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Abstract

We derive a BLAST-style E-value [10, 1] for “hits” returned by fuzzy search over T-cell recep-
tor (TCR) CDR3 sequences, adapted to the defining difficulty of immune repertoires: the reference
set is highly redundant, and the redundancy is biological (convergent V(D)J recombination, pub-
lic clones, clonal expansion) rather than statistical noise. The classical Karlin–Altschul theory
assumes a database of independent, identically distributed letters; under that null, redundancy-
driven near-matches are absurdly significant. We replace the i.i.d.-letter null with an empirical
background 𝑃0 estimated from a matched control repertoire, retain the Poisson/Gumbel limit su-
perstructure with an explicit non-asymptotic error bound (Chen–Stein / Le Cam [6, 13]), and
handle clonal over-dispersion by collapsing to unique clonotypes. The resulting E-value is auto-
matically deflated for hits that the generation process alone explains and is large only for antigen-
driven convergence. This puts the TCRNET approach—counting sequence neighbours against
a real-world control repertoire, first introduced by Ritvo et al. [17] and formalized as an annota-
tion framework by [16]—on a rigorous, finite-sample footing, and we show the classical Karlin–
Altschul E-value is its product-measure, ungapped special case. The framework is not tied to
TCRs: §11 extends it to presentation-aware E-values for peptide–MHC (pMHC) epitope homol-
ogy, molecular mimicry, and allele guessing, while §13 reduces it to two elementary tasks that need
only its combinatorial skeleton—unique-molecular-identifier (UMI) and barcode collapse, whose
chance false-merge rate is a birthday-problem calculation, and tree clustering of CDR3 nucleotide
reads to correct PCR and sequencing errors.

1. Introduction: the redundancy problem

Given a query CDR3 𝑞 and a target set 𝐷 (e.g. VDJdb), fuzzy search returns the neighbours of 𝑞
within a fixed scope/budget 𝜃. We want a significance value for such hits. BLAST answers this for
protein search with the Karlin–Altschul E-value

𝐸 = 𝐾 𝑚 𝑛 𝑒−𝜆∗𝑆 , (1)
∗Correspondence: mikhail.shugay@gmail.com
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where 𝑚 is the query length and 𝑛 the total database length (both in residues), 𝑆 is the alignment score
of the hit under a substitution matrix with entries 𝑠𝑖 𝑗 , 𝜆∗ is the unique positive root of ∑𝑖 𝑗 𝑝𝑖 𝑝𝑗 𝑒𝜆∗𝑠𝑖 𝑗 = 1
(the natural scale that turns scores into log-probabilities for i.i.d. letters with background frequencies
𝑝𝑖 ), and 𝐾 > 0 is a prefactor—the “clumping” or edge-effect constant—fixed by the score distribution.
𝐸 is the expected number of distinct alignments scoring at least 𝑆 by chance; the number of such
alignments is asymptotically Poisson, so Pr(at least one) = 1−𝑒−𝐸 [10, 11]. The whole construction
rests on the database being a string of i.i.d. letters.

Immune repertoires violate the i.i.d. assumption catastrophically. CDR3s are produced by V(D)J
recombination, whose generation probability 𝑃gen, first derived and inferred from sequence repertoires
by Murugan et al. [15], is sharply non-uniform; convergent recombination makes some sequences
enormously over-represented; clonal expansion and public clones create exact and near duplicates. A
query in a common, high-𝑃gen region of sequence space has many neighbours for purely generative
reasons. An i.i.d. null would flag these as wildly significant, which is biologically meaningless. The
signal we actually want is the opposite: more neighbours than the background generative process
predicts, the hallmark of antigen-driven selection.

Our approach: define the null by an empirical background distribution 𝑃0 that carries the gen-
erative and baseline-sharing redundancy but no antigen-driven enrichment, estimate the null neigh-
bourhood mass from a matched control repertoire (the user-supplied isalgo/airr_control set), and
calibrate the E-value against it. This is a rigorous, finite-sample generalization of Karlin–Altschul to
a non-i.i.d., biologically structured null, and the statistical formalization of TCRNET-style neighbour
counting against a real control [17, 16].

2. Setup and notation

Let Σ be the amino-acid alphabet and 𝒳 = ⋃𝐿≥0 Σ𝐿 the space of CDR3 sequences. The search engine
defines, for a query 𝑞 and budget 𝜃 ≥ 0, a non-negative score 𝑠𝜃(𝑞, 𝑥) and a ball

𝐵𝜃(𝑞) = {𝑥 ∈ 𝒳 ∶ 𝑠(𝑞, 𝑥) ≤ 𝜃}, 𝑠(𝑞, 𝑞) = 0, 𝑠 ≥ 0. (2)

The score need not be ametric: with a substitutionmatrix it is the squared-distance penalty pen(𝑎, 𝑏) =
𝑠𝑎𝑎 + 𝑠𝑏𝑏 − 2𝑠𝑎𝑏 summed along the optimal alignment (plus gap costs); in unit-cost mode it is an edit
count. Both define a legitimate ball. We work with two background laws on 𝒳: the realized-repertoire
background 𝑃0 (what a healthy, unselected repertoire instantiates) and the generation law 𝑃gen (the
V(D)J model). Let

𝜋0(𝑞, 𝜃) = 𝑃0(𝐵𝜃(𝑞)) = ∑
𝑥∈𝐵𝜃(𝑞)

𝑃0(𝑥), 𝜋gen(𝑞, 𝜃) = 𝑃gen(𝐵𝜃(𝑞)) . (3)

A control sample 𝐶 = (𝐶1, … , 𝐶𝑀 ) and a target set 𝐷 are given. Crucially, all counts are over distinct
clonotypes: the engine deduplicates hits by reference id, so

𝑛𝑆(𝑞, 𝜃) = #{ 𝑥 ∈ 𝑆 distinct ∶ 𝑥 ∈ 𝐵𝜃(𝑞) }, 𝑆 ∈ {𝐶, 𝐷}. (4)

Write 𝑁 = |𝐷| (unique clonotypes; see §5).
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Lemma 1 (Scope monotonicity). The balls nest, 𝐵𝜃(𝑞) ⊆ 𝐵𝜃′(𝑞) for 𝜃 ≤ 𝜃′ (since 𝑠 ≥ 0 and the cut
is by a single threshold). Hence 𝜋0(𝑞, ⋅), 𝑛𝑆(𝑞, ⋅), the intensity 𝜆(𝑞, ⋅) and the E-value 𝐸(𝑞, ⋅) are all
non-decreasing in the scope/budget 𝜃, and the closest-hit score 𝑆min(𝑞) of §9 is the smallest 𝜃 with
𝑛𝐷(𝑞, 𝜃) > 0. This justifies sweeping 𝜃 to trace an E-value curve per query.

