length 𝐵1, total doubleton branch length 𝐵2, and total tripleton branch length 𝐵3.
Following this tree pattern, we can re-formulate the PH representa-
tion of the tree height 𝐻 by splitting the state in 𝑇𝐻 with two branches
into a state with one singleton branch and one tripleton branch and a
state with two doubleton branches

𝑻̃𝐻 =

⎛

⎜

⎜

⎜

⎜

⎝

−6 6 0 0
0 −3 2 1
0 0 −1 0
0 0 0 −1

⎞

⎟

⎟

⎟

⎟

⎠

. (19)

See Fig. 2B for the state transition diagram and Fig. 2C for the new
phase-type formulation of the tree height distribution. Thus, the tree
height can also be modeled as 𝐻 ∼ PH(𝜶̃𝐻 , 𝑻̃𝐻 ), where 𝜶̃𝐻 = (1, 0, 0, 0).
This is an equivalent representation of 𝐻 when using 𝑻𝑯 and 𝜶𝑯 , but
with the added advantage of modeling all branch types explicitly.

We can now define reward vectors to obtain the distribution of total
branch length 𝐿 (Fig. 2D) and total singleton, doubleton and tripleton
branch lengths (Fig. 2E). The reward vector 𝒓𝟏 = (4, 2, 1, 0) correspond
to the number of singleton branches in each of the states. After reward
transforming 𝑻̃𝐻 with 𝒓𝟏 to obtain 𝑻 𝟏, we get that 𝐵1 ∼ PH(𝜶𝟏,𝑻 𝟏),
where 𝜶𝟏 = (1, 0, 0). Note that the new sub-intensity matrix 𝑻 𝟏 is of
size 3 since state 4 in 𝑻̃𝐻 is discarded due to it having a reward of 0 (no
singleton branches). In a similar manner, we can get PH representations
of the branch length leading to doubletons (𝐵2) and that leading to
tripletons (𝐵3) by reward transforming 𝑻̃𝐻 by 𝒓𝟐 = (0, 1, 0, 2) and
𝒓𝟑 = (0, 0, 1, 0), respectively. Reward transformation is implemented in
PhaseTypeR, and for 𝑛 = 4 we get (see the accompanying R code)

𝐵𝑖 ∼ PH(𝜶𝑖,𝑻 𝑖), 𝑖 = 1, 2, 3,

with

Singletons ∶ 𝜶1 = (1, 0, 0) and 𝑻 1 =
⎛

⎜

⎜

⎝

−3∕2 3∕2 0
0 −3∕2 1
0 0 −1

⎞

⎟

⎟

⎠

Doubletons ∶ 𝜶2 = (1, 0) and 𝑻 2 =
(

−3 1
0 −1∕2

)
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Tripletons ∶ 𝜶3 = (2∕3) and 𝑻 3 = (−1).
The fork tree does not contain any tripleton branches and occurs with
probability 1/3. This is reflected in the initial distribution 𝜶3 that
only adds to 2/3. We say that the tripleton branch length distribution
is defective; with probability 1/3 the tree does not contain tripleton
branches.

For any sample size 𝑛, the reward vectors for all of these quan-
tities can be automatically computed by careful consideration of the
block counting process of the coalescent as described in Algorithm 4.2
in Hobolth et al. (2019) and Example 1 in Rivas-González et al. (2023).
Recall from Fig. 2B that if the number of samples is 4, then the state
space is of size 4, and the states are (4, 0, 0), (2, 1, 0), (1, 0, 1) and (0, 2, 0),
where the first entry in each triplet is the number of singleton branches,
the second entry is the number of doubleton branches, and the last
entry is the number of tripleton branches. We now note that 4 =
1 + 1 + 1 + 1 = 1 + 1 + 2 = 1 + 3 = 2 + 2, and these are exactly the
five possible ways of partitioning the number 4 into a sum of positive
integers. In general, the size of the state space for the block counting
process is given by the so-called partition function from number theory.

The partition function is sequence A00041 in the Online Encyclope-
dia Of Integer Sequences (OEIS) and can be found at https://oeis.org/
A000041. In the second row in Table 1 we provide a selected number
of values for the partition function. For a sample size 𝑛 larger than 45,
the size of the state space for the block counting process increases to
more than 100,000 states. Fortunately, all hope is not lost. In Table 1
we show different measures of sparsity for the block counting process.
In the third row we show the number of non-zero entries for the sub-
intensity matrix. For example, the sub-intensity matrix for sample size
𝑛 = 4 in Fig. 2C has seven non-zero entries. The number of out-going
edges in Fig. 2B is five and the number of nodes is the partition number
𝑝(4) = 5, so the average number of out-going edges is 1. Finally, the
sparsity is calculated as one subtracted by the fraction between the
number of non-zero entries and the size of the subintensity matrix
(𝑝(𝑛) − 1)2. For 𝑛 = 4, this amounts to {1 − [7∕(5 − 1)2]} = 0.5625. It
is encouraging that the amount of sparsity grows with the sample size.
For a sample size of 𝑛 = 50 the average number of out-going edges for

each node is smaller than 15 despite a total number of 204,226 nodes.

https://oeis.org/A000041
https://oeis.org/A000041
https://oeis.org/A000041
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Table 1
Partition function 𝑝(𝑛) (second row), number of non-zero entries in the subintensity matrix of dimension (𝑝(𝑛) − 1) × (𝑝(𝑛) − 1)
(third row), average number of out-going edges (fourth row), and sparsity for the block counting process (fifth row), with
varying sample size 𝑛 (first row). The average number of out-going edges is the accumulated total number of out-going edges
for each node (number of states that have a non-zero rate for each state) divided by the total number of states (including
the MRCA). See the main text for examples.
Sample size 𝑛 4 5 10 20 30 40 50

Partition function 𝑝(𝑛) 5 7 42 627 5,604 37,338 204,226
Non-zero entries 7 13 150 4,161 53,885 470,254 3,181,424
Average out-going edges 1.00 1.29 2.71 5.65 8.62 11.60 14.58
Sparsity 0.56250 0.63889 0.91077 0.98938 0.99828 0.99966 0.99992
w
t

2.5. Moments for reward-transformed phase-type distributions

We now consider a first-step analysis for the mean reward before
absorption. The reward transformation is given by 𝒓 = (𝑟(1),… , 𝑟(𝑝)) =
𝑟1,… , 𝑟𝑝) and the accumulated reward is 𝑌 = ∫ 𝜏0 𝑟(𝑋𝑡)𝑑𝑡. Let

𝐴𝑖 = E
[

∫

𝜏

0
𝑟(𝑋𝑡)𝑑𝑡|𝑋0 = 𝑖

]

e the mean accumulated reward given the initial state is 𝑖, and let 𝜏1
e the time until the first jump. We always jump from 𝑖 to some other

state 𝑘 ≠ 𝑖 and therefore

∫

𝜏

0
𝑟(𝑋𝑡)1(𝑋0 = 𝑖)𝑑𝑡 = ∫

𝜏1

0
𝑟(𝑋𝑡)1(𝑋0 = 𝑖)𝑑𝑡 +

∑

𝑘≠𝑖
∫

𝜏

𝜏1
𝑟(𝑋𝑡)1(𝑋𝜏1 = 𝑘)𝑑𝑡

= 𝑟𝑖𝜏1 +
∑

𝑘≠𝑖
1(𝑋𝜏1 = 𝑘)∫

𝜏

𝜏1
𝑟(𝑋𝑡)𝑑𝑡. (20)

By taking the mean on both sides of the previous equation we get

𝐴𝑖 =
𝑟𝑖
−𝑡𝑖𝑖

+
∑

𝑘≠𝑖

𝑡𝑖𝑘
−𝑡𝑖𝑖

𝐴𝑘. (21)

We can rearrange this equation as

−𝑡𝑖𝑖𝐴𝑖 −
∑

𝑘≠𝑖
𝑡𝑖𝑘𝐴𝑘 = 𝑟𝑖.

Letting 𝑨 = (𝐴1,… , 𝐴𝑝)′ be the column vector of 𝐴𝑖, 𝑖 = 1,… , 𝑝, we
btain

−𝑻 )𝑨 = 𝒓 =▵ (𝒓)𝒆, or 𝑨 = (−𝑻 )−1 ▵ (𝒓)𝒆, (22)

where ▵ (𝒓) denotes the diagonal matrix with 𝒓 as diagonal. If the initial
probability vector is 𝜶, we get

E[𝑌 ] = 𝜶𝑨 = 𝜶(−𝑻 )−1 ▵ (𝒓)𝒆.

In general, it holds that

E[𝑌 𝑛] = 𝑛!𝜶
(

(−𝑻 )−1 ▵ (𝒓)
)𝑛

𝒆. (23)

Note that in case of strictly positive rewards 𝑟𝑖 > 0 for all 𝑖 = 1,… , 𝑝,
this result is consistent with (16) and 𝑌 being phase-type distributed
with initial distribution 𝜶 and sub-intensity matrix ▵ (𝒓)−1𝑻 .

