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Document Purpose

The purpose of this manual is to empower readers to pursue innovations in the field of
pyrometallurgical material property modelling by equipping them with knowledge and
understanding of the underlying theory and performance of themodels available in auxi-
mpp.

Target Audience

This user manual is intended for the Groeien met Groen Staal (GGS) consortium involved
in developing new Reducing Electric Furnace (REF) technologies, particularly the Theme
II partners. It guides users through the underlying theory the material physical property
models in auxi-mpp is based on.

The Theme II partners include process, metallurgical, chemical, and mechanical engi-
neers from Tata Steel Netherlands, along with PhD students and their supervisors from
TU Delft, TU Eindhoven, and the University of Twente.

Document Overview

The manual is divided into seven parts.

Part I (Executive Summary) introduces the purpose, contents, and high level outcomes
of the models implemented in auxi-mpp.

Parts II to V discusses the theory and validation of the implemented models, describing
slag, liquid alloy, gas and solid physical properties.

Part VI discusses the theory of the mixing rules deployed to model multiphase physical
properties.

Finally, Part VII (Appendices) provides definitions of terms and abbreviations used
throughout the document.
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Disclaimer

This Report has beenprepared for thepurpose set out in thebrief provided to ExMenteby
GGS by Groeien met Groen Staal: WP-II.6 (GGS) and was not prepared for any third party
or for any other purpose than that detailed in the engagement terms with GGS.

The contents of this document relate specifically to the project referenced herein, and Ex
Mente cannot accept responsibility for use of the contents of this document other than
for its intended purpose.

The information contained in this document is current as of the date of the Report, and
may not reflect any event or circumstance which occurs after the date of the Report. The
opinions contained herein are expressed in good faith and whilst every care has been
taken in preparing this Report in accordance with standards of engineering practice (cus-
tomary in the engineering profession for services of a similar nature), Ex Mente shall not,
in any event, be liable for any indirect or consequential damages, including, without lim-
itation, loss of profit or interruption of business arising from the recipient’s use of this
document or the contents hereof.
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Chapter 1

Introduction

The pyrometallurgy industry plays an important role in the global economy but faces
growing challenges that demand innovative solutions. These challenges include stricter
environmental regulations, such as the EU’s target of a 30% reduction in CO2 emissions
by 2030, alongside the rising global demand for high-grade steel and increased reliance
on lower-quality ores due to the depletion of high-grade resources. Consequently, tra-
ditional Blast Furnace-Basic Oxygen Furnaces (BF-BOFs) must be replaced with more
efficient smelting technologies, such as the proposed REF process unit, to help the in-
dustry adapt.

Innovation requires advancements in tools, particularly in pyrometallurgy. To meet these
challenges, there is an increasing need to describe processesmore fundamentally using
improved material property models, process models, and multiphysics models. Such
advancements will enable the industry to develop new REF process units more rapidly
and cost-effectively.

This manual supports the GGS Theme II partners in developing new REF processes
with well documented theory on material property models. The property models docu-
mented here are implemented in an open-source python package called auxi-mpp. This
manual therefore gives the theoretical background and insight necessary to arrive at bet-
ter innovations using the models available in auxi-mpp.
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Chapter 2

Focus

This iteration of the manual describes physical property models for slags, liquid alloys,
gases, solids and multiphase materials.

The models use temperature, pressure, composition, and for some models also phase
constituent activities, as inputs. The underlying theory for each property model is ex-
plained to help readers understand its operation and the specific component systems
for which it is valid. The models have been validated against extracted model- and
experimental-data to demonstrate accurate implementation in auxi-mpp.
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Chapter 3

Highlights

3.1 Slag Material Properties

Density Model (Thibodeau): The Thibodeau density model, which estimates slag den-
sity via molar volume, has been successfully implemented in auxi-mpp. This model is
fundamentally based on the structural Q-species concept, accounting for variations in
melt composition and temperature. The auxi-mpp implementation demonstrates good
agreement with literature models and experimental data for unary, binary, ternary, and
quaternary Fe-free systems. For Fe-bearing systems, model parameters were refitted
because of changes in Fe bond fraction parameters in theModifiedQuasichemicalModel
(MQM) model but further refinement is required to fully align with literature data.

Electrical Conductivity Models:

1. Thibodeau Electrical Conductivity (ThibodeauEC) Model: This structural model
uses the Nernst-Einstein relationship and molar volume and diffusivity models
to estimate electrical conductivity. The auxi-mpp implementation of this model
closely reproduces literature and experimental data for unary, binary, and ternary
Fe-free systems. For Fe-bearing systems, there is an increasing deviation from lit-
erature data as the fraction iron oxide increases. This is likely due to a parameter
change for FeO in the underlying thermodynamic database.

2. Hundermark Electrical Conductivity Models: This unified, semi-empirical model
is particularly useful for Fe-bearing slags, although it can also be used for other
slag systems. For non-Fe bearing systems, auxi-mpp’s implementation generally
reproduces literature models well, with some exceptions for Al2O3-containing sys-
tems. Fe-bearing systems, auxi-mpp estimates deviate slightly from literature data
as the amount of iron oxide increases. This is thought to be caused by updated
thermodynamic parameters for FeO in the FactSage database.

3. Zhang-Chou Electrical Conductivity Model: This model estimates the electrical
conductivity ofmulti-component silicate slags by correlating it with viscosity, based
on the principle that both properties depend on atomicmobility . Themodel derives
the structural state of the melt by estimating the viscosity, and then converts this
to electrical conductivity using linear correlation laws dependant on the valence
of the network-modifying cations. The auxi-mpp implementation performs reason-
ably well for the binary systems CaO–SiO2 and MgO–SiO2, and ternary systems
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Al2O3 –CaO–SiO2, MgO–CaO–SiO2. However, it is generally outperformed by the
Thibodeau model and exhibits significant deviations for the Al2O3 –MgO–SiO2 sys-
tem, for which its use is not recommended.

Diffusivity Model (Thibodeau): This model calculates diffusivity from slag polymerisa-
tion and is integral to the electrical conductivity calculation in the ThibodeauEC model.
Independent validation of the model could not be performed due to a lack of literature
data, but the efficacy of the Thibodeau electrical conductivity model indirectly validates
the diffusivity model, and it is deemed accurate for use in auxi-mpp.

Viscosity Models:

1. Grundy-Kim-BroschModel: The Grundy-Kim-Brosch viscositymodel has been im-
plemented and successfully validated against literature models and experimental
data across unary, binary, and multicomponent systems. For multicomponent Fe-
bearing systems, auxi-mpp generally performs well; however, deviations from liter-
ature data for systems like CaO–Fe2O3 –SiO2 and Al2O3 –CaO–Fe2O3 –SiO2 were
observed. In these systems the auxi-mpp’s results alignmore closelywith FactSage
8.3, suggesting potential inaccuracies in the original literature data or changes in
underlying thermodynamic databases.

2. Zhang-ChouModel: The Zhang-Chou structurally based viscosity model has been
implemented in auxi-mpp to estimate the viscosity of multi-component oxide and
industrial slag systems. The auxi-mpp implementation was successfully validated
against literature data for binary, ternary, quaternary, and complex 8- and 11-
component systems. While its performance is reasonably good, it is noted to be
outperformed by the Grundy model.

3.2 Liquid Alloy Material Properties

Density Models: Several models for liquid alloy density were implemented in auxi-mpp.
The primary model, based on volumetric thermal expansion, was successfully validated
for unary metallic elements, the binary Fe-Ni system, and the ternary Cu-Fe-Ni system.
The following unary elements fare included in the volumetric thermal expansion model:
Al, Sb, Bi, Cd, Cr, Co, Cu, Ga,Hf, In, Fe, Pb,Mo,Ni, Nb, Si, Ag, Ta, Tl, Sn, Ti,W,V, Zn, and Zr.
Additional empirical models for binary alloys containing non-metallics (e.g., Fe-C, Fe-S)
and specific commercial alloys (e.g., stainless steel 304) were also implemented and
validated where data was available.

Electrical Conductivity Model (Polynomial Fit): Due to the complexity of modelling liq-
uid alloys with transition metals, an empirical approach using polynomial fits to experi-
mental resistivity data was implemented. The models for unary (Fe, Ni, Si), binary (Fe-C,
Fe-Si, Fe-Mn, Fe-Ni), and ternary (Fe-C-Si) systems have been validated. Second-degree
polynomials are generally recommended as they provide a good balance of accuracy
and stability, avoiding the overfitting issues seen with higher-order fits.

Viscosity Models: Two viscosity models were successfully implemented.

1. Andrade-Type Model: For unary liquid metals, this model was successfully
validated against recommended reference data for the following elements:
Al, Sb, Bi, Cd, Co, Cu, Ga, In, Fe, Pb,Hg,Ni, Si, Ag, Tl, Sn, and Zn.
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2. Deng Model: This linear, empirical model for binary and multi-component iron-
based alloys (Fe-C-X, where X = Si, Mn, P, S, or Ti) shows good agreement with
experimental data across all validated systems.

Thermal Conductivity Model (Wiedemann-Franz Law): Thermal conductivity is esti-
mated by fitting theWiedemann-Franz law to electrical conductivity polynomial models.
Validation against the Fe-Ni system, the only one with sufficient experimental data un-
derestimates thermal conductivity by 20–38%, a finding consistent with other literature.
Users should be aware that the fundamental assumptions of the Wiedemann-Franz law
are violated for pig iron compositions, and the model should be used with caution.

3.3 Gas Material Properties

Density Models (Clapeyron): The Clapeyron models use the ideal gas law to estimate
density for CO,CO2, N2, Ar, H2, H2O, and O2. The auxi-mpp implementation performs re-
liably against NIST reference data for pure gases and back-calculated binary data, justi-
fying its use for high-temperature engineering applications.

Viscosity Models:

1. Unary Viscosity Model (Lemmon-Hellmann-Laesecke-Muzny): This is acompos-
ite model that unifies correlations for all supported gases. It demonstrates strong
agreement with reference data, showing only minor deviations for CO and H2 near
their temperature limits.

2. Binary Viscosity Model (Wilke): The Wilke mixing rule estimates mixture viscosity
from pure component data. Despite observable deviations in aqueousmixtures like
H2O–Ar, the model consistently captures the correct physical trends across vali-
dated temperature ranges.

Diffusivity Models:

1. Self-Diffusivity Model (Burgess): This model accurately estimates coefficients for
Ar, CO,CO2, H2, N2, and O2 but is currently limited to a narrow temperature range
between 20 to 420K. Parameters for H2O are unavailable.

2. Binary Diffusivity Model (Hellmann): Based on kinetic theory, this model estimates
coefficients for specific pairs (e.g., Ar –H2O, CO2 –N2). Validation confirms that these
coefficients are independent of mixture composition.

Thermal Conductivity Models:

1. Unary Thermal Conductivity Models: A combination of high-performing models
(Chung, Lemmon, Huber, Assael) covers all supported species. Validation against
NIST data is successful, with minor deviations noted only for the Chung model ap-
plied to CO and CO2.

2. Mixture Thermal Conductivity Model (Mason and Saxena): This mixing rule esti-
matesmixture thermal conductivity. It performs reasonablywell for validated binary
systems, though validation for multi-component mixtures remains a future task.

Total Emissivity Models:

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

6



1. ExponentialWideBandModel (EWB): Implemented for CO, thismodel exhibits de-
viations from comparative literature data, likely due to differences in the underlying
reference models.

2. Chart Model (Leckner): Used for H2O, CO2, and their mixtures, this model matches
zero-partial pressure limits well. However, deviations are noted in ternary mixtures
at extreme temperatures and pressure path lengths.

3.4 Solid Material Properties

Density Models:

1. Charles-Dalton-Gay-Lussac Model: This model uses parameters for volumetric
thermal expansion coefficients obtained from literature to first determine the molar
volume and then calculate density. The model has been validated for solid phases
of Fe, FeO, Fe2O3, Fe3O4, Al2O3, CaO, SiO2, MgO, Ca2Fe2O5, CaSiO3 and Ca2SiO4.

2. Zorzi Model: This model estimates molar volume and density for carbon graphite,
has been validated with linear thermal expansion coefficient data from literature of
the a and c axes of graphite, showing good agreement with experimental data.

Thermal Conductivity Models:

1. Slack-Gheribi Model: This model establishes a theoretical foundation for calculat-
ing the lattice thermal conductivity of crystalline dielectrics and semiconductors
at high temperatures. The auxi-mpp implementation was successfully validated
for α-Al2O3 corundum and MgO periclase. However, predictions for CaO lime and
FeOwüstite overestimate thermal conductivity at lower temperatures and only con-
verge with experimental data at higher temperatures.

2. Cahill and Pohl Model: This model estimates the fundamental lower limit of ther-
mal conductivity for amorphous solids. The implementation performed well for a-
CaSiO3, but proved less accurate for other phases, showing a systematic deviation
for a-SiO2 and only matching limited experimental data points for a-Al2O3.

3. Beygelzimer Model: This empirical, piecewise model captures the complex ther-
mal behaviour of solid iron oxides by mapping thermal resistance across critical
phase transition boundaries, such as Curie points and thermodynamic stability lim-
its. The model was successfully validated for FeO wüstite and Fe2O3 hematite. This
provides the best agreement with experimental data for FeO.

4. Polynomial Model: For materials where structured theoretical frameworks are un-
suitable or lack necessary high-temperature parameterisations, a second-order
polynomial fit was implemented. This was done for Fe and for a-SiO2.

3.5 Multiphase Material Properties

Multiphase properties are estimated using volume-weighted mixing rules applied to
single-phase properties. Due to a lack of high-temperature multiphase data, reliability
rests on the validated single-phase models.
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1. Density Model: Employs an arithmetic mean mixing rule based on phase volume
fractions to calculate bulk density.

2. Thermal Conductivity Model: Uses a geometric meanmixing rule based on phase
volume fractions to provide a balanced estimate for randomly distributed phase
morphologies.
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Part II

Slag Material Properties
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Chapter 4

Background

Slags are integral to pyrometallurgical processes, serving crucial roles inmetal extraction,
purification, and environmental control. These molten materials, predominantly com-
posed of metal oxides, form during the smelting, refining, and alloying of metals. Slags
not only facilitate the separation ofmetals from their ores but also play a significant role in
controlling reactions, heat transfer, and minimising environmental impacts such as emis-
sions and waste generation. Controlling the slag properties is therefore essential for op-
timal yields and minimal waste. To effectively control slag properties, it is important to
understand the underlying principles that govern them.

The physical properties of slags are intricately interconnected, primarily due to the slag’s
structure. This structure, specifically the degree of polymerisation (Q) of the silicate net-
work, acts as the fundamental characteristic influencing the slag’s properties like diffu-
sivity (D), viscosity (µ), electrical conductivity (σ), thermal conductivity (κ), and density (ρ)
(Mysen and Richet 2019).

A highly polymerised network, characterised by long, interconnected chains of silicate
tetrahedra, restricts the movement of all slag components. This restricted movement
results in higher µ, as the slag becomes more resistant to flow. Similarly, D decreases,
as the interconnected network hinders the movement of ions. σ is also reduced, as the
movement of charge-carrying cations is impeded by the tightly bound structure. κ is
increased, as the interconnected structure presents a lower resistance to the flow of
phonons, resulting in higher thermal conductivity.

Conversely, a less polymerised network with more non-bridging oxygen atoms, allows
for greater freedom of movement. This leads to lower µ, higher D , increased σ , but de-
creased κ. The molar volume (V̄ ) and ρ is also affected by Q, as the arrangement of
silicate tetrahedra and the packing of cations influence the overall volume occupied by
the slag.

The structure of silicate melts is characterised by the three types of bridging oxygen
atoms. A free oxygen separates a metal-metal (M–M) pair, a non-bridging oxygen sepa-
rates ametal-silicon (M–Si) pair, and a bridging oxygen separates a silicon-silicon (Si –Si)
pair. From the Si atom’s perspective, silicon atoms are always tetrahedrally bonded to
four oxygen ions such that the basic silicate melts mainly consist of Mq+, O2– , and SiO4

4– .
As the silica content increases beyond the orthosilicate composition, the SiO4

4– tetrahe-
dra begin to polymerise, forming more bridging oxygens and gradually creating a three-
dimensional network.
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The degree of polymerisation of a slag is described by the Qn-species which is the
fraction of SiO4

4− ions that contains n bridging oxygens. In pure SiO2, all four oxygens
surrounding each silicon are bridging oxygens, with the Q4-species fraction being 1.0,
whereas an isolated SiO4

4− ion is a Q0-species (Kim et al. 2012a).

The structure of a slag is significantly affected by both temperature (T ) and composition
(x). Increasing T generally leads to a decrease in polymerisation, as the thermal energy
breaks the bonds between silicate tetrahedra, resulting in shorter chains and amore fluid
slag. x also plays a crucial role, with network-forming oxides like SiO2 and Al2O3 promot-
ing polymerisation by forming extensive interconnected networks. Conversely, network-
modifying oxides such as CaO, MgO, Na2O, and K2O disrupt the network by breaking
the Si –O–Si bonds, resulting in shorter chains and a less polymerised structure. Al2O3

is also amphoteric and may act as a network modifier depending on the availability of
other network-modifying oxides, such as CaO or Na2O, to charge compensate for Al3+

ions.

In short, the specific type and concentration of these oxides, along with T , ultimately
determine the structure and resulting physical properties of slag.
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Chapter 5

Density

5.1 Thibodeau Density Model

A model developed by Thibodeau et al. (2016a) for estimating the density (or molar vol-
ume) of silicate slags composed of Al2O3, CaO, Fe2O3, FeO , MgO and SiO2.

5.1.1 Introduction

The density is closely related to themolar volume of a slag, it is essentially the reciprocal
thereof. Estimation of the density is therefore not limited to models strictly for density, as
molar volume models will achieve the same goal. Hence, the structural molar volume
model developed by Thibodeau et al. (2016a) was implemented with the intention to
estimate slag density.

5.1.2 Model Overview

This model is based on the concept of silicate tetrahedral Q-species. Q-species repre-
sent different structural units defined by silicon tetrahedrawith varying numbers of bridg-
ing oxygens (oxygen atoms shared between two tetrahedra), non-bridging oxygens (oxy-
gen atomsbonded to only one silicon atom), and free oxygens (oxygen atomsnot bonded
to silicon).

The original literature model uses the MQM found in ChemApp for Python and the
FactSage FToxid database to calculate the quantity of each Q-species in a given melt
(Thibodeau et al. 2016a). Each Q-species is assigned a molar volume that changes lin-
early with temperature. The model calculates the total molar volume of the melt by
summing the contributions from each Q-species and free oxide species. This allows the
model to account for the non-linear behaviour ofmolar volume in silicatemelts that arises
from the changing distribution of Q-species with composition and temperature.

It is important to note that this model is formulated strictly for liquid slag systems – the
user should therefore ensure that his/her system is above the liquidus temperature be-
fore performing calculations. Also, we recommend the model to be used within the vali-
dation ranges specified in Table 5.2. The validation ranges are based on selected figures
from the original articles. To peruse the full range of systems the model were validated
for, the user is directed to the original article.
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Finally, for systems containing Fe, the correct ratio of Fe(II) and Fe(III) has to be provided.
This means the user needs to know the oxidation environment of the system, and from
that estimate this ratio before passing it on to the model.

5.1.3 Model Formulation

Molar volume for a multicomponent system is typically expressed with Equa-
tion (5.1).

V̄slag =

∑
i m̄i · xi

ρslag
(5.1)

However, the molar volume of the metal oxide melt (slag) can also be expressed as the
sum of molar volumes for each phase constituent scaled by its mole fraction in the slag,
according to Equation (5.2).

V̄slag =
∑
i

V̄i · xi (5.2)

Thibodeau et al. (2016a) and Thibodeau et al. (2016b) developed more funda-
mental, structure-based equations based on Equations (5.1) and (5.2) to model
the molar volume in binary and multicomponent slag systems containing
Li2O–Na2O–K2O–MgO–CaO–MnO–PbO–Al2O3 –SiO2. This model was further
extended to include FeO and Fe2O3 in Thibodeau et al. (2016c), demonstrating its
applicability across a wide range of SiO2-based slag systems. The following information
describes the model and its implementation.

Unary

The molar volume of a unary system is simply calculated as a linear combination of a
pure oxide’s parameters at a specific temperature, as shown in Equation (5.3).

V̄
T
slag = a + bT (5.3)

Binary

The level of oxygen in slag determines the types and quantities of bonding scenarios
that develop between non-oxygen atoms. There are types of bonding scenarios corre-
sponding to the three possible structural states for oxygen shown in Equation (5.4). O0

represents a bridging oxygen; Si –O–Si, O–2 refers to a free oxygen; M–O–M, and O–

denotes a non-bridging oxygen; Si –O–M.

O0 +O2− ⇌ 2O− (5.4)

If we are dealing with one mole of slag, the total moles of oxygen per mole of slag is
calculated by summing the oxygen contributions from each species in the slag system,
as shown in Equation (5.5).
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nt = xM2O + xMO + 3xM2O3
+ 2xMO2

(5.5)

The number of bridging oxygen atoms is calculated using Equation (5.6), which incorpo-
rates the bond fraction of Si –O–Si contacts and can be obtained from the MQM model
found in ChemApp for Python. Likewise, Equation (5.7) is used to determine the number
of M–O–M contacts.

nO0 = xSi−Si · nt (5.6)

nM−M = xM−M · nt (5.7)

Now, the number of Si –O0 bonds per mole of solution is simply twice the number of
bridging oxygens; 2n

O0 . The average number of bridged oxygens per silicon atom is
therefore 2n

O0/xSiO2
. Assuming that all Si atoms are tetrahedrally coordinated with four

oxygens, the probability that one of the oxygens will be bridging is therefore a quarter of
this, as given by Equation (5.8).

PO0 =
1

4
· 2nO0

xSiO2

=
nO0

2xSiO2

(5.8)

If the probability of an oxygen in a Q-species being a bridging oxygen is known, the
probability to have a given Qn (where n = 0, 1, 2, 3, or 4) can be calculated with Equa-
tion (5.9);

Wn =
4!

(4− n)!n!
P n
O0(1− PO0)(4−n) n = 0, 1, 2, 3, or 4 (5.9)

The amount of each Q-species per mole of slag can be determined from their probabili-
ties to form, calculated with Equation (5.10). This is achieved by multiplyingWn with xSiO2

,
since the latter gives the mole fraction of all Q-species combined;

nQn = Wn · xSiO2
for n = 0, 1, 2, 3, or 4 (5.10)

The molar volume is then calculated by Equation (5.11) as a linear combination of the
molar volume for each species, weighted by the amount of the associated species
present.

V̄
T
slag = nQ4V̄

T
SiO2

+
3∑

n=0

nQnV̄
T
Qn + nM−MV̄

T
M−M (5.11)

In Equation (5.11), the species specific molar volume is calculated with Equation (5.12),
where the two empirical parameters a and bwere fitted to the pure oxide slags, assuming
that their molar volumes varies linearly with temperature.