Assumption 1 (Exchangeability under 𝐻0). Under the null, the unique clonotypes of 𝐷 are exchange-
able with marginal law 𝑃0.

Assumption 2 (Independent control draws). The unique clonotypes of 𝐶 are i.i.d. (or exchangeable)
∼ 𝑃0.

Assumption 3 (Background match). 𝐶 and 𝐷 share the background 𝑃0 (same generation + sampling
process, matched chain, species and length composition). All validity is conditional on Assumption 3.

3. Null hypothesis and estimator hierarchy

Definition 1 (Per-query null). 𝐻0(𝑞): the neighbours of 𝑞 in 𝐷 arise from 𝑃0 with no antigen-driven
excess, i.e. each 𝑥 ∈ 𝐷 satisfies 𝔼[1(𝑥 ∈ 𝐵𝜃(𝑞))] = 𝜋0(𝑞, 𝜃). The alternative 𝐻1(𝑞) posits excess mass
𝜋𝐷(𝑞, 𝜃) > 𝜋0(𝑞, 𝜃).

Lemma 2 (Self-match exclusion / punctured null). When the query is itself a database member (𝑞 ∈ 𝐷,
as in a VDJdb-vs-VDJdb scan), the count 𝑛𝐷(𝑞, 𝜃) contains the exact self-match (and any exact
duplicates of 𝑞), which are deterministic identity hits, not random draws from 𝑃0. Including them
biases both the observed count and the null. The correct neighbour statistic is the punctured count over
the distance-positive ball,

𝑛>
𝐷 (𝑞, 𝜃) = #{𝑥 ∈ 𝐷 ∶ 0 < 𝑠(𝑞, 𝑥) ≤ 𝜃}, (5)

with null intensity 𝜆>(𝑞, 𝜃) = (𝑁 − 𝑚𝑞) 𝜋>
0 (𝑞, 𝜃), where 𝑚𝑞 is the multiplicity of 𝑞 in 𝐷 and 𝜋>

0 =
𝑃0(𝐵𝜃(𝑞)) − 𝑃0({𝑥 ∶ 𝑠(𝑞, 𝑥) = 0}) removes the point mass at exact matches. The control estimator is
punctured identically, 𝜋̂> = 𝑛>

𝐶 (𝑞, 𝜃)/𝑀 , so the deterministic identity term cancels in the calibrated
E-value. (For 𝑞 ∉ 𝐷 the puncture is vacuous and 𝑛>

𝐷 = 𝑛𝐷.)

Remark 1 (Consistency of the puncture, and when not to use it). The puncture is valid only if applied
to both sides: the E-value 𝐸 = (𝑁/𝑀) 𝑛𝐶 estimates 𝑁𝜋0 for one and the same ball, so dropping
the 𝑠 = 0 point mass from the target count requires estimating the punctured mass 𝜋>

0 from the
punctured control count 𝑛>

𝐶 . Doing so does change the numeric E-value (it shrinks by the removed
exact-match mass, 𝐸> = (𝑁/𝑀)𝑛>

𝐶 ≤ 𝐸), but it leaves the inference unbiased: the exact-match
term is deterministic and enters observed count and null intensity identically, so it carries no signal
and its removal neither creates nor destroys significance for the genuine neighbours. Puncturing only
one side (target but not control, or vice versa) does bias the test and must be avoided.

This exclusion is a benchmark device, not a default for applications. In the VDJdb-vs-VDJdb
benchmark the queries are drawn from the target, so every query carries a guaranteed trivial self-hit
that would otherwise inflate every count uniformly; puncturing removes it. In a real annotation task
the query is a novel sequence scored against a reference database (𝑞 ∉ 𝐷), where an exact database
match is the strongest and most informative hit and must be kept. Hence seqtree.evalues leaves
exclude_exact=False by default and the benchmark sets it True.
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The estimand is the per-query Poisson intensity 𝜆(𝑞, 𝜃) = 𝑁 𝜋0(𝑞, 𝜃) (read as 𝜆> with the punc-
ture of Lemma 2 whenever 𝑞 ∈ 𝐷). Two estimators of 𝜋0 target different nulls and must not be
conflated.

• Control / Monte-Carlo (primary): 𝜋̂(𝑞, 𝜃) = 𝑛𝐶(𝑞, 𝜃)/𝑀 , unbiased for 𝑃0(𝐵𝜃(𝑞)), with 𝑀𝜋̂ ∼
Binomial(𝑀, 𝜋0) under Assumption 2. It captures the realized background, including public-
clone sharing and finite-repertoire convergence.

• Generation / analytic (cross-check): 𝜋̂gen(𝑞, 𝜃) = ∑𝑥∈𝐵𝜃(𝑞) 𝑃gen(𝑥), computed by enumerating
the (small, for small 𝜃) ball with the engine and weighting by the V(D)J generation probability
of the Murugan et al. model [15]. It targets the pure generation null 𝑃gen(𝐵𝜃(𝑞)), which omits
selection and sampling.