3. Multivariate phase-type distribution and joint branch lengths

A multivariate phase-type distribution is the joint distribution of
two or more reward-transformed phase-type distributions. Let 𝜏 ∼
PH(𝜶,𝑻 ) and let {𝑋𝑡}𝑡≥0 be the corresponding Markov jump process
with 𝑝 transient states. Consider 𝑚 non-negative reward functions

𝑟𝑗 ∶ {1,… , 𝑝} → R+, 𝑗 = 1,… , 𝑚, (24)

and let 𝑹 = {𝑅𝑖𝑗} be the 𝑝 × 𝑚 matrix with entries 𝑅𝑖𝑗 = 𝑟𝑗 (𝑖). Hence,
the 𝑗’th column of 𝑹, 𝑹⋅𝑗 , consists of (𝑟𝑗 (1),… , 𝑟𝑗 (𝑝)). Let

𝑌𝑗 = ∫

𝜏

0
𝑟𝑗 (𝑋𝑡)𝑑𝑡 = ∫

𝜏

0
𝑅𝑋𝑡 ,𝑗 𝑑𝑡, 𝑗 = 1,… , 𝑚, (25)

be the accumulated reward for reward function 𝑟𝑗 (⋅). Then the random
vector 𝒀 = (𝑌1,… , 𝑌𝑚) is said to be multivariate phase-type distributed
with parameters 𝜶, 𝑻 , and 𝑹, and we write 𝒀 ∼ MPH(𝜶,𝑻 ,𝑹).
20
Recall the tree height 𝐻 , total tree length 𝐿, external tree length 𝐸,
and internal tree length 𝐼 from Fig. 1. The joint distribution of these
four stochastic variables is multivariate phase-type distributed

(𝐻,𝐿,𝐸, 𝐼) ∼ MPH(𝒆1,𝑻 ,𝑹)

with sub-intensity matrix 𝑻 and reward-matrix 𝑹 given by

𝑻 =
(

−3 3
0 −1

)

and 𝑹 =
(

1 3 3 0
1 2 1 1

)

.

In Section 3.1, we show how to calculate the covariance between the
variables in a multivariate phase-type distribution, and in Section 3.2
we describe how to obtain the covariance between the branch lengths
(𝐻,𝐿,𝐸, 𝐼) in the standard coalescent model with sample size 𝑛.

The joint distribution of the total single-, double- and tripleton
branch length (𝐵1, 𝐵2, 𝐵3) from Section 2.4 is another example of a
multivariate phase-type distribution. We have 𝐁 = (𝐵1, 𝐵2, 𝐵3) ∼
MPH(𝜶𝐵 ,𝑻 𝐵 ,𝑹𝐵), where 𝜶𝐵 = (1, 0, 0, 0), 𝑻 𝐵 is given in Eq. (19), and
the reward matrix 𝑹𝐵 is given in Fig. 2E:

𝑻 𝐵 =

⎛

⎜

⎜

⎜

⎜

⎝

−6 6 0 0
0 −3 2 1
0 0 −1 0
0 0 0 −1

⎞

⎟

⎟

⎟

⎟

⎠

and 𝑹𝐵 =

⎛

⎜

⎜

⎜

⎜

⎝

4 0 0
2 1 0
1 0 1
0 2 0

⎞

⎟

⎟

⎟

⎟

⎠

. (26)

3.1. Covariances in the multivariate phase-type distribution

In this subsection, we use first-step analysis to derive the mixed
moment of two reward-transformed variables. Bladt and Nielsen (2017)
derive the mixed moment using the Laplace transform of the multivari-
ate phase-type distribution.

Consider the two reward-transformed variables 𝑌1 = ∫ 𝜏0 𝑟1(𝑋𝑡)𝑑𝑡 and
𝑌2 = ∫ 𝜏0 𝑟2(𝑋𝑡)𝑑𝑡. Let

𝐶𝑖 = E
[

𝑌1𝑌2|𝑋0 = 𝑖
]

= E
[

∫

𝜏

0
𝑟1(𝑋𝑡)𝑑𝑡∫

𝜏

0
𝑟2(𝑋𝑡)𝑑𝑡|𝑋0 = 𝑖

]

be the mixture moment of the accumulated rewards given that the
initial state is 𝑖. Let 𝜏1 be the time until the first jump. We have

∫

𝜏

0
𝑟1(𝑋𝑡)𝑑𝑡∫

𝜏

0
𝑟2(𝑋𝑡)𝑑𝑡 = 𝑟1(𝑖)𝑟2(𝑖)𝜏21 + 𝑟1(𝑖)𝜏1

(

∫

𝜏

0
𝑟2(𝑋𝑡)𝑑𝑡 − 𝑟2(𝑖)𝜏1

)

+

(

∫

𝜏

0
𝑟1(𝑋𝑡)𝑑𝑡 − 𝑟1(𝑖)𝜏1

)

𝑟2(𝑖)𝜏1 +

(

∫

𝜏

0
𝑟1(𝑋𝑡)𝑑𝑡 − 𝑟1(𝑖)𝜏1

)(

∫

𝜏

0
𝑟2(𝑋𝑡)𝑑𝑡 − 𝑟2(𝑖)𝜏1

)

,

and we get

𝐶𝑖 = 𝑟1(𝑖)𝑟2(𝑖)
2

(−𝑡𝑖𝑖)2
+ 𝑟1(𝑖)

1
−𝑡𝑖𝑖

∑

𝑘≠𝑖

𝑡𝑖𝑘
−𝑡𝑖𝑖

𝐴2(𝑘)

+ 𝑟2(𝑖)
1

−𝑡𝑖𝑖

∑

𝑘≠𝑖

𝑡𝑖𝑘
−𝑡𝑖𝑖

𝐴1(𝑘) +
∑

𝑘≠𝑖

𝑡𝑖𝑘
−𝑡𝑖𝑖

𝐶𝑘,

here 𝐴1(𝑘) and 𝐴2(𝑘) are the mean accumulated rewards for each of
he two variables given the initial state is 𝑘. Multiplying by −𝑡𝑖𝑖 on both

sides of the equation and applying Eq. (21) we get

−𝑡𝑖𝑖𝐶𝑖 = 𝑟1(𝑖)𝐴2(𝑖) + 𝑟2(𝑖)𝐴1(𝑖) +
∑

𝑡𝑖𝑘𝐶𝑘.

𝑘≠𝑖
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We rearrange the terms to get

−𝑡𝑖𝑖𝐶𝑖 −
∑

𝑘≠𝑖
𝑡𝑖𝑘𝐶𝑘 = 𝑟1(𝑖)𝐴2(𝑖) + 𝑟2(𝑖)𝐴1(𝑖).

Letting 𝑪 = (𝐶1,… , 𝐶𝑝)′ be the column vector of 𝐶𝑖, 𝑖 = 1,… , 𝑝, and
using Eq. (22) we get

(−𝑻 )𝑪 =▵ (𝒓1)(−𝑻 )−1 ▵ (𝒓2)𝒆+ ▵ (𝒓2)(−𝑻 )−1 ▵ (𝒓1)𝒆,

or

𝑪 = 𝑼 ▵ (𝒓1)𝑼 ▵ (𝒓2)𝒆 + 𝑼 ▵ (𝒓2)𝑼 ▵ (𝒓1)𝒆,

where 𝑼 = (−𝑻 )−1. If the initial probability vector is 𝜶 we get

E[𝑌1𝑌2] = 𝜶𝑼 ▵ (𝒓1)𝑼 ▵ (𝒓2)𝒆 + 𝜶𝑼 ▵ (𝒓2)𝑼 ▵ (𝒓1)𝒆, (27)

which is in accordance with Bladt and Nielsen (2017, page 440).

3.2. Covariances of branch lengths in the n-coalescent

A main advantage of using MPHs is that we can now easily deter-
mine the covariance between the different reward-transformed phase-
type variables. For example, we can straightforwardly obtain the
variance–covariance matrix of the 𝑖-ton branch lengths (𝐵1,… , 𝐵𝑛−1)
for a sample of size 𝑛, given that we know the initial state vector,
sub-intensity matrix and reward matrix for the block counting process.

Using MPHs, we can also calculate the joint moments of different
summary statistics of coalescent trees. For example, for a sample size of
𝑛, we can define reward vectors for the total tree height𝐻 , the total tree
length 𝐿, the total length of external branches 𝐸, and the total length
of internal branches 𝐼 . These rewards can be computed using the block-
counting process of the standard coalescent model (Hobolth et al.,
2021). As an example, for 𝑛 = 4, recall Fig. 2E and the corresponding
MPH-formulation in Eq. (26). The reward vector for 𝐿 is given by 𝐫𝐿 =
𝐫1 + 𝐫2 + 𝐫3 = (4, 3, 2, 2), which corresponds to the sum of all branches.
The reward vector for 𝐸 is given by 𝐫𝐸 = 𝐫1 = (4, 2, 1, 0), because
the external branches correspond to the sum of all branches leading to
singletons. The reward vector for 𝐼 is 𝐫𝐼 = 𝐫𝐿 − 𝐫𝐸 = (0, 1, 1, 2), because
the total internal branch length is the sum of all branches not leading
to singletons. Finally, 𝐫𝐻 = (1, 1, 1, 1), corresponding to weighting each
state equally. Collected into a reward matrix, these reward vectors can
be used to build a MPH with the base sub-intensity matrix in (26). A
similar procedure can be used for an arbitrary sample size 𝑛.

After having defined the MPH, calculating the covariance between
any pair of variables is straightforward using Eqs. (23) and (27), given
that Cov(𝑌1, 𝑌2) = E[𝑌1𝑌2] −E[𝑌1]E[𝑌2]. In Fig. 3, we show the covari-
ance and correlation between tree height 𝐻 , tree length 𝐿, external
branch length 𝐸, and internal branch length 𝐼 for varying sample
sizes in the standard coalescent model. Our Fig. 3 is in accordance
with Figure 2 of Alimpiev and Rosenberg (2022), where the authors
provide a compendium for covariances and correlation coefficients
between pairs of coalescent tree properties. The formulas in Alimpiev
and Rosenberg (2022) are derived using careful bookkeeping. Phase-
type theory, in contrast, offers an attractive alternative that operates on
the matrix level, which avoids cumbersome mathematical derivations.