V̄i = ai + biT (5.12)
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Multicomponent

To calculate the molar volume for multicomponent systems, Equation (5.11) was adapted
to account for the different cations that Si can be connected to and for the different ways
in which the cations can connect to each other. This is given in Equation (5.13). The mo-
lar volume of a given Q-species is therefore calculated as a linear combination of the
different non-bridging oxygen, Si –Mi, scenarios. The contribution from free oxygen con-
tacts, V̄Mi−Mj

, are taken as the average of their pure oxides’ molar volumes as per Equa-
tion (5.14).

V̄
T
slag = nQ4V̄

T
SiO2

+
3∑

n=0

nQn

∑
i xSi−Mi

V̄
T
Qn∑

i xSi−Mi

+
∑
i

∑
j

nMi−Mj
V̄

T
Mi−Mj

(5.13)

V̄
T
Mi−Mj

=
V̄

T
Mi

+ V̄
T
Mj

2
(5.14)

Density

Once the molar volume is known, the density can be calculated. The density can be
calculated from molar volume with Equation (19.12).

ρslag =

∑
i m̄ixi

V̄slag

(5.15)

If the molar volume model proofs to be accurate, accurate density values can be calcu-
lated from it.

5.1.4 Variable Declarations

The parameters used in Equation (5.12) is tabulated in Table 5.1

Table 5.1: Empirical model parameters for molar volume calculation of SiO2 slags.

Q3 Q2 Q1 Q0 Pure Oxide
Oxides a b×103 a b×103 a b×103 a b×103 a b×103

SiO2 - - - - - - - - 27.3 0.00
Li2O 29.96 2.80 35.73 5.00 41.66 6.50 48.18 8.20 13.52 3.30
Na2O 34.41 3.50 43.11 8.00 53.22 10.0 63.78 13.0 25.32 5.95
K2O 38.17 6.00 54.75 12.00 68.92 16.50 87.63 21.00 37.85 8.83
MgO 30.42 1.00 34.79 2.40 37.66 4.00 42.34 5.00 14.05 0.70
CaO 32.60 1.70 35.60 3.50 42.60 6.00 50.70 7.00 19.54 0.85
MnO 31.00 1.60 34.50 3.50 38.80 6.50 43.00 7.00 16.09 0.95
PbO 39.00 1.00 44.50 3.00 56.00 5.00 65.00 8.30 23.86 3.21
Al2O3 35.98 0.00 36.89 0.00 47.69 0.00 50.30 0.00 11.15 0.47
FeO∗ 29.90 3.50 31.10 2.00 40.80 5.20 48.70 6.70 13.46 1.17
Fe2O3

∗ 40.60 0.00 48.20 0.00 82.60 0.00 44.20 0.00 10.05 1.38
∗ Themodel parameters for FeO and Fe2O3 had to be refitted due to a change in Fe parameters
used in the MQMmodel of ChemApp for Python.
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5.1.5 Assumptions

The structural molar volume model for oxide slags is based on several key assump-
tions.

1. It relies on accurately estimated molar volumes of pure liquid oxide components.

2. It assumes that the molar volume of each component, including pure oxides and
Q-species, changes linearly with temperature.

3. The model uses Q-species as the fundamental structural units, assuming they are
the minimal units needed to explain silicate melt volumes.

4. It considers the excess molar volume from medium-range structures formed by
Q-species to be negligible.

5. It assumes that the MQM, with the FactSage FToxid database, accurately calculates
bond fractions.

6. It assumes a single liquid melt without solid phases or liquid miscibility gaps.

7. It assumes Al2O3 to be a network modifier.

8. It assumes other potentially important anions (e.g. S2−, SO4
2−, CO3

2−, etc.) will not
disrupt the oxygen network.

5.1.6 Model Validation

Molar Volume, Fe-free Systems

The Thibodeau density model implemented in auxi-mpp, was evaluated by compar-
ing its inverse (molar volume) against both the literature model and experimental data.
Data were extracted directly from figures in Thibodeau et al. (2016a) and Thibodeau et
al. (2016b). The models were validated for the systems and temperatures shown in Ta-
ble 5.2.
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Table 5.2: Molar Volume Validation Ranges

Model Systems Composition (molmol−1) Temperature (K)

Unary SiO2 pure substance 0− 3000
Al2O3 pure substance 2000− 3250
MgO pure substance 300− 4000
CaO pure substance 300− 3500

Binary Al2O3 –SiO2 xAl2O3 = 0− 1 2073
CaO–SiO2 xCaO = 0− 1 1773, 1973
MgO–SiO2 xMgO = 0− 1 1973

Ternary CaO–MgO–SiO2 xMgO = 0− 1, xSiO2/xCaO = 1 1723, 1873
CaO–MgO–SiO2 xCaO = 0− 1, xSiO2/xMgO = 2 1723, 1873
Al2O3 –MgO–SiO2 xSiO2 = 0− 1, xMgO/xAl2O3 = 1 1873, 1973
Al2O3 –MgO–SiO2 xMgO = 0− 0.5, xSiO2 = 0.5 1873, 1973
Al2O3 –CaO–SiO2 xSiO2 = 0− 1, xCaO/xAl2O3 = 1 1773, 1873
Al2O3 –CaO–SiO2 yAl2O3,CaO,SiO2 = 0− 1 1873
CaO–MgO–SiO2 yCaO,MgO,SiO2 = 0− 1 1873

Quaternary Al2O3 –CaO–MgO–SiO2 yAl2O3,CaO,SiO2 = 0− 0.9, yMgO = 0.1 1873
Al2O3 –CaO–MgO–SiO2 yCaO,MgO,SiO2 = 0− 0.8, yAl2O3 = 0.2 1873
Al2O3 –CaO–MgO–SiO2 yCaO,MgO,SiO2 = 0− 0.7, yAl2O3 = 0.3 1873

The auxi-mpp model agrees well with the literature model across unary, binary, ternary
and quaternary systems. Figure 5.1 shows that auxi-mpp aligns with the literature model
(“2016: Thibodeau et al.”) for unary systems, plotting molar volume against tempera-
ture.

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

17



(a) SiO2 (b) Al2O3

(c)MgO (d) CaO

Figure 5.1: Molar volume vs temperature of unary systems.

Similarly, Figure 5.2 and Figure 5.3 confirm this agreement for binary and ternary systems,
where molar volume is plotted against mole fraction.
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(a) Al2O3 –SiO2

(b) CaO–SiO2

(c)MgO–SiO2

Figure 5.2: Molar volume vs mole fraction of binary systems.
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(a) CaO–MgO–SiO2 (b) CaO–MgO–SiO2

(c) Al2O3 –MgO–SiO2 (d) Al2O3 –MgO–SiO2

(e) Al2O3 –CaO–SiO2

Figure 5.3: Molar volume vs mole fraction for the ternary systems.

auxi-mpp was also validated for Al2O3 –CaO–MgO–SiO2. In Figure 5.4, the ternary dia-
grams display the molar volume contour lines as calculated by Thibodeau et al. (2016b).
For each point on the contour line, the composition were extracted and used to calculate
the molar volume using auxi-mpp to see if the contour line’s value could be reproduced.
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The green points in Figure 5.4 indicate auxi-mpp’s estimations that lies within a 1% error
threshold compared to the value of the contour line.

(a) Al2O3 –CaO–MgO–SiO2 system at 1873 K and yMgO = 0.1

(b) Al2O3 –CaO–MgO–SiO2 system at 1873 K and yAl2O3 = 0.3

Figure 5.4: Molar volume vs mole fraction for quaternary systems.

Finally, Figure 5.5 gives an oversight of how auxi-mpp compareswith literature for ternary
and quaternary systems.
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(a) Al2O3 –CaO–SiO2

(b) CaO–MgO–SiO2

(c) Al2O3 –CaO–MgO–SiO2

(d) Al2O3 –CaO–MgO–SiO2

Figure 5.5: Comparing auxi-mpp’s contour plots with literature.
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Molar Volume, Fe-bearing Systems

The original parameters were refitted due to a change in the Fe parameters used in the
MQM model of ChemApp for Python which resulted in a change in bond fraction es-
timates. This is shown with Figure 5.6 for the fraction of non-bridging oxygens in the
SiO2 –FeO system compared to SiO2 –CaO and SiO2 –MgO systems.

Figure 5.6: Fraction of non-bridging oxygens for binary systems.

Correlation plots were generated for the following Fe-bearing systems using both the
original and the updated parameters for FeO and Fe2O3 from Table 5.1. There is still devi-
ation between the extracted model data and estimated model data from auxi-mpp with
respect to temperature as shown in Figure 5.8. Further refinement of the parameters are
required and will be addressed in a later update.

1. FeO–SiO2 (Hypothetical)
2. Fe2O3 –SiO2 (Hypothetical)
3. Fe2O3 –FeO–SiO2

4. CaO–Fe2O3 –FeO–SiO2

(a) (b)

Figure 5.7: auxi-mpp vs Thibodeau (2014) for correlation plots for hypothetical Fe-
bearing binary systems, original (left) and updated (right) for FeO and Fe2O3

parameters.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.8: auxi-mpp vs Thibodeau (2014) correlation plots, original (left) and updated
(right) for FeO and Fe2O3 parameters.
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Chapter 6

Electrical Conductivity

6.1 Thibodeau Electrical Conductivity Model

Amodel developed by Thibodeau (2016) for estimating electrical conductivity of silicate
slags composed of Al2O3, CaO, Fe2O3, FeO , MgO and SiO2.

6.1.1 Introduction

The electrical conductivity model is a structural model that uses the Nernst-Einstein re-
lationship to predict the electrical conductivity of oxide melts. The model is built on the
concept of ionic conduction, where cations act as charge carriers, and their movement is
influenced by the slag’s polymerisation. The electronic contribution are also accounted
for when iron oxides are present.

6.1.2 Model Overview

The model relies on Thibodeau’s molar volume (density) model, Chapter 5, to calculate
the degree of polymerisation (Q), enabling it to account for variations inmelt composition.
Its parameters for individual cations are derived from unary and binary silicate systems,
allowing it to estimate the electrical conductivities of higher-order systems without ad-
ditional parameters.

The model deals with the role of ionic conduction in the electrical conductivity of all
oxide melts and only accounts for an electronic contribution from iron oxides. When
these melts contain substantial amounts of iron oxide and manganese oxide (transition
metal oxides), they can host significant quantities of both divalent and trivalent Fe and
Mn cations. In such instances, the contribution of electronic conduction must also be
considered.

It is important to note that this model is formulated strictly for liquid slag systems – the
user should therefore ensure that his/her system is above the liquidus temperature be-
fore performing calculations. Also, we recommend the model to be used within the vali-
dation ranges specified in Table 6.1. The validation ranges are based on selected figures
from the original article as well as Thibodeau’s dissertation.
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6.1.3 Model Formulation

This model is based on the work of Thibodeau (2016) and Thibodeau (2014). It mainly
estimates the total electrical conductivity based on ionic conduction (see Equation (6.1)),
assuming that only iron oxides contribute to electronic conduction. The electronic con-
tribution due to iron oxides are estimated using Equation (6.3).

σionic =
∑
i

σi (6.1)

For each cationic species, electrical conductivity is defined as per Equation (6.2), indicat-
ing a dependence on molar volume and diffusivity;

σi =
nixiz

2
i F

2

V̄ RT
Di (6.2)

The molar volume and diffusion coefficient values are obtained from the models de-
scribed in Chapter 5 and Chapter 7, respectively.

For iron oxides, Equation (6.3) are used to estimate the electronic contribution.

σelectronic =
A

T
DFe2+c

2
Fey(1− y) (6.3)

Here, A has a value of 4 × 1014, cFe is the total iron concentration and y is the fraction of
Fe2+. The total electrical conductivity is then as shown in Equation (6.4).

σtotal = σionic + σelectronic (6.4)

6.1.4 Assumptions

Equation (6.2) makes several assumptions.

1. It assumes that all cations are available to carry charge, meaning there are no neu-
tral species or complexes.

2. It is assumed that the mechanism for ionic conductivity is the same as tracer diffu-
sion.

3. It assumes that the velocity of an ion is determined solely by the forces acting on
that specific ion. Thus, the electric field does not influence the medium through
which the cations diffuse.

4. It is assumed that only iron oxides contribute to electronic conduction.
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6.1.5 Literature Inaccuracies

The contour mapping of electrical conductivity shown in Thibodeau (2016) Figure 34 is
likely incorrect. auxi-mpp were successfully validated against all Cartesian plots in Thi-
bodeau (2016), but could not reproduce their contour mapping – see Figure 6.4. Fig-
ure 6.4a shows all composition slices for which auxi-mpp were successfully validated,
yet the contour plot for Al2O3 –CaO–SiO2 differs. Single point calculations for several
selected compositions on Figures 6.4b to 6.4c also consistenty agreed with auxi-mpp’s
contour mapping. Finally, the samemethod to create the ternary plots in Figure 6.4 were
used to create those in Figure 5.5 where there were no issues.

6.1.6 Model Validation

The Thibodeau electrical conductivity (ThibodeauEC) model implemented in auxi-mpp
was validated against the literature model and experimental data extracted from Thi-
bodeau (2016). The systems and temperatures for which the models were validated are
given in Table 6.1.

Table 6.1: Electrical Conductivity Thibodeau Model Validation Ranges

Model Systems Composition Temperature (K)

Unary SiO2 pure substance 1500− 3000
Al2O3 pure substance 2200− 3200
MgO pure substance 2000− 3400
CaO pure substance 1800− 3400

Binary Al2O3 –SiO2 xAl2O3
= 0− 1 1873, 1973, 2073

CaO–SiO2 xCaO = 0.2− 0.7 1823, 1873, 1923
MgO–SiO2 xMgO = 0.2− 0.8 1873, 1973, 2073

Ternary Al2O3 –CaO–SiO2 yAl2O3
= 0− 1, yCaO/ySiO2

= 1 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.9, ySiO2

= 0.1 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.8, ySiO2

= 0.2 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.7, ySiO2

= 0.3 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.6, ySiO2 = 0.4 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.95, yAl2O3 = 0.05 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.9, yAl2O3

= 0.1 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.8, yAl2O3

= 0.2 1673, 1773, 1873
Al2O3 –MgO–SiO2 yMgO = 0− 0.5, ySiO2

= 0.5 1873, 1973, 2073
CaO–MgO–SiO2 xMgO = 0− 0.4, xCaO/xSiO2 = 1 1773, 1823, 1873
Al2O3 –CaO–SiO2

‡ yAl2O3,CaO,SiO2
= 0− 1 1873

CaO–MgO–SiO2
‡ yCaO,MgO,SiO2

= 0− 1 1873

Quaternary‡ Al2O3 –CaO–MgO–SiO2 yCaO,MgO,SiO2
= 0− 0.9, yAl2O3

= 0.1 1873
Al2O3 –CaO–MgO–SiO2 yAl2O3,CaO,SiO2

= 0− 0.9, yMgO = 0.1 1873

Iron Containing Fe2O3 –FeO–SiO2 xSiO2
= 0.2− 0.5, Fe sat. 1573, 1673, 1773

Fe2O3 –FeO–MgO–SiO2 xMgO = 0− 0.65, xSiO2 = 0.35, Fe sat. 1673, 1723, 1773
Fe2O3 –FeO–MgO–SiO2 xMgO = 0− 0.6, xSiO2 = 0.4, Fe sat. 1673, 1723, 1773
Fe2O3 –FeO–CaO–SiO2 xCaO = 0− 0.67, xSiO2

= 0.33, Fe sat. 1573, 1673, 1773
Fe2O3 –FeO–CaO–SiO2 xCaO = 0− 0.575, xSiO2

= 0.425, Fe sat. 1573, 1673, 1773

‡ See Figure 6.4

For Fe-free systems, auxi-mpp’s ThibodeauEC model closely reproduces the literature
model, which itself shows good agreement with experimental data (Thibodeau 2016).
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See Figures 6.1 to 6.4 for model performance for unary, binary, ternary and quaternary
systems.

For Fe-bearing systems there is a increasing deviation from literature the greater the frac-
tion of iron oxides present. We assume this to be due to a parameter change for FeO in
the FactSage’s database, as is also mentioned in Section 5.1.6. The effect are presented
in Figure 6.5.
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(a) SiO2

(b) Al2O3

(c) CaO (d)MgO

Figure 6.1: Electrical conductivity vs temperature for unary systems.
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(a) Al2O3 –SiO2

(b) CaO–SiO2

(c)MgO–SiO2

Figure 6.2: Electrical conductivity vs mole fraction of binary systems.
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(a) Al2O3 –CaO–SiO2

(b) Al2O3 –MgO–SiO2

(c) CaO–MgO–SiO2

Figure 6.3: Electrical conductivity vs mole fraction of ternary systems.

When reproducing the contour mapping of electrical conductivity for ternary and qua-
ternary systems, as shown in Figure 6.4, there is not an exact agreement with literature,
however.
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(a) Al2O3 –CaO–SiO2

(b) CaO–MgO–SiO2

(c) Al2O3 –CaO–MgO–SiO2

(d) Al2O3 –CaO–MgO–SiO2

Figure 6.4: Comparing auxi-mpp’s contour mapping of electrical conductivity with liter-
ature.
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We believe this to be a mistake in the literature plots for a few good reasons. Figure 6.4a
shows all composition slices forwhich themodelwere successfully validated against Thi-
bodeau’s own figures. There were no Cartesian plot in Thibodeau (2016) that auxi-mpp
could not reproduce. Secondly, themethod used to create the plots could exactly repro-
duce the contour mapping for ternary and quaternary systems for molar volume – see
Figure 5.5. This also confirms that there are no issueswith the bond fractions used. Finally,
calculations performed on selected points in Figures 6.4b to 6.4d consistently agreed
with auxi-mpp’s mapping. Nevertheless, the contour mappings are relatively close to
that in literature.
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(a) Fe2O3 –FeO–SiO2

(b) Fe2O3 –FeO–MgO–SiO2 (xSiO2 = 0.35) (c) Fe2O3 –FeO–MgO–SiO2 (xSiO2 = 0.40)

(d) CaO–Fe2O3 –FeO–SiO2 (xSiO2 = 0.33) (e) CaO–Fe2O3 –FeO–SiO2 (xSiO2 = 0.425)

Figure 6.5: Electrical conductivity vs mole fraction of iron containing systems at iron sat-
uration conditions.

Issues

There likely was a parameter change in FactSage’s database for FeO, resulting in a dif-
ferent equilibrium ratio between FeO and Fe2O3, and thus also different bond fractions. If
we apply Thibodeau’s electrical conductivitymodel to Fe-bearing systems, we no longer
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obtain the resultsweweremeant to obtain. Luckily, the deviation is not significant enough
to render the model unusable.
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6.2 Hundermark Electrical Conductivity Model

A model developed by Hundermark (2003) for estimating electrical conductivity of sili-
cate slags composed of Al2O3, CaO, Fe2O3, FeO , MgO and SiO2.

6.2.1 Introduction

The unified model for estimating the electrical conductivity of melter-type slags, de-
veloped by Hundermark (2003), originated from challenges in the electrical control of
furnaces used by South African platinum producers. The initial design was an iron-free
model for Al2O3 –CaO–MgO–SiO2 slags, based on the principle of ionic conduction as
the sole operating mechanism. This foundational work was later integrated with data
from iron-containing systems to create the comprehensive unified model.

6.2.2 Model Overview

Hundermark’s unified model estimates the electrical conductivity of melter-type slags
based on their composition, temperature, and oxidation state (Hundermark 2003).
It is applicable to slags containing two or more of the following components:
Al2O3, CaO, FeOx, MgO, and SiO2. The model is particularly useful for Fe-bearing slags
where other models, like Thibodeau’s, have shown to be unreliable (Thibodeau 2014).
While empirical, the model provides reasonably accurate estimates for a wide range of
slag systems, achieving an average correlation coefficient of 0.9743 with experimental
values.

Themodelwas developedby integrating two separate datasets. The first partwas a foun-
dational Fe-free model for the Al2O3 –CaO–MgO–SiO2 system represented by Equa-
tion (6.5). This initial model, which assumed that ionic conduction is the sole mechanism,
usedmultiple linear regressions to correlate slag composition with conductivity, yielding
a correlation coefficient of 0.8358 for temperatures between 1623 to 2023K.

The second part incorporated data from Fe-containing systems. By combining both
datasets, the unified model, represented by eq. (6.6), explicitly accounts for the fractions
of ferrous (Fe2+) and ferric (Fe3+) ions, allowing it to estimate conductivity changes with
varying slag oxidation states.

It is important to note that this model is formulated strictly for liquid slag systems – the
user should therefore ensure that his/her system is above the liquidus temperature be-
fore performing calculations. Also, we recommend the model to be used within the vali-
dation ranges specified in Table 6.2. The validation ranges are based on selected figures
from the original articles. To peruse the full range of systems the model were validated
for, the user is directed to the original article.

Finally, for systems containing Fe, the correct ratio of Fe(II) and Fe(III) has to be provided.
This means the user needs to know the oxidation environment of the system, and from
that estimate this ratio before passing it on to the model.
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6.2.3 Model Formulation

Themodel formulation is the foundational Fe-freemodel is given by Equation (6.5), while
the unified model, which includes the contribution of ferrous and ferric ions, is repre-
sented by Equation (6.6).

lnσ =

(
31.6− 68048

T

)
xAl2O3

+

(
−2.2− 9006

T

)
xCaO +

(
10.5− 15049

T

)
xMgO

+

(
17.1− 40544

T

)
xSiO2

(6.5)

lnσ =

(
19.9− 47348

T

)
xAl2O3

+

(
15.4− 24087

T

)
xCaO +

(
9.2− 14151

T

)
xMgO

+

(
−0.5− 7478

T

)
xSiO2

+

(
10.0− 9140

T

)
xFeOx

· xFe2+

+

(
65.4− 82447

T

)
x2
FeOx

· xFe2+ · xFe3+ +

(
−2.6 +

6642

T

)
xFeOx

· xFe3+

(6.6)

Where σ represents the electrical conductivity, with units of S cm−1, xi is themole fraction
of component i, and T is the temperature in Kelvins. xFeOx

is the equivalent mole fraction
of the total ferrous and ferric oxide in the slag, while x

Fe2+
and x

Fe3+
refer to the ferrous

and ferric fractions, respectively.

In auxi-mpp, Equation (6.5) is used when there is no iron in the system, and the unified
model given by Equation (6.6) is used when iron is present.

6.2.4 Assumptions

Several assumptions were made in the development of the Hundermark model, which
are important to consider when applying the model. These assumptions include:

1. A primary assumption for the Fe-free model is that ionic conduction is the only
mechanism operating in these Fe-free systems and it results solely from themove-
ment of cations like Mg2+ and Ca2+.

2. The Fe-free model assumes that the temperature dependence of the conductivity
obeys the Arrhenius relationship. Furthermore, it was observed and incorporated
into the model that the activation energy for conduction and the natural logarithm
of the pre-exponential factor are linearly related, following a compensation law.