Remark 2 (Selection factor and the thymic correction). 𝑃gen is a pre-selection law; only a fraction
of generated receptors survive thymic and peripheral selection. Elhanati et al. [9] model this with
a per-sequence selection factor 𝑄(𝜎) ≥ 0 on the recombination outcome 𝜎 = ( ⃗𝑎, 𝑉 , 𝐽), inferred by
maximum likelihood, giving the post-selection law

𝑃0(𝜎) = 1
𝑍 𝑄(𝜎) 𝑃gen(𝜎), 𝑍 = ∑

𝜎
𝑄(𝜎)𝑃gen(𝜎) = 1 (⟨𝑄⟩𝑃gen

= 1). (6)

The normalization ⟨𝑄⟩ = 1 means 𝑄 redistributes mass without a global rescale; the structured
part (selection reinforces recombination biases, with the observed 𝑃data(𝑄)/𝑃gen(𝑄) saturating around
≈ 7 [9]) reshapes the ball mass per sequence. Separately, the physical thymic acceptance fraction—
the fraction of recombined cells that survive to the naive repertoire—is 𝛼 ≲ 15% (consistent with
10–30% for positive selection and ≈ 5% for full selection) [9], and selection cuts repertoire diversity
by ≈ 6 bits (∼ 50-fold). Two consequences for the E-value. (i) The empirical control 𝑃0 already is
the post-selection law of (6), so the control estimator 𝜋̂ needs no 𝑄 and no 𝛼; 𝑄 enters only the analytic
estimator, where one uses 𝑄 𝑃gen in place of 𝑃gen. (ii) The global acceptance fraction 𝛼 is sequence-
independent and cancels in every ratio and in 𝜋̂ (which calibrates against the control’s own size 𝑀);
it would matter only for an absolute naive-frequency estimate 𝑓(𝜎) = 𝛼 𝑄(𝜎)𝑃gen(𝜎), e.g. when the
𝜋̂gen fallback for a rare query (§7) is read as an expected count of cells rather than a probability.

Lemma 3 (The two nulls differ). In general 𝑃0 ≠ 𝑃gen: thymic and peripheral selection deplete some
motifs while finite-sample public-clone sharing enriches others, so neither 𝜋0 ≤ 𝜋gen nor the reverse
holds universally. Hence 𝜋̂gen is used as a variance-reducing control variate and as a fallback for
queries too rare for the control (§7), not as a substitute for 𝜋̂.

4. Poisson approximation with an explicit error bound

Fix 𝑞, 𝜃. For the unique clonotypes 𝑥1, … , 𝑥𝑁 of 𝐷 set 𝑋𝑖 = 1(𝑥𝑖 ∈ 𝐵𝜃(𝑞)), 𝑝𝑖 = 𝔼𝑋𝑖 = 𝜋0,
𝑊 = ∑𝑖 𝑋𝑖 , 𝜆 = ∑𝑖 𝑝𝑖 = 𝑁𝜋0, and let 𝑍 ∼ Poisson(𝜆). We use the following standard objects.
ℒ(𝑊) denotes the law (probability distribution) of 𝑊 . The total-variation distance between two
laws 𝜇, 𝜈 on ℤ≥0 is

dTV(𝜇, 𝜈) = sup
𝐴⊆ℤ≥0

|𝜇(𝐴) − 𝜈(𝐴)| = 1
2 ∑

𝑘≥0
|𝜇(𝑘) − 𝜈(𝑘)|, (7)
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so a bound on dTV bounds the error of every event probability simultaneously. A family of dependency
neighbourhoods is a choice, for each index 𝑖 , of a set 𝐵𝑖 ∋ 𝑖 such that 𝑋𝑖 is independent of (or
nearly independent of) {𝑋𝑗 ∶ 𝑗 ∉ 𝐵𝑖 }; intuitively 𝐵𝑖 collects the clonotypes whose ball-membership
is statistically coupled to 𝑥𝑖 ’s (here, those sharing a motif). The residual 𝑏3 below measures exactly
how far that near-independence falls short.

Theorem 1 (Chen–Stein bound [5, 6]). For any dependency neighbourhoods {𝐵𝑖 ∋ 𝑖},

dTV(ℒ(𝑊),Poisson(𝜆)) ≤ 𝑏1 + 𝑏2 + 𝑏3, (8)

with 𝑏1 = ∑𝑖 ∑𝑗∈𝐵𝑖 𝑝𝑖 𝑝𝑗 , 𝑏2 = ∑𝑖 ∑𝑗∈𝐵𝑖 ,𝑗≠𝑖 𝔼[𝑋𝑖 𝑋𝑗 ], and 𝑏3 = ∑𝑖 𝔼∣ 𝔼[𝑋𝑖 − 𝑝𝑖 ∣ 𝜎(𝑋𝑗 ∶ 𝑗 ∉ 𝐵𝑖 )] ∣.

Corollary 1 (Le Cam regime [13]). If the collapsed clonotypes are independent under 𝐻0, take 𝐵𝑖 =
{𝑖}; then 𝑏2 = 𝑏3 = 0 and

dTV(ℒ(𝑊),Poisson(𝜆)) ≤ ∑
𝑖

𝑝2
𝑖 = 𝑁𝜋2

0 = 𝜆 𝜋0. (9)

The bound is small precisely in the regime of interest: a rare ball 𝜋0 ≪ 1 with moderate 𝜆 gives error
≤ 𝜆𝜋0 → 0.

Corollary 2 (Void and tail probabilities). With 𝑤 = 𝑛𝐷(𝑞, 𝜃) observed,

𝑝any(𝑞, 𝜃) = ℙ(𝑊 ≥ 1) = 1 − 𝑒−𝜆 + 𝑂(𝑁𝜋2
0), (10)

𝑝(𝑞, 𝜃) = ℙ(𝑍 ≥ 𝑤) = 1 − ∑
𝑘<𝑤

𝑒−𝜆𝜆𝑘

𝑘! , | ℙ(𝑊 ≥ 𝑤) − 𝑝(𝑞, 𝜃) | ≤ 𝑏1 + 𝑏2 + 𝑏3. (11)

Both follow from Theorem 1: the void probability is the event 𝐴 = {0} and the tail is 𝐴 = {𝑤, 𝑤 +
1, … }, and by (7) the error on any single event is at most dTV ≤ 𝑏1 + 𝑏2 + 𝑏3 (so 𝑂(𝑁𝜋2

0) in the
independent regime, Corollary 1).