3.3. Beyond the n-coalescent

The application of the phase-type framework in mathematical pop-
ulation genetics extends well beyond the standard coalescent. The mul-
tiple merger coalescent models can also be defined within the phase-type
framework (Hobolth et al., 2019), as well as the structured coalescent,
the coalescent with recombination, and the seed bank coalescent.

For example, in the 𝛬-coalescent, 𝑖 sequences coalesce to 𝑗 lineages
(𝑗 = 1,… , 𝑖 − 1) with a rate of

𝜆𝑖,𝑗 = 𝑥𝑗−2(1 − 𝑥)𝑖−𝑗𝛬(𝑑𝑥), (28)
21

∫[0,1]
where 𝛬 is a probability measure on [0, 1]. The 𝛬-coalescent corre-
sponds to the Kingman coalescent when 𝛬 = 𝛿0, that is, the unit mass at
zero. For any other 𝛬, the sub-intensity matrix for the multiple merger
coalescent can be calculated using

𝑻 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−𝑔𝑛 𝑔𝑛,2 𝑔𝑛,3 ⋯ 𝑔𝑛,𝑛−1
0 −𝑔𝑛−1 𝑔𝑛−1,2 ⋯ 𝑔𝑛−1,𝑛−2
0 0 −𝑔𝑛−2 ⋯ 𝑔𝑛−2,𝑛−3
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ −𝑔2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (29)

where 𝑔𝑖,𝑗 =
(𝑖
𝑗

)

𝜆𝑖,𝑗 for 𝑖 = 2,… , 𝑘 and 𝑗 = 2,… , 𝑖, and 𝑔𝑖 =
∑𝑖
𝑗=2 𝑔𝑖,𝑗 .

The PH formulation of the tree height under the 𝛬-coalescent is now
straightforward, since 𝐻 ∼ PH(𝜶,𝑻 ), where 𝜶 = (1, 0,… , 0) and 𝑻 is
calculated from (29). We can now apply standard phase-type formulas,
without the need for specific formulas for the 𝛬-coalescent. For the
definition of the sub-intensity matrix for the Bolthausen–Sznitman
coalescent, we refer to Kersting et al. (2021), and for other multiple
merger models, we refer to Birkner and Blath (2021).

Blath et al. (2020) use phase-type theory to obtain the expected site
frequency spectrum for the seed bank coalescent and the two-island
structured coalescent. The correlation structure between tree heights
in the coalescent with recombination with two samples and two loci
(e.g. Wakeley (2008), Chapter 7.2) is described in Rivas-González et al.
(2023).

4. The number of segregating sites and the discrete phase-type
distribution

4.1. The classical approach

The number of segregating sites 𝑆 is the total number of mutations
that have happened along the coalescent process. Using the infinite-
sites model, the mutation rate when 𝑖 branches are present is 𝜈𝑖 = 𝑖𝜃∕2.
For 𝑖 = 2, the mutation rate is 𝜈2 = 𝜃. Mutations are allowed to occur
until the two sequences find common ancestry, which happens with a
coalescence rate of 𝜆𝑖 =

( 𝑖
2

)

= 𝑖(𝑖−1)∕2. The number of segregating sites
𝑆 when 𝑖 = 2 is therefore geometrically distributed 𝑆 ∼ Geo(𝑝2), with
probability 𝑝2 that a mutation occurs before a coalescent event. Here,
we define the geometric distribution 𝑋 ∼ Geo(𝑝) as P(𝑋 = 𝑥) = 𝑝𝑥(1−𝑝)
for 𝑥 = 0, 1,…, and 0 < 𝑝 < 1. To calculate 𝑝2, we can view the situation
as a competition between two independent events with exponential
waiting times, namely a mutation event and a coalescent event. In such
cases, the probability that a particular event happens before the other
can be computed as the relative rate of the events of interest. Thus,

𝑝2 = P(mutation | coalescent or mutation) =
𝜈2

𝜈2 + 𝜆2
= 𝜃
𝜃 + 1

.

The geometric distribution also applies for all other stages of the
coalescent process, i.e., when 𝑖 branches are present, the number of
mutations that happen before coalescence into 𝑖 − 1 sequences is 𝑆𝑖 ∼
Geo(𝑝𝑖), where

𝑝𝑖 =
𝜈𝑖

𝜈𝑖 + 𝜆𝑖
=

𝑖𝜃∕2
𝑖𝜃∕2 + 𝑖(𝑖 − 1)∕2

= 𝜃
𝜃 + 𝑖 − 1

. (30)

To obtain the full distribution of the total number of segregating sites
with an initial sample size of 𝑛, we thus need to sum the independent
geometric distributions, so that 𝑆 =

∑𝑛
𝑖=2 𝑆𝑖. Similar to how the

distribution for the tree height 𝐻 is calculated, the probability density
function for 𝑆, P(𝑆 = 𝑠), can be calculated using convolutions of
geometric distributions.

Another classical way of formulating the probability density func-
tion for 𝑆 is by realizing that mutations happen following a Poisson pro-
cess sprinkled over the evolutionary tree, i.e., 𝑆 | 𝐿 ∼ Poisson(𝜃𝐿∕2),
where 𝐿 is the total tree length. By knowing the distribution of 𝐿, we

can use formulas for calculating the marginal distribution of 𝑆 given
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Fig. 3. Covariance (left axis, blue) and correlation (right axis, red) between tree height 𝐻 , tree length 𝐿, external branch length 𝐸, and internal branch length 𝐼 in the Kingman
coalescent for varying sample size 𝑛.
the total tree length, and then integrate over all possible tree lengths
such that

P(𝑆 = 𝑠) = ∫

∞

0
P(𝑆 = 𝑠 ∣ 𝑡)𝑓𝐿(𝑡) 𝑑𝑡. (31)

We refer to Wakeley (2008, equation 4.3) for further details.
The issue with these approaches is that they both require convolu-

tions of either geometric distributions to directly calculate P(𝑆 = 𝑠),
or exponential distributions to calculate 𝑓𝐿(𝑡). This might become a
problem, for example, when trying to calculate the distribution of 𝑆
for non-standard coalescent models such as multiple merger models.
An attractive alternative is to use phase-type distributions.

4.2. Using phase-type distributions

We can circumvent convolutions by embedding the number of
segregating sites 𝑆 into a discrete-time Markov chain {𝑋𝑡}𝑡∈N. For an
initial sample size of 𝑛 = 3, there are three possible states. The 𝑝 = 2
transient states correspond to 3 branches in the ancestral process or
2 branches in the ancestral process, and the last state is the most recent
common ancestor (the absorbing state). The probability of jumping
from one state to another can be defined using a transition probability
matrix 𝜦. Because {𝑋𝑡}𝑡∈N only has a single absorbing state, 𝜦 can be
partitioned into

𝜦 =
(

𝑻 𝒕
)

, (32)
22

𝟎 1
where

𝑻 =
(

𝑝3 (1 − 𝑝3)𝑝2
0 𝑝2

)

and 𝒕 =
(

(1 − 𝑝3)(1 − 𝑝2)
1 − 𝑝2

)

(33)

where 𝑝𝑖 is given by (30). Here, 𝑻 is a sub-transition matrix of size 𝑝×𝑝
which holds the transition probabilities among the transient states, 𝒕 is
a column vector of size 𝑝 with the exit probabilities from the transient
states into the absorbing state, and 𝟎 is a row vector of zeros of size 𝑝.
Since 𝛬𝑖𝑗 = P(𝑋𝑡+1 = 𝑗 ∣ 𝑋𝑡 = 𝑖), each row in 𝜦 sums to 1, i.e. 𝜦𝒆 = 𝒆.
Thus, the exit probability vector is given by 𝒕 = 𝒆 − 𝑻 𝒆 = (𝑰 − 𝑻 )𝒆, so
the Markov chain can be defined solely by the sub-transition probability
matrix 𝑻 .

Let 𝑆 be the number of jumps (or mutations) until absorption of
the Markov chain so that 𝑆 = inf{𝑡 ≥ 0 ∶ 𝑋𝑡 = 𝑝 + 1}. If we
define 𝜶, a vector of initial probabilities, such that P(𝑋0 = 𝑖) = 𝛼𝑖 for
𝑖 = 1,… , 𝑝, then the total number of jumps until absorption follows a
discrete phase-type distribution, i.e. 𝑆 ∼ DPH(𝜶,𝑻 ). In other words, 𝑆
is the total number of jumps (or mutations) of a series of sequentially
occurring geometric distributions, which is a Markov chain defined by
a starting probability vector 𝜶 and a sub-transition matrix 𝑻 holding
the transition probabilities among the 𝑝 transient states. For 𝑆, when
𝑛 = 3, 𝜶 = (𝑝3, (1 − 𝑝3)𝑝2). Note that, similarly as in the continuous
case, 𝜶 does not necessarily need to sum to 1, since the Markov chain
could also start directly in the absorbing state. In this case, this would
correspond to all sequences having coalesced without any mutations.
The probability of this happening is called the defect, which can be
calculated as P(𝑋 = 𝑝 + 1) = 1 −

∑𝑝 𝛼 .
0 𝑖=1 𝑖
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Fig. 4. Adjacency graph for the sib-mating model for two lineages. The states are
‘‘lineages within 1 individual’’ (1ind), ‘‘lineages within one mating pair’’ (1mp),
‘‘lineages in two mating pairs’’ (2mp), and coaleascence (‘‘coal’’). The discrete time
Markov chain may start in either of the transient states. Possible transitions are
represented by arrows. The transition rates can be found in the sub-transition matrix 𝑻 .
haseTypeR was used to create the graph.