3. The Fe-free model is specifically developed for slags containing Al2O3, CaO,MgO,
and SiO2 in a temperature range of 1623 to 2023K.

4. The models are fundamentally semi-empirical, meaning they are based on ob-
served relationships and regressions techniques rather than being derived purely
from first principles of slag structure or ion transport mechanisms.

5. The unified model is specifically designed for slags containing two or more of
Al2O3, CaO, FeOx, MgO, and SiO2 components, and a temperature range of 1623 to
2023K.
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6. Only electrical conductivity data for fully molten slags (above their liquidus tem-
perature) were considered for the models’ development to avoid inconsistencies
arising from the presence of solid phases.

6.2.5 Literature Inaccuracies

To validate the implementedHundermarkmodel, we had to test it against themodel per-
formance as presented by Thibodeau (2016) and Thibodeau (2014), due to a lack of per-
formance figures in Hundermark’s documentation. The performance validated against is
therefore not from the original author, adding a layer of uncertainty to it. We reason that
this extra link in the chain is the cause of the deviation seenwhen validating systems con-
taining Al2O3. We discovered that when Al2O3’s temperature coefficient in Equation (6.5)
is entered as 69048 instead of 68048, the model’s performance match with that presented
by Thibodeau (2016), as shown in Figures 6.6 and 6.7.

(a) Al2O3 (b) Al2O3 –SiO2

(c) Al2O3 –CaO–SiO2

Figure 6.6: Hundermark’s performance with Al2O3’s temperature coefficient as 69048, in-
stead of 68048.
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(a) Al2O3 –CaO–SiO2 (b) Al2O3 –CaO–SiO2

(c) Al2O3 –MgO–SiO2 (d) Al2O3 –MgO–SiO2

Figure 6.7: Hundermark’s performance with Al2O3’s temperature coefficient as 69048, in-
stead of 68048.

As the original value for this coefficient, as determined by Hundermark himself, is 68048,
we will assume this to be the correct value, and thus assume that Thibodeau made an
error here.

6.2.6 Model Validation

Hundermark’s electrical conductivity model, implemented in auxi-mpp, was validated
against literature model data and experimental data extracted from Thibodeau (2016)
and Thibodeau (2014), as Hundermark (2003) did not offer such plots for validation.
The systems and temperatures for which the models were validated are given in Ta-
ble 6.2.
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Table 6.2: Electrical Conductivity Hundermark Model Validation Ranges

Model Systems Composition Temperature (K)

Unary SiO2 pure substance 1500− 3000
Al2O3 pure substance 2200− 2400
MgO pure substance 2000− 2450
CaO pure substance 1800− 3400

Binary Al2O3 –SiO2 xAl2O3 = 0− 1 1873, 1973, 2073
CaO–SiO2 xCaO = 0.2− 0.7 1823, 1873, 1923
MgO–SiO2 xMgO = 0.2− 0.8 1873, 1973, 2073

Ternary Al2O3 –CaO–SiO2 yAl2O3
= 0− 1, yCaO/ySiO2

= 1 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.8, ySiO2

= 0.2 1673, 1773, 1873
Al2O3 –CaO–SiO2 yCaO = 0− 0.6, ySiO2

= 0.4 1673, 1773, 1873
Al2O3 –MgO–SiO2 yMgO = 0− 0.65, ySiO2 = 0.35 1873, 1973, 2073
Al2O3 –MgO–SiO2 yMgO = 0− 0.5, ySiO2 = 0.5 1873, 1973, 2073
CaO–MgO–SiO2 xMgO = 0− 0.4, xCaO/xSiO2

= 1 1773, 1823, 1873

Iron Containing Fe2O3 –FeO–SiO2 xSiO2
= 0.2− 0.5, Fe sat. 1573, 1673, 1773

Fe2O3 –FeO–MgO–SiO2 xMgO = 0− 0.65, xSiO2
= 0.35, Fe sat. 1673, 1723, 1773

Fe2O3 –FeO–MgO–SiO2 xMgO = 0− 0.6, xSiO2
= 0.4, Fe sat. 1673, 1723, 1773

Fe2O3 –FeO–CaO–SiO2 xCaO = 0− 0.67, xSiO2 = 0.33, Fe sat. 1573, 1673, 1773
Fe2O3 –FeO–CaO–SiO2 xCaO = 0− 0.575, xSiO2 = 0.425, Fe sat. 1573, 1673, 1773

For the validation of systems containing Al2O3, we accept that Thibodeau (2016) likely
made a simple error in the temperature coefficient for Al2O3 in Equation (6.5), as explained
in Section 6.2.5. With that said, for Fe-free systems auxi-mpp’s implementation of Hun-
dermark’s Fe-free model closely reproduces the literature model for all systems tested.
See Figures 6.8 to 6.10 formodel performance for unary, binary and ternary systems.

On the other hand, auxi-mpp’s implementation of Hundermark’s unified model, which
incorporates iron, slightly deviates from literate the greater the fraction of iron ox-
ides present. We assume this to be due to a parameter change for FeO in the Fact-
Sage’s database, as is also mentioned in Section 5.1.6. The effect are presented in Fig-
ure 6.11.
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(a) SiO2 (b) Al2O3

(c) CaO (d)MgO

Figure 6.8: Electrical conductivity vs temperature for unary systems.
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(a) Al2O3 –SiO2

(b) CaO–SiO2

(c)MgO–SiO2

Figure 6.9: Electrical conductivity vs mole fraction of binary systems.
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(a) Al2O3 –CaO–SiO2 (b) Al2O3 –CaO–SiO2

(c) Al2O3 –CaO–SiO2 (d) Al2O3 –MgO–SiO2

(e) Al2O3 –MgO–SiO2 (f) CaO–MgO–SiO2

Figure 6.10: Electrical conductivity vsmole fraction of ternary systems that does not con-
tain iron.
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(a) Fe2O3 –FeO–SiO2

(b) Fe2O3 –FeO–MgO–SiO2 (xSiO2 = 0.35) (c) Fe2O3 –FeO–MgO–SiO2 (xSiO2 = 0.40)

(d) CaO–Fe2O3 –FeO–SiO2 (xSiO2 = 0.33) (e) CaO–Fe2O3 –FeO–SiO2 (xSiO2 = 0.425)

Figure 6.11: Electrical conductivity vsmole fraction of iron containing systems at iron sat-
uration conditions.

Issues

There likely was a parameter change in FactSage’s database for FeO, resulting in a dif-
ferent equilibrium ratio between FeO and Fe2O3. If we then maintain the coefficients of
Hundermark’s model, we no longer obtain the results we were meant to obtain. Luckily,
the deviation is not significant enough to render the model unusable.
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6.3 Zhang Electrical Conductivity Models

A model developed by Zhang and Chou (2012b) to estimate electrical conductivity of
silicate slags composed of Al2O3, BaO, CaO, FeO ,K2O, Li2O, MgO, MnO, Na2O, SiO2 and
SrO.

6.3.1 Model Overview

Viscosity and electrical conductivity through ionic migration are both dependent on the
mobility of the atoms, and ultimately the degree of polymerisation, these two physical
properties can be correlated. Adding basic oxides to a silica melt releases oxygen ions
that break down the silicon-oxygen network, reducing internal flow resistance, lowering
viscosity, and simultaneously increasing both the concentration and mobility of metal
charge carriers, raising electrical conductivity. Because these properties respond to the
same structural degradation, their natural logarithms maintain a linear relationship with
each other, primarily determined by the valence of the metal cations present in the sys-
tem.

To estimate electrical conductivity, the model employs a two-step workflow. It first cal-
culates the melt’s viscosity from temperature and composition data, using the result as
an indicator for the structural state. This value is then converted into electrical conduc-
tivity using specific linear correlation laws tailored to the cation environment. For simple
systems, the formalism depends on whether the cations are monovalent (e.g., Na+) or di-
valent (e.g., Ca2+); for complex mixtures, the model applies a mixing rule using weighted
averages of the coefficients based on mole fractions.

6.3.2 Model Formulation

For silicate slags exclusively containing monovalent cations like Li2O, Na2O and K2O, the
correlation between viscosity and electrical conductivity is given by Equation (6.7). The
model makes no distinction between different ionic radii or their different chemical na-
tures.

lnµ = 4.02− 2.87 lnσ or µσ2.87 = 55.70 (6.7)

For silicate slags exclusively containing divalent cations like MgO, CaO, SrO, BaO, FeO, or
MnO, the correlation is given by Equation (6.8).

lnµ = 0.15− 1.10 lnσ or µσ1.10 = 1.16 (6.8)

For complex M2O–MO–SiO2 systems containing both types of cations, the coeffi-
cients are calculated using a weighted average based on mole fractions as in Equa-
tion (6.9).

lnµ = m− n lnσ (6.9)

The intercept (m) and slope (n) are defined by Equations (6.10) and (6.11), respec-
tively.
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m =
4.02

∑
x(M2O)i + 0.15

∑
x(MO)j∑

x(M2O)i +
∑

x(MO)j

(6.10)

n =
2.87

∑
x(M2O)i + 1.10

∑
x(MO)j∑

x(M2O)i +
∑

x(MO)j

(6.11)

If the system is in the peralkaline region (MxO/Al2O3 > 1), Al2O3’s presence has little
effect on the underlying linear correlations and thus the relationship for a

∑
MxO–SiO2

melt can be applied to
∑
MxO–Al2O3 –SiO2 systems. This is becausewith lowamounts of

Al2O3, Al
3+ ions form AlO4

5– tetrahedrons and incorporate into the silica network, chang-
ing the viscosity but not the fundamental charge transport mechanism of the metal
cations.

6.3.3 Assumptions

The validity of the model relies on the following assumptions:

1. Both viscosity and electrical conductivity are assumed to follow Arrhenius-type
temperature dependence.

2. It is assumed that electrical conduction is purely ionic. In systems like FeO–SiO2

and MnO–SiO2, electronic conduction is assumed to be negligible relative to ionic
conduction.

3. The correlation between flow resistance and charge transport is primarily deter-
mined by the valence of the network-modifying cations, rather than their specific
ionic radii or chemical identity.

4. The properties of multi-cation systems can be accurately estimated by a linear
weighted addition of the univalent and divalent model coefficients.

5. In basic aluminosilicate melts in the peralkaline region (MxO/Al2O3 > 1), Al3+ is as-
sumed to act solely as a network former thatmodifies the polymerisation statewith-
out introducing new charge-carrying mechanisms that would deviate from the lnµ
vs lnσ linear law.

6.3.4 Model Validation

The ranges for which this model was tested is summarised in Table 6.3.

Table 6.3: Model Test Ranges

Systems Composition Temperature (K)

Binary CaO–SiO2 xCaO = 0.20− 0.70 1823, 1873, 1923
MgO–SiO2 xMgO = 0.20− 0.80 1873, 1973, 2073

Ternary MgO–CaO–SiO2 xMgO = 0.00− 0.30, xCaO = 0.35− 0.50 1773, 1823, 1873
MgO–Al2O3 –SiO2 yMgO = 0.15− 0.50, yAl2O3 = 0.00− 0.35 1873, 1973, 2073

Al2O3 –CaO–SiO2
yAl2O3 = 0.00− 0.50, yCaO = 0.25− 0.50

yCaO = 0.0− 0.7, yAl2O3
= 0.05

1673, 1773, 1873
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In Figures 6.12 to 6.14, the electrical conductivity model by Zhang and Chou (2012b) is
tested for systems containing a combination of Al2O3, CaO, MgO and SiO2.

(a) CaO–SiO2

(b)MgO–SiO2

Figure 6.12: Zhang and Chou (2012b) model compared to binary experimental data and
the Thibodeau (2016) model.
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(a) Al2O3 –CaO–SiO2

(b) Al2O3 –CaO–SiO2

Figure 6.13: Zhang and Chou (2012b) model compared to ternary experimental data and
the Thibodeau (2016) model.
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(a) CaO–MgO–SiO2

(b) Al2O3 –MgO–SiO2

Figure 6.14: Ternary system validation continued.

The Zhang electrical conductivitymodel performs reasonablywell for the binary systems
CaO–SiO2 andMgO–SiO2. However, for the ternary systems there is significant deviation
from the experimental measurements in most cases. Zhang’s model is almost always
outperformed by the model by Thibodeau (2016), and we therefore recommend using
the latter. The only clear advantage the Zhangmodel has over Thibodeau’s model is that
it does not require bond fractions to be calculated.
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Chapter 7

Diffusivity

7.1 Thibodeau Diffusivity Model

Amodel implemented by Thibodeau (2016) for estimating diffusion coefficients of cations
in silicate slags composed of Al2O3, CaO, Fe2O3, FeO , MgO and SiO2.

7.1.1 Introduction

As with all physical properties, the diffusivity is also affected by the structure of the slag.
The higher the polymerisation, the more rigid the slag structure and therefore the more
difficult particles will diffuse through it. A model that calculates diffusivity (diffusion coef-
ficients) from slag polymerisation is thus presented here.

7.1.2 Model Overview

Variations in slag composition affecting polymerisation are accounted for using bond
fractions, calculated with the MQM model in ChemApp for Python and data from Fact-
Sage’s FToxid database. The model’s parameters for individual cations are determined
using data from unary and binary silicate systems, and is capable of estimating the elec-
trical conductivity of higher-order systems without additional parameters.

The bond fractions with the model parameters are then used to scale the activation en-
ergy that dictates the rate of diffusion. This is done in an Arrhenius-like equation which is
similar to Equation (7.1). Arrhenius-like equations are typically used to calculate temper-
ature dependence for reaction rates.

D = Aexp

(
− E

RT

)
(7.1)

It is important to note that this model is formulated strictly for liquid slag systems – the
user should therefore ensure that his/her system is above the liquidus temperature be-
fore performing calculations. Finally, for systems containing Fe, the correct ratio of Fe(II)
and Fe(III) has to be provided. This means the user needs to know the oxidation en-
vironment of the system, and from that estimate this ratio before passing it on to the
model.

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

50



7.1.3 Model Formulation

The diffusivity used in the calculation of the electrical conductivity described in Equa-
tion (6.2), is determined in Equation (7.2) with parameters for systems containing network
formers such as SiO2 and Al2O3.

Di = Aiexp

(
−
Bi + Ci−SiSixSi−Si + Ci−SiAlxSi−Al + Ci−AlAlxAl−Al

RT

)
(7.2)

The bond fractions (xi−j) calculated from the MQMmodel are combined with the param-
eters Ai, Bi, and Ci from Thibodeau (2016).

This model is limited to the following cations; Mg2+, Ca2+, Mn2+, Pb2+, Fe2+, Fe3+,Al3+, and
Si4+.

7.1.4 Variable Declarations

The parameters used in the model are extracted from Thibodeau (2014) and are given in
Table 7.1.

Table 7.1: Electrical Conductivity Parameters (Thibodeau 2014)

Ai (cm
2 s−1) Bi (kJmol−1) Ci−SiSi (kJmol−1) Ci−AlAl (kJmol−1) Ci−AlSi (kJmol−1)

Mg2+ 0.03448 118.6 42.1 10.0 10.0
Ca2+ 0.02600 115.0 35.0 35.0 35.0
Mn2+ 0.05421 104.2 55.4 20.0 20.0
Pb2+ 0.00936 65.4 90.4 90.4 90.4
Fe2+ 0.04200 95.0 - - -
Fe3+ 0.00358 158.3 - - -
Al3+ 0.00358 158.3 - - -
Si4+ 5.22600 380.9 - - -

7.1.5 Assumptions

In this diffusivity model, the following assumptions were made.

1. It is assumed that the activation energy of the ionic conductivity is linearly increasing
with the bond fractions of Si –Si and Al –Al.

2. It is assumed that thatCi−SiAl will be equal toCi−AlAl, instead of the average between
Ci−AlAl and Ci−SiSi. This is because it will be significantly more likely for the cations
to take the lower energy route, which is on the Al side of the bond.

3. It is assumed that Al2O3 behaves like a network former, despite its amphoteric be-
haviour.

4. Parameters for Fe3+ were fixed to the same values as Al3+ as there was no data avail-
able capable of providing a better first estimate.
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7.1.6 Simplifications

For applying Equation (7.2), interactions between diffusing network modifier cations are
neglected. This simplifies the model, allowing it to estimate diffusion coefficients of
higher-order systems from unary and binary parameters without additional parame-
ters.

7.1.7 Model Validation

This model is not independently used or implemented due to lack of literature data for
comparison. However, Chapter 6’s electrical conductivity estimates incorporate the dif-
fusivity model’s results. This model was successfully validated and thereby indirectly
validates the diffusivity model.
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Chapter 8

Viscosity

8.1 Grundy-Kim-Brosch Viscosity Model

Amodel developed by Grundy et al. (2008b), Grundy et al. (2008b), Kim (2011), and Brosh
et al. (2012).

8.1.1 Introduction

The Grundy-Kim-Brosch viscosity model, which accounts for silicate structure estimated
using the MQM model with ChemApp for Python and the FactSage FToxid database,
is currently implemented for unary through multi component systems containing SiO2,
CaO, MgO, Al2O3, FeO and Fe2O3.

8.1.2 Model Overview

The principle equation implemented in the model to calculate the viscosity (µ) for a slag
is an Arrhenius-like equation, Equation (8.1). It is a function of both temperature and com-
position where µ is the viscosity in Pa s, R is the gas constant and T is the temperature in
Kelvin.

ln(µ) = A +
E

RT
(8.1)

The parameters A and E depends on the slag composition. For unary systems the com-
pound specific A and E parameters are simply plugged into Equation (8.1) together with
the system temperature. However, with silicate binary ormulticomponent systems,A and
E are not only determined by the pure substance character, but also by the interaction
between the components and by the degree of polymerisation.

It is important to note that this model is formulated strictly for liquid slag systems – the
user should therefore ensure that his/her system is above the liquidus temperature be-
fore performing calculations. Also, we recommend the model to be used within the val-
idation ranges specified in Table 8.3 and Figure 8.8. The validation ranges are based on
selected figures from the original articles. To peruse the full range of systems the model
were validated for, the user is directed to the original article.
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Finally, for systems containing Fe, the correct ratio of Fe(II) and Fe(III) has to be provided.
This means the user needs to know the oxidation environment of the system, and from
that estimate this ratio before passing it on to the model.

8.1.3 Unary and Binary Model Formulation

Unary Model

For unary systems, Equation (8.1) is used directly, where A and E are unique to each
component. For systems containing two or more components, the structure of the slag
becomes more complex, requiring A and E to be estimated based on several structural
contributions.

Binary Model

Starting with the Arrhenius-like equation, Equation (8.1), instead of using a single parame-
ter forA andE , these are weighted based on different structural contributions. For binary
sytsems, A is calculated as in Equation (8.2);

A = AMx
S/0
M + x

S/0
Si [A

∗
SiO2

+ AE
SiO2

p40 + AM−Six
S/0
M + AR

M−Si(p
4 − p40)] (8.2)

and E is calculated as in Equation (8.3);

E = EMx
S/0
M + x

S/0
Si [E

∗
SiO2

+ EE
SiO2

p40 + EM−Six
S/0
M + ER

M−Si(p
4 − p40)] (8.3)

where p is a probability factor used to estimate the degree of polymerisation in the sys-
tem, and is calculated in Equation (8.4).

Estimating Polymerisation

Silicate melt structure is defined by the bridging behaviour of oxygen atoms, influenc-
ing the polymerisation of SiO4 tetrahedra into three-dimensional networks. The degree
of polymerisation, quantified by the average number of bridging oxygens around silicon,
can be estimated from bond fractions calculated using the MQM. The first step to esti-
mate the degree of polymerisation is to know the probability for a given Si atom to form
one Si –Si bridge. This propapility is given by p in Equation (8.4).

p =
2nSi−Si

2nSi−Si +
∑

M nSi−M

(8.4)

=
xSi−Si

2xSi−Si +
∑

M xSi−M

(8.5)

As a first approximation, p can be calculated by dividing the total number of Si –Si
bridges from all silicon atoms by the combined total of Si –Si and Si –M bridges. Each
Si –Si bridge is counted twice since an O0 bond emanates from each silicon atom in the
bridge.
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The probability that a given silicon atom is aQ4-species is p4, as this atom is connected to
four Si –Si bridges. This principle extends to Si –Si bridges forming chains. Theprobability
of encountering m Si –Si bridges connected to form a chain of length m is proportional
to pm .

Thus, pm , wherem is a natural number, serves as a measure of the abundance of various
Si –Si cluster sizes present in the slag (Kim et al. 2012a). A critical cluster size can be
defined to represent the formation of a percolating SiO2 network. Once this cluster size
is reached, the µ increases dramatically. Analysis of the viscosity data suggests that a
cluster of 40 interconnected Si –Si pairs is an appropriate choice for the critical cluster
size (Kim et al. 2012a).

8.1.4 Multicomponent Model Formulation

SystemsWithout Alumina

For the implemented model, both A and E are functions of slag composition, x, and
are expressed in terms of multiple additional contributing parameters shown in Equa-
tion (8.6) and Equation (8.7). These equations provide estimates for A and E for unary,
binary, and multi-component systems, with the primary constraint of having the appro-
priate optimised binary parameters to describe the system of interest. As indicated by
Equation (8.6) and Equation (8.7), each individual parameter within these equations are
multiplied with ionic compositions of xS/0

Si or x
S/0
M to account for their contributions to the

overall viscosity of the slag.

Therefore, it is important to note that the input compositions that are generally expressed
with the formulas of the oxide components, need to be converted to ionic compositions
(xS/f

SiO2
→ x

S/0
Si ) to be used in the model.

A =
∑

M=Na,Ca,Mg,...

AMx
S/0
M + A∗

Six
S/0
Si + AE

Six
S/0
Si p

40

+
∑
M

AM−Six
S/0
Mx

S/0
Si + x

S/0
Si (p

4 − p40)×
∑
M

AR
M−Si

x
S/0
M∑

M x
S/0
M

(8.6)

E =
∑

M=Na,Ca,Mg,...

EMx
S/0
M + E∗

Six
S/0
Si + EE

Six
S/0
Si p

40

+
∑
M

EM−Six
S/0
Mx

S/0
Si + x

S/0
Si (p

4 − p40)×
∑
M

ER
M−Si

x
S/0
M∑

M x
S/0
M

(8.7)

Background to these individual parameters is given as follows.

The parametersAM andEM are the contributions to the viscosity of the pure liquid oxides
MOx, Equation (8.8). These are non-network formers.

lnµMOx
= AM +

EM

RT
(8.8)

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

55



Similarly, Equation (8.9), describes the hypothetical viscosity of SiO2 if it behaved as a
basic oxide and did not form a network.

lnµ∗
SiO2

= A∗
Si +

E∗
Si

RT
(8.9)

The excess contribution per Si atom from large clusters of Q4-species, where a silicon
atom is at the center of a group containing at least 40 interconnected Si –Si pairs, is pro-
portional to p40. This contribution is expressed through AE

Si and EE
Si. For a system with a

composition of xS/0
Si , the clustering effect is given by x

S/0
Si · p40, as shown in Equation (8.6)

and Equation (8.7).