Remark 3 (Where biology enters). Convergent recombination makes the dependency neighbourhood
𝐵𝑖 nontrivial: 𝑗 ∈ 𝐵𝑖 when 𝑥𝑖 and 𝑥𝑗 share a high-𝑃gen motif. The term 𝑏2 = ∑𝑖 ∑𝑗∈𝐵𝑖 𝔼[𝑋𝑖 𝑋𝑗 ] is
the excess pairwise ball co-occupancy. Under 𝐻0 it is controlled by the pairwise ball mass, estimable
from the control by counting pairs of control sequences both in 𝐵𝜃(𝑞); the Poisson regime holds when
this estimate is ≪ 𝜆. The very same 𝑏2 is inflated under 𝐻1 (antigen-driven clusters co-occupy the
ball), so it is simultaneously the null error term and the quantity carrying the signal.

5. Clonal redundancy and over-dispersion

Proposition 1 (Collapsing restores Poisson). Let the raw target carry clonotypes with multiplicities
(clone sizes) 𝑚𝑥. Counting reads/cells in the ball gives a compound-Poisson total 𝑇 = ∑𝐾

𝑘=1 𝑚𝑘 with
𝐾 ∼ Poisson(𝜆) and 𝑚𝑘 i.i.d. ∼ 𝐺, so 𝔼𝑇 = 𝜆𝜇𝐺 and Var𝑇 = 𝜆 𝔼[𝑚2], with over-dispersion
index Var𝑇 /𝔼𝑇 = 𝔼[𝑚2]/𝜇𝐺 ≥ 1. Collapsing to unique clonotypes is the projection 𝐺 ≡ 1, which
removes multiplicity-driven over-dispersion and returns the Poisson count 𝑊 of §4. We therefore
deduplicate 𝐶 and 𝐷 to unique clonotypes by default.
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Proposition 2 (Negative-binomial robustness check). If multiplicities must be modelled (e.g. read-level
tests) and 𝐺 is geometric, 𝑇 is negative-binomial; report the NB tail ℙ(NB ≥ 𝑤) with mean 𝜆𝜇𝐺 and
dispersion estimated from observed clone sizes. Under 𝐻1 antigen-driven clones are stochastically
larger, so power is retained; the collapsed Poisson test remains the assumption-light default.

Proposition 3 (tf–idf is self-information weighting). Weighting each target hit 𝑥 by its background
self-information 𝑤(𝑥) = − log𝑃0({𝑥}-ball) makes the expected per-hit contribution constant under
𝐻0; the inverse-document-frequency weight is exactly the inverse background ball mass, and the term
frequency is the clone multiplicity. In the rare regime the control-set E-value satisfies 𝐸 ≈ 𝑒− ∑𝑥 idf(𝑥),
so the “control-set” and “tf–idf” approaches to redundancy are one object.

6. The E-value and multiple testing

Definition 2 (E-value). For a query family 𝒬, the expected number of background hits is

𝐸tot(𝜃) = 𝔼𝐻0[#hits] = ∑
𝑞∈𝒬

𝑁 𝜋0(𝑞, 𝜃) = ∑
𝑞∈𝒬

𝜆(𝑞, 𝜃). (12)

The per-query specialization 𝒬 = {𝑞} gives the BLAST-convention E-value 𝐸(𝑞, 𝜃) = 𝑁𝜋0(𝑞, 𝜃),
estimated by

𝐸(𝑞, 𝜃) = 𝑁
𝑀 𝑛𝐶(𝑞, 𝜃), 𝑝any = 1 − 𝑒−𝐸 . (13)

Proposition 4 (Assumption-free expectation). Equation (12) holds by linearity of expectation regard-
less of any dependence among hits (clonal, convergent, or across 𝒬). Consequently ℙ(#false hits ≥
1) ≤ 𝐸tot by Markov’s inequality, and 𝐸tot bounds the expected number of false discoveries. This
robustness—no independence needed for the mean—is why the E-value, not the Poisson tail, is the
primary report.

Proposition 5 (Family-wise and false-discovery control). Two thresholding regimes for a family of
|𝒬| tested queries:

1. E-value / Bonferroni (FWER). Reporting every query with 𝐸(𝑞, 𝜃) ≤ 𝛼/|𝒬| controls the family-
wise error rate at level 𝛼: by Proposition 4 the expected number of false positives is ∑𝑞 𝐸 ≤ 𝛼,
and ℙ(≥ 1 false positive) ≤ 𝛼 by Markov. No independence is required. A fixed E-value cutoff
(e.g. 𝐸 ≤ 1, the BLAST default) is the 𝛼 = |𝒬| case and bounds the expected count of false
positives by 1.

2. p-value / Benjamini–Hochberg (FDR). Using the per-query enrichment p-values 𝑝(𝑞, 𝜃) =
ℙ(𝑍 ≥ 𝑛>

𝐷 (𝑞, 𝜃)) from Corollary 2, the Benjamini–Hochberg procedure [7]—sort 𝑝(1) ≤ … ≤
𝑝(|𝒬|), reject the 𝑘 largest with 𝑝(𝑘) ≤ 𝑘

|𝒬|𝛼—controls the false discovery rate at 𝛼 under positive
dependence of the test statistics, the relevant regime here (convergent clusters induce positive
correlation).

Proposition 6 (Detectability / minimum cluster size). Under 𝐻1(𝑞) let the antigen-driven excess add
𝑘 neighbours beyond the background mean 𝜆 = 𝜆>(𝑞, 𝜃), so 𝑛>

𝐷 ≈ 𝜆 + 𝑘. The enrichment test at
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E-value cutoff 𝐸 ≤ 𝛼 rejects when 𝑛>
𝐷 ≥ 𝑤𝛼, the smallest 𝑤 with ℙ(Poisson(𝜆) ≥ 𝑤) ≤ 𝛼. For

small 𝜆 (the typical rare-ball regime), 𝑤𝛼 grows only logarithmically, 𝑤𝛼 ≈ log(1/𝛼)
log log(1/𝛼) − log 𝜆 by

the Poisson right tail, so a cluster of a handful of convergent neighbours is already detectable; for
moderate 𝜆 the Gaussian approximation gives the familiar 𝑘 ≳ 𝑧1−𝛼√𝜆. The control size enters only
through the resolution of ̂𝜆 (§7): 𝑀 must be large enough that the sampling noise of 𝐸 is below the
excess 𝑘 being claimed.