An alternative procedure of arguing for the discrete phase-type
istribution for 𝑆 is by using Theorem 3.5 in Hobolth et al. (2021).
he theorem states that overlaying a Poisson process on a continuous
H distribution results in a DPH distribution. Mathematically, if 𝑆 ∣ 𝐿 ∼
o(𝜃𝐿) and 𝐿 ∼ PH(𝜶𝑳,𝑻 𝑳), then 𝑆 + 1 ∼ DPH(𝝅,𝑷 ), where

=
(

𝑰 − 2
𝜃
𝑻 𝑳

)−1
, and 𝝅 = 𝜶𝑳. (34)

An equivalent formulation is 𝑆 ∼ DPH(𝝅′,𝑷 ), where 𝑷 is as in (34), but
now 𝝅′ = 𝜶𝑳𝑷 . Applying this theorem avoids the need for keeping track
of individual geometric distributions, and it allows for easily obtaining
a discrete phase-type representation of 𝑆 for an arbitrary number of
initial sequences 𝑛 or for non-standard coalescent models, given that a
continuous phase-type representation of 𝐿 is available. For example,
obtaining a phase-type representation of the number of segregating
sites for the 𝛬-coalescent is straightforward by applying Eq. (34) to the
sub-intensity matrix calculated from Eq. (29).

As for the continuous case, the main advantage of discrete phase-
type distributions is that they have closed formulas for the mean,
variance, moments, probability density function, and cumulative dis-
tribution function. These formulas are in matrix notation, so these
properties can be calculated based solely on 𝜶 and 𝑻 .

4.3. Coalescence times for diploid consanguineous populations

Campbell (2015) considered the ancestral history of two lineages,
in a model involving 𝑁 diploid mating pairs resulting in a total of 2𝑁
individuals. In each generation 𝑐𝑁 of the mating pairs are randomly
chosen to be consanguineous (siblings). Two lineages are followed
backwards in time, and the expected time until their common ancestor
is derived. This model can be phrased in terms of a Markov chain
consisting of three transient and one absorbing state. The absorbing
state is the coalescence of the two lineages. The transient states are –
in this order – two lineages being in the same individual (1ind), two
lineages in two individuals of the same mating pair (1mp), and two
lineages being in two different mating pairs (2mp).

The adjacency graph can be found in Fig. 4, and the sub-transition
probability matrix between the states is given by

𝑻 =

⎛

⎜

⎜

⎜

0 1 0
𝑐
4

𝑐
2 1 − 𝑐

1 1 1

⎞

⎟

⎟

⎟

23

⎝ 4𝑁 2𝑁 1 − 𝑁 ⎠

𝑎

The time until absorption has a discrete phase-type distribution. We
may therefore use Corollary 1.2.64 in Bladt and Nielsen (2017) to
obtain the expected time until absorption as E(𝝉) = 𝜶(𝑰 − 𝑻 )−1𝒆 with
starting distribution 𝜶 and the vector of ones 𝒆 = (1,… , 1)′. Using that

(𝑰 − 𝑻 )−1 =

⎛

⎜

⎜

⎜

⎜

⎝

2 4 4(1 − 𝑐)𝑁

1 4 4(1 − 𝑐)𝑁

1 3 4
(

1 − 3𝑐
4

)

𝑁

⎞

⎟

⎟

⎟

⎟

⎠

,

we get

(𝑰 − 𝑻 )−1𝒆 =

⎛

⎜

⎜

⎜

⎜

⎝

4(1 − 𝑐)𝑁 + 6

4(1 − 𝑐)𝑁 + 5

4
(

1 − 3𝑐
4

)

𝑁 + 4

⎞

⎟

⎟

⎟

⎟

⎠

.

The three entries in this vector correspond to the three possible starting
states (1ind,1mp,2mp). This result reproduces findings in Campbell
(2015), and can also be found as equations (4)-(6) in Severson et al.
(2019).

Severson et al. (2021) also derive the variance of 𝝉. Using a phase-
type approach, the variance may be alternatively obtained using the
expression for factorial moments provided by Theorem 1.2.69 in Bladt
and Nielsen (2017). For the second factorial moments, this formula
translates into

E[𝝉(𝝉 − 1)] = 2𝜶𝑻 (𝑰 − 𝑻 )−2𝒆.

In our case we get

2𝑻 (𝑰 − 𝑻 )−2𝒆 =

⎛

⎜

⎜

⎜

⎝

8(1 − 𝑐)(4 − 3𝑐)𝑁2 + 72(1 − 𝑐)𝑁 + 52

8
(

3𝑐2 − 7𝑐 + 4
)

𝑁2 + 64(1 − 𝑐)𝑁 + 42

2(4 − 3𝑐)2𝑁2 + (56 − 50𝑐)𝑁 + 34

⎞

⎟

⎟

⎟

⎠

,

ith the components representing the three possible starting states
1ind,1mp,2mp).

The variance is given by E(𝝉(𝝉 − 1)) + E(𝝉) − [E(𝝉)]2, and for the
hree different initial states we get

8
(

𝑐2 − 3𝑐 + 2
)

𝑁2 + 28(1 − 𝑐)𝑁 + 22

8
(

𝑐2 − 3𝑐 + 2
)

𝑁2 + 28(1 − 𝑐)𝑁 + 22

(4 − 3𝑐)2𝑁2 + (28 − 29𝑐)𝑁 + 22

⎞

⎟

⎟

⎟

⎠

.

igher order moments can be obtained using similar computations.

.4. The wright–Fisher process

Other classical quantities in population genetics apart from the
umber of segregating sites also follow discrete phase-type distribu-
ions. The time to fixation (in the number of generations) of the

right–Fisher process is one example. Krukov et al. (2016) used clas-
ical absorbing Markov chain theory to determine the probability of
ixation or extinction of an allele, the expected time to fixation or ex-
inction, and other key properties of the Wright–Fisher process. Krukov
t al. (2016) describes a very efficient and scalable solution for linear
ystems. Here, we provide the solutions of the linear systems using
hase-type theory.

Given a panmictic, haploid population with a finite population size
, let 𝑎𝑡 denote the number of individuals carrying a certain allele

n generation 𝑡, and 𝑓𝑡 = 𝑎𝑡∕𝑁 the frequency of the allele. Because
he population has a finite size, there are only 𝑁 + 1 possible allele
requencies ranging from lost (𝑓𝑡 = 0) to fixed (𝑓𝑡 = 1). The frequency
f an allele in the population depends on the frequency of that allele
n the previous generation. This way, the probability of observing a
ertain frequency can be calculated through binomial sampling from
he previous generation, by fixing the number of trials to 𝑁 and the
robability of success to 𝑓𝑡. The dynamics are thus given by
𝑡+1|𝑎𝑡 ∼ Binom(𝑁, 𝑓𝑡), where 𝑓𝑡 = 𝑎𝑡∕𝑁. (35)
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Following the probability mass function of the binomial distribution,
we can calculate the probability of observing any of the intermediate
frequencies 𝑓𝑡+1 in the next generation for a certain 𝑓𝑡.

We can then define 𝜏 as the number of generations until the allele
becomes either fixed or lost. This way, 𝜏 can be described in the
phase-type framework as 𝜏 ∼ DPH(𝜶𝐖𝐅,𝑻𝐖𝐅) by letting the transient
states 𝑝 be the (𝑁 − 1) possible frequencies 𝑓𝑡 between fixation or
loss. The probabilities calculated through binomial sampling are the
probabilities of jumping from a certain frequency 𝑓𝑡 in generation 𝑡 to
a frequency 𝑓𝑡+1 in generation 𝑡 + 1. Thus, these probabilities can be
summarized in the sub-transition matrix 𝑻𝐖𝐅 with entries

𝑇WF[𝑖, 𝑗] = 𝑏
( 𝑖
𝑁
, 𝑗

)

, 1 ≤ 𝑖, 𝑗 ≤ 𝑁 − 1, (36)

where 𝑏(𝑝, 𝑘) =
(𝑁
𝑘

)

𝑝𝑘(1 − 𝑝)𝑁−𝑘. Additionally, all the starting probabil-
ities in 𝜶𝐖𝐅 are set to 0 except the entry corresponding to the starting
frequency 𝑓0, which is set to 1.

Instead of an allele drifting neutrally, the Wright–Fisher model can
also be used to model alleles under selection. The time to fixation or
loss is then 𝝉 ′ ∼ DPH(𝜶′

𝐖𝐅,𝑻
′
𝐖𝐅), where

𝑇 ′
WF[𝑖, 𝑗] = 𝑏

(

𝑖(1 + 𝑠)
𝑖(𝑖 + 𝑠) +𝑁 − 𝑖

, 𝑗
)

, 1 ≤ 𝑖, 𝑗 ≤ 𝑁 − 1, (37)

here 𝑠 is the selection coefficient for the focal allele (Etheridge, 2011).
By plotting the density function of 𝝉 ′ under different selective

orces, we can observe a bimodal distribution for intermediate 𝑠 values
see Fig. 5, black lines). This happens because the absorbing state of
′
𝐖𝐅 includes both instances when an allele is either lost or fixed. In
rder to distinguish these two processes, i.e., in order to know the
istribution of the time to loss and the time to fixation separately, we
ust transform the underlying phase-type distribution based on the exit

ectors of each of the two processes.
Let 𝜦 be a transition probability matrix with 𝑝 transient states and

absorbing states, such that

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑻 𝒕𝟏 𝒕𝟐 ⋯ 𝒕𝒒
𝟎 1 0 ⋯ 0

𝟎 0 1 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮

𝟎 0 0 0 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (38)

here 𝑻 is a sub-intensity matrix of size 𝑝 and 𝒕𝒊 is the exit rate
ector into absorbing state 𝑝 + 𝑖. If we define 𝜏 = inf{𝑛 ≥ 0 ∶ 𝑋𝑛 ∈
𝑝 + 1,… , 𝑝 + 𝑞}}, then 𝜏 ∼ DPH(𝝅,𝑻 ). The probability of exiting into
bsorbing state 𝑝 + 𝑖 is then given by

