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1 Introduction

This document accompanies the open source rheoQCM software written and maintained by Dr. Qifeng Wang at
Northwestern University.

2 Background Theory

As the name implies, the quartz crystal microbalance (QCM) is most often employed as a high sensitivity mass-
balance. The instrument relies on the piezoelectric nature of quartz to measure changes in resonance frequency
caused by the application of a material to the quartz surface. An adsorbed mass or deposited film results in a
decrease in resonant frequency of the quartz crystal by an amount, ∆ fsn, that is given by the well-known Sauerbrey
expression[1]:

∆ fsn =
2n f 2

1
Zq

∆MA =
2n f 2

1
Zq

ρ f d f (1)

Here, n is the order of the resonance harmonic, f1 is the fundamental resonance frequency of quartz (5 MHz), Zq

is its acoustic shear impedance (8.84× 106 kg/m2s for AT cut quartz), ∆MA is the mass per unit area of the film, ρ
is its density and d is its thickness. Note that ρd is the mass per unit area.

Originally, the technique was designed for use in an air or vacuum environment, but today the QCM is often used
to characterize molecules, particles and thin-films in liquid media. Applications include studies of adsorption[2–
10], self-assembly[2–4], cell-substrate interactions[11], and electrochemistry[12, 13].

The QCM consists of a single-crystal quartz disc sandwiched between two electrodes. Due to the piezoelectric
nature of quartz, the material will oscillate transversely if an alternating potential is applied across the elec-
trodes, propagating a shear wave through the disc. If the frequency of oscillation is near to the acoustic reso-
nance frequency of quartz, a standing shear wave will generate across the disc, inducing a peak in the system
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conductance.[14, 15] For the AT-cut crystals used throughout this work, the fundamental resonant frequency is
near 5 MHz. The conductance also peaks at odd harmonics (n) of the fundamental resonant frequency, with res-
onances at 15 MHz (n=3), 25 MHz (n=5), etc. If the conductance is plotted in the frequency domain, Lorentzian
curves can be fit to the conductance peaks to provide two values: the resonance frequency ( fn), where the con-
ductance is maximum at the nth harmonic, and the half-bandwidth (Γn), the half-width at half-maximum of the
conductance peak. This half-bandwidth is equal to 2D/ fn, where D is the dissipation factor introduced by the
Chalmers group and utilized in the commonly employed time-domain QCM-D technique[16]. We refer to Γn sim-
ply as the dissipation, recognizing that our definition of the dissipation differs from the QCM-D definition by a
factor of 2/ fn.

If a load is applied to the QCM surface, fn and Γn shift relative to the bare crystal and together make up a complex
frequency shift[14, 15]:

∆ f ∗n = ∆ fn + i∆Γn (2)

Note that in our notation, starred quantities are complex, and quantities subscripted with an n depend on the
harmonic at which they are measured. When the frequency shift is small in comparison to the resonance frequency
of quartz, which is true in nearly all applications of the QCM, ∆ f ∗n is related to the shift in complex load impedance
(∆Z∗nL) through the small load approximation[14]:

∆ f ∗n =
i f1∆Z∗nL

πZq
(3)

2.1 Sauerbrey Limit

The Sauerbrey equation (Eq. 1) is obtained from Eq. 3, using the following inertial load impedance, ∆Z∗ns, for
∆Z∗nL:

∆Z∗sn = 2πin f1ρ f d f , (4)

2.2 Bulk Limit

For thicker films, the complex resonant frequency deviates from the Sauerbrey relationship and depends on the
rheological properties of the material in contact with the crystal surface. For films that are sufficiently thick (well
beyond the decay length of the acoustic shear wave), the load impedance is equal to the acoustic impedance of a
bulk material:

Z∗n,bulk = (ρG∗n)
1/2 (5)

Here G∗n is the complex shear modulus at fn, expressed here in terms of its magnitude and phase angle:

G∗n = |G∗n|exp(iφn) (6)

For a variety of reasons it is more convenient to express the complex shear modulus in terms of its magnitude
and phase. The storage and loss moduli, G′n and G′′n respectively, can easily be obtained form the magnitude and
phase:

G′n = |G∗n| cos(φn)
G′′n = |G∗n| sin(φn)

(7)

Use of Z∗n,bulk for the load impedance gives the following for ∆ fn and ∆Γn in the bulk limit:

∆ fn = − f1

πZq
(ρ |G∗n|)

1/2 sin (φn/2) (8)

∆Γn =
f1

πZq
(ρ |G∗n|)

1/2 cos (φn/2) (9)
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These equations can be inverted to give the following for ρ |G∗n| and φ

ρ |G∗n| =
(

πZq |∆ f ∗n |
f1

)2

(10)

φ = 2 arctan
(

∆ fn

∆Γn

)
(11)

The decay length is given by the following expression:

δnρ =
ρ

Im (k∗)
=

(ρ |G∗n|)
1/2

2πn f1 sin (φn/2)
(12)

We can use Eq. 8 to eliminate the sin term:

δnρ =
(ρ |G∗n|)

2π2nZq∆ fn
(13)

Now we can use Eq. 10 to eliminate ρ |G∗n|:

δnρ = −
Zq |∆ f ∗n |

2

2n f 2
1 ∆ fn

= −
Zq
(
∆ f 2

n + ∆Γ2
n
)

2n f 2
1 ∆ fn

(14)

As a general rule of thumb, the bulk limit applies when the film thickness is larger than ≈ 2δn.