6.1. Epitope detection complexity

Proposition 6 concerns one query; in practice one samples a depth-𝑛 repertoire and asks how much
of an epitope-specific response is recoverable. Let an epitope’s TCR repertoire 𝑅𝑒 have 𝐾 unique
clonotypes and within-set scope-𝜃 neighbour graph with degree distribution {𝑑𝑥}𝑥∈𝑅𝑒 and neighbour
density 𝜌 = 1

𝐾(𝐾−1) ∑𝑥 𝑑𝑥 = 𝑑/(𝐾 − 1) (the probability that two random members of 𝑅𝑒 are within
𝜃).

Proposition 7 (Detection curve from the degree law). Draw 𝑛 clonotypes i.i.d. from 𝑅𝑒. A node of full-
set degree 𝑑𝑥 retains in expectation 𝑑𝑥 (𝑛 − 1)/(𝐾 − 1) of its neighbours (hypergeometric sampling).
Against the near-empty background ball (𝜆 ≈ 0, so 𝑤𝛼 is 𝑂(1), Proposition 6), the node is detected
once this exceeds a level 𝑑min(𝛼) = 𝑂(1), i.e. at sampling depth

𝑛∗
𝑥 ≈ 1 + 𝑑min

𝐾 − 1
𝑑𝑥

, (14)

and the detectable fraction at depth 𝑛 is

𝜑(𝑛) = 1
𝐾 #{𝑥 ∶ 𝑑𝑥 ≥ 𝑑min

𝐾−1
𝑛−1 }, (15)

fixed entirely by the degree law. Equivalently the expected number of within-sample neighbour pairs is
(𝑛

2)𝜌, so the first significant pair appears near 𝑛 ≈ √2/𝜌. The detection complexity of 𝑅𝑒—the depth
to recover a target fraction of the response—is therefore set by the upper tail of {𝑑𝑥} (equivalently by
𝜌 and the largest cluster): a repertoire dominated by one large convergent cluster is detected at small
𝑛, a diverse repertoire of many near-singletons requires deep sampling.

Remark 4 (Worked example: A*02NLV vs GIL). Measured onVDJdb TRB /HLA-A*02 repertoires
against a 106-sequence OLGA background at scope 𝜃 = 1 substitution: GIL (GILGFVFTL, influenza
M1; 𝐾 = 5236) has 𝜌 = 3.4×10−4, max degree 52, and one dominant component of 896 (17% of the
set); NLV (NLVPMVATV, CMV pp65; 𝐾 = 13044) has 𝜌 = 2.8×10−5 (≈ 12× sparser), max de-
gree 22, and a largest component of only 152 (1.2%). Equation (15) then predicts—and the subsam-
pled Benjamini–Hochberg significant fraction confirms (Fig. 2, bench/bench_epitope.py)—that
GIL is ∼20–30% recovered by 𝑛 ∼ 103 sampled TCRs while NLV stays below 5% even at 𝑛 ∼
5 × 103. The two epitopes have detection complexities differing by more than an order of magnitude
purely from repertoire structure, with no change to the search or the background.
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7. How large must the control be?

Since 𝑀𝜋̂ ∼ Binomial(𝑀, 𝜋0), Var 𝜋̂ = 𝜋0(1−𝜋0)/𝑀 and the relative error is CV(𝜋̂) ≈ (𝑀𝜋0)−1/2.

Proposition 8 (Resolution). To resolve a target E-value 𝐸∗ = 𝑁𝜋0 to relative error 𝜌 requires

𝑀 ≳ 1
𝜌2𝜋0

= 𝑁
𝜌2𝐸∗ . (16)

Resolving 𝐸∗ ∼ 1 to 10% thus needs 𝑀 ∼ 100 𝑁 .

Proposition 9 (Empty-ball regime). If 𝑛𝐶 = 0, the point estimate 𝜋̂ = 0 is degenerate; use the rule of
three 𝜋0 ≲ 3/𝑀 (95%), or aBeta(𝑛𝐶 +𝑎, 𝑀−𝑛𝐶 +𝑏) posterior, which propagates control uncertainty
into a Poisson–Gamma (negative-binomial) posterior-predictive p-value for 𝑛𝐷. The implementation
reports the rule-of-three upper bound 𝐸 ≤ 3𝑁/𝑀 when 𝑛𝐶 = 0.

When 𝑀 is inadequate for a rare 𝑞, the analytic 𝜋̂gen is exact per query for any 𝑀 and serves as
the fallback (Lemma 3).

8. Composition and length are handled automatically

Proposition 10. Because 𝜋0(𝑞, 𝜃) = 𝑃0(𝐵𝜃(𝑞)) is computed for the specific query 𝑞, the control es-
timator 𝑛𝐶(𝑞, 𝜃)/𝑀 conditions on 𝑞’s length and composition automatically: the same biases that
make 𝑞 common make 𝑛𝐶 large. This is the finite-sample, composition-exact analogue of the Karlin–
Altschul 𝐾 𝑚𝑛 length normalization, which is needed precisely because the i.i.d. background is query-
independent. The only caveat is statistical: rare 𝑞 require adequate 𝑀 (§7), else fall back to 𝜋̂gen.

9. The closest hit: an extreme-value law

Theorem 2 (From Poisson to Gumbel). Let 𝜆(𝑞, 𝑡) = 𝑁 𝑃0(𝐵𝑡(𝑞)). By the Poisson approximation
applied at each radius,

ℙ(𝑆min(𝑞) > 𝑡) ≈ 𝑒−𝜆(𝑞,𝑡) = 𝑒−𝑁𝑃0(𝐵𝑡(𝑞)). (17)

If log𝑃0(𝐵𝑡(𝑞)) ≈ 𝑎 + 𝛽𝑡 (log-linear ball-mass growth, the generic regime), then the best score 𝑌 =
−𝑆min, centred at 𝑢𝑁 = (log𝑁+𝑎)/𝛽, obeys ℙ(𝑌 −𝑢𝑁 ≤ 𝑦) → exp(−𝑒−𝛽𝑦), a Gumbel law with scale
1/𝛽. Here 𝛽 is the empirical ball-mass log-slope (regress log𝑛𝐶(𝑞, 𝑡) on 𝑡), not the Karlin–Altschul
𝜆∗. (For lattice scores the Gumbel carries the usual periodic correction.)