(𝑋𝜏 = 𝑝 + 𝑖) =
∞
∑

𝑡=1
𝝅𝑻 𝑡−1𝒕𝒊 = 𝝅(𝑰 − 𝑻 )−1𝒕𝒊. (39)

Additionally, it has been shown through time reversal that a discrete
phase-type distributed variable with more than one absorbing state is
still discrete phase-type distributed conditioned on being absorbed in
a certain absorbing state (Gardner et al., 2021), so 𝜏 ∣ (𝑋𝜏 = 𝑝 + 𝑖) ∼
DPH(𝝅𝒊,𝑻 𝒊). The conditional phase-type distribution can be obtained by
modifying the original sub-probability matrix 𝑻 and initial probability
vector 𝝅 using the exit probability vector 𝒕𝒊 of the corresponding
absorbing state 𝑖 to obtain a new sub-probability matrix 𝑻 𝒊 and initial
probability vector 𝝅𝒊 for each of the absorbing states (Gardner et al.,
2021, Section 3.2)

Thus, one can obtain phase-type representations of the Wright–
Fisher model with selection for the time until absorption conditional
on loss or fixation. Let 𝒕𝟏 = 𝒕𝐥𝐨𝐬𝐬 and 𝒕𝟐 = 𝒕𝐟 𝐢𝐱 be the exit vector rates for
he loss and the fixation, respectively. We can define these to be

loss[𝑖] = 𝑏
(

𝑖(1 + 𝑠)
𝑖(1 + 𝑠) +𝑁 − 𝑖

, 0
)

, 1 ≤ 𝑖 ≤ 𝑁 − 1,

𝑡f ix[𝑖] = 𝑏
(

𝑖(1 + 𝑠)
, 𝑁

)

, 1 ≤ 𝑖 ≤ 𝑁 − 1.
24

𝑖(1 + 𝑠) +𝑁 − 𝑖 t
It is now straightforward to obtain DPH representations conditional on
these two absorbing states. Fig. 5 shows the conditional density for
loss and fixation weighted by the probability of loss and fixation (see
Eq. (39)), respectively, on top of the original phase-type distribution
for different selection coefficients.

Apart from the discrete case, continuous phase-type distributions
with multiple absorbing states can also be conditioned on a certain
absorbing state, and the resulting distribution will also be a continuous
phase-type (Andersen et al., 2000).

4.5. Reward transformation in discrete phase-type distributions

In addition to the continuous case, DPHs can also be reward-
transformed (Campillo Navarro, 2018). Let 𝜏 ∼ DPH(𝜶,𝑻 ), where
𝑋𝑡}𝑡∈N is the underlying Markov chain. We can define a vector 𝒓 =
𝑟(1), 𝑟(2),… , 𝑟(𝑝)) consisting of non-negative integer rewards so that a
ew random variable 𝜏′ satisfies

′ =
𝜏
∑

𝑡=0
𝑟(𝑋𝑡). (40)

t can be shown that 𝜏′ is also DPH (Campillo Navarro, 2018). This is
articularly useful to study the elements of the site frequency spectrum,
ince singletons, doubletons, etc. are all reward-transformed versions
f the total number of segregating sites (see Hobolth et al. (2021) for
urther details).

. The probability of a configuration and statistical inference

Phase-type theory also provides a systematic approach to computing
robabilities for observed mutational patterns. These probabilities may
hen be used for subsequent likelihood-based statistical inference. Due
o a large number of possible tree topologies, likelihood computations
re notoriously difficult for coalescent models. Therefore, statistical
nference often relies on summary statistics. In this section, we explain
ow phase-type theory provides a principled approach to obtain like-
ihoods for small sample sizes, as well as distributions for summary
tatistics such as the total number of segregating sites and features of
he site frequency spectrum (SFS).

As a first example, consider the estimation of the scaled mutation
arameter 𝜃. Different estimators of this parameter have been proposed,
uch as Watterson’s estimator, Tajima’s 𝜋, or the estimate 𝜃̂𝐻 in Fay and
u (2000). In Hobolth et al. (2021), it is explained how the distribu-

ions of these estimates can be obtained using a phase-type approach.
gain, this provides a flexible and general tool to obtain both univariate
nd multivariate distributions. It can be applied to several features of
he site frequency spectrum, such as linear combinations used with test
tatistics such as Tajima’s 𝐷. Indeed, Hobolth et al. (2021, page 15)
xplains how phase-type distributions are constructed by using a block-
ounting approach. Their Figures 3 and 4 provide illustrative examples
or samples of size 𝑛 = 4 and 𝑛 = 5. The obtained distributions are useful
hen constructing cut-off values for hypotheses testing, and calculating

onfidence intervals. Although these distributions can also be obtained
irectly, see for instance equation (4) in Griffiths and Tavaré (2018)
r (Tavaré, 2004) for the probability generating function of the number
f segregating sites, the phase-type approach is quite convenient in
erms of its generality and flexibility.

In this section, we illustrate that phase-type theory also provides
ools to compute full small sample likelihoods for subsequent statisti-
al inference. We will also explore the connection to the generating
unction approach by Lohse et al. (2011).

.1. Likelihoods via Laplace transforms

We consider full likelihood inference in the framework of the infi-
ite sites model where data consists of homologous DNA sequences. In

he standard coalescent model, the data can be used to infer the scaled
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Fig. 5. Wright–Fisher model with selection, for 𝑁 = 100 and an initial frequency for the selected allele of 0.05. The selection coefficient 𝑠 is shown on top of every panel. The
(re-scaled) phase-type density of the number of generations to either loss or fixation is shown as a black line. The full path of the phase-type distribution was simulated 50 times
for each 𝑠, and each simulation is plotted as an allelic trajectory colored by whether the end state was loss (blue) or fixation (yellow). Blue and yellow lines and areas correspond
to the conditional densities of the time to loss or fixation, respectively. These conditional densities are weighted by the probability of exiting into each absorbing state in order
to match the phase-type density.
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mutation rate 𝜃. Due to a large number of possible coalescent tree
topologies, full likelihood inference eventually becomes computation-
ally infeasible with an increasing number of sampled sequences. There-
fore, importance sampling methods such as genetree have been proposed
see Griffiths (1989), Griffiths and Tavaré (1994)) to approximate the
ikelihood under an infinite sites model.

Nevertheless, progress has been made, and for small samples Lohse
t al. (2011), Uyenoyama et al. (2019) and Uyenoyama et al. (2020)
uggested full likelihood methods for inference also for demographic
arameters.

.1.1. Joint likelihood for mutation counts on coalescent branches
In Lohse et al. (2011), the authors use generating functions (Laplace

ransforms) to obtain joint probabilities for the number of segregating
ites on the branches of a small genealogy. This work has subsequently
een extended; see, for instance, Lohse et al. (2016), and Bisschop
2022) for an efficient evaluation of the Laplace transform using a
raph traversal algorithm.

The basic idea of their approach may be summarized as follows.
uppose there is a branch 𝑠 in a standard coalescent tree and the
utation rate is 𝜆 = 𝜃∕2 per unit length. A standard assumption is that

he number of observed mutations 𝑀𝑠 given the length 𝑡𝑠 of lineage 𝑠 is
oisson(𝜆𝑡𝑠). Then the probability of observing 𝑚𝑠 mutations on branch
is

(𝑀𝑠 = 𝑚𝑠) = E𝑇𝑠
[

P(𝑀𝑠 = 𝑚𝑠|𝑇𝑠)
]

= E𝑇𝑠
[

𝑒−𝜆𝑇𝑠
(𝜆𝑇𝑠)𝑚𝑠
𝑚𝑠!

]

= 𝜆𝑚𝑠
𝑚𝑠!

𝜕𝑚𝑠
(𝜕𝜔)𝑚𝑠

𝜓𝑠(𝜔)|𝜔=𝜆,

where 𝜓𝑠(𝜔) = E[𝑒−𝜔𝑇𝑠 ]. If 𝑇𝑠 is exponentially distributed with rate
arameter 𝛾, then 𝜓𝑠(𝜔) =

𝛾
𝛾+𝜔 . Applying this observation to a standard

coalescent with two samples (denoted by 𝑎 and 𝑏), we have 𝛾 = 1 (see
.g. page 76 in Wakeley (2008)). Thus, for lineage 𝑎

(𝑀𝑎 = 𝑚𝑎) =
(−𝜆)𝑚𝑎 𝜕𝑚𝑎 ( 1 )

|𝜔=𝜆 =
𝜆𝑚𝑎 .
25

𝑚𝑎! (𝜕𝜔)𝑚𝑎 1 + 𝜔 (1 + 𝜆)𝑚𝑎+1 t
By using the multivariate Laplace transform

𝜓(𝜔𝑎, 𝜔𝑏) = E[𝑒−𝜔𝑎𝑇𝑎−𝜔𝑏𝑇𝑏 ] = E[𝑒−(𝜔𝑎+𝜔𝑏)𝑇𝑎 ] =
1

1 + 𝜔𝑎 + 𝜔𝑏
,

wo lineages may be considered simultaneously. Notice that here 𝑇𝑎 =
𝑏, since the two lineages share the time until their coalescence. Similar
rguments as above may now be used to obtain the joint probability of
bserving 𝑚𝑎 mutations on branch 𝑎, and 𝑚𝑏 mutations on 𝑏. This gives

(𝑀𝑎 = 𝑚𝑎,𝑀𝑏 = 𝑚𝑏) =
(

𝑚𝑎 + 𝑚𝑏
𝑚𝑎

)

𝜆𝑚𝑎+𝑚𝑏
(1 + 2𝜆)𝑚𝑎+𝑚𝑏+1

. (41)

his approach may be extended also to a few more lineages and to
ome basic demographic models. It also provides us with the likelihood
hen the resulting probabilities are viewed as a function of 𝜆. We
ow explain how analogous results can be obtained via phase-type
istributions.