By combining the contributions of AE
Si and EE

Si with those of A∗
Si and E∗

Si, and assuming
that the excess contributions of the silica network are independent of other cations M,
the viscosity of pure SiO2 can be calculated using Equation (8.10).

lnµSiO2 = (A∗
Si + AE

Si) +
(E∗

Si + EE
Si)

RT
(8.10)

The excess contribution per Si atom from the remaining Q4-species, particularly from
smaller clusters with fewer than 40 interconnected Si –Si pairs, is proportional to (p4 -
p40). These smaller clusters, containing less than 40 Si –Si pairs, also affect viscosity and
interact more directly with other oxides in the slag. TheM cations are positioned closer to
a given Si atom, making their contribution to viscosity system-dependent, and are com-
bined with the binary parameters AR

M−Si and ER
M−Si.

Finally, the binary parametersAM−Si andEM−Si, are cross-terms used to account for small
nonlinearities of the viscosity, if any, for binary systemsM – Si and are thereforemultiplied
by the concentrations of both respective ions, xS/0

M and x
S/0
Si , associated with a binary oxide

system.

The parametersA∗
Si,A

E
Si, E

∗
Si andEE

Si are properties of pure SiO2 and so are common for all
binary systems. (A∗

Si+AE
Si) and (E

∗
Si+EE

Si) are equal to experimentally determined viscosity
parameters ASi and ESi from pure SiO2.

The parameters AM−Si, EM−Si, A
R
M−Si and ER

M−Si are characteristic of each binary system
and are the only true binary viscosity parameters. The values for these parameters were
optimised using critically evaluated experimental viscosity data. For binary systems stud-
ied, except for the AlO1.5 –SiO2 system, the parametersAM−Si andAR

M−Si were not required
and are set to zero. The optimised parameters for the model are shown in Table 8.1 (Kim
2011; Kim et al. 2012b).

Systems Containing Al2O3 or Fe2O3

In the binary AlO1.5 – SiO2 system, Al3+ is assumed to be octahedrally coordinated by six
oxygens, similar to its coordination in the aluminosilicate minerals mullite and sillimanite.
In this state, Al3+ disrupts the silica network, forming non-bridging oxygens and acts as
a network modifier, which lowers the viscosity of the silicate melt. However, in a melt
containing both AlO1.5 and MOx, Al

3+ can partially substitute for Si4+ in the silica network,
acting as a network former. This substitution is possible as long as the network-forming
Al3+ remains associated with the M1+ or M2+ ions that compensate for the missing charge.
The same concept applies to Fe2O3, where Fe

3+will act as a network former. This concept
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is known as the charge-compensation effect, and has become generally accepted. Due
to its ability to act both as a network former and a network modifier, AlO1.5 and FeO1.5 are
termed “amphoteric” components.

The thermodynamic database of the MQM parameters, which the viscosity model is
based on to determine xSi−Si, does not consider the different structural roles of Al3+ and
Fe3+ because the thermodynamic properties do not strongly depend on the different
structural states. Therefore, to model a viscosity maximum induced by the amount of
network-forming Al3+ and Fe3+ in a slag, they have to be separately evaluated.

It is assumed that the charge-compensated Al3+ and Fe3+ in the silicate network have the
same impact on viscosity as Si4+. The quantity of network-forming associate species, in
relation to temperature and composition, can be determined from the equilibrium con-
stant (K ) of the following equilibria, Equations (8.11) to (8.14).

2AlO1.5 + CaO ↔ CaAl2O4 (8.11)

2AlO1.5 +MgO ↔ MgAl2O4 (8.12)

2AlO1.5 + FeO ↔ FeAl2O4 (8.13)

2FeO1.5 + CaO ↔ CaFe2O4 (8.14)

(8.15)

The concentrations of the associate species, xS/1
CaAl2

, xS/1
MgAl2

, xS/1
FeAl2

and x
S/1
CaFe2

correspond to

the concentration of network formers while the concentration of xS/1
Al15

, xS/1
Fe and x

S/1
Fe15

cor-
responds to the concentration of network modifiers. By increasing the Si content by the
amount of the associate species calculated from Equations (8.11) to (8.14) it is possible
to estimate values of A and E for Al-containing systems with Equation (8.6) and Equa-
tion (8.7).

Therefore, to accurately model the viscosity, equilibrium constants, Equations (8.16)
to (8.19), of the reactions are required.

KCaAl2 =
γCaAl2

γ2
Al · γCa

(8.16)

KMgAl2 =
γMgAl2

γ2
Al · γMg

(8.17)

KFeAl2 =
γFeAl2

γ2
Al · γFeO

(8.18)

KCaFe2 =
γCaFe2

γ2
FeO1.5

· γCa

(8.19)

(8.20)

The activity coefficients γi of the species Al, Na, Ca, and Mg can be obtained from the
implemented MQMmodel in FactSage. However, the activities of the associated species
are not available, as they are not included in the thermodynamic database. Therefore, it is
assumed that the activities of all species in Equations (8.16) to (8.19) can be approximated
by their concentrations, i.e., xS/1

i .

Using an equation for K , the concentration of an associate species can be determined
by calculating the Gibbs free energy of the reaction, Equation (8.21), coupled with an
optimised value for ∆G◦, from Table 8.2.
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∆G◦ = −RT lnK (8.21)

An example case is provided for Equation (8.11) to determine the composition of the as-
sociate species xS/1

CaAl2
, using the combined equations Equations (8.16) and (8.21) and the

optimised value of ∆G◦
CaAl2

from Table 8.2. The combined equation, Equation (8.22), is

expressed in terms of compositions xS/1
i , with the superscript S/1 indicating compositions

that now include the associate species.

5000− 100000x
S/0
Si = −RT ln

(x
S/1
CaAl2

)

(x
S/1
Al)

2 · (xS/1
Ca)

(8.22)

The compositions xS/1
CaAl2

, xS/1
Ca, and x

S/1
Al can be expressed in terms of ni with Equations (8.23)

to (8.27).

x
S/1
CaAl2

=
n
S/1
CaAl2

n
S/1
Total

=
n
S/1
CaAl2

(n
S/1
CaAl2

+ n
S/1
Al + n

S/1
Ca)

(8.23)

x
S/1
Ca =

n
S/1
Ca

n
S/1
Total

=
n
S/1
Ca

(n
S/1
CaAl2

+ n
S/1
Al + n

S/1
Ca)

(8.24)

x
S/1
Al =

n
S/1
Al

n
S/1
Total

=
n
S/1
Al

(n
S/1
CaAl2

+ n
S/1
Al + n

S/1
Ca)

(8.25)

n
S/1
Ca = n

S/0
Ca − n

S/1
CaAl2

(8.26)

n
S/1
Al = n

S/0
Al − 2n

S/1
CaAl2

(8.27)

A careful evaluation of Equations (8.22) to (8.27) reveals that nS/1
CaAl2

is the only unknown.
This value can be determined through a root-finding procedure constrained by an el-
emental mass balance, ensuring the correct root is selected to satisfy mass conserva-
tion.

For MeOx – AlO1.5/FeO1.5 – SiO2 systems, ∆G◦ varies linearly as a function of SiO2 con-
tent, with no temperature dependence. It becomes more negative with increasing SiO2

concentration (Kim 2011).

Finally, calculating A and E using Equation (8.6) and Equation (8.7) requires updating the
mole fractions to “equivalent” mole fractions x

S/2
i , as shown in Equations (8.28) to (8.31).

This adjustment accounts for the network-forming effect of the associated species. In
this approach, the slag is considered to have the same viscosity as an “equivalent” slag
without network-forming Al3+, which is compensated by x

S/2
i .
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x
S/2
Si = [x

S/1
Si + 2x

S/1
CaAl2

+ 2x
S/1
MgAl2

+ 2x
S/1
FeAl2

+ 2x
S/1
CaFe2

]/Ntot (8.28)

x
S/2
Al = [x

S/1
Al]/Ntot (8.29)

x
S/2
Ca = [x

S/1
Ca]/Ntot (8.30)

x
S/2
Mg = [x

S/1
Mg]/Ntot (8.31)

x
S/2
FeO = [x

S/1
FeO]/Ntot (8.32)

x
S/2
FeO1.5

= [x
S/1
FeO1.5

]/Ntot (8.33)

(8.34)

with:
Ntot =x

S/1
Si + x

S/1
Al + x

S/1
Ca + x

S/1
Mg + x

S/1
FeO + x

S/1
FeO1.5

+ 2x
S/1
CaAl2

+ 2x
S/1
MgAl2

+ 2x
S/1
FeAl2

+ 2x
S/1
CaFe2

(8.35)

8.1.5 Variable Declarations

Table 8.1: Optimised viscosity parameters

System A (Pa s) E (Jmol−1)

SiO2
A∗

Si = −10.56
AE

Si = −6.13
E∗

SiO2
= 217200

EE
SiO2

= 298500
AlO1.5 AAl15 = −9.22 EAl = 120400
CaO ACa = −12.27 ECa = 137650
MgO AMg = −10.58 EMg = 117160
FeO AFe = −8.75 EFe = 52500

FeO1.5 AFe15 = −8.63 EFe15 = 47250

SiO2 −AlO1.5 AR
Al−Si = −12.30

EAl−Si = −75000
ER

Al−Si = 303500

SiO2 − CaO -
ECa−Si = −101750
ER

Ca−Si = 81400

SiO2 −MgO -
EMg−Si = −86250
ER

Mg−Si = 72600

SiO2 − FeO -
EFe−Si = −115000
ER

Fe−Si = 87525

SiO2 − FeO1.5 -
EFe15−Si = −107500
ER

Fe15−Si = 88500

Table 8.2: Optimised values of∆G◦ for the associate species for slag systems containing
AlO1.5 (Grundy et al. 2008a).

System

CaO – AlO1.5 – SiO2 ∆G◦
CaAl2

= 5000− 100000x
S/0

Si

MgO – AlO1.5 – SiO2 ∆G◦
MgAl2

= 13000− 105000x
S/0

Si

FeO – AlO1.5 – SiO2 ∆G◦
FeAl2

= −66944x
S/0

Si

CaO – FeO1.5 – SiO2 ∆G◦
CaFe2

= 2092− 5335x
S/0

Si
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8.1.6 Assumptions

The following assumptions was made to formulate this model.

1. Where no experimental datawere available, viscosity parameters for unary systems
are extrapolated from binary viscosity data.

2. For pure silica, two contributions to the viscosity are assumed. The first is that there
is a contribution to viscosty that is independent on the formation of a polymer net-
work. The second is that the silicate network itself contributes to the viscosity.

3. It is assumed that the effect of network-forming Al3+ and Fe3+ on the viscosity will
be the same as that of Si4+.

4. For solving the equilibrium equations of the associate species, the activities of all
species are assumed to be accurately approximated by their concentrations.

5. For systems not containing Al2O3 or Fe2O3 it is assumed that ln(µ) can be calculated
from a linear combination of A and E of binary systems.

8.1.7 Simplifications

The following simplifications was made in this model. The critical group size for SiO4

clusters is set to be n = 40 interconnected Si –Si pairs. Also, the interaction between
MgO and Fe2O3 is not accounted for as it is for that between CaO and Fe2O3.

8.1.8 Literature Inaccuracies

Background

Duringdevelopment of themulticomponentmodel catered for systems containingAl2O3,
we experienced significant difficulty to navigate uncertainties causedby literature inaccu-
racies. To ensure the user do not go through the same trouble, these are listed here.

Inaccuracies

1. Calculating ∆G

Grundy et al. (2008a) reported that ∆G which dictates the equilibrium constant for
the formation of CaAl2O4 and MgAl2O4 should be calculated as

∆G◦
CaAl2

= 5000− 100000x
S/0
Si and ∆G◦

MgAl2
= 13000− 105000x

S/0
Si ,

while Kim et al. (2012a) reported

∆G◦
CaAl2

= −5000− 100000x
S/0
Si and ∆G◦

MgAl2
= −13000− 105000x

S/0
Si .

Grundy et al. (2008a) reported it correctly.

2. Calculating xS/2

Grundy et al. (2008a) reported the calculation of xS/2
Si to be

x
S/2
Si = [x

S/1
Si + x

S/1
NaAl + 2x

S/1
CaAl2

+ 2x
S/1
MgAl2

]/Ntot (8.36)
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where

Ntot = x
S/1
Si + x

S/1
Al + x

S/1
Na + x

S/1
Ca + x

S/1
Mg − x

S/1
NaAl − x

S/1
CaAl2

− x
S/1
MgAl2

(8.37)

while Kim et al. (2012a) reported the same calculation for xS/2
Si but with

Ntot = x
S/1
Si + x

S/1
Al + x

S/1
Na + x

S/1
Ca + x

S/1
Mg + x

S/1
NaAl + 2x

S/1
CaAl2

+ 2x
S/1
MgAl2

(8.38)

Here, Kim et al. (2012a) reported it correctly.

3. Incorrect plots presented in Grundy et al. (2008b) and Grundy et al. (2008a).

(a) Al2O3 – Grundy et al. (2008b) Fig. 7. ’Ex-
tractedData’ representsGrundy’smodel and
’Unary Model’ represents auxi-mpp’s model.

(b) Al2O3 –SiO2 – Grundy et al. (2008b) Fig. 8.
’Literature Extracted Binary Model’ repre-
sents Grundy’s model.

(c) Al2O3 –MgO–SiO2 – Grundy et al. (2008a)
Fig. 32

Figure 8.1: Inaccurate plots.

The seemingly small deviation present in Figure 8.1b at xSiO2
= 0.8, was found to

be double the deviation found in Figure 8.1a at T = 2800K. These deviations were
confirmed not to be due to erroneous data extraction. The deviation in Figure 8.1c is
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also a definite inaccuracy since Fig. 31 and 33matches correctly with auxi-mpp and
FactSage’s model, and Grundy’s binary model agrees with the calculated viscosity
at xAl2O3

= 0. The same problem is present for Fig. 23 of Grundy et al. (2008a).

4. Incorrect plot presented in Kim et al. (2021a).

Figure 8.2: CaO–FeO–SiO2

In Figure 8.2, auxi-mpp plotted the same compositions but 100 K lower than the
literature plot at 1773 K. There is an exact match, implying that Kim et al. (2021a)
provided the incorrect temperature label.

5. Incorrect plot section defined.

The original figure fromwhich the literature data in Figure 8.2 were extracted is Fig-
ure 9 in Kim et al. (2021a). The section to plot is there defined as (81.24 mol % FeO,
13.76 mol % CaO) to (86.75 mol % SiO2, 13.25 mol % CaO). The first endpoint does not
border and is therefore incorrect. The correct endpoint is (86.24 mol % FeO, 13.76
mol % CaO).

8.1.9 Model Validation

This section details the current status of the Grundy-Kim-Brosch viscosity model im-
plementation in auxi-mpp and presents results for various slag systems. The auxi-mpp
model results were compared against the literature model and experimental data ex-
tracted from Grundy et al. (2008b), Grundy et al. (2008a), Kim et al. (2021a), and Kim et al.
(2021b). auxi-mpp were validated by means of literature figure reproduction as well as
with a correlation plot. Validation by figure reproduction is summarised in Table 8.3, and
those by correlation plot is listed thereafter.
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Table 8.3: Viscosity Validation Ranges

Model Systems Composition (molmol−1) Temperature (K)

Unary SiO2 pure substance 1250− 3250
FeO pure substance 1100− 2100
Fe2O3 pure substance 1100− 1850

Binary Al2O3 –SiO2 xAl2O3
= 0− 1 2073, 2173

CaO–SiO2 xCaO = 0− 1 1773, 1873, 2073
MgO–SiO2 xMgO = 0− 1 1773, 1873, 2073
FeO–SiO2 xFeO = 0.3− 1 1473, 1573, 1673, 1773

Ternary CaO–MgO–SiO2 ySiO2
= 0.3− 0.75, ySiO2

/yMgO = 1 1673, 1773, 1873
CaO–MgO–SiO2 ySiO2 = 0.3− 0.8, yMgO = 0.2 1673, 1773, 1873
Al2O3 –CaO–SiO2 xAl2O3 = 0.0− 0.33, xSiO2 = 0.67 1673, 1873
Al2O3 –CaO–SiO2 xAl2O3

= 0.0− 0.25, xSiO2
= 0.75 1673, 1873

Al2O3 –MgO–SiO2 xAl2O3
= 0.0− 0.50, xSiO2

= 0.50 1673, 1873
Al2O3 –MgO–SiO2 xAl2O3

= 0.0− 0.33, xSiO2
= 0.67 1673, 1873

Al2O3 –MgO–SiO2 xAl2O3 = 0.0− 0.25, xSiO2 = 0.75 1673, 1873
Quaternary Al2O3 –CaO–MgO–SiO2 yAl2O3

= 0.0− 0.45, ySiO2
= 0.5, yMgO = 0.05 1773

Al2O3 –CaO–MgO–SiO2 yAl2O3
= 0.0− 0.35, ySiO2

= 0.5, yMgO = 0.15 1773
Al2O3 –CaO–MgO–SiO2 yAl2O3

= 0.0− 0.25, ySiO2
= 0.5, yMgO = 0.25 1773

Fe-bearing systems validated by means of correlation plots;

1. Al2O3 –FeO–SiO2

2. Fe2O3 –FeO–SiO2

3. Al2O3 –CaO–FeO–SiO2

4. FeO–MgO–SiO2

5. CaO–Fe2O3 –FeO–SiO2

6. CaO–FeO–MgO–SiO2

7. Al2O3 –CaO–FeO–MgO–SiO2

8. Al2O3 –FeO–MgO–SiO2

See Figure 8.8.

Unary Systems

Figure 8.3 demonstrates the agreement between auxi-mpp and the literature model for
unary systems, plotting the natural logarithm of viscosity against temperature.
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(a) SiO2

(b) FeO (c) Fe2O3

Figure 8.3: Viscosity model estimates and comparison for pure SiO2, FeO and Fe2O3.

Binary Systems

Figure 8.4 illustrates the accuracy of the Grundy-Kim-Brosch model (“auxi-mpp
GrundyKimBrosch”) for estimating viscosities in binary Al2O3 –SiO2, CaO–SiO2, and
MgO–SiO2 systems. Note that validations above 2200Kwere intentionally omitted.
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(a) Al2O3-SiO2 (b) CaO-SiO2

(c)MgO-SiO2 (d) FeO-SiO2

Figure 8.4: Viscosity model estimates and comparisons for binary slag systems.

Multicomponent Systems

Ternary systems without Al2O3 were validated initially, as the Grundy-Kim-Brosch model
does not require consideration of the charge compensation effect of Al2O3 on slag viscos-
ity (Kim 2011; Grundy et al. 2008a). Figure 8.5 demonstrates that viscosity estimates for
systems of SiO2 –MgO–CaO closely align with both model estimates and experimental
data from the literature (Grundy et al. 2008a).
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(a) CaO–MgO–SiO2

(b) CaO–MgO–SiO2

Figure 8.5: Viscosity model estimates for ternary slag systems without alumina.

Some peculiar results were obtained when validating the model for systems containing
Al2O3 as seen in Figure 8.6. In Figure 8.6a and Figure 8.6d we reason that the literature
plots are incorrect. To support this, the results of FactSage 8.3 were added for compar-
ison. In Figure 8.6d the auxi-mpp model follows the result of FactSage, confirming that
the auxi-mpp implementation is correct. This was also applied to Figure 8.6a, however it
seems like FactSage’smodel does not correctly estimate viscosity for systems containing
CaO. At the extremes, the auxi-mppmodel agreeswith FactSage’smodel, however.

Another reason why these two literature figures are incorrect is that the auxi-mpp binary
model, that were successfully validated for the relevant systems, agrees with the multi-
component auxi-mpp model at xAl2O3

= 0.0.
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(a) (b)

(c) (d)

(e)

Figure 8.6: Viscosity model estimates for ternary slag systems containing alumina.

The multicomponent viscosity model was successfully validated for the
Al2O3 –CaO–MgO–SiO2 system for a range of compositions at 1773 K as shown in
Figure 8.7.
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(a) (b)

(c)

Figure 8.7: Viscosity model estimates for the Al2O3 –CaO–MgO–SiO2 quaternary slag
system at 1773 K.

Multicomponent Fe-bearing Systems

The available data for multi-component Fe-bearing systems often have abstract axes
making it time-consuming to reproduce. These systems are therefore validated by
means of correlation plots. Figure 8.8 shows how auxi-mpp performs, with systems con-
taining either FeO or Fe2O3 or both, compared to Kim’s model as presented in literature
(Kim et al. 2021a; Kim et al. 2021b).
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 8.8: auxi-mpp vs Kim et al. (2021b) correlation plots.
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For most systems auxi-mpp performs well. There are two systems for which there
are visible deviation from literature, however. These are CaO–Fe2O3 –SiO2 and
Al2O3 –CaO–Fe2O3 –SiO2. For CaO–Fe2O3 –SiO2 the original figure were reproduced
in Figure 8.9, adding the performance of FactSage 8.3’s (2025) viscosity model. auxi-
mpp plots close to but not exactly on top of FactSage, and both deviates significantly
from literature. Whether this is an error in literature or if both auxi-mpp and FactSage are
incorrect, is uncertain. It is also possible that this is caused by a parameter change in
FactSage’s FToxid database in the time period of 2021 to 2025.

(a) CaO–Fe2O3 –SiO2

Figure 8.9: auxi-mpp vs FactSage 8.3 (2025) vs Kim et al. (2021b).

The issue with Al2O3 –CaO–Fe2O3 –SiO2 is similar as auxi-mpp’s results is close to Fact-
Sage 8.3, with both deviating significantly from literature.

Issues

Potential issue with the systems CaO–Fe2O3 –SiO2 and Al2O3 –CaO–Fe2O3 –SiO2. See
Figures 8.8 and 8.9.
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8.2 Zhang-Chou Viscosity Model

A model developed by Zhang and Chou (2012a) to estimate the viscosity of slags com-
posed of Al2O3, BaO, CaF2, CaO, Fe2O3, FeO, K2O, Li2O, MgO, MnO, Na2O, P2O5, SiO2, SrO,
and TiO2.

8.2.1 Introduction

This is a structural viscosity model where slag structure is accounted for by counting
the different types of oxygen species present, each affecting the overall mobility of the
atoms differently. There are three main types of oxygen species; bridging oxygens, non-
bridging oxygens and free oxygens. Counting is done using a set of assumptions and
simplifications outlining how the slag constituents react with each other.

8.2.2 Model Overview

Viscosity of multi-component oxide systems is estimated with the well-known Arrhe-
nius equation. This is built upon the premise that viscosity is determinied by two primary
factors: the activation energy for atomic movement and a pre-exponential baseline fac-
tor. The primary objective of the model is to calculate these two factors solely from the
chemical composition of the melt.