10. Relation to Karlin–Altschul

Theorem 3 (KA is the product-measure, ungapped case). If 𝑃0 = ⨂ℓ 𝑝 is a product measure and 𝑠 is
the ungapped additive score, then𝑃0(𝐵𝜃(𝑞)) factorizes and, by Cramér’s theorem, − 1

|𝑞| log𝑃0(𝐵𝜃(𝑞)) →
𝜆∗, the Karlin–Altschul parameter solving ∑𝑖 𝑗 𝑝𝑖 𝑝𝑗 𝑒𝜆∗𝑠𝑖 𝑗 = 1. The intensity 𝜆(𝑞, 𝜃) = 𝑁𝑃0(𝐵𝜃(𝑞))
then reduces to 𝐸 = 𝐾 𝑚 𝑛 𝑒−𝜆∗𝑆 with 𝐾 the Poisson-clumping constant, recovering [10, 11, 2].
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Thus the present framework generalizes Karlin–Altschul in three ways: (i) the product measure
⨂ 𝑝 is replaced by the empirical/generative background 𝑃0; (ii) gaps and matrix-weighted balls are
admitted via the engine’s score; (iii) the asymptotic constants 𝐾, 𝜆∗ are replaced by a finite-𝑁 , finite-𝑀
non-asymptotic error bound (Theorem 1).

11. Epitopes: presentation-aware E-values and molecular mimicry

For TCR CDR3 the background is V(D)J generation; for epitopes (MHC-presented peptides) it is
presentation, which is allele-conditional and constrains the anchor positions. We adapt the framework
with 𝑃0 ∶= 𝑃 pep

0 (⋅ ∣ 𝑎) per allele 𝑎, anchor-masked.

11.1. Anchor decomposition and TCR-facing masking

A presented peptide factorizes 𝜎 = (𝜎𝐴, 𝜎𝑇 ) into MHC-facing anchors 𝐴(𝑎, 𝐿) (class I: {P2,PΩ};
class II core: {P1,P4,P6,P9}) and TCR-facing positions 𝑇 . Presentation fixes 𝜎𝐴; recognition reads
𝜎𝑇 —Dolton et al. [8] show one HLA-A02:01 TCR cross-reacting with three epitopes via the shared
central motif x-x-x-A/G-I/L-G-I-x-x-x, the anchors irrelevant. With masking 𝜇𝑎(𝜎) = 𝜎𝑇 , define the
TCR-facing ball 𝐵𝑇

𝜃 (𝑞) = {𝜎 ∶ 𝜎𝐴 ∈ motif(𝑎), 𝑠𝑇 (𝑞𝑇 , 𝜎𝑇 ) ≤ 𝜃}, where 𝑠𝑇 zeroes the anchors (a per-
position PositionalMatrix). Significance is computed on 𝜇𝑎 only: shared anchors are presentation,
not recognition, and would inflate every within-allele hit.

11.2. Per-allele E-value

Null mass 𝜋pep
0 (𝑞, 𝜃; 𝑎) = 𝑃 pep

0 (𝐵𝑇
𝜃 (𝑞) ∣ 𝑎). With a per-allele anchor-masked presented control 𝐶𝑎 of

size 𝑀𝑎 and a target presented peptidome of size 𝑁𝑎,

𝐸(𝑞, 𝜃; 𝑎) = 𝑁𝑎
𝑀𝑎

𝑛𝐶𝑎(𝑞𝑇 , 𝜃), 𝑝any = 1 − 𝑒−𝐸 , 𝑝enrich = ℙ(Poisson(𝐸) ≥ 𝑛𝑇
𝐷), (18)

i.e. evalues (Def. 2) on anchor-masked, allele-restricted indices. The analytic fallback for rare alleles
uses the maximum-entropy presented distribution of Tiffeau-Mayer et al. [18], 𝑃 pep

0 ∝ exp(∑𝑖 ℎ𝑖 (𝜎𝑖 )+
∑𝑖<𝑗 𝐽𝑖 𝑗 (𝜎𝑖 , 𝜎𝑗 )), conditioned on 𝜎𝐴 ∈ motif(𝑎); its 2-point couplings make the co-occupancy term 𝑏2
(Thm 1) generically nonzero, so the E-value mean stays robust (Prop. 4) while the tail takes the 𝑏2 /
negative-binomial correction (Prop. 2).

11.3. Cross-reactivity distance and mimicry significance

The recognition distance is TCR-facing and position-weighted, 𝑑TCR(𝑝, 𝑞) = ∑𝑖 𝑤𝑖 pen(𝑝𝑖 , 𝑞𝑖 ) with
𝑤𝑖 = 0 on anchors and peaked on the central hotspot — exactly a PositionalMatrix on the seqtm
Hamming path. A self or bacterial peptide 𝑝 is a candidate cross-reactive mimic of neoantigen 𝑛 iff
(i) 𝑝 is presented by the same (compatible) allele, (ii) 𝑑TCR(𝑝, 𝑛) ≤ 𝜃, and (iii) the hit is significant
against the per-allele presented background, 𝐸 ≤ 𝛼. Condition (iii) deflates motifs common in the
allele’s presented peptidome and elevates surprisingly shared ones, connecting the neoantigen-fitness
cross-reactivity distance of Łuksza et al. [14] and the close-to-self “shell” picture of [18] to a calibrated
E-value.
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11.4. Reverse problem: peptide to presenting allele

Flipping the weights (𝑤𝑖 = 1 on anchors, 0 on TCR-facing — the presentation mode) scores the
binding motif. For a peptide of unknown restriction we widen the scope on its anchor signature
until it has 10–100 non-exact neighbours and vote their alleles. Two scores read off this tally: a
ranking score, the neighbour vote fraction 𝑝̂(𝑎 ∣ 𝑞) = 𝑘𝑎/𝑛 (a posterior over the panel, used to rank
alleles), and a confidence score, the per-allele anchor-signature E-value 𝐸𝑎 from the binomial tail
against the background frequency, which separates real peptides from noise. The distinction matters:
enrichment-vs-background penalises the dominant true allele on skewed panels (its expected count
is large), so the vote fraction — not 𝐸𝑎 — is the correct ranking statistic. A global 𝐸glob = ∑𝑎 𝐸𝑎
(Poisson over the allele panel) reports the expected number of panel alleles presenting the peptide by
chance: a lightweight presentation prior, not a substitute for a trained predictor.