.1.2. General phase-type approach
To illustrate how results such as the one from the previous subsec-

ion can be obtained via a phase-type approach, we will use Theorem
.7 in Hobolth et al. (2021). As explained above in Section 4.2, the
heorem describes how to add Poisson-distributed mutations onto a
multivariate) phase-type distribution and provide the joint proba-
ility generating function of mutation counts on disjoint branches
f the coalescent tree. More specifically, the result assumes multi-
ariate phase-type distributed random variables (𝑌1,… , 𝑌𝑑 ) that are
efined using rewards. Conditional on (𝑌1,… , 𝑌𝑑 ), the random variables
𝑍1,… , 𝑍𝑑 ) are then taken as independent Poisson distributed with
ates 𝜆𝑌 which implies 𝑍𝑗 | 𝑌𝑗 ∼ Poisson(𝜆𝑌𝑗 ). In this setup, the
robability generating function of (𝑍1,… , 𝑍𝑑 ) is given as

(𝒛) = 𝜶 (𝜆 ▵ (𝑹[𝒆 − 𝒛]) − 𝑻 )−1 𝒕,

here ▵ (⋅) gives a diagonal matrix with entries specified by the
rgument.

We now explain this formula in a coalescent context. Assuming that
he underlying Markov process has 𝑝 states besides the absorbing state,
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the 𝑝-dimensional vector 𝜶 provides the starting distribution. In our
ontext, it assigns probability one to the starting configuration before
he first coalescence event. The reward matrix 𝑹 ∈ R𝑝×𝑑+ represents
ranches or sets of branches on which independent mutation counts
𝑍1,… , 𝑍𝑑 ) occur. Due to the independence assumption, the same
utations should not contribute to different 𝑍𝑖’s. Each column of 𝑹

epresents one mutation count. The 𝑝×𝑝 sub-intensity matrix 𝑻 contains
he transition rates between the transient states. Finally, the vector
= −𝑻 𝒆 provides the absorption rate for each transient state. The vector
= (𝑧1,… , 𝑧𝑑 )𝑡 contains the variables of the generating function for the
utation counts.

The joint distribution of the mutation counts of interest 𝑍𝑖 (1 ≤ 𝑖 ≤
) can now be obtained by taking suitable partial derivatives of the
robability-generating function. More specifically,

(𝑍𝑖 = 𝑚𝑖, 1 ≤ 𝑖 ≤ 𝑑) = 1
𝑚1!…𝑚𝑑 !

𝜕
∑

𝑖 𝑚𝑖

(𝜕𝑧1)𝑚1 ⋯ (𝜕𝑧𝑑 )𝑚𝑑
𝜙(𝑧1,… , 𝑧𝑑 )|(0,…,0).

(42)

.1.3. Phase-type for two samples
With two samples, there are two possible states: the initial state

with two lineages), and the absorbing state after coalescence. The
ransition rate to the absorbing state is 1. Therefore, 𝑝 = 1 and 𝑻
ecomes the scalar −1. Furthermore, the reward matrix 𝑹 = (1, 1)

uses the same reward twice to capture both branches of equal length.
Additionally, the initial state vector is 𝜶 = 1 and the exit rate is 𝒕 = 1,
since there is only one transient state. Together this leads to

𝜙(𝑧) = 1 ⋅
(

𝜆(𝑧1 + 𝑧2 − 2) − 1
)−1

⋅ 1 = 1
1 − 𝜆(𝑧1 + 𝑧2 − 2)

.

Therefore, the probability of no mutations on either branch is

P(𝑍1 = 0, 𝑍2 = 0) = 𝜙((0, 0)) = 1
1 + 2𝜆

.

According to Eq. (42), P(𝑍𝑖 = 𝑚𝑖, 1 ≤ 𝑖 ≤ 2) can be obtained by taking
partial derivatives. Indeed, with 𝑚1 derivatives with respect to 𝑧1, and
𝑚2 derivatives with respect to 𝑧2, an evaluation at (0, 0) reproduces
formula (41).

As numerical examples, the probability of two mutations on branch
𝑎, and one at branch 𝑏 is given by

P(𝑍1 = 2, 𝑍2 = 1) = 1
2!1!

𝜕3

(𝜕𝑧1)2(𝜕𝑧2)
𝜙(𝑧1, 𝑧2)(0,0) =

3𝜆3

(2𝜆 + 1)4
,

and, for 𝜆 = 20,

P(𝑍1 = 24, 𝑍2 = 17) = 151584480450𝜆41

(2𝜆 + 1)42
≈ 0.000611.

It is now easy to obtain the maximum likelihood estimate (MLE) of 𝜆 by
setting the first derivative of (41) to zero. This leads to 𝜆̂ = (𝑚1 +𝑚2)∕2
s our MLE.

.1.4. Phase-type for three samples
We next extend to a coalescent model for three samples. Our model

see Fig. 6) may be represented by a Markov chain with two transient
tates (3,0,0) and (1,1,0) that represent the initial configuration with
hree singleton lineages, and the configuration with one singleton and
ne doubleton lineage after the first coalescence event. The absorbing
tate is denoted by (0, 0, 1) and represents the most recent common

ancestor of our three samples.
As the first transition occurs at rate 3, and the second at rate 1, the

ub-transition matrix for the transient states is given by

=
(

−3 3
0 −1

)

.

e next derive the joint distribution of the mutation count vector
26

𝑀1,𝑀2,𝑀3,𝑀4) that belong to the four branches as shown in Fig. 6. F
Fig. 6. Mutation patterns and Markov chain structure for a coalescent with 𝑛 = 3 sam-
ples. The probability generating function of the four mutation counts 𝑀1 ,𝑀2 ,𝑀3 ,𝑀4
can be obtained by specifying a multivariate reward matrix consisting of four suitable
reward vectors.

For this purpose, we use the four linear reward functions specified by
the columns of

𝑹 =
(

1 1 1 0
0 0 1 1

)

.

The first two columns represent the two lineages of equal length 𝐻1
that underlie 𝑀1 and 𝑀2, the third column is for 𝑀3 (branch length
𝐻3 +𝐻2), and the last one for 𝑀4. Furthermore,

𝒕 =
(

0
1

)

provides the rates of directly entering the absorbing state from the two
transient states (3, 0, 0) and (1, 1, 0). Finally, 𝜶 = (1, 0) since we start in
the first state (3, 0, 0). Together this leads to
(

𝜆 ▵ (𝑹[𝒆 − 𝒛]) − 𝑻
)−1

=
⎛

⎜

⎜

⎝

1
3𝜆−𝜆(𝑧1+𝑧2+𝑧3)+3

3
(2𝜆−𝜆(𝑧3+𝑧4)+1)(3𝜆−𝜆(𝑧1+𝑧2+𝑧3)+3)

0 1
2𝜆−𝜆(𝑧3+𝑧4)+1

⎞

⎟

⎟

⎠

and the generating function

𝜙(𝑧1, 𝑧2, 𝑧3, 𝑧4) =
3

(2𝜆 − (𝜆(𝑧3 + 𝑧4)) + 1)(3𝜆 − (𝜆(𝑧1 + 𝑧2 + 𝑧3)) + 3)
. (43)

Thus the probability of no mutations on all branches is

P(𝑀1 = 0,𝑀2 = 0,𝑀3 = 0,𝑀4 = 0) = 𝜙(0, 0, 0, 0) = 3
(1 + 2𝜆)(3 + 3𝜆)

.

As with two branches, a general formula for the joint mutational
patterns can be obtained by taking suitable partial derivatives. Indeed,
P(𝑀1 = 𝑚1,𝑀2 = 𝑚2,𝑀3 = 𝑚3,𝑀4 = 𝑚4) is equal to

𝑝(𝑚1, 𝑚2, 𝑚3, 𝑚4) =
1

𝑚1!𝑚2!𝑚3!𝑚4!

× 𝜕𝑚1+𝑚2+𝑚3+𝑚4

(𝜕𝑧1)𝑚1 (𝜕𝑧2)𝑚2 (𝜕𝑧3)𝑚3 (𝜕𝑧4)𝑚4
𝜙(𝑧1, 𝑧2, 𝑧3, 𝑧4)|(0,0,0,0).

he resulting derivatives may be rewritten in a simpler form as

(𝑚1, 𝑚2, 𝑚3, 𝑚4) =
3𝜆𝑚1+𝑚2+𝑚3+𝑚4

𝑚1!𝑚2!𝑚3!𝑚4!

×
𝑚3
∑

𝑗=0

(

𝑚3
𝑗

)

(𝑚4 + 𝑗)!(𝑚1 + 𝑚2 + 𝑚3 − 𝑗)!
(1 + 2𝜆)𝑚4+𝑗+1(3 + 3𝜆)𝑚1+𝑚2+𝑚3−𝑗+1

, (44)

ith the sum being over the possible allocations of 𝑀3 to the two
ranch parts with lengths 𝐻3 and 𝐻2. As a numerical example, we
btain 𝑝(3, 1, 4, 2) ≈ 0.000254 for 𝜆 = 2.

We next consider the labeled coalescent and assign samples 𝑎,
, and 𝑐 to the leaves of the tree in Fig. 6. There are 3! = 6
ossible such assignments that occur with equal prior probability.
e want to compute probabilities for the mutational configurations
𝑀𝑎,𝑀𝑏,𝑀𝑐 ,𝑀𝑎𝑏,𝑀𝑎𝑐 ,𝑀𝑏𝑐 ). First, notice that under the infinite site
odel, only one of the doubleton mutation counts can be nonzero.

urthermore, since the configuration of doubleton mutations identifies
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Table 2
State number and the corresponding configuration of the 11 states of a three-sample
model with migration. The first 10 states are transient, and state 11 is absorbing and
corresponds to the most recent common ancestor (MRCA). The first 4 states have three
branches and states 5–10 have two branches.