To determine the activation energy, the model examines the structure of the slag at an
atomic level, specifically focusing on the behaviour of oxygen ions. The model treats the
melt as a complex networkwhere different types of chemical bonds contribute differently
to the overall activation energy. It categorises oxygen ions based on their local environ-
ment — whether they are bridging (Si –O–Si), non-bridging (Si –O–M), free (M–O–M),
or associated with charge compensated Al2O3 which behaves either as bridging or non-
bridging. The specific contribution of each oxide is weighted by the amount of it present.
Once the activation energy for the specific chemical blend has been calculated, viscosity
is estimated at any given temperature with the Arrhenius-like equation.

8.2.3 Model Formulation

The temperature dependence of the viscosity (µ, measured in dPa s) is represented by
the Arrhenius equation, as in Equation (8.39).

ln(µ) = ln(A) + E/RT (8.39)

Here, A is the pre-exponential factor (dPa s), E is the activation energy (Jmol−1), R is the
gas constant (Jmol−1 K−1), and T is the absolute temperature (K).

The model establishes a linear relationship between the natural logarithm of the pre-
exponential factor (lnA) and the activation energy (E) expressed in Equation (8.40).

ln(A) = k(E − 572516)− 17.47 (8.40)

The parameter k is calculated as shown in Equation (8.41).
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k =
∑

i,i ̸=SiO2

(xiki)/
∑

i,i ̸=SiO2

xi (8.41)

Here, xi represents the renormalised mole fractions of the various oxides.

Activation Energy Calculation

The activation energy E is determined by the distribution of different types of oxygen
ions within the melt, reflecting the deformability of the chemical bonds, and is given by
Equation (8.42).

E =
572516× 2

nOSi
+ αAlnOAl

+
∑

αinOi
+
∑

αAl,inOAl,i
+
∑

αi
SinOi

Si
+
∑

αj
Al,inOj

Al,i

(8.42)

Here, nO represents the number of moles of a specific oxygen configuration, and α is a
parameter describing the deformation ability of the bond around a corresponding struc-
tural unit. The six terms in the denominator represent the contributions from:

1. Bridging oxygen bonded with Si4+ ions (nOSi
).

2. Oxygen bonded with Al3+ ions that are not charge-compensated (nOAl
).

3. Free oxygen bonded with metal cation i (nOi
).

4. Bridging oxygen bonded with charge-compensated Al3+ ions (nOAl,i
).

5. Non-bridging oxygen bonded with Si4+ ions (nOi
Si
).

6. Non-bridging oxygen bonded with charge-compensated Al3+ ions (nOj
Al,i

).

Calculating Oxygen Species

There are threemain types of oxygen species that have different effects on the slag struc-
ture. These are bridging, non-bridging or free oxygens, and each of these are composed
of varying fractions of different atomic configurations. Calculating the total number of
oxygens belonging to a specific configuration is therefore often a matter of calculating
the total amount of the oxygen type, multiplied by the fraction of the specific configura-
tion. That is what is set out in Equations (8.43) to (8.48).

nOSi
= nObridgingfSi-tetrahedra (8.43)

nOAl
= 3xAl2O3-remaining (8.44)

nOi
= nOfree

fi-remaining (8.45)

nOAl,i
= nObridgingfAl-tetrahedrafi-compensating (8.46)

nOi
Si
= nOnon-bridgingfSi-tetrahedrafi-remaining (8.47)
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nOj
Al,i

= nOnon-bridgingfAl-tetrahedrafj-remainingfi-compensating (8.48)

In Equations (8.43) to (8.48) the fractions, f , can be calculated as in Equations (8.49)
to (8.52).

fSi-tetrahedra =
xSiO2

xSiO2 + 2xAl2O3-compensated
(8.49)

fAl-tetrahedra = 1− fSi-tetrahedra (8.50)

fi-compensating =
xi-compensating

xAl2O3-compensated
(8.51)

fi-remaining =
xi-remaining

xtotal remaining oxides
(8.52)

The total number of bridging oxygens used in Equations (8.43) and (8.46), nObridging ,
is the bridging oxygens left after the initial bridging oxygens, given by 2(xSiO2 +
2xAl2O3-compensated), were broken apart by the oxides left after all Al2O3 was charge-
compensated.

For every bridging oxygen broken by an incomming free oxygen, two non-bridging oxy-
gens are produced. Therefore, the total number of non-bridging oxygens used in Equa-
tions (8.47) and (8.48), is given by nOnon-bridging = 2nObroken .

The total number of free oxygens used in Equation (8.45), nOfree
, is calculated from the

oxides that remain after charge compensating Al2O3 and after breaking all bridging oxy-
gens.

To determine the quantitative amounts of the Al2O3 compensated, bridging oxygens bro-
ken and unreacted oxides left, a few assumptions are required. These assumptions are
listed in Section 8.2.5. The calculation of oxygen species, as per these assumptions, is
easier understood with the schematic diagram in Figure 8.10.
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Figure 8.10: Illustration of how the number of different oxygen species are calculated.

Systems Containing CaF2, TiO2, Fe2O3 and P2O5

The structurally based viscosity model is extended to accommodate industrial slag sys-
tems containing complex oxides such as Fe2O3 and P2O5, as well as components like
CaF2 and TiO2. This extension is based on defined structural units for these additives and
integrating their contributions into the activation energy calculation. However, because
of the complex structural influences of iron and phosphorus oxides, the model employs
simplified approximations for their structural units.

P2O5 is considered an acidic oxide that results in the formation of phosphate complexes.
The number of structural units nOP

is calculated as nOP
= 5xP2O5 . Fe2O3 acts as an am-

photeric oxide. Under the simplified approximation, the structural units nOFe(III)
are given

by nOFe(III)
= 3xFe2O3 . For TiO2 the structural units nOTi

correspond to nOTi
= 2xTiO2 . Finally,

for CaF2 the structural units nOCaF2
are the mole fraction nOCaF2

= xCaF2 .

Extended Activation Energy Equation

For a molten slag system containing these additional components, the activation energy
is modified where the full expression is:

E =
572516× 2

D

D =nOSi
+ αAlnOAl

+
∑

αinOi
+
∑

αAl,inOAl,i
+
∑

αi
SinOi

Si
+
∑

αj
Al,inOj

Al,i︸ ︷︷ ︸
Base Slag Terms

+ αPnOP
+ αTinOTi

+ αFe(III)nOFe(III)
+ αCaF2nOCaF2

(8.53)
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8.2.4 Variable Declarations

The α and k values used in the model formulation are given in Tables 8.4 and 8.5. It
should be noted that not all values for αj

Al,i are available. In such a case the approximation
αj
Al,i = αj

Si is made.

Table 8.4: Values of Model Parameters

i ki × 105 αi
Si αi αAl,i αi

Al,i

Mg −2.106 6.908 15.54 5.606 3.975
Ca −2.088 7.422 17.34 4.996 7.115
Sr −2.450 9.502 18.50 4.980 9.374
Ba −2.490 10.30 23.74 4.270 5.602
Fe −2.195 10.76 33.62 8.702 6.828
Mn −2.147 8.452 27.83 5.857 4.204
Li −2.412 11.06 33.18 5.918 12.01
Na −2.767 13.35 40.56 4.308 10.46
K −3.200 16.59 49.77 4.156 17.43
Al −2.594 5.671
Ti −0.926 3.032
P −2.310 1.413
Fe(III) −2.470 8.760
CaF2 −2.352 23.70

Table 8.5: Values of Model Parameter αj
Al,i

αMg
Al,Ca αFe

Al,Ca αMn
Al,Ca αMg

Al,Na αCa
Al,Li αCa

Al,Na αCa
Al,K αNa

Al,K

8.334 8.694 8.040 8.015 13.72 9.787 7.593 16.46

8.2.5 Assumptions

To calculate the mole numbers of the different oxygen types (nO′ ), the model employs
five fundamental assumptions, some of them blunt simplifications. For the sake of con-
sistency with Zhang et al. (2014), we list all as assumptions.

Assumption I: Charge-Compensation Priority. Cations carry out charge-compensation
for Al3+ ions in a specific order based on the lowest field strength. The priority order is:
K+ > Na+ > Li+ > Ba2+ > Sr2+ > Ca2+ > Mn2+ > Fe2+ > Mg2+.

Assumption II: Compensation Equilibrium. The equilibrium constant for the charge-
compensation reaction between basic oxides (MxO) and Al2O3 is assumed to be infinite.
If basic oxides are insufficient, all act as balancers; if in excess, remaining Al3+ forms tetra-
hedra and excessMxO acts as a network modifier.

Assumption III: Bridging Equivalency. In the presence of excess basic oxides, the bridg-
ing oxygens for AlO4

5– and SiO4
4– tetrahedra are considered equivalent. Non-bridging

oxygens are distributed proportionally to the number of tetrahedra present.
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Assumption IV: Bridge Breaking. The equilibrium constant for the reaction of free oxygen
with bridging oxygen to generate non-bridging oxygen is infinite. In systems where the
mole fraction of the remaining basic oxide exceeds 2/3, it is assumed that no bridging
oxygens remain in the melt (“Complete Bridge Breaking”).

Assumption V: Random Mixing Rule. For systems containing multiple basic oxides, the
numbers of different types of oxygen ions are calculated using a random mixing rule
applied to the renormalised mole fractions of the remaining basic oxides.

8.2.6 Literature Inaccuracies

The data in Table IV in the Zhang et al. (2014) manuscript is erroneous. See Section 8.2.7
for more details.

8.2.7 Model Validation

This model was validated against the available data in Grundy et al. (2008a) and Zhang
et al. (2014). The composition and temperature ranges tested against are summarised in
Table 8.6.

Table 8.6: Model Validation Ranges

Systems Composition Temperature (K)

Binary Al2O3 –SiO2 xAl2O3
= 0− 1

2073, 2173
2273, 2373

CaO–SiO2 xCaO = 0− 1 1773, 1873, 2073
MgO–SiO2 xMgO = 0− 1 1773, 1873, 2073

FeO–SiO2 xFeO = 0.3− 1
1473, 1573
1673, 1773

Ternary CaO–MgO–SiO2 ySiO2
= 0.30− 0.75, ySiO2

/yMgO = 3 1673, 1773, 1873
Al2O3 –CaO–SiO2 xAl2O3

= 0.00− 0.25, xSiO2
= 0.75 1673, 1873, 2273

Al2O3 –MgO–SiO2 xAl2O3 = 0.00− 0.50, xSiO2 = 0.50 1673, 1873, 2273

Quaternary Al2O3 –CaO–MgO–SiO2
yAl2O3 = 0.00− 0.45, ySiO2 = 0.50,

yMgO = 0.05
1773

Al2O3 –CaO–MgO–SiO2
yAl2O3

= 0.00− 0.35, ySiO2
= 0.50,

yMgO = 0.15
1773

Al2O3 –CaO–MgO–SiO2
yAl2O3

= 0.00− 0.25, ySiO2
= 0.50,

yMgO = 0.25
1773

CaO–SiO2 –MgO–Al2O3
yCaO = 0.27− 0.39, ySiO2 = 0.28− 0.38
yMgO = 0.02− 0.08, yAl2O3

= 0.21− 0.36
1623− 1873

CaF2 –Al2O3 –CaO–SiO2
yCaF2

= 0.08− 0.69, yAl2O3
= 0.03− 0.41

yCaO = 0.01− 0.70, ySiO2
= 0.01− 0.42

1823− 1973

8-Component
Al2O3 –CaO–SiO2 –MgO–

Na2O–K2O–Fe2O3 –CaF2

yAl2O3 = 0.05− 0.14, yCaO = 0.15− 0.29
ySiO2

= 0.28− 0.41, yMgO = 0.00− 0.01
yNa2O = 0.05− 0.13, yK2O = 0.05− 0.13
yFe2O3

= 0.01− 0.05, yCaF2
= 0.08− 0.17

1473− 1673

11-Component
Fe2O3 –CaO–SiO2 –MgO–

Al2O3 –P2O5 –MnO–K2O
–

TiO2 –Na2O–CaF2

yFe2O3
= 0.00− 0.03, yCaO = 0.19− 0.38

ySiO2
= 0.25− 0.42, yMgO = 0.00− 0.08

yAl2O3
= 0.04− 0.11, yP2O5

= 0.000− 0.002
yMnO = 0.00− 0.05, yK2O = 0.00− 0.02

yTiO2 = 0.000− 0.004, yNa2O = 0.02− 0.10
yCaF2

= 0.05− 0.17

1573
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Zhang-Chou model performance for a few binary systems is shown in Figure 8.11.

(a) Al2O3 –SiO2 (b) CaO–SiO2

(c)MgO–SiO2 (d) FeO–SiO2

Figure 8.11: Zhang et al. (2014) model compared to experimental data and the Grundy
et al. (2008a) model for binary systems.

Zhang-Chou model performance for multi-component systems containing Al2O3, CaO,
MgO and SiO2 is shown in Figures 8.12 and 8.13.
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(a) Al2O3 –CaO–SiO2

(b) CaO–MgO–SiO2

(c) Al2O3 –MgO–SiO2

Figure 8.12: Zhang et al. (2014) model compared to experimental data and the Grundy
et al. (2008a) model.
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(a) (b)

(c)

Figure 8.13: Zhang et al. (2014)model compared to Al2O3 –CaO–MgO–SiO2 experimen-
tal data and the Grundy et al. (2008a) model.

In Figures 8.11 to 8.13 it is demonstrated that the model by Zhang et al. (2014) performs
reasonably well for the CMAS systems and is considered adequate to estimate their vis-
cosity. It is clear, however, that the implementation by Grundy et al. (2008a) is better than
that of Zhang that is used here.
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The performance of the current model is also shownwith correlation plots in Figures 8.14
to 8.23.

Figure 8.14: Comparing auxi-mpp against measured viscosities for the
CaO–SiO2 –MgO–Al2O3 system as presented in Table IV of Zhang et
al. (2014).

Figure 8.15: Comparing auxi-mpp against viscosities calculated by Zhang et al. (2014) for
the CaO–SiO2 –MgO–Al2O3 system, as presented in Table IV.
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Figure 8.16: Comparing auxi-mpp against measured viscosities for the
CaO–SiO2 –MgO–Al2O3 system, as presented in Table V of Zhang et
al. (2014).

Figure 8.17: Comparing auxi-mpp against viscosities calculated by Zhang et al. (2014) for
the CaO–SiO2 –MgO–Al2O3 system, as presented in Table V.
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Figure 8.18: Comparing auxi-mpp against measured viscosities for the
Al2O3 –CaO–SiO2 –MgO–Na2O–K2O–Fe2O3 –CaF2 system, as pre-
sented in Table VIII of Zhang et al. (2014).

Figure 8.19: Comparing auxi-mpp against viscosities calculated by Zhang et al. (2014)
for the Al2O3 –CaO–SiO2 –MgO–Na2O–K2O–Fe2O3 –CaF2 system, as pre-
sented in Table VIII.
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Figure 8.20: Comparing auxi-mpp against measured viscosities for the
Fe2O3 –CaO–SiO2 –MgO–Al2O3 –P2O5 –MnO–K2O–TiO2 –Na2O–CaF2
system, as presented in Table IX of Zhang et al. (2014).

Figure 8.21: Comparing auxi-mpp against viscosities calculated by Zhang et al. (2014) for
the Fe2O3 –CaO–SiO2 –MgO–Al2O3 –P2O5 –MnO–K2O–TiO2 –Na2O–CaF2
system, as presented in Table IX.
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Figure 8.22: Comparing auxi-mpp against measured viscosities for the
CaF2 –Al2O3 –CaO–SiO2 system, as presented in Table XI of Zhang et
al. (2014).

Figure 8.23: Comparing auxi-mpp against viscosities calculated by Zhang et al. (2014) for
the CaF2 –Al2O3 –CaO–SiO2 system, as presented in Table XI.

From Figures 8.17, 8.19, 8.21 and 8.23, we see that our implementation is in good agree-
ment with that of the authors. Discrepancies seen in Figure 8.15 are attributed to errors
in the source data, based on the following reasoning.

Tables IV and V (corresponding to Figures 8.15 and 8.17) in the original manuscript eval-
uate the same four-component CaO–SiO2 –MgO–Al2O3 system across similar concen-
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tration ranges. Because both tables rely on the same structural algorithm andmodel pa-
rameters, the accuracy must be comparable. Our auxi-mpp implementation reproduces
all 25 calculated data points in Table V to within ±2%. Furthermore, the implementation
demonstrates excellent agreement across more complex industrial systems, reproduc-
ing the calculated values in Tables VIII, IX, and XI (corresponding to Figures 8.19, 8.21
and 8.23) with mean absolute relative deviations (MARD) of 3.3%, 1.9%, and 0.8%, respec-
tively.

Closer investigation reveals that the published calculated values for Rows 6 and 7 were
likely swapped during publication. Ourmodel results for Row 7matches themanuscript’s
published values for Row 6 to within 0.5%. See Figure 8.24

(a) (b)

Figure 8.24: The effect when Zhang et al. (2014) Table IV row 6 inputs are matched with
row 7 outputs, and vice versa.

Based on the results shown in the correlation plots, we conclude that we correctly imple-
mented the model logic as presented by Zhang et al. (2014), and that there is reasonable
agreement with experimental data across a wide range of systems.
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Part III

Liquid Alloy Material Properties
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Chapter 9

Background

In pyrometallurgical operations like the REF process, the formation of a liquid metal
phase, or alloy, is the most important outcome. Liquid alloy is the primary product and
a dynamic medium that interacts directly with the furnace lining and the overlying slag
layer. Therefore, understanding the physical properties of molten alloy, not just the slag,
is crucial for the successful and efficient operation of a REF process for the production of
green steel.

The physical characteristics of the liquid alloy play a part in influencing process behaviour
and outcomes. Density is fundamental to achieving effective gravitational separation be-
tween the valuable metal and the slag impurities. Viscosity governs the fluid dynamics
within the furnace, influencing mixing, mass transfer rates within the alloy and at the in-
terface between alloy and slag, and the ease of tapping the final product. Electrical and
thermal conductivity are critical properties to understand in a furnace. Electrical con-
ductivity directly impacts the energy efficiency of the furnace’s heating systems, while
thermal conductivity dictates heat distribution, which affects reaction kinetics and fur-
nace wear.

Directly measuring these properties under the extreme temperatures and reactive con-
ditions of a furnace is often impractical and expensive. Therefore, accurate and reliable
physical property models are indispensable tools for process simulation, optimisation,
and the development of new, more sustainable steelmaking technologies. This section
of themanual details the theoretical foundations of themodels implemented in auxi-mpp
for estimating these key physical properties for liquid alloys, along with their validation
against experimental data and literature models.
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Chapter 10

Density

This chapter presents several models implemented in auxi-mpp to estimate the density
of various liquid alloys. Themodels cover three distinct categories of alloy systems.

The primary approach, based on volumetric thermal expansion coefficients, is used to
calculate the density of unary, binary, andmulti-component liquid alloys that contain only
metallic elements. For binary alloys that include non-metallic elements like carbon and
sulfur, a set of distinct empirical models is provided. Lastly, the chapter details specific
models for estimating the density of commonmulti-component commercial alloys, such
as stainless steel and grey cast iron

10.1 Density by Volumetric Thermal Expansion

A density model based on volumetric thermal expansion coefficients.

10.1.1 Introduction

Extensive reference correlation data was discovered using the Nation Institute of Stan-
dards and Technology (NIST) Alloy Data web app to directly model density for a wide
range of alloy systems (“Thermodynamics Research Center” 2009). Molar volume is then
derived from the estimated densities.

10.1.2 Overview

Reference data for unary, binary and multi-component liquid alloy systems have been
found in literature that employs volumetric thermal expansion coefficients to estimate the
density of liquid alloys (Assael et al. 2006; Assael et al. 2010; Assael et al. 2012a; Assael et
al. 2012b; Brillo et al. 2006; Brillo and Egry 2004; Brillo and Egry 2003). Density estimates
for these unary, binary and multi-component systems only focus on alloys containing
metallic elements. Systems containing non-metallic elements such as C, P and S are
estimated with empirical models, which are described in Section 10.2.

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

88



10.1.3 Formulation

It is important to understand the relationship betweenmolar volume and density. The fol-
lowingmodel formulation starts by first describing howmolar volume can be determined
followed by deriving density from it.

Molar volume for an ideal alloy system can be determined by applying Vegard’s law,
Equation (10.1), where xi is the mole fraction of component i, Vi is the molar volume of
component i, Mi is the molar mass of component i, and ρi is the density of component
i.

V ideal =
∑
i

xiVi =
∑
i

xi
Mi

ρi
(10.1)

For non-ideal systems where excess molar volume must be considered, Equation (10.2),
the density of the system can be used to determine its molar volume, as shown in Equa-
tion (10.3). Here, V non−ideal is the non-ideal molar volume, Mi is the molar mass of com-
ponent i, and ρsystem is the density of the system.

V non−ideal = Videal + Vexcess (10.2)

V non−ideal =

∑system
i xiMi

ρsystem
(10.3)

The molar volume of molten alloy systems containing only metallic elements exhibits
a linear temperature dependence that can be modelled using the volumetric thermal
expansion coefficient, β, as shown in Equation (10.4), where VT,melt is the molar volume at
the melting temperature and T is the temperature of the system.

V (T ) = VT,melt(1 + β(T − Tmelt)) (10.4)

Similarly, this can be related to the density of pure liquid metals and alloys with Equa-
tion (10.5) and Equation (10.6) respectively, where ρT,melt is the density at themelting tem-
perature and ρT,liquidus is the density at the liquidus temperature.

ρ(T ) = ρT,melt(1 + β(T − Tmelt)) (10.5)

ρ(T ) = ρT,liquidus(1 + β(T − Tliquidus)) (10.6)

For modelling purposes using the density reference data found in literature, Equa-
tion (10.6) is rearranged to form Equation (10.7), where ρT = β ·ρL is the thermal expansion
coefficient, ρL is the density at the liquidus temperature, TL is the liquidus temperature
and T is the temperature of the system (Assael et al. 2006; Brillo and Egry 2004).

ρ(T ) = ρL − ρT (T − TL) (10.7)
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For each composition in a unary, binary, or multi-component system, the parameters ρL,
ρT , and TL are determined from experimental data and used in Equation (10.7) to estimate
the density of the system at a given temperature. It is important to note that the param-
eters are only valid within a specific temperature range, which is also determined from
the experimental data.

Unary Systems

For unary systems, the density of a pure liquid metal is estimated using Equation (10.7).
The supported elements, along with their model parameters and valid temperature
ranges, are listed in Table 10.1. It is important to note that the application of the model
should be restricted to the temperature ranges for which the parameters have been
validated. Using the model outside these ranges may lead to inaccurate density esti-
mates.

Table 10.1: Supported elements, temperature limits and parameters for the unary den-
sity model.