Class-II register trick.. The class-II binding core is a 9-mer with anchors at P1/P4/P6/P9,
but its register inside a longer peptide is unknown; deconvolution tools resolve it by clustering (Gibb-
sCluster [4], NNAlign_MA [3]). For the reverse problemwe use a one-pass proxy (layout.presentation_features
with register='anchored'): pick the single 9-mer window whose P1 is a large hydrophobic and
whose P4/P6/P9 avoid Pro/Gly, and take that core’s {P1,P4,P6,P9} as the signature. Committing
to one register (vs. pooling all windows) makes an allele’s peptides share a consistent anchor signature
and is what lifts class-II ROC-AUC into the 0.9 range (Table 2).

Two reference sets.. pmhc_data ships in two tiers. The full set is every IEDB-positive epitope–
allele assay; the shortlist keeps only epitope–allele pairs supported by ≥ 2 publications — a higher-
confidence but smaller subset that suppresses single-report artefacts at the cost of thinner mouse and
class-II panels. Table 1 gives the scope of both. The ROC/PR below are computed on the full set; the
shortlist is the conservative alternative and is reported here for scope only.

full (IEDB+) shortlist (≥ 2 refs)
class species epitopes alleles epitopes alleles
MHC-I human 437,850 203 137,627 107
MHC-I mouse 57,892 9 6,903 8
MHC-II human 198,921 19 28,859 11
MHC-II mouse 12,018 13 2,564 8

Table 1: Scope of the two pmhc_data tiers by class and species: unique epitopes and distinct restricting
alleles. The benchmark guessing panel (Table 2) further restricts to standard-amino-acid epitopes and
to alleles with ≥ 100 (human) / ≥ 40 (mouse) peptides.

Empirical (bench/bench_mhc_guess.py).. On the full pmhc_data set (VDJdb/IEDB), eval-
uated as a per-(peptide, allele) binary task — exactly how vdjmatch scores TCR-antigen speci-
ficity — and split by species, the vote-fraction ranking recovers the restricting allele with ROC-AUC
≈ 0.90–0.99 and PR-AUC far above the prevalence baseline, for both classes, both species, and both
dataset tiers (Table 2, Figs. 3–4; the ROC/PR curves are shown for the full set). The confidence
E-value additionally separates real peptides from length-matched random “noise” (noise-rejection
AUROC column). This works only with presentation (anchor) features: the TCR-facing homology
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used for cross-reactivity carries no allele information (AUROC ≈ 0.5), confirming that MHC restric-
tion lives in the anchors, not the TCR-facing surface.

class species set alleles top-1 acc ROC-AUC PR-AUC (base) noise AUROC
MHC-I human full 129 0.58 0.92 0.47 (0.012) 0.69
MHC-I human ≥ 2 refs 82 0.72 0.97 0.71 (0.015) 0.64
MHC-I mouse full 7 0.69 0.90 0.71 (0.205) 0.62
MHC-I mouse ≥ 2 refs 4 0.83 0.95 0.88 (0.265) 0.37
MHC-II human full 11 0.70 0.94 0.72 (0.100) 0.55
MHC-II human ≥ 2 refs 8 0.57 0.91 0.64 (0.130) 0.54
MHC-II mouse full 9 0.89 0.98 0.92 (0.113) 0.39
MHC-II mouse ≥ 2 refs 2 0.98 0.99 0.99 (0.500) 0.46

Table 2: Allele guessing from presentation-signature neighbours, per-(peptide, allele) ROC/PR, for
both pmhc_data tiers (full and the ≥ 2-publication shortlist). About 600 held-out query peptides
per class×species group; the guessing panel keeps alleles with ≥ 100 (human) / ≥ 40 (mouse)
peptides. Ranking by neighbour vote fraction gives ROC-AUC 0.90–0.99 and PR-AUC well above
the prevalence baseline (in parentheses); the higher-confidence shortlist matches or exceeds the full
set on ROC despite far smaller panels. The confidence E-value separates presented peptides from
length-matched random noise (last column). Mouse class-II panels are tiny (full 9 alleles, shortlist 2)
and dominated by I-Ab, inflating both baseline and scores.

Filtering non-binders.. The same per-allele E-value rejects non-binders at two granularities.
A peptide that binds no MHC has a large best-over-panel E-value (no allele’s anchor signature is
enriched over the marginal background) and is dropped; this is precisely the real-vs-random noise-
rejection AUROC of Table 2. A peptide that simply does not bind a specific allele 𝑎 has 𝐸𝑎 > 𝛼 even
when it binds something else, so 𝑎 is excluded as a restriction element. The two filters compose: rank
by vote fraction, threshold by 𝐸𝑎.

Class-II promiscuity.. Class-II binding is far more degenerate than class-I: shared, loosely
specified P1/P4/P6/P9 pockets and an open groove let one peptide be presented by many alleles.
Allele assignment is therefore genuinely multi-label — the true set for a peptide is several alleles, not
one — which is how the benchmark scores it (positives = every observed restricting allele) and why
class-II PR baselines sit above class-I. Operationally, a class-II non-binder filter must test “binds
none of the panel” rather than “binds exactly one,” and the global 𝐸glob is the natural statistic for it.

11.5. Implementation and limitations

Implemented in seqtree.pmhc (anchor-masked TCR-facing k-mer homology via the C++ KmerIndex
seed-and-gather; find_mimics; assign_allele) and seqtree.pmhc_evalue; the positive control
is the recovery of the A02:01 trio of [8] as mutual TCR-facing homologs. Anchor positions are
parametrized (presets per class, overridable); class-II homology is register-agnostic (all-window k-
mers), while the reverse allele-guessing problem uses the register trick (one core register, after the
deconvolution idea of [4, 3]). Alternative CDR3 build strategies, e.g. the bilateral run-peeling decom-
position of [12], plug into the same layer. Limitation: we do not model MHC-groove/peptide-context

11



similarity across alleles — distinct alleles are distinct nulls, searched independently (never pooled);
“compatible allele” is a user input, and validity is conditional on a faithful per-allele presented control.
The seqtree code here is a reference implementation and benchmark of the E-value methodology;
the production allele guessing and non-binder filtering, with an optimized index and tuned ROC/PR
thresholds, are built downstream in vdjmatch (TCR–antigen specificity) and mhcmatch (peptide–
MHC).