Three branches Two branches MRCA

1 2 3 4 5 6 7 8 9 10 11

(𝑎, 𝑏|𝑐) (𝑎, 𝑏, 𝑐|) (𝑎|𝑏, 𝑐) (𝑏|𝑎, 𝑐) (𝑎𝑏|𝑐) (𝑎𝑏, 𝑐|) (𝑎|𝑏𝑐) (𝑏|𝑎𝑐) (𝑎𝑐, 𝑏|) (𝑎, 𝑏𝑐|) (𝑎𝑏𝑐|)

the sequences belonging to the short branches under the infinite sites
model, the probability of observing corresponding mutation counts is
nonzero for only two out of six possible permutations of 𝑎, 𝑏, 𝑐. These
two permutations only differ with respect to the assignments within the
two shorter branches and therefore have the same probability. Assume
now that there is a nonzero number of doubleton mutations, and let for
instance 𝑀𝑎𝑏 > 0. In this case

P(𝑀𝑎 = 𝑚𝑎,𝑀𝑏 = 𝑚𝑏,𝑀𝑐 = 𝑚𝑐 ,𝑀𝑎𝑏 = 𝑚𝑎𝑏) =
2
6
𝑝(𝑚𝑎, 𝑚𝑏, 𝑚𝑐 , 𝑚𝑎𝑏).

or other nonzero doubleton mutation counts, the formula is analogous.
If there are no doubleton mutations, i.e. 𝑀𝑎𝑏 =𝑀𝑎𝑐 =𝑀𝑏𝑐 = 0, then

ll six permutations lead to nonzero probabilities for corresponding mu-
ational configurations. The six assignments of the label permutations
o the tree in Fig. 6 can then be partitioned into three pairs of equal
robability (again due to permutations within the shorter branches),
nd therefore

P(𝑀𝑎 = 𝑚𝑎,𝑀𝑏 = 𝑚𝑏,𝑀𝑐 = 𝑚𝑐 ,𝑀𝑎𝑏 = 0,𝑀𝑏𝑐 = 0,𝑀𝑎𝑐 = 0)
1
3

(

𝑝(𝑚𝑎, 𝑚𝑏, 𝑚𝑐 , 0) + 𝑝(𝑚𝑎, 𝑚𝑐 , 𝑚𝑏, 0) + 𝑝(𝑚𝑐 , 𝑚𝑏, 𝑚𝑎, 0)
)

.

.2. Two sub-populations with three samples

We now consider a model with two subdivided populations (or
emes) and migration at rate 𝜇 between the populations. Likelihood
nference for such models has been considered for instance by Costa and

ilkinson-Herbots (2017, 2021). In this work, (composite) likelihoods
or two samples are obtained via general Markov chain theory. Here
e obtain likelihoods for three samples using phase-type theory. The
utation rate is assumed to be 𝜆 in both populations, and the two
opulations are assumed to be of equal size. We assume that 𝑎 and
are sampled in the first population and 𝑐 is taken from the other.
e denote this configuration by (𝑎, 𝑏|𝑐). As mutation and coalescence

ates are equal for both populations and the migration rate between the
wo populations is also equal, we have full symmetry. We, therefore, do
ot distinguish between configurations that are swapped across popula-
ions. For instance, (𝑎, 𝑏|𝑐) and (𝑐|𝑎, 𝑏) are combined into a single state.
ollowing this strategy, we have a total of 11 states, with (𝑎, 𝑏|𝑐) being
he initial state, and (𝑎𝑏𝑐|) being the final absorbing state. Samples that
re not separated by a vertical bar or a comma are assumed to have
oalesced. For instance, 𝑎𝑏𝑐 represents the state where all three lines
ave coalesced. Table 2 summarizes the 11 states of our three-lineage
odel with two subdivided populations.

The sub-transition matrix 𝑻 between the transient states is given
n Box I. In Fig. 7, we show the adjacency graph for the three sample
odel with migration.

There are six types of lineages characterized by the labeled leaves
hat they subtend: singleton 𝑎, 𝑏 and 𝑐, and doubleton 𝑎𝑏, 𝑎𝑐 and 𝑏𝑐 (re-
all Table 2). The rewards are constructed to measure the contribution
f the states to these lineages. They are represented by the following
0 × 6 reward matrix 𝑹, with the rows representing the transient states
27

c

rdered in the same way as in 𝑻 .

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 1 1 0 0 0
1 1 1 0 0 0
1 1 1 0 0 0
1 1 1 0 0 0
0 0 1 0 0 1
0 0 1 0 0 1
1 0 0 0 1 0
0 1 0 1 0 0
0 1 0 1 0 0
1 0 0 0 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠
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The column entries are either zero or one, depending on whether the
lineage represented by a column is present in a given state. The columns
of 𝑹 are allocated to the lineages in the order singleton mutation in 𝑎,
singleton mutation in 𝑏, singleton mutation in 𝑐, doubleton mutation in
𝑎 and 𝑐, doubleton mutation in 𝑏 and 𝑐, and doubleton mutation in 𝑎
and 𝑏. As before, the generating function can be obtained as

𝜙(𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5, 𝑧6) =
(

𝜆 ▵ (𝑹[𝒆 − 𝒛]) − 𝑻
)−1

,

with 𝒛 = (𝑧1, 𝑧2,… , 𝑧6). Probabilities for a given mutational pattern can
again be computed by taking suitable partial derivatives of 𝜙(⋅) and
evaluating at 𝑧 = (0,… , 0). The partial derivatives of 𝜙(⋅) can either be
computed directly or by using the matrix identity

𝜕
𝜕𝑧𝑖

𝐴−1(𝑧) = 𝐴−1(𝑧)
[

𝜕
𝜕𝑧𝑖

𝐴(𝑧)
]

𝐴−1(𝑧),

nd the chain rule. By plugging in values for the mutation rate 𝜆 and the
igration rate 𝜇, likelihoods can be obtained for arbitrary parameter

alues. Analytic computation of the likelihood is possible but leads to
ong formulas. We are currently exploring the possibility of a matrix
nalytic computation.

.3. Likelihood based statistical inference

The multivariate probability distributions obtained in the above
ubsections can be used for statistical inference. As our first illustrative
xample, we consider a standard coalescent model for a sample of
ize three. Suppose for instance that (𝑚𝑎, 𝑚𝑏, 𝑚𝑐 , 𝑚𝑎𝑏) = (0, 1, 1, 3). Then
q. (44) and its extension to the labeled coalescent may be used to
btain the likelihood function. Fig. 8 shows the maximum likelihood es-
imator (MLE) using our formula (44), as well as the Ewens–Watterson
stimator proposed both by Ewens (1974)) and Watterson (1975). They
re clearly different.

We next look at the situation where there are 𝑙 = 20 independent
oci each with a sample of size three, and 𝜃 is estimated from their
ombined information. Fig. 9(a) displays the log-likelihood (summed
cross all loci) and shows that the MLE is more accurate than the
wens–Watterson estimator.

In Fig. 9(b), we consider one locus, and a sample of size 𝑛 = 20.
lthough there are methods such as genetree (see Bahlo and Griffiths

2000)) available that approximate the full likelihood for a coales-
ent with twenty lineages, we rely on our formula for three lineages
nd use a composite likelihood approach. For this purpose, we took
000 subsamples from the original sample, each of size three without
eplacement. The likelihood is then computed pretending that these
ubsamples are independent. With 20 starting lineages, it would be
asily possible to consider all

(20
3

)

= 1140 possible configurations. We
elied on subsampling, however, to illustrate that the approach can be
asily generalized to any number of lineages.

To show that our illustrations indeed represent typical cases, we
ook at the average behavior over 100 simulation runs for the three
cenarios considered above. Table 3 provides the root mean squared
rrors, i.e. the square root of the average squared differences between
he estimates and the true parameter value. As expected from coales-
ent theory, data from 20 independent loci lead to the most accurate
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P

𝑻 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−1 − 3𝜇 𝜇 𝜇 𝜇 1 0 0 0 0 0
𝜇 −3 − 3𝜇 𝜇 𝜇 0 1 0 0 1 1
𝜇 𝜇 −1 − 3𝜇 𝜇 0 0 1 0 0 0
𝜇 𝜇 𝜇 −1 − 3𝜇 0 0 0 1 0 0
0 0 0 0 −2𝜇 2𝜇 0 0 0 0
0 0 0 0 2𝜇 −1 − 2𝜇 0 0 0 0
0 0 0 0 0 0 −2𝜇 0 0 2𝜇
0 0 0 0 0 0 0 −2𝜇 2𝜇 0
0 0 0 0 0 0 0 2𝜇 −1 − 2𝜇 0
0 0 0 0 0 0 2𝜇 0 0 −1 − 2𝜇

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠
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Box I.
Fig. 7. Adjacency graph for the three sample model with migration. The states correspond to those specified in Table 2. The initial and the absorbing state are colored in green
and red, respectively. Possible transitions, either due to migration or coalescence events, are represented by arrows. The transition rates can be found in the sub-transition matrix 𝑻 .
haseTypeR was used to create the graph, and the R code can be found in the accompanying script.
p
p

Table 3
Root mean squared error of the M(C)LE (maximum (composite) likelihood estimate)
versus Ewens–Watterson estimate from 100 simulation runs. Scenarios: (1) MLE for
sample of size 𝑛 = 3 from 𝑙 = 1 locus; (2) sample of size 𝑛 = 20 from 𝑙 = 1 locus,
composite likelihood estimates based on sub-samples of size 3 drawn from 20 genes
are used; (3) MLE from samples of size 𝑛 = 3 from 𝑙 = 20 independent loci.