Element Symbol Temp. Range (K) ρL (kg/m3) ρT (kg/m3· K) Tref (K)

Aluminum Al 933 – 1190 2377.2 0.311 934
Antimony Sb 900 – 1300 6467.0 0.608 899
Bismuth Bi 545 – 1500 10028.0 1.213 545
Cadmium Cd 594 – 833 8008.0 1.251 594
Chromium Cr 2186 – 2503 6097.1 0.6536 2180
Cobalt Co 1768 – 2500 7827.0 0.936 1768
Copper Cu 1356 – 2500 7997.0 0.819 1358
Gallium Ga 303 – 1500 6077.0 0.611 303
Hafnium Hf 2500 – 4981 11902.6 0.6704 2500
Indium In 430 – 1100 7022.0 0.762 430
Iron Fe 1809 – 2480 7035.0 0.926 1811
Lead Pb 601 – 2000 10656.0 1.239 601
Molybdenum Mo 2896 – 5914 9062.6 0.3947 2896
Nickel Ni 1728 – 2500 7861.0 0.988 1728
Niobium Nb 2742 – 5848 7664.0 0.2943 2742
Silicon Si 1687 – 2000 2550.0 0.264 1687
Silver Ag 1235 – 1600 9294.0 0.877 1235
Tantalum Ta 3293 – 7400 14977.5 0.6802 3293
Thallium Tl 576 – 1200 11233.0 1.2 577
Tin Sn 506 – 1950 6979.0 0.652 505
Titanium Ti 1941 – 3520 4222.1 0.3952 1941
Tungsten W 3695 – 5818 17146.4 0.6769 3695
Vanadium V 2183 – 4500 5517.0 0.5895 2183
Zinc Zn 692 – 910 6559.0 0.884 693
Zirconium Zr 2128 – 4100 6100.0 0.242 2128
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Binary Systems

Densities for binary alloy systems using Equation (10.7) can be estimated for the following
compositions and temperature ranges found in Table 10.2. For compositions not explicitly
listed, the required parameters (ρL, ρT , and TL) are determined by linear interpolation
between the two nearest compositions for which data is available. These interpolated
parameters are then used in Equation (10.7). This approach is valid only for compositions
that fall between the available data points andwithin their valid temperature ranges.

Table 10.2: Supported systems, compositions and parameters for the binary density
model

System Composition Temp. Range (K) ρL (kg/m3) ρT (kg/m3· K) Tliquidus (K)

Ag-Al Ag0.10Al0.90 893 – 1193 2830.0 0.21 893
Ag0.20Al0.80 864 – 1164 3830.0 0.42 864
Ag0.40Al0.60 840 – 1140 5380.0 0.48 840
Ag0.60Al0.40 979 – 1279 6810.0 1.05 979
Ag0.79Al0.21 1049 – 1349 8070.0 0.68 1049

Ag-Au Ag0.75Au0.25 1276 – 1576 11200.0 0.7 1276
Ag0.50Au0.50 1306 – 1606 13300.0 0.6 1306
Ag0.25Au0.75 1326 – 1626 15600.0 1.2 1326

Ag-Cu Ag0.80Cu0.20 1135 – 1435 9000.0 0.6 1135
Ag0.60Cu0.40 1053 – 1353 8900.0 0.7 1053
Ag0.40Cu0.60 1132 – 1432 8600.0 0.6 1132
Ag0.20Cu0.80 1225 – 1525 8400.0 1.2 1225

Al-Au Al1.0Au0.0 934 – 1234 2291.0 0.251 934
Al0.85Au0.15 835 – 1135 4425.0 0.327 835
Al0.80Au0.20 847 – 1147 5275.0 0.59 847
Al0.67Au0.33 895 – 1195 7231.0 0.685 895
Al0.55Au0.45 1144 – 1444 9163.0 0.63 1144
Al0.50Au0.50 1252 – 1552 10050.0 1.06 1252
Al0.33Au0.67 1333 – 1633 12842.0 1.0 1333
Al0.27Au0.73 1280 – 1580 13840.0 1.01 1280
Al0.20Au0.80 1237 – 1537 15020.0 1.08 1237
Al0.0Au1.0 1338 – 1638 17192.0 1.11 1338

Al-Cu Al1.0Cu0.0 933 – 1233 2360.0 0.33 933
Al0.80Cu0.20 835 – 1135 3320.0 0.53 835
Al0.70Cu0.30 865 – 1165 3760.0 0.49 865
Al0.60Cu0.40 900 – 1200 4440.0 0.54 900
Al0.50Cu0.50 1087 – 1387 5050.0 0.61 1087
Al0.40Cu0.60 1233 – 1533 5490.0 0.69 1233
Al0.30Cu0.70 1314 – 1614 6170.0 0.85 1314
Al0.20Cu0.80 1315 – 1615 6660.0 0.77 1315
Al0.0Cu1.0 1358 – 1658 7920.0 0.76 1358

Al-Fe Al0.90Fe0.10 1289 – 1589 950.0 0.48 1289
Al0.80Fe0.20 1430 – 1730 1080.0 0.58 1430
Al0.75Fe0.25 1433 – 1733 1080.0 0.37 1433
Al0.71Fe0.29 1452 – 1752 1120.0 0.71 1452
Al0.67Fe0.33 1457 – 1757 1160.0 0.44 1457
Al0.60Fe0.40 1505 – 1805 1220.0 0.14 1505

Al-Ni Al0.82Ni0.18 1221 – 1521 3310.0 0.48 1221
Al0.75Ni0.25 1377 – 1677 3550.0 0.76 1377
Al0.70Ni0.30 1565 – 1865 3800.0 0.94 1565
Al0.60Ni0.40 1835 – 2135 4490.0 1.29 1835
Al0.50Ni0.50 1913 – 2213 4460.0 1.92 1913
Al0.25Ni0.75 1670 – 1970 6420.0 0.8 1670

Al-Si Al0.8847Si0.1153 850 – 1700 2398.0 0.24 850

Al-Ti Al0.90Ti0.10 843 – 1343 2500.0 0.306 843
Al0.80Ti0.20 835 – 1335 2760.0 0.353 835
Al0.70Ti0.30 1063 – 1563 3040.0 0.33 1063
Al0.60Ti0.40 1410 – 1910 3300.0 0.401 1410
Al0.50Ti0.50 1643 – 2143 3580.0 0.45 1643
Al0.40Ti0.60 1750 – 2250 3740.0 0.42 1750
Al0.30Ti0.70 1808 – 2308 3900.0 0.377 1808
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Table 10.2 continued from previous page

System Composition Temp. Range (K) ρL (kg/m3) ρT (kg/m3· K) Tliquidus (K)

Al0.20Ti0.80 1883 – 2383 4000.0 0.368 1883
Al0.10Ti0.90 1910 – 2410 4090.0 0.33 1910

Co-Cu Co1.0Cu0.0 1768 – 2068 7810.0 0.885 1768
Co0.85Cu0.15 1713 – 2013 7740.0 1.16 1713
Co0.75Cu0.25 1687 – 1987 7750.0 0.94 1687
Co0.50Cu0.50 1652 – 1952 7660.0 0.72 1652
Co0.25Cu0.75 1628 – 1928 7690.0 0.72 1628

Co-Fe Co1.0Fe0.0 1768 – 2068 7810.0 0.885 1768
Co0.75Fe0.25 1752 – 2052 7580.0 0.954 1752
Co0.50Fe0.50 1752 – 2052 7430.0 0.748 1752
Co0.25Fe0.75 1767 – 2067 7210.0 0.332 1767
Co0.0Fe1.0 1811 – 2111 7040.0 1.08 1811

Cr-Fe Cr0.10Fe0.90 1805 – 2105 6980.0 0.54 1805
Cr0.20Fe0.80 1800 – 2100 6900.0 0.862 1800
Cr0.40Fe0.60 1798 – 2098 7911.0 0.792 1798

Cr-Ni Cr0.10Ni0.90 1710 – 2010 7690.0 0.79 1710
Cr0.20Ni0.80 1700 – 2000 7410.0 0.792 1700
Cr0.40Ni0.60 1648 – 1948 8111.0 0.608 1648
Cr0.0Ni1.0 1728 – 2028 7820.0 0.856 1728

Cu-Au Cu1.0Au0.0 1357 – 1673 7900.0 0.77 1357
Cu0.75Au0.25 1243 – 1673 11390.0 1.95 1243
Cu0.50Au0.50 1193 – 1673 13500.0 1.26 1193
Cu0.25Au0.75 1215 – 1673 15670.0 1.76 1215
Cu0.0Au1.0 1337 – 1673 17390.0 1.1 1337

Cu-Fe Cu0.0Fe1.0 1811 – 2111 7040.0 1.08 1811
Cu0.70Fe0.30 1693 – 1993 7370.0 0.79 1693
Cu0.80Fe0.20 1673 – 1973 7480.0 0.813 1673
Cu0.90Fe0.10 1578 – 1878 7670.0 0.857 1578
Cu1.0Fe0.0 1357 – 1657 7900.0 0.765 1357

Cu-Ni Cu1.0Ni0.0 1357 – 1657 7900.0 0.765 1357
Cu0.90Ni0.10 1409 – 1709 7970.0 0.795 1409
Cu0.80Ni0.20 1473 – 1773 8090.0 0.957 1473
Cu0.60Ni0.40 1553 – 1853 8130.0 1.03 1553
Cu0.50Ni0.50 1593 – 1893 8100.0 0.772 1593
Cu0.30Ni0.70 1653 – 1953 8060.0 0.911 1653
Cu0.10Ni0.90 1706 – 2006 7960.0 0.926 1706
Cu0.0Ni1.0 1727 – 2027 7920.0 1.01 1727

Cu-Si Cu0.95Si0.05 1311 – 1611 7790.0 0.701 1311
Cu0.90Si0.10 1246 – 1546 7590.0 0.631 1246
Cu0.851Si0.149 1159 – 1459 7470.0 0.673 1159
Cu0.84Si0.16 1125 – 1425 7380.0 0.673 1125
Cu0.854Si0.166 1118 – 1418 7400.0 0.704 1118
Cu0.80Si0.20 1094 – 1394 7210.0 0.695 1094
Cu0.775Si0.225 1131 – 1431 7090.0 0.681 1131
Cu0.76Si0.24 1132 – 1432 6800.0 0.573 1132
Cu0.75Si0.25 1131 – 1431 6830.0 0.627 1131
Cu0.725Si0.275 1114 – 1414 6700.0 0.514 1114
Cu0.70Si0.30 1075 – 1375 6510.0 0.592 1075
Cu0.65Si0.35 1164 – 1464 6070.0 0.55 1164
Cu0.60Si0.40 1235 – 1535 5740.0 0.567 1235
Cu0.50Si0.50 1363 – 1663 5260.0 0.54 1363

Cu-Ti Cu1.0Ti0.0 1358 – 1758 7900.0 0.76 1358
Cu0.9Ti0.1 1380 – 1850 7300.0 0.32 1293
Cu0.8Ti0.2 1320 – 1850 6900.0 0.87 1204
Cu0.7Ti0.3 1260 – 1633 6300.0 0.58 1190
Cu0.6Ti0.4 1360 – 1576 6100.0 1.23 1238
Cu0.5Ti0.5 1260 – 1510 5300.0 0.55 1254
Cu0.4Ti0.6 1327 – 1516 5000.0 0.62 1253
Cu0.3Ti0.7 1326 – 1492 4600.0 0.13 1415
Cu0.2Ti0.8 1545 – 1766 4600.0 0.1 1641
Cu0.1Ti0.9 1659 – 1805 4300.0 0.46 1807
Cu0.0Ti1.0 1858 – 1982 4100.0 0.33 1941

Fe-Cr Fe1.0Cr0.0 1808 – 2108 6990.0 0.555 1808
Fe0.90Cr0.10 1748 – 2048 7090.0 0.604 1748
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Table 10.2 continued from previous page

System Composition Temp. Range (K) ρL (kg/m3) ρT (kg/m3· K) Tliquidus (K)

Fe0.80Cr0.20 1710 – 2010 6890.0 0.939 1710
Fe0.70Cr0.30 1723 – 2023 7882.0 0.627 1723
Fe0.60Cr0.40 1635 – 1935 8064.0 0.747 1635
Fe0.50Cr0.50 1640 – 1940 8011.0 0.634 1640

Fe-Ni Fe1.0Ni0.0 1811 – 2111 7040.0 1.08 1811
Fe0.80Ni0.20 1753 – 2053 7320.0 1.0 1753
Fe0.60Ni0.40 1725 – 2025 7430.0 1.15 1725
Fe0.50Ni0.50 1716 – 2016 7500.0 1.02 1716
Fe0.40Ni0.60 1713 – 2013 7510.0 1.06 1713
Fe0.20Ni0.80 1713 – 2013 7870.0 1.23 1713
Fe0.0Ni1.0 1727 – 2027 7930.0 1.01 1727

Pb-Bi Pb0.4375Bi0.5625 400 – 1200 10484.0 1.1 400

Pb-Sn Pb0.261Sn0.739 400 – 1000 8148.0 0.81 400

Multi-Component Systems

The density of multi-component (specifically ternary) liquid alloys is estimated using the
same linear temperature-dependent equation, Equation (10.7), as for unary and binary
systems. The supported systems are listed in Table 10.3.

For compositions not explicitly listed, the required parameters (ρL, ρT , and TL) are esti-
mated via barycentric interpolation from known compositions within the ternary system.
Barycentric interpolation is a method of estimating values between known data points
by weighting the contributions of each point based on its distance to the target point.
These parameters are then used in Equation (10.7) to calculate the density at a given
temperature. To ensure accuracy, and prevent extrapolation errors, calculations must
be performed within the composition and temperature ranges for which the parameters
have been experimentally determined.

Table 10.3: Supported systems, compositions, and parameters for the multi-component
density model.

System Composition Temp. Range (K) ρL (kg/m3) ρT (kg/m3· K) Tliquidus (K)

Ag-Al-Cu Ag0.10Al0.90Cu0.0 920 – 1220 2820.0 0.21 920
Ag0.10Al0.80Cu0.10 890 – 1190 3480.0 0.54 890
Ag0.10Al0.60Cu0.30 810 – 1110 4490.0 0.64 810
Ag0.10Al0.50Cu0.40 840 – 1140 5480.0 0.98 840
Ag0.10Al0.40Cu0.50 880 – 1180 6030.0 1.01 880
Ag0.10Al0.20Cu0.70 1190 – 1490 6900.0 0.646 1190
Ag0.10Al0.0Cu0.90 1310 – 1610 8120.0 1.05 1310

Al-Cu-Si Al1.0Cu0.00Si0.00 933 – 1233 2420.0 0.3 933
Al0.90Cu0.05Si0.05 870 – 1170 2690.0 0.48 870
Al0.80Cu0.10Si0.10 837 – 1137 3070.0 0.55 837
Al0.60Cu0.20Si0.20 1035 – 1335 3230.0 0.24 1035
Al0.33Cu0.33Si0.33 1270 – 1570 3890.0 0.26 1270
Al0.0Cu0.50Si0.50 1363 – 1663 5260.0 0.54 1363
Al0.30Cu0.40Si0.30 1245 – 1545 4360.0 0.37 1245
Al0.40Cu0.20Si0.40 1302 – 1602 3330.0 0.25 1302

Co-Cu-Fe Co0.50Cu0.0Fe0.50 1752 – 2052 7430.0 0.748 1752
Co0.40Cu0.20Fe0.40 1696 – 1996 7470.0 1.37 1696
Co0.30Cu0.40Fe0.30 1675 – 1975 7480.0 1.03 1675
Co0.20Cu0.60Fe0.20 1662 – 1962 7530.0 1.17 1662
Co0.15Cu0.70Fe0.15 1656 – 1956 7570.0 1.15 1656
Co0.10Cu0.80Fe0.10 1639 – 1939 7630.0 0.779 1639
Co0.05Cu0.90Fe0.05 1558 – 1858 7710.0 0.499 1558
Co0.0Cu1.0Fe0.0 1357 – 1657 7900.0 0.765 1357
Co0.20Cu0.20Fe0.60 1711 – 2011 7260.0 0.839 1711
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Table 10.3 continued from previous page

System Composition Temp. Range (K) ρL (kg/m3) ρT (kg/m3· K) Tliquidus (K)

Co0.20Cu0.40Fe0.40 1696 – 1996 7470.0 1.37 1696
Co0.20Cu0.60Fe0.20 1693 – 1993 7610.0 1.05 1693

Co-Cu-Ni Co0.80Cu0.0Ni0.20 1758 – 2058 8100.0 0.76 1758
Co0.70Cu0.10Ni0.20 1721 – 2021 8250.0 1.17 1721
Co0.50Cu0.30Ni0.20 1654 – 1954 8170.0 1.26 1654
Co0.40Cu0.40Ni0.20 1621 – 1921 8220.0 0.81 1621
Co0.30Cu0.50Ni0.20 1590 – 1890 8190.0 1.09 1590
Co0.10Cu0.70Ni0.20 1508 – 1808 8210.0 0.8 1508
Co0.0Cu0.80Ni0.20 1473 – 1773 8130.0 0.96 1473
Co0.50Cu0.50Ni0.0 1650 – 1950 7660.0 0.72 1650
Co0.35Cu0.35Ni0.30 1641 – 1941 8400.0 0.91 1641
Co0.30Cu0.30Ni0.40 1642 – 1942 8220.0 1.67 1642
Co0.20Cu0.20Ni0.60 1643 – 1943 8240.0 1.46 1643
Co0.15Cu0.15Ni0.70 1685 – 1985 8130.0 0.87 1685
Co0.10Cu0.10Ni0.80 1685 – 1985 8250.0 1.21 1685
Co0.0Cu0.0Ni1.0 1728 – 2028 7930.0 1.01 1728

Cr-Fe-Ni Cr0.10Fe0.18Ni0.72 1724 – 2024 7500.0 0.376 1724
Cr0.10Fe0.36Ni0.54 1724 – 2024 7330.0 0.41 1724
Cr0.10Fe0.54Ni0.36 1722 – 2022 7180.0 0.572 1722
Cr0.10Fe0.63Ni0.27 1734 – 2034 7100.0 0.613 1734
Cr0.10Fe0.72Ni0.18 1748 – 2048 7090.0 0.604 1748
Cr0.20Fe0.16Ni0.64 1690 – 1990 7160.0 0.687 1690
Cr0.20Fe0.32Ni0.48 1690 – 1990 7050.0 0.558 1690
Cr0.20Fe0.48Ni0.32 1698 – 1998 6950.0 0.636 1698
Cr0.20Fe0.56Ni0.24 1710 – 2010 6930.0 0.703 1710
Cr0.20Fe0.64Ni0.16 1710 – 2010 6890.0 0.939 1710
Cr0.40Fe0.12Ni0.48 1640 – 1940 8011.0 0.634 1640

Cu-Fe-Ni Cu0.13Fe0.54Ni0.33 1692 – 1992 7110.0 0.28 1692
Cu0.40Fe0.35Ni0.25 1610 – 1910 7140.0 0.79 1610
Cu0.50Fe0.30Ni0.20 1591 – 1891 7200.0 0.36 1591
Cu0.60Fe0.24Ni0.16 1580 – 1880 7530.0 1.96 1580
Cu0.70Fe0.13Ni0.17 1546 – 1846 7760.0 1.16 1546
Cu0.20Fe0.65Ni0.15 1701 – 2001 7160.0 1.43 1701
Cu0.20Fe0.48Ni0.32 1669 – 1969 7400.0 1.7 1669
Cu0.20Fe0.35Ni0.45 1663 – 1963 7420.0 1.04 1663
Cu0.20Fe0.20Ni0.60 1668 – 1968 7560.0 0.83 1668
Cu0.20Fe0.10Ni0.70 1673 – 1973 7790.0 0.86 1673

10.1.4 Model Validation

Due to time constraints and the extensive amount of data available for unary, binary, and
multi-component liquid alloy systems, only a selection of the validation plots are pre-
sented. Additional validation plots will be made available in future releases of the man-
ual as more systems with their respective parameters are validated against experimental
data. Therefore, users are cautioned that not all themodel estimatesmaybeaccurate,
especially those not explicitly validated here.

Unary Systems

For the unary systems shown Figure 10.1, density estimates from auxi-mpp’s EmpiricalU-
nary model are validated against recommended referenced data (Assael et al. 2006; As-
sael et al. 2010; Assael et al. 2012a; Assael et al. 2012b; Ntonti et al. 2024). Model esti-
mates for each supported element show good agreement with the reference data over
the recommended temperature ranges.
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Figure 10.1: EmpiricalUnary model estimates versus recommended values for all sup-
ported liquid metals.

Binary Systems

For the binary systems, only the Fe–Ni system has been validated against experimental
data, as shown in Figure 10.2. The model estimates from auxi-mpp’s EmpiricalBinary
model are plotted over the recommended temperature range where the alloy is fully
liquid and show good agreement with the experimental data (Brillo and Egry 2004). It is
evident in Figure 10.2 that some of themodel estimate lines do not extend over the entire
range of available experimental data. This is because some of these experimental data
points are below the liquidus temperature and, therefore, fall outside the model’s valid
temperature range, making them invalid for comparison.
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Figure 10.2: EmpiricalBinary model estimates for Fe–Ni at various compositions com-
pared to experimental data (Brillo and Egry 2004).

Multi-Component Systems

Lastly, for themulti-component systems, only the Cu–Fe–Ni system has been validated
against experimental data, as shown in Figure 10.3. Again, the model estimates from
auxi-mpp’s EmpiricalMultitiComponent model are plotted only over the recommended
temperature range where the alloy is fully liquid and shows good agreement with the
experimental data (Brillo et al. 2006).
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Figure 10.3: EmpiricalMulti model estimates for the Cu–Fe–Ni system at various com-
positions compared to experimental data (Brillo et al. 2006).

10.1.5 Issues

There are no known issues.

10.2 Binary Metallic Alloys with Non-Metallics

Simple empirical models have been implemented in auxi-mpp to help estimate the den-
sity of binary alloys containing non-metallic elements such as C and S.

10.2.1 Introduction

Empirical models for estimating the density for system of Fe–C, Fe–S, Cu–S and Ni –S
have been found in literature (Tesfaye and Taskinen 2010). These models serve as a first
approximation for estimating the density of binary alloys containing non-metallic ele-
ments.

10.2.2 Formulation

Fe-S System (Nagamori, 1968)

The density of a liquid Fe-S alloy system is estimated using an empirical model devel-
oped by Nagamori, which is based on experimental data at high temperatures. This
model describes the properties as a function of sulfur content (Tesfaye and Taskinen
2010).
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The density, ρ, of Fe-S melts at 1200◦C is given by a quadratic function of the weight
percent of sulfur (CS) as shown in Equation (10.8):

ρ(CS) = 6.957− 7.523× 10−2CS − 2.997× 10−4C2
S (10.8)

The density composition range for which the model is valid is: 28-37 wt% S.