2.3 Generalized Single Layer

The complex wave vector, k∗n, for shear wave propagation in the material can be obtained directly from Z∗n[17]:

k∗n =
2π fnρ

Z∗n
(15)

The wavelength of the propagating shear wave is then obtained from the real part of k∗ [17]:

λn =
2π

Re (k∗n)
; λnρ =

(ρ |G∗n|)
1/2

fn cos (φn/2)
(16)

Finally, we define a quantity, D∗n, which plays an important role in the expressions given below:

D∗n = k∗nd =
2πd
λn

(1− i tan (φn/2)) =
2π fndρ

Z∗n
(17)

The impedance of a layer (which we refer to hear as layer 1) of mass thickness dρ is given by the following expres-
sion:

Z∗n, f ilm = iZ∗n,bulk tan(D∗n) (18)

Note that we define ∆ fsn as a positive number (see Eq. 1), so in the case where the Sauerbrey limit applies (d/λn �
1), and when there is sufficient acoustic contrast between the film and the surrounding liquid (

∣∣∣Z∗n f

∣∣∣� ∣∣Z∗n`∣∣), we
have ∆ f ∗n = −∆ fsn.
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Electrode

Figure 1: Two-layer geometry involving a ’film’ that is sandwiched between the electrode surface and a ’membrane’.

Figure 2: Result from the Lu-Lewis model for the parameters listed in Eqs. ?? and ?? varying the values of φ for the film
as indicated.

2.4 Bilayer

We can apply Eq. 3, with ∆Z∗nL = ∆Z∗n f m to get an expression for the complex frequency shift. After a bunch of
algebra, we get to the following form of the master equation:

∆ f ∗n
fsn

= −
tan(D∗n1)

D∗n1

[
1−

(
r∗n12

)2

1 + ir∗n12 tan(D∗n1)

]
(19)

Where r∗ is the ratio of the overall membrane impedance to the material impedance for the film:

r∗n12 =
Z∗n2, f ilm

Z∗n1,bulk
(20)

Written in this way it’s a bit more obvious that there is no net response for the trivial case when a thin film and
thick membrane have identical properties (r∗n12 = 1), and that the single layer master equation is recovered for
experiments done in air (r∗n12 = 0).

In a liquid medium, the ’membrane’ actually corresponds to a bulk, infinitely thick liquid. The impedance ratio is
now a ratio of pure material properties:

r∗n12 =

(
ρ2G∗n2
ρ1G∗n1

)1/2
(21)

3 Lu-Lewis Equation

4 Thicker films

Things look quite a bit different if we use thicker films. Suppose we use a 5 µm glassy polymer film, representative
of some of our experiments. Here’s the set of film properties:

4



Figure 3: Comparison of the LL and SLA models for the electrode properties given in ?? and the film properties given in
22.

Figure 4: Comparison of the LL and SLA models for the electrode properties given in ?? and the film properties given in
22.

(dρ) f ilm = 5 g/m2

(|G∗3 | ρ) f ilm = 109 Pa · g/cm3 (22)

φ f ilm = 1.5◦

Here’s what the comparison of the LL and SLA models looks like in this case:

If we replot this as a function of linear n and just worry about the first few harmonics, it looks like the plot below.

5 Solution Method and Error Analysis

The numerical solution obtains three quantities (typically dρ, |G3ρ| and φ) that give predicted three measured
quantities in agreement with experimental values. These three measured quantities are two frequency shifts and
one dissipation shift. In a n1 : n2, n3 calculation, these quantities are ∆ fn1, ∆ fn2 and ∆Γn3 . MATLAB and Python
both return the Jacobian, J, at the solution point, which is given by the following expression:
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J =


∂∆ fn1
∂(dρ)

∂∆ fn1
∂(|G3|ρ)

∂∆ fn1
∂φ

∂∆ fn2
∂(dρ)

∂∆ fn2
∂(|G3|ρ)

∂∆ fn2
∂φ

∂∆Γn3
∂(dρ)

∂∆Γn3
∂(|G3|ρ)

∂∆Γn3
∂φ

 (23)

Once we have the matrix, we invert it to get J−1, the Jacobian of the inverse function, which is what we need:

Jinv ≡ J−1 =


∂(dρ)
∂∆ fn1

∂(dρ)
∂∆ fn2

∂(dρ)
∂∆Γn3

∂(|G3|ρ)
∂∆ fn1

∂(|G3|ρ)
∂∆ fn2

∂(|G3|ρ)
∂∆Γn3

∂φ
∂∆ fn1

∂φ
∂∆ fn2

∂φ
∂∆Γn3

 (24)

The uncertainties in the experimental quantities are ∆ f err
n1 , ∆ f err

n2
and ∆Γerr

n3 . We represent these as three component
error vector:

err =

 ∆ f err
n1

∆ f err
n2

∆Γerr
n3

 (25)

In our linearized analysis we just multiply the uncertainties by the appropriate partial derivatives, and sum the
three different uncertainties in quadrature to get the associated experimental uncertainty in our extracted property:

(dρ)err =
((

Jinv
11 err(1)

)2
+
(

Jinv
12 err(2)

)2
+
(

Jinv
13 err(3)

)2
)0.5

(|G3| ρ)err =
((

Jinv
21 err(1)

)2
+
(

Jinv
22 err(2)

)2
+
(

Jinv
23 err(3)

)2
)0.5

φerr =
((

Jinv
31 err(1)

)2
+
(

Jinv
32 err(2)

)2
+
(

Jinv
33 err(3)

)2
)0.5

(26)

This same analysis can be applied to more complicated models as well.
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