M(C)LE Ewens–Watterson

(1) 𝑛 = 3, 𝑙 = 1 1.972 2.733
(2) 𝑛 = 20, 𝑙 = 1 1.569 1.898
(3) 𝑛 = 3, 𝑙 = 20 0.536 0.541

estimates. With one locus, 20 lineages lead to roughly 20% more
accurate estimates compared to three lineages.

While Lohse et al. (2011) and Lohse et al. (2016) also consider a
composite likelihood approach, their focus is on multiple linked loci
and not multiple subsamples at one single locus. It might therefore
be interesting to explore our proposed composite likelihood approach
further, for instance in terms of uncertainty quantification.
28

p

Table 4
Sample from model with migration 𝑀 = 4 and mutation rate 𝜃 = 3. Mutation counts
per lineage for three genes and two independent loci.

𝑚𝑎 𝑚𝑏 𝑚𝑐 𝑚𝑎𝑏 𝑚𝑎𝑐 𝑚𝑏𝑐
𝑙1 0 1 6 10 0 0
𝑙2 0 2 2 0 2 0

We next provide an example for the model described in Section 5.2
involving both mutations and migration. For this purpose, we used ms
(Hudson (2002)) to simulate two independent loci for a coalescent that
starts with three sequences. We took 𝜃 = 3 as our scaled mutation
rate, and the migration rate 𝑀 = 4. Notice that ms uses the scaled
migration rate 𝑀 = 4𝑁𝑚̃, with 𝑁 being the population size, and 𝑚̃ the
er generation migration rate. It is related via 𝑀 = 2𝜇 to our migration
arameter. The resulting mutational pattern can be found in Table 4.

Using the generating function derived in Section 5.2, we com-
uted the partial derivatives that correspond to the mutational patterns
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Fig. 8. Likelihood function for the mutational pattern (𝑚𝑎 , 𝑚𝑏 , 𝑚𝑐 , 𝑚𝑎𝑏) = (0, 1, 1, 3) and
a sample of size 𝑛 = 3. The maximum likelihood estimate (MLE) as well as the
Ewens–Watterson estimate are displayed.

displayed in Table 4. More specifically, we took the derivatives of
order 1, 6, and 10 with relation to 𝑧2, 𝑧3, and 𝑧4 for locus 𝑙1, and
similarly, the required derivatives for 𝑙2. This was done symbolically
with Mathematica. The likelihood is then obtained by evaluating both
derivatives at 𝑧1 = 𝑧2 = ⋯ = 𝑧6 = 0 and taking the product. For the
likelihood computations, the normalizing constants (𝑚1!𝑚2!⋯𝑚6!)−1

may be omitted, as they do not affect the MLE.
Taking the logarithm gives us the log-likelihood. The expression for

the likelihood function becomes rather long and can be found in our
GitHub repository. Despite its length, however, we still obtained an ex-
plicit formula in terms of a function of the unknown parameters. Fig. 10
provides a plot of this composite likelihood function. We observe that
the likelihood is much flatter in direction 𝑀 than in direction 𝜃. Thus,
the data provide more information for estimating the mutation rate 𝜃
than the migration rate 𝑀 . We also computed 𝑀̂ = 4.50, and 𝜃̂ = 3.84
as the maximum likelihood estimates for our example.

6. Discussion: Extensions and further perspectives

We have demonstrated that phase-type theory provides a general
framework to derive basic properties of coalescent trees. Whenever the
quantities of interest can be interpreted as (possibly reward weighted)
absorption times of a discrete or continuous time Markov chain, the
theory provides matrix analytic formulas for computing properties of
their distribution. In Section 2 we provided several examples.

In Section 3, we illustrated that joint distributions and their cor-
responding mixed moments can be obtained by specifying multiple
reward patterns that represent quantities of interest such as tree height
and length, as well as the external and internal branch lengths. Go-
ing beyond the standard coalescent model, phase-type results can be
obtained in an analogous way for multiple merger models such as the
𝛬-coalescent.

Section 4 explained how discrete phase-type distributions can be
used to obtain properties of the number of segregating sites, the site fre-
quency spectrum, and coalescence times under consanguineous mating.
In a further classical population genetic application, namely fixation
or loss in a discrete-time Wright–Fisher model with selection, we
demonstrated how to treat a situation with more than one absorbing
state.
29
Distributions and moments of summary statistics, such as the site
frequency spectrum, can also be used for statistical inference. In Sec-
tion 5, we explained how to use phase-type distributions to obtain full
likelihoods for small size coalescent trees. Using a composite likelihood
approach, we show how these results may be applied to carry out
statistical inference under a simple demographic model.

All our applications and examples illustrate that phase-type theory
provides a general set of tools that can be applied to a large variety of
coalescent models in population genetics.

We end this paper with a short discussion on important extensions
of the homogeneous coalescent models, challenges with large sample
sizes, and further population genetic models where the phase-type
framework seems particularly promising.

6.1. Extensions of the homogeneous coalescent model

Phase-type distributions in population genetics are still in their
infancy. In this review, we have focused on time homogeneous coales-
cent models, but several important extensions are natural to consider.
A crucial extension is to consider inhomogeneous coalescent models
and the corresponding inhomogeneous phase-type distribution (Al-
brecher and Bladt, 2019). This model corresponds to a coalescent model
with variability in population size (e.g. Wooding and Rogers (2002)
and Polanski and Kimmel (2002)). Zeng et al. (2021) discretized time
into homogeneous blocks of time with constant population size to an-
alyze genetic diversity for balancing selection. Reward-transformation
in inhomogeneous phase-type distributions still needs to be developed.

6.2. Large sample sizes and computational running time

Large sample sizes pose a challenge for the phase-type methodology
because the state space increases very fast with the sample size (recall
Section 2.4). In Fig. 11 we show the running time of PhaseTypeR for
calculating the mean tree height (left) and variance–covariance matrix
of the site frequency spectrum (right) for increasing sample size. In our
implementation, the calculation of both quantities is cubic in the size of
the state space, and the calculation of the variance–covariance matrix
can take up to half a minute when the size of the state space is larger
than 250.

A possible strategy to handle a large number of states is to exploit
that the rate matrices are very sparse and have a block structure. Røik-
jer et al. (2022) and Bisschop (2022) represent the rate matrices as
graphs and carry out the desired matrix operations on the graph. Røik-
jer et al. (2022) is mainly focused on calculating the moments, and Biss-
chop (2022) is mainly focused on calculating the likelihood. A natural
next step would be to combine the two graph-based approaches in a
single software program.

It could be important to have limit theorems for the multivariate
phase-type distribution. Limit theorems for the site frequency spec-
trum are available for the standard coalescent (Dahmer and Kersting,
2015), but a general framework for reward-transformed statistics of
homogeneous coalescent models is missing.

6.3. Discriminating between coalescent models

An application where phase-type theory could perhaps be rather
easily applied is in the context of summary statistics for discriminating
between coalescent models. Koskela (2018) suggest using summary
statistics consisting of the normalized number of singletons and the
cumulative number of 𝑖-tons with 𝑖 larger than or equal to 15. Koskela
(2018) in his Figure 1 clearly shows that these joint statistics are able to
discriminate between the Beta(1−𝛼, 𝛼)−𝛯−coalescent and exponential
or algebraic growth for certain values of sample size, number of loci,
size of loci, mutation rates, the value of 𝛼 and growth parameter.

The choice of singletons and cumulative tail probabilities of the site

frequency spectrum as summary statistics discriminating between the
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Fig. 9. Likelihood functions computed from simulated data. Both the maximum composite likelihood estimate (MCLE) and Ewens–Watterson estimate are displayed. We show
typical cases where the MLE is closer to the true parameter value 𝜃 = 3.
Fig. 10. Log-Likelihood function for two independent loci observed under a two-island
model with symmetrical scaled migration rate 𝑀 = 4 and scaled mutation parameter
𝜃 = 3. The mutational pattern underlying the likelihood is provided in Table 4. It has
been obtained from simulations using ms.

models could potentially be improved by using the full site frequency
spectrum together with an analytical procedure for determining the
means and variances for the models. A further alternative in this setting
is the model selection procedure in Freund and Siri-Jégousse (2021)
where various growth- and multiple merger coalescent models are
simulated in order to train a random forest to distinguish between the
genealogical models.

6.4. Phase-type theory for the infinite alleles model

In this review we have focused on the infinite sites model where
the number of mutations of different types (e.g. singletons, doubletons,
etc.) only depend on the total branch length that can give rise to
the mutation type (e.g. total singleton branch length, total doubleton
branch length, etc.). The infinite alleles model is another key model in
coalescent theory (see e.g. Section 4.2 (Wakeley, 2008)), and it could
be interesting to formulate the infinite alleles model in the phase-type
framework. In the infinite alleles model, a sample of homologous DNA
sequences is summarized by the haplotype frequency vector. Innan
30
et al. (2005) add the number of segregating sites to the haplotype
frequency vector and derive a recursion for the joint probability of
the two statistics. It could be intriguing to also understand this joint
summary statistics in a phase-type context. In Griffiths and Tavaré
(2018), the authors consider the joint distribution of both the number
of segregating sites and the number and frequencies of haplotypes for
the purpose of inference. These results may be viewed as an extension
of Ewens’s sampling formula. It would be interesting to explore whether
their Markov chain representations (19) and (20) can be used to obtain
discrete phase-type distributions for the above-mentioned frequencies.
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for calculating the variance–covariance matrix of the site frequency spectrum from the block counting process.
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