12. Practical defaults and algorithm

1. Deduplicate 𝐶 and 𝐷 to unique clonotypes (Proposition 1).

2. Build a seqtree index of 𝐶; for each query compute 𝑛𝐶 and 𝑛𝐷 at scope 𝜃 via batched search.
When the query may itself be in 𝐷 or 𝐶, use the punctured counts 𝑛> that drop distance-zero
(exact/self) hits (Lemma 2).

3. Report 𝐸 = (𝑁/𝑀) 𝑛>
𝐶 (Eq. (13)), 𝑝any = 1 − 𝑒−𝐸 , and 𝑝enrich = ℙ(Poisson(𝐸) ≥ 𝑛>

𝐷 ); use
the rule of three when 𝑛>

𝐶 = 0 (Proposition 9).

4. Across a query family, threshold on 𝐸 for FWER control or apply Benjamini–Hochberg to the
𝑝enrich for FDR control (Proposition 5).

5. Validate the Poisson regime via the pairwise co-occupancy estimate of 𝑏2; if inflated, use the
negative-binomial check (Proposition 2).

6. Size the control by Eq. (16); for rare queries fall back to the model-based 𝜋̂gen = 𝑃gen(𝐵𝜃(𝑞)) (the
Murugan et al. generation model [15]), optionally reweighted per sequence by the Elhanati et al.
selection factor 𝑄(𝜎) (⟨𝑄⟩𝑃gen

= 1, Eq. (6)) for the post-selection null — no global thymic scalar
enters, as the average acceptance 𝛼 ≲ 𝑄−1

max ≈ 1/7 is sequence-independent and cancels in the
calibrated 𝜋̂ (Remark 2).

This is implemented in seqtree.evalues (with exclude_exact for the punctured counts), a
thin layer over batched search; the control loader seqtree.load_control supplies a deduplicated
background.

13. Related applications

The construction is not specific to antigen-specificity. The same neighbour-counting machinery—and,
in places, only its combinatorial skeleton—serves several adjacent tasks.

Peptide–MHC analysis.. The principal extension is the presentation-aware pMHC layer of §11:
anchor-masked, TCR-facing homology for cross-reactivity and molecular mimicry, and the inverse
anchor-weighted reading for allele guessing, each calibrated against its own per-allele null.
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UMI and barcode collapse: a birthday problem.. Unique molecular identifiers and cell bar-
codes are random strings of length 𝐿 over an alphabet of size 𝐴. Deduplication collapses identifiers
lying within a small edit budget (sequencing errors)—the fuzzy search of §2 on a tiny alphabet. The
statistical question is the dual of the E-value: not “are there more neighbours than chance predicts”
but “how often do two distinct molecules collide by chance.” For 𝑛 molecules the expected number
of colliding pairs is (𝑛

2)𝐴−𝐿 and ℙ(any collision) ≈ 1 − exp( − 𝑛2/(2𝐴𝐿))—the birthday bound—
with the edit-distance-𝜃 variant inflating 𝐴−𝐿 by the ball size |𝐵𝜃(𝑞)|. This fixes the safe number of
molecules for a given (𝐴, 𝐿, 𝜃) and separates merges that are sequencing errors (one true molecule)
from chance collisions (two).

CDR3 nucleotide error correction.. PCR and sequencing errors spawn read variants one
or two substitutions from a true clonotype. Clustering reads by edit distance—the seqtree engine
on the nucleotide alphabet, with the conserved 3′ end indexed first so shared suffixes prune early
(§7)—collapses each error cloud onto its parent. Whether a low-count neighbour is an error or a
genuine rare clonotype is decided by the same Poisson tail (§4), now under a per-base error-rate null
in place of the control repertoire.
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Figure 1: Control-calibrated significance across reference structure and search scope
(bench/bench_evalue_matrix.py): fraction of unique hits called significant (Benjamini–Hochberg
FDR< 0.05) vs scope — 1/2/3 substitutions and 1–2 substitutions + one indel — for VDJdb
/ OLGA / +noise references against an OLGA background, query = VDJdb (top) and OLGA
(bottom), both panels on [0, 1]. Antigen-selected VDJdb is enriched and survives noise dilution; the
unstructured OLGA nulls sit at zero — the multiple-testing correction is what separates them (a
fixed 𝐸 < 1 cutoff over-calls).
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Figure 2: Epitope detection complexity (bench/bench_epitope.py): fraction called significant
(Benjamini–Hochberg, FDR < 0.05) versus sampled depth 𝑛 for the convergent GIL and the diffuse
NLV A*02 repertoires. Dashed = observed with a shaded 95% confidence band (30 independent
subsamples per depth); dotted = the degree-distribution prediction of Eq. (15); colour denotes the
epitope (NLV / GIL). GIL’s dominant cluster is recovered an order of magnitude sooner than NLV’s
diffuse one.
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Figure 3: MHC-I allele guessing: ROC (left) and precision–recall (right) for the per-(peptide, allele)
task, human and mouse separately. Diagonal = chance (ROC); dashed = prevalence baseline (PR).
AUCs in legend.
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Figure 4: MHC-II allele guessing (register trick, single best 9-mer core register): ROC and precision–
recall, human and mouse separately. Same conventions as Fig. 3.

17


	Introduction: the redundancy problem
	Setup and notation
	Null hypothesis and estimator hierarchy
	Poisson approximation with an explicit error bound
	Clonal redundancy and over-dispersion
	The E-value and multiple testing
	Epitope detection complexity

	How large must the control be?
	Composition and length are handled automatically
	The closest hit: an extreme-value law
	Relation to Karlin–Altschul
	Epitopes: presentation-aware E-values and molecular mimicry
	Anchor decomposition and TCR-facing masking
	Per-allele E-value
	Cross-reactivity distance and mimicry significance
	Reverse problem: peptide to presenting allele
	Implementation and limitations

	Practical defaults and algorithm
	Related applications