Ni-S System (Nagamori, 1969)

The density of Ni-S melts is calculated based on the density at a reference temperature
of 1200 ◦C and a linear temperature correction as shown in Equation (10.9) (Tesfaye and
Taskinen 2010).

ρ(T,CS) = ρ1200 +
dρ

dT
(TC − 1200) (10.9)

Here, ρ1200 is the density at 1200 ◦C and dρ
dT

is the temperature coefficient. As shown in
Equations (10.10) and (10.11), both are dependent on theweight percent of sulfur,CS .

ρ1200 = c0 − c1CS − c2C
2
S (10.10)

dρ

dT
= d0 + d1CS (10.11)

The resulting density is in g/cm3 and is converted to kg/m3 bymultiplying by 1000.

Table 10.4: Parameters for the Ni-S Density Model

Parameter Value Unit

c0 7.24 g/cm3

c1 2.254e-2 g/(cm3 ·wt%)
c2 1.795e-3 g/(cm3 ·wt%2)
d0 -2.4e-3 g/(cm3·◦C)
d1 8.0e-5 g/(cm3·◦C · wt%)

The model is valid within the following ranges temperature range of 1000-1200 ◦C and
a composition of 18-30 wt% S.

Cu-S System (Nagamori, 1969)

The density of molten Cu-S at a fixed temperature of 1200 ◦C (1473.15 K) is estimated
using Equation (10.12). The model describes density as a linear function of the sulfur
weight percent, CS (Tesfaye and Taskinen 2010).

ρ(CS) = c0 − c1CS (10.12)

The resulting density is in g/cm3 and is converted to kg/m3 bymultiplying by 1000.

The model is valid only within the composition range of 19.6-20.6 wt% S.
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Table 10.5: Parameters for the Cu-S Density Model

Parameter Value Unit

c0 7.9 g/cm3

c1 1.348e-1 g/(cm3 ·wt%)

Fe-C System (Jimbo and Cramb, 1993)

The density of liquid Fe-C alloys is modelled as a function of temperature and the weight
percent of carbon, as shown in Equation (10.13), where TK is the temperature in Kelvin and
CC is the weight percent of carbon (Jimbo and Cramb 1993).

ρ(T,CC) = (a0 − a1CC)− (b0 − b1CC)× 10−4(TK − 1823) (10.13)

The resulting density is in g/cm3 and is converted to kg/m3 bymultiplying by 1000.

Table 10.6: Parameters for the Fe-C Density Model

Parameter Value Unit

a0 7.10 g/cm3

a1 0.0732 g/(cm3 ·wt%)
b0 8.28 g·K/(cm3)
b1 0.874 g·K/(cm3 ·wt%)

Themodel is validwithin the temperature range of 1250-1550◦C and a composition range
of 0-4 wt% C.

10.2.3 Model Validation

Due to time constraints, model validation for binary alloys with non-metallics was lim-
ited to the Fe-S and Fe-C systems. Estimates from the EmpiricalBinaryWithNonMetallics
model in auxi-mpp, which incorporates the Fe-S and Fe-C submodels, showgood agree-
ment with experimental data (Tesfaye and Taskinen 2010; Jimbo and Cramb 1993). Vali-
dation for the Cu-S and Ni-S systems is planned for a future release.
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(a) Binary Fe–S system (Tesfaye and Taskinen 2010).

(b) Binary Fe–C system (Jimbo and Cramb 1993).

Figure 10.4: EmpiricalBinaryWithNonMetallics model estimates for binary alloys with
non-metallic elements versus experimental data.

10.2.4 Issues

There are no known issues.

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

100



10.3 Density for Multi-Component Commercial Alloys

Liquid alloy density models for estimating the density of various commercial liquid alloys
have been implemented in auxi-mpp.

10.3.1 Introduction

The work of Mills (2002) contains various commercial alloys of Al, Co, Cu, Fe,Mg,Ni, Si, Ti,
and Zn with associated material property data and estimates. These alloys consist of
unique multi-component compositions that include both metallic and non-metallic ele-
ments. As first an implementation into auxi-mpp, the liquid alloy density models for Fe
based commercial alloys have been implemented.

10.3.2 Formulation

The density, ρ, of a commercial alloy is calculated as a function of temperature in Celsius
(TC ). For some alloys, the density is also dependent on the weight percent of silicon
(wt% Si). The general form of the equation is given by Equation (10.14).

ρ(T ) = A−B(TC − Tref,C)− CSi(wt% Si) (10.14)

where:

1. ρ(T ) is the density of the alloy in kg/m3.

2. TC is the temperature in degrees Celsius (◦C).

3. A is an empirical density parameter in kg/m3.

4. B is the empirical temperature coefficient of density in kg/m3 ·◦ C.

5. Tref,C is a reference temperature in degrees Celsius (◦C).

6. CSi is the coefficient for the silicon content adjustment, in kg/m3 ·wt%. This term is
only applicable for certain alloys, such as cast irons.

7. wt% Si is the weight percent of silicon in the alloy.

The model calculates the density for a specific set of supported commercial alloys
based on fixed compositions and parameters. Table 10.7 details the supported alloys,
their compositions, valid temperature ranges, and the specific parameters used in Equa-
tion (10.14).

Table 10.7: Supported Commercial Alloys and Model Parameters

Alloy Name Parameter Value Unit

Grey Cast Iron Temp. Range 1463 – 1773 K
Composition C: 3.72, Fe: 91.9, Si: 1.89, Cr:

0.95, Mn: 0.66, Mg: 0.002, Mo:
0.59, Ni: 0.19, P: 0.09, S: 0.03

wt%

A 6829.0 kg/m3

B 0.50 kg/(m3·◦C)
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Table 10.7 continued from previous page

Alloy Name Parameter Value Unit

Tref,C 1550.0 ◦C
CSi 130.0 kg/(m3· wt%)

Ductile Iron Temp. Range 1451 – 1773 K
Composition C: 3.61, Fe: 92.4, Si: 2.91, Mn:

0.65, Mg: 0.002, Ni: 0.13, P:
0.12, Cr: 0.08, S: 0.076

wt%

A 6836.0 kg/m3

B 0.513 kg/(m3·◦C)
Tref,C 1550.0 ◦C
CSi 130.0 kg/(m3· wt%)

304 Stainless Steel Temp. Range 1727 – 1873 K
Composition C: 0.08, Cr: 19.0, Fe: 69, Ni: 9.5,

Mn: 2.0, Cu: 0.3
wt%

A 6900.0 kg/m3

B 0.80 kg/(m3·◦C)
Tref,C 1454.0 ◦C

316 Stainless Steel Temp. Range 1723 – 1873 K
Composition C: 0.08, Cr: 17.0, Fe: 65, Ni: 12.0,

Mn: 2.0, Mo: 2.5, Si: 1.0, Cu: 0.3
wt%

A 6881.0 kg/m3

B 0.77 kg/(m3·◦C)
Tref,C 1450.0 ◦C

10.3.3 Model Validation

Due to time constraints, this initial validation is limited to the liquid density of stainless
steel 304. The model estimates from MillsCommericalhows good agreement with the
experimental data, as shown in Figure 10.5 (Mills 2002). The other commercial alloys
listed in Table 10.7 will be validated in future releases of the manual.
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Figure 10.5: MillsCommerical model estimates over recommended temperature range
for stainless steel 304 compared to experimental data points (Mills 2002).

10.3.4 Issues

There are no known issues.

10.3.5 Molar Volume

Once the density is known, the molar volume can be calculated. The molar volume can
be calculated from density with Equation (10.15).

V̄alloy =

∑
i m̄ixi

ρalloy
(10.15)

If the density model proofs to be accurate, accurate molar volume values can be calcu-
lated from it.
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Chapter 11

Electrical Conductivity

Charge in liquids is transported in twoways – themovement of electrons and that of ions.
The dominant mechanism for electrical conductivity in liquid alloys is the movement of
electrons. While the ions in liquid metals are mobile and do diffuse, their contribution to
electrical current is completely overshadowed by the flow of electrons.

The reason for this is the staggering difference in mass. An ion consists of a nucleus (pro-
tons and neutrons) and core electrons, making it thousands of times more massive than
a single free electron. Under the influence of an electric field, electrons will accelerate
orders of magnitudes faster than ions, establishing a current long before the ions have
had a chance to diffuse in any meaningful way. Any model, attempting to estimate the
electrical conductivity of liquid alloys from fundamental principles, will therefore have to
describe the movement of electrons.

The Kubo-Greenwood formalism stands out as the most successful at this, deriving con-
ductivity from fundamental quantum mechanics without empirical inputs. However, its
reliance on computationally intensive ab initio molecular dynamics (MD) and density
functional theory (DFT) calculations makes it prohibitively expensive for routine use. It
is best employed as a computational experiment to generate high-fidelity benchmark
data for validating more practical models.

As the more popular alternative, Ziman theory is a semi-empirical model that still offers
valuable physical insights by linking resistivity to atomic structure and electron scattering.
While effective for simple metals, it critically fails for alloys containing transition metals
like iron, whose strong electron scattering violates the theory’s core assumptions, leading
to significant errors. Proposed enhancements involve using structural data from large-
scale MD simulations and employing advanced scattering potentials (t-matrix formalism)
for such elements. Finally, it should also be noted that Ziman theory is formally docu-
mented only up to binary alloys.

Besides these two techniques of estimating electrical conductivity, there are no physi-
cally rigorous ones available in literature.

11.1 Electrical Conductivity Polynomial Fit

Polynomial fits to measured liquid alloy electrical resistivity data.
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11.1.1 Introduction

Due to the lack of readily available models to estimate electrical conductivity for liquid
metals, polynomials were fitted to experimental measurements instead. The technicali-
ties of the polynomials available in auxi-mpp are documented here.

11.1.2 Overview

Polynomials have been fitted to electrical resistivity measurements of liquid Fe, Fe–C,
Fe–Si, Fe–Mn, Fe–Ni and Fe–C–Si. Electrical resistivity data was used instead of con-
ductivity data for two reasons. Firstly, in literature almost exclusively resistivity measure-
ment data are found and therefore there are no actual conductivity data available. This is
likely because of the conductivity being very high for liquid alloys, and therefore difficult
tomeasure accurately. Secondly, the fits have a slightly betterR2 value for resistivity data
as these tend to scale linearly with temperature.

Before using these polynomial fits, the user is encouraged to first evaluate the range of
data used to fit them before using. For this, see Section 11.1.4. This is because these are
polynomial fits and are therefore not based on any physical principle. Their extrapolation
accuracy should thus be assumed to be low, and it is recommended to use them within
the range of the experimental measurements.

The alloy systems chosen are aimed at representing pig iron which roughly has a com-
position of 92% Fe, 4% C, 2% Si, 1%Mn, 0.3% P and 0.1% S. Unfortunately, nomeasurement
data could be obtained for Fe–S and Fe–P liquid alloys.

The reason Fe–Ni was included, is that it is the only binary system for which thermal
conductivity data was also found. We could therefore use this system to test first-hand
how well the Wiedemann-Franz law can estimate the thermal conductivity from electri-
cal conductivity values. See Chapter 13 for the comparison.

Finally, it should be noted that occasionally, conductivity and resistivity is used inter-
changably. If the performance of auxi-mpp is shown as resistivity, it simply means that
the reciprocal of the output from auxi-mpp was taken.

11.1.3 Formulation

For pure Fe, a first and second degree polynomial was fitted, for the binaries a first, sec-
ond and third degree and for Fe–C–Si a second, third and fourth degree polynomial
was fitted. The polynomials were set up to take temperature and composition as inputs,
assuming Fe will always be present in the binary and ternary systems. Below, the fitted
polynomials are presented for each system. To see theR2 values, see Section 11.1.4.

Unary Fe System

Equations (11.1) and (11.2) presents the first and second degree polynomial fitted to pure
Fe resistivity measurements.

ρfirst = 93.6919 + 0.0240T (11.1)

ρsecond = 72.2778 + 0.0410T − 3.1276× 10−6T 2 (11.2)
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Unary Ni System

Equations (11.3) and (11.4) presents the first and second degree polynomial fitted to pure
Ni resistivity measurements.

ρfirst = 59.36181 + 0.01575T (11.3)

ρsecond = 63.73571 + 0.01203T + 7.3751× 10−7T 2 (11.4)

Unary Si System

Equations (11.5) and (11.6) presents the first and second degree polynomial fitted to pure
Si resistivity measurements.

ρfirst = 72.92953− 0.00069T (11.5)

ρsecond = 146.44446− 0.08317T + 2.3098× 10−5T 2 (11.6)

Binary Fe–C System

Equations (11.7) to (11.9) presents the first, second and third degree polynomial fitted to the
Fe–C resistivity measurements. Assuming that Fe makes up the rest of the composition,
only the mole fraction of the second component should be provided.

ρfirst = 92.9871 + 0.0243T + 112.5398xC (11.7)

ρsecond = 75.3933 + 0.0387T + 8.2111xC − 2.7378× 10−6T 2 + 0.0435TxC + 264.2014x2
C (11.8)

ρthird = 133.9585− 0.0295T + 297.2871xC + 2.2889× 10−5T 2 − 0.3647TxC

+ 92.7134x2
C − 3.0932× 10−5T 3 + 0.0001T 2xC + 0.1280Tx2

C + 31.8100x3
C (11.9)

Binary Fe–Si System

Equations (11.10) to (11.12) presents the first, second and third degree polynomial fitted to
the Fe–Si resistivity measurements.

ρfirst = 145.16895 + 0.00355T − 52.44309xSi (11.10)

ρsecond = 1.07524 + 0.09575T + 419.23624xSi

− 1.2854× 10−5T 2 − 0.13748TxSi − 231.77971x2
Si (11.11)

ρthird = 201.38264− 0.10332T + 864.82400xSi

+ 4.8753× 10−5T 2 − 1.16402TxSi + 653.88877x2
Si

− 6.0184× 10−9T 3 + 0.00040T 2xSi − 0.28473Tx2
Si − 263.35838x3

Si (11.12)
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Binary Fe–Mn System

Equations (11.13) to (11.15) presents the first, second and third degree polynomial fitted to
the Fe–Mn resistivity measurements.

ρfirst = 94.4813 + 0.0238T + 227.6563xMn (11.13)

ρsecond = 74.6696+0.0393T+177.9867xMn−2.8329×10−6T 2+0.0667TxMn−660.5977x2
Mn (11.14)

ρthird = 133.3610− 0.0289T + 0.0002xMn + 2.2645× 10−5T 2 + 0.1703TxMn

− 0.0002x2
Mn − 3.0650× 10−9T 3 − 6.5907× 10−6T 2xMn − 0.3341Tx2

Mn − 3.3852× 10−5x3
Mn

(11.15)

Binary Fe–Ni System

Equations (11.16) to (11.18) presents the first, second and third degree polynomial fitted to
the Fe–Ni resistivity measurements.

ρfirst = 132.32556 + 0.00816T − 41.28897xNi (11.16)

ρsecond = 93.20065 + 0.02342T + 116.51028xNi

+ 2.3049× 10−7T 2 − 0.01233TxNi − 138.91424x2
Ni

(11.17)

ρthird = 142.95516− 0.03978T − 189.69026xNi

+ 2.6654× 10−5T 2 + 0.05863TxNi + 421.13095x2
Ni

− 3.5400× 10−9T 3 + 4.6242× 10−6T 2xNi − 0.09280Tx2
Ni − 231.85544x3

Ni (11.18)

Ternary Fe–C–Si System

Equations (11.19) and (11.20) presents the second and third degree polynomial fitted to the
Fe–C–Si resistivity measurements. For this ternary system, a fourth degree polynomial
have also been fitted, however due to its complexity, it is not shown here. The coefficients
for its terms can be found in the source code of auxi-mpp, however.

ρsecond = 13.12644 + 0.08669T + 315.76813xC + 408.54928xSi

− 1.1268× 10−5T 2 − 0.08207TxC − 0.13297TxSi − 158.67827x2
C

− 745.16858xCxSi − 230.08561x2
Si (11.19)
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ρthird = 251.74375− 0.15978T − 3.09670xC + 779.52392xSi

+ 6.9083× 10−5T 2 − 0.18232TxC − 1.08060TxSi + 5.30280x2
C

− 7.68851xCxSi + 660.19505x2
Si − 8.3788× 10−9T 3 + 0.00011T 2xC

+ 0.00038T 2xSi + 0.25701Tx2
C + 0.36579TxCxSi − 0.29099Tx2

Si

+ 0.25065x3
C + 1.70881x2

CxSi − 5.66292xCx
2
Si − 258.92131x3

Si (11.20)

11.1.4 Model Validation

Table 11.1 summarises the temperature and composition ranges for which liquid alloy
electrical resistivity data could be collected. These data points was used to fit the poly-
nomials to. Note that when fitting a polynomial to the binary system data, the unary Fe
datawas included. Similarly, fitting a polynomial to the Fe–C–Si data, the relevant binary
and unary data were also included to make the fit.

Table 11.1: Temperature and composition ranges for which liquidmetal or alloy electrical
resistivity data was captured.

System
(c1-c2-c3) T (K) xc1 (molmol−1) xc2 (molmol−1) xc3 (molmol−1) # of data points
Fe 1824− 3950 1.0 - - 96
Ni 1722− 3704 1.0 - - 91
Si 1685− 1899 1.0 - - 31
Fe–C 1448− 1873 0.830− 0.999 0.001− 0.170 - 53
Fe–Si 1473− 1849 0.197− 0.911 0.089− 0.803 - 67
Fe–Mn 1753− 2053 0.867− 0.961 0.039− 0.133 - 50
Fe–Ni 1714− 1908 0.000− 0.988 0.012− 1.000 - 163
Fe–C–Si 1497− 1846 0.784− 0.918 0.041− 0.124 0.035− 0.175 41

Below the polynomials are validated by plotting them against the experimental
data.

Unary Model Validation

In Figure 11.1, the performance of auxi-mpp is compared to measured data for pure iron.
The data points were obtained from Ono et al. (1976), Zytveld (1980), and Hixson et al.
(1990).
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Figure 11.1: Validating auxi-mpp PolynomialUnary for pure Fe. Degree = 1 R2 : 0.957.
Degree = 2 R2 : 0.960.

In Figure 11.2, the performance of auxi-mpp is compared tomeasureddata for pure nickel.
The data points were obtained from Kita et al. (1978), Seydel and Fucke (1977), Hixson et
al. (1990), and Cagran et al. (2007). Surprisingly, the second degree fit has an R2 of only
0.0005

Figure 11.2: Validating auxi-mpp PolynomialUnary for pure Ni. Degree = 1 R2 : 0.846.
Degree = 2 R2 : 0.846.

In Figure 11.3, the performance of auxi-mpp is compared to measured data for pure sili-
con. The data points were obtained from Sasaki et al. (1995).
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Figure 11.3: Validating auxi-mpp PolynomialUnary for pure Si. Degree = 1 R2 : 0.117.
Degree = 2 R2 : 0.530.

For these we regard the second degree fit to be the best.

Binary Model Validation

In Figures 11.4, 11.5, 11.7 and 11.8, the performance of the first, second and third degree
polynomials are presented with experimental data of the Fe–C, Fe–Si, Fe–Mn and
Fe–Ni systems, respectively. In all cases, we regard the second degree fit to be the
best, despite higher R2 values for third degree fits. The apparent better fits to the data by
third degree polynomials, brings about unnecessary complexities and extremities (see
Figures 11.5c and 11.8c), rendering them not suitable for reliable interpolations. The first
degree fits are also not suitable as the linear dependence of resistivity on temperature
changes with composition.

The data points were obtained from Baum et al. (1971), Ono and Yagi (1972), Ono et
al. (1976), Zytveld (1980), Kita and Morita (1984), Hixson et al. (1990), and Chikova et al.
(2021).
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(a) Degree = 1. R2 = 0.950

(b) Degree = 2. R2 = 0.959

(c) Degree = 3. R2 = 0.961

Figure 11.4: Polynomial fits to Fe–C electrical resistivity measurement data.
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(a) Degree = 1. R2 = 0.474

(b) Degree = 2. R2 = 0.935

(c) Degree = 3. R2 = 0.964

Figure 11.5: Polynomial fits to Fe–Si electrical resistivity measurement data.
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To have a better view of the data in Figure 11.5, the second and third degree plots were
plotted in 2D in Figure 11.6.

(a) Degree = 2. R2 = 0.935

(b) Degree = 3. R2 = 0.964

Figure 11.6: A 2D view of the second and third order polynomial fits to Fe–Si electrical
resistivity measurement data.
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(a) Degree = 1. R2 = 0.957

(b) Degree = 2. R2 = 0.966

(c) Degree = 3. R2 = 0.967

Figure 11.7: Polynomial fits to Fe–Mn electrical resistivity measurement data.
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(a) Degree = 1. R2 = 0.634

(b) Degree = 2. R2 = 0.943

(c) Degree = 3. R2 = 0.963

Figure 11.8: Polynomial fits to Fe–Ni electrical resistivity measurement data.
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Multi-Component Model Validation

Currently, Fe–C–Si is the only multi-component system available for liquid alloys in
auxi-mpp. To the available experimental data, a second, third and fourth degree poly-
nomial have been fitted. The data used is the combination of pure Fe, Fe–C, Fe–Si and
Fe–C–Si data. The performance of these polynomials can be analysed in Table 11.2 and
Figure 11.9.

Table 11.2: Comparing the electrical conductivity calculated from second, third, and
fourth-degree polynomial fits, with the measured values (Ono et al. 1976).
T (K) xFe xC xSi σmeasured (Sm−1) ∆σsecond ∆σthird ∆σfourth
1473 0.78 0.04 0.18 660455 -10969 -10585 -6686
1497 0.78 0.04 0.18 660290 -8288 -11136 -7751
1522 0.78 0.04 0.18 655547 -10140 -15725 -12919
1548 0.78 0.04 0.18 651666 -11020 -18812 -16652
1573 0.84 0.12 0.04 725003 38954 40502 40884
1574 0.79 0.12 0.09 684150 15368 21154 21529
1574 0.78 0.04 0.18 649225 -10696 -19901 -18355
1598 0.78 0.04 0.18 644122 -13221 -23165 -22190
1598 0.84 0.12 0.04 717683 35855 36220 36420
1599 0.79 0.12 0.09 677723 12238 18165 18143
1623 0.79 0.12 0.09 670854 8444 14936 14585
1623 0.78 0.04 0.18 641651 -13171 -23260 -22818
1623 0.84 0.12 0.04 710613 32850 32446 32500
1646 0.87 0.04 0.09 670124 -18297 -21213 -21821
1647 0.84 0.12 0.04 702655 28645 27869 27819
1647 0.79 0.12 0.09 666879 7486 14959 14333
1647 0.78 0.04 0.18 638014 -14438 -24106 -24124
1671 0.84 0.12 0.04 699716 29548 28741 28622
1671 0.87 0.04 0.09 667820 -16613 -20774 -21569
1671 0.78 0.04 0.18 635338 -14768 -23455 -23866
1671 0.79 0.12 0.09 661587 5159 14026 13189
1696 0.87 0.04 0.09 662969 -17699 -22604 -23525
1696 0.84 0.12 0.04 691602 25223 24745 24603
1696 0.79 0.12 0.09 655041 1556 12246 11271
1697 0.78 0.04 0.18 631608 -16106 -23178 -23901
1723 0.78 0.04 0.18 631293 -14115 -19004 -19918
1723 0.84 0.12 0.04 687283 24802 25052 24936
1723 0.79 0.12 0.09 652310 1849 14885 13856
1723 0.87 0.04 0.09 661078 -15519 -20734 -21717
1723 0.92 0.04 0.04 702816 -3350 1406 139
1748 0.92 0.04 0.04 702324 1057 3695 2643
1749 0.87 0.04 0.09 657667 -15198 -20224 -21183
1749 0.84 0.12 0.04 687400 28621 29940 29908
1749 0.78 0.04 0.18 624358 -18766 -20854 -21822
1773 0.92 0.04 0.04 699997 3401 4342 3534
1774 0.87 0.04 0.09 654469 -14880 -19293 -20145
1774 0.84 0.12 0.04 679760 24490 27174 27278
1774 0.78 0.04 0.18 625914 -15084 -13957 -14827
1797 0.92 0.04 0.04 700524 8278 7935 7394
1821 0.92 0.04 0.04 695689 7739 6420 6183
1846 0.92 0.04 0.04 695206 11600 9600 9721

Standard Deviation 17943 21232 21162

Considering only the Fe–C–Si data, the second degree polynomial results in a standard
deviation of about 2.5% of the average of the measured data.
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A correlation plot of the performance of auxi-mpp are presented in Figure 11.9.

Figure 11.9: Correlation plot for the Fe–C–Si data of auxi-mpp vs experimental data
measured by Ono et al. (1976). Degree = 2 R2 : 0.935. Degree = 3 R2 : 0.960.
Degree = 4 R2 : 0.959.

The reason for the larger standard deviation for the third and fourth degree polynomial,
compared to the second degree, is likely because the data shown in Table 11.2 is only the
Fe–C–Si data and thus not all data points used to fit the polynomials.

11.1.5 Issues

There are no known issues.
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Chapter 12

Viscosity

This chapter details the models implemented in auxi-mpp for estimating the viscosity of
different liquid alloy systems. This chapter details the models implemented in the auxi-
mpp for estimating the viscosity of different liquid alloy systems. Twoprimary approaches
are presented.

The first is a model for unary liquid alloys, which estimates viscosity as a function of tem-
perature using an Andrade-type equation. The second approach is an empirical, linear
model developed by (Deng et al. 2018) for calculating the viscosity of binary and multi-
component iron-based alloys.

12.1 Viscosity with Andrade Type Equation

A viscosity model to estimate the viscosity of unary liquid alloys is described in this sec-
tion.

12.1.1 Introduction

The viscosity of pure liquid metals is modelled as a function of temperature using an
Andrade-type equation, shown in Equation (12.1). The parameters of this equation were
fitted to reference experimental data for various elements (Assael et al. 2006; Assael et al.
2010; Assael et al. 2012a; Assael et al. 2012b). The resulting models for each element are
implemented in auxi-mpp to provide viscosity estimates for unary liquid systems.

log(µ(T )) = −a1 +
a2
T

(12.1)

12.1.2 Formulation

The viscosity of a unary liquid metal system, µ, is estimated as a function of the abso-
lute temperature, T , using the further developed Andrade-type equation shown in Equa-
tion (12.2).

µ(T ) =
10(−a1+a2/T )

1000
(12.2)

where:
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1. µ(T ) is the dynamic viscosity of the liquid metal in Pascal-seconds (Pa·s).

2. T is the absolute temperature of the system in Kelvin (K).

3. a1 is a dimensionless empirical parameter.

4. a2 is an empirical parameter related to the activation energy for viscous flow, in
Kelvin (K).

The parameters a1 and a2 are specific to each element. The equation is formulated to cal-
culate viscosity in millipascal-seconds (mPa·s), which is then divided by 1000 to convert
to the standard SI unit of Pa·s.

This model is applicable to a specific set of elements, each within a defined tempera-
ture range. Table 12.1 lists the supported elements, their valid temperature ranges, and
the corresponding model parameters derived from experimental data. Using the model
outside of the recommended temperature limits may result in inaccuracies.

Table 12.1: Supported Elements, Temperature Limits, and Parameters for the Unary Vis-
cosity Model

Element Name Symbol Temp. Range (K) a1 (dimensionless) a2 (K)

Aluminum Al 933 – 1270 0.7324 803.49
Antimony Sb 900 – 1300 0.637 712.5
Bismuth Bi 545 – 1000 0.345 321.4
Cadmium Cd 600 – 900 0.4239 513.89
Cobalt Co 1768 – 2100 0.9030 2808.7
Copper Cu 1356 – 1970 0.4220 1393.4
Gallium Ga 304 – 800 0.4465 204.03
Indium In 429 – 1000 0.3621 272.06
Iron Fe 1809 – 2480 0.7209 2694.95
Lead Pb 601 – 1400 0.295 427.1
Nickel Ni 1728 – 2100 0.505 2108.2
Silicon Si 1685 – 1900 1.0881 1478.7
Silver Ag 1235 – 1500 0.258 1081.8
Thallium Tl 577 – 800 0.3017 412.84
Tin Sn 506 – 1280 0.408 343.4
Zinc Zn 695 – 1100 0.3291 631.12

12.1.3 Model Validation

The unary viscosity model implemented in auxi-mpp is validated against recommended
reference viscosity data for various pure liquid metals (Assael et al. 2010; Assael et al.
2012a; Assael et al. 2012b). The MillsCommercial model implemented in auxi-mpp is
validated against recommended reference viscosity data for various pure liquid metals
(Assael et al. 2010; Assael et al. 2012a; Assael et al. 2012b).

All supported unary liquid metal systems show good agreement between the model
estimates and the reference data, as illustrated in Figure 12.1.
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Figure 12.1: MillsCommercial model estimates for unary liquid metals versus recom-
mended reference data (Assael et al. 2010; Assael et al. 2012a; Assael et
al. 2012b).

12.1.4 Issues

There are no known issues.

12.2 Deng Viscosity Model

A viscosity model based on the work by Deng et al. (2018) is implemented for binary and
multi-component liquid alloys of iron.

12.2.1 Introduction

Based on experimental data, Deng et al. (2018) developed a quantitative, linear model
for estimating the viscosity of multi-component liquid iron-based alloys. This empirical
equation calculates the alloy’s viscosity by considering its temperature and the weight
percentage of several alloying elements.

12.2.2 Formulation

Themodel calculates the viscosity of liquid ferrous alloys by starting with a temperature-
dependent base viscosity for pure iron and then adding the contributions from various
alloying elements. This approach is applicable to binary Fe–C and multi-component
Fe–C–X systems, where X can be Si, Mn, P, S, or Ti. The model is valid for a temperature
range of 1463 K to 1723 K and requires a carbon content between 3.0 and 4.5 wt%.
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Fe-C System

The viscosity of the Fe-C system, µ, is calculated based on the contributions of the base
element (Fe) and the alloying element (C) of the system, as shown in Equation (12.3). Ta-
ble 12.2 lists the parameters used in the model for the Fe-C system.

µ(T,wt%C) =
(AFe + kTT ) + (kC ·wt%C)

1000
(12.3)

where:

1. µ(T,wt%C) is the dynamic viscosity in Pascal-seconds (Pa·s).

2. T is the absolute temperature in Kelvin (K).

3. wt%C is the weight percent of carbon in the alloy.

4. AFe is the constant term for pure iron’s viscosity.

5. kT is the temperature coefficient for iron’s viscosity.

6. kC is the coefficient for the effect of carbon on viscosity.

The calculation is performed in millipascal-seconds (mPa·s) and then converted to
Pa·s.

Table 12.2: Parameters for the Fe-C Viscosity Model

Component Parameter Value Unit

Fe AFe 34.42973 mPa·s
kT -0.01514 mPa·s/K

C kC -0.00349 mPa·s / wt%

Multi-Component

For multi-component systems, the viscosity is calculated by summing the contributions
from all alloying elements present in the alloy, as shown in Equation (12.4).

µ(T,wt%i) =
(AFe + kTT ) +

∑
i(ki ·wt%i)

1000
(12.4)

where the additional terms are defined as:

1. ki is the coefficient for the effect of alloying element i on viscosity.

2. wt%i is the weight percent of the alloying element i.

The summation is performed over all alloying elements present in the system (excluding
Fe). The calculation gives a result in millipascal-seconds (mPa·s), which is then converted
to Pa·s.

The model is validated for several Fe-based ternary systems (Deng et al. 2018). Each
alloying element has a specific coefficient and a valid composition range.
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Table 12.3: Parameters for the Multi-Component Viscosity Model

Component Parameter Value Composition Range (wt%)

Fe AFe 34.42973 -
kT -0.01514 -

C kC -0.00349 3.0 – 4.5
Si kSi 0.76756 0.2 – 0.6
Mn kMn -2.35139 0.1 – 0.5
P kP -3.63856 0.1 – 0.3
S kS -6.91921 0.02 – 0.08
Ti kTi 5.91118 0.05 – 0.2

12.2.3 Model Validation

The DengBinary and DengMulti models, implemented in auxi-mpp, show good agree-
ment with experimental data for the Fe–C and multi-component liquid iron-based alloy
systems, as illustrated in Figures 12.2 to 12.7.

Fe-C System

Figure 12.2: DengBinarymodel estimates for the binary Fe–C systemversus experimen-
tal data (Deng et al. 2018).
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Multi-Component Systems

Figure 12.3: DengMulti model estimates for Fe–C–Mn system versus experimental data
(Deng et al. 2018).

Figure 12.4: DengMulti model estimates for Fe–C–Si system versus experimental data
(Deng et al. 2018).
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Figure 12.5: DengMulti model estimates for Fe–C–S system versus experimental data
(Deng et al. 2018).

Figure 12.6: DengMulti model estimates for Fe–C–P system versus experimental data
(Deng et al. 2018).
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Figure 12.7: DengMulti model estimates for Fe–C–Ti system versus experimental data
(Deng et al. 2018).

12.2.4 Issues

There are no known issues.
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Chapter 13

Thermal Conductivity

There are two mechanisms for transferring thermal energy in liquid alloys. These are
transfer by phonons, which are quantized lattice vibrations, and transfer by free elec-
tons. The dominant mechanism in liquid alloys is the transfer of thermal energy by the
movement of free electrons. In high temperature liquids, phonons are scattered signifi-
cantly more than in crystalline solids. Consequently, the phonon contribution to thermal
conductivity becomes minor – about 1 % of total heat transfer (Ziman 2001).

The state-of-the-art ab initio workflow for calculating the transport properties, includ-
ing thermal conductivity, of liquid metals involves a multi-step computational process
that combines quantummolecular dynamics with the Kubo-Greenwood linear response
theory. The major drawback for this method is its prohibitive computational cost.

The dominance of electrons in both thermal and electrical conduction in metals leads
to a powerful and elegant relationship between the two properties known as the
Wiedemann-Franz (W-F) Law. First proposed empirically by Gustav Wiedemann and
Rudolph Franz in 1853 and later given a theoretical basis by Ludvig Lorenz, the law states
that the ratio of the electronic thermal conductivity (κe) to the electrical conductivity (σ)
for a metal is directly proportional to the absolute temperature (T ). Note that theW-F law
only accounts for the electronic contribution to the thermal conductivity of themelt.

The W-F law effectively transforms the problem of estimating the thermal conductivity
of a liquid alloy – a property that is extremely difficult to measure directly – into themuch
more manageable problem of estimating its electrical conductivity. We can therefore
invest in a proper description of the electrical conductivity and simply derive the thermal
conductivity from that using the W-F law.

The scarcity of experimental data for the thermal conductivity of liquid metals and alloys
remains a critical challenge for validating the W-F law, however.

13.1 Thermal Conductivity byWiedemann-Franz

A thermal conductivity model by applying the Wiedemann-Franz law to electrical con-
ductivity estimations.
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13.1.1 Introduction

Due to the lack of readily available models to estimate thermal conductivity for liquid
metals, theW-F lawwere applied to the available electrical conductivity models instead.
Applying the W-F law is documented here.

13.1.2 Overview

To estimate thermal conductivity, the W-F law is applied to all models available to esti-
mate electrical conductivity. For an overview of the electrical conductivity polynomials,
see Section 11.1.2.

It should be noted that theW-F lawmakes assumptions that, strictly speaking, disqualify
using it on pig iron melts. The models available should therefore be used with caution,
and the user is encouraged to ponder the listed assumptions and the presented valida-
tion before using them.

The validation of theW-F lawwas performed on the Fe–Ni system, as this is the only one
for which data on both thermal and electrical conductivity could be obtained. To give the
user a general idea of the performance of the W-F law, we cite a few use cases found in
the literature.

Literature on Applying theW-F Law

Mills et al. (1996) and Giordanengo et al. (1999) reported that theW-F law is valid for most
pure metals at their melting points.

According to Zhao and Garay (2023), the Lorenz number varies with pressure, tempera-
ture andmetal composition. They state that the real L does not exactly equal L0 for liquid
metals, so theW-F law has to be applied with caution when measuring thermal conduc-
tivity directly from electrical conductivity measurements. Nevertheless, they do report
that the law provides a reasonable approximation of thermal conductivity from electron
transport.

Watanabe et al. (2019) reported a higher measured thermal conductivity than that esti-
matedby theW-F law for Fe andNi systems. From this, they deduced that atomic thermal
vibration (phonons) also contributes significantly to the thermal conductivity in Fe and Ni
and their alloys.

Secco (2017) have shown that the Lorenz number can vary between 1L0 and 3L0 for Fe–Si
alloys in the solid state. That leaves the question of whether this is also the case for liquid
Fe–Si melts.

Yamasue et al. (2003) have shown that around the melting point, the measured thermal
conductivity values for liquid Sn and Pb are in good agreement with the values obtained
using the W-F law. They put this forward as evidence that liquid metals indeed have a
free-electron structure.

Another study indicates that Sn-based alloys deviate from the W-F law (Mizuno et al.
2020) – one of the few studies not confirming the W-F law.

To conclude, the majority of the literature confirms the validity of the W-F law; however,
it should indeed be applied with caution.
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13.1.3 Formulation

Applying the Wiedemann-Franz law is straight forward and is captured in Equa-
tion (13.1).

κe = σL0T (13.1)

Here, L0 = 2.445× 10−8, and σ is the electrical conductivity of the system at the particular
temperature. Equation (13.1) was applied to all electrical conductivity estimations of the
unary, binary and multi-component polynomial fits described in Section 11.1.3.

13.1.4 Assumptions

To apply the universal Lorenz number (see Equation (13.1)), which gives the W-F law its
estimating power, the following assumptions are made.

1. Electron scattering is elastic scattering. Inelastic scattering events can transport
charge without proportional transport of heat and will therefore deviate from the
W-F law.

2. The alloy’s electronic structure has a low complexity. Significant deviation can be
expected for complex alloys.

3. No transition metals are present. The d-orbitals of transition metals can lead to
different scattering behaviour for electrons. First principles calculations have shown
that for binary iron-based alloys, the Lorenz number can deviate by more than 25%.

4. The alloy is made up of only metal atoms. There is evidence that alloys contain-
ing semi-metals like Sn, Bi and Si exhibit complex eletronic interactions, causing
significant deviations from the W-F law.

The last two assumptions are particularly problematic for the pig iron alloys we are inter-
ested in. Pig iron contain substantian amounts of Fe, a transition metal, as well as small
amounts of C and Si, which are not metals. The user should therefore be aware that
some of the core assumptions of the W-F law are violated when applying it to pig iron
melts.

13.1.5 Model Validation

To validate the W-F law we test its performance against experimental measurements.
We therefore require the systems to have measurements for both electrical resistivity
and thermal conductivity. We then need to fit polynomials to the measured resistivity
data, apply the W-F to the polynomials to get thermal conductivity, and then finally plot
the resulting functions against measured thermal conductivity data. Due to the scarcity
of measured thermal conductivity data, the only binary system for which we could find
both electrical resistivity and thermal conductivity measurements is the Fe–Ni system.
This system is therefore the only one we can use to validate the W-F law.
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The Fe–Ni System

In Figure 13.1, a surface of the W-F law, applied to the second degree polynomial fit for
electrical resistivity data, were plotted against measured thermal conductivity data.

(a)

(b)

Figure 13.1: Testing the performance of theWiedemann-Franz law against experimental
measurements. Surface: auxi-mpp (WiedemannFranzBinary, degree=2).

Figure 13.2 shows Figure 13.1 in 2D slices.
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Figure 13.2: Testing auxi-mpp (WiedemannFranzBinary, degree=2) against experimental
measurements.

As confirmed by Watanabe et al. (2019), the W-F law underestimates the thermal con-
ductivity by roughly 10Wm−1 K−1 for the pure substances and roughly 15Wm−1 K−1 for a
1:1 Fe–Ni ratio. This amounts to an underestimation of roughly 20% to 38%. Interestingly,
Watanabe et al. (2019) comments on this underestimation and suggests that thermal vi-
bration of atoms contributed to the thermal conductivities of Fe–Ni alloys, not attributing
it to violating the core assumptions of the W-F law.

Performance for Pig Iron Binaries

For reference, in Figure 13.3 we present the performance of the W-F law over realistic
composition ranges for binary systems representing pig iron melts over the temperature
range 1000 to 2500K.
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(a) Fe–C

(b) Fe–Si

(c) Fe–Mn

Figure 13.3: Thermal conductivity estimates by auxi-mpp (WiedemannFranzBinary; de-
gree=2) for pig iron representing binaries.
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Figure 13.4 compares the sensitivity of thermal conductivity to either carbon, silicon or
manganese.

Figure 13.4: Sensitivity of thermal conductivity to carbon, silicon or manganese at the
1850K isotherm.

Here, the effect of the rapidly changing electrical resistivity data for the Fe–Si system, as
seen in Figure 11.5b, can be seen as the polynomial used for the W-F law deviates from
pure iron thermal conductivity compared to Fe–C and Fe–Mn.

13.1.6 Issues

The performance of the W-F law could not be validated against experimental measure-
ments for pig iron related melts, due to a lack of data. The models should therefore be
used with caution.
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Part IV

Gas Material Properties
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Chapter 14

Background

The gas phase in smelting processes acts as the primary medium for convective heat
transfer, thedelivery of gaseous reductants, and the removal of volatile reaction products.
The physical properties of this phase are governed fundamentally by the Kinetic Theory
of Gases, which treats the gas as a collection of discrete molecules in constant, ran-
dom motion. Consequently, the macroscopic properties are determined by intermolec-
ular forces, molecular weight, and collision mechanics, which are strongly dependent on
temperature and pressure.

Under these kinetic principles, transport properties exhibit distinct temperature depen-
dencies. Viscosity increases with rising temperature, as higher thermal energy results in
more frequent and energetic molecular collisions, increasing internal friction. Similarly,
thermal conductivity typically rises with temperature due to the increased velocity of the
molecules facilitating energy transfer. The density is generally described by equations of
state, such as the Ideal Gas Law, where density decreases significantly as temperature
rises, driving buoyancy forces within the furnace. The models presented here provide
the constitutive equations for these properties, enabling the calculation of heat transfer
coefficients, viscosities, and diffusion rates, etc..
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Chapter 15

Density

Molar volume and density are essential physical properties for characterising gas be-
haviour under varying temperature and pressure conditions. In engineering, these prop-
erties are essential for calculating gas flows through systems like furnace freeboards and
secondary processes, and for verifying overall mass and energy balances.

The models in this chapter calculate molar volume and density for pure gases and mix-
tures based on the ideal gas law. This fundamental equation of state provides sufficient
accuracy for many industrial applications, particularly at the high temperatures and low
to moderate pressures found in processes like smelting furnace freeboards.

This chapter presents an overview of the Clapeyron models, their formulation, and vali-
dation against reference data.

15.1 Clapeyron Density Model

The ideal gas lawwas used tomodel themolar volumeanddensity of pure gases andgas
mixtures composed of CO, CO2, N2, Ar, H2, H2O, and O2. The models implemented and
discussed in this section are named after Benoît Paul Émile Clapeyron, who is credited
with first formulating the ideal gas law (Clapeyron 1834).

The models that fall under this section include the following molar volume and density
models:

1. ClapeyronUnary

2. ClapeyronBinary

3. ClapeyronMulti

4. ClapeyronDensityUnary

5. ClapeyronDensityBinary

6. ClapeyronDensityMulti
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15.1.1 Model Overview

The ideal gas law is a fundamental relationship in physics and chemistry, represented by
Equation (15.1).

PV = nRT (15.1)

This relationship, also referred to as the simple gas law, was historically formulated
by combining several empirical gas laws. It integrates the work of Robert Boyle, who
described the inverse relationship between pressure and volume, with the findings of
Jacques Charles, who established the direct proportionality between temperature and
volume, and Joseph Louis Gay-Lussac, who established the direct proportionality be-
tween temperature and pressure. The formulation was completed by incorporating
Avogadro’s hypothesis, which relates the volume of a gas to the number of molecules
(Clapeyron 1834; Poling et al. 2001).

The ideal gas law is generally useful at low to modest pressures and increasing temper-
atures, where gases tend to behave more ideally. For practical engineering applications,
such as relating mass and volumetric flow rates of gases in a furnace freeboard, it is jus-
tified to use Equation (15.1).

However, at higher pressures or lower temperatures, deviations from the ideal gas
law can become significant. These deviations are linked to the fundamental nature of
molecules, which have a finite volume and experience intermolecular forces. More ad-
vanced equations of state, such as the van der Waals equation (Equation (15.2)), were
developed to account for these deviations by introducing parameters for molecular vol-
ume (b) and intermolecular attraction (a) (Poling et al. 2001).

(
P +

a

V 2

)
(V − b) = RT (15.2)

Another approach to account for non-ideal behaviour is to use compressibility factors
(Z), as shown in Equation (15.3), which modify the ideal gas law to better reflect real gas
behaviour. Additional equations, such as virial equations of state, can be used to estimate
Z ; however, this is left for the reader to explore further (Poling et al. 2001).

Z =
PV

RT
(15.3)

15.1.2 Model Formulation

The Clapeyron models, as initially stated, is based on the ideal gas law, Equation (15.1),
and to calculate themolar volume (Vm) the ideal gas equation, as shown in Equation (15.4)
is used where Vm = V/n.

Vm =
RT

P
(15.4)
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Here, T is the system temperature in Kelvin (K), P is the system pressure in Pascals (Pa),
and R is the universal gas constant (8.314 46mPa3 K−1mol−1). Since this equation is inde-
pendent of gas composition, it applies to both pure components and multi-component
mixtures.

Density (ρ) can be derived from molar volume through the relationship outlined below.
Density is defined asmass (m) per unit volume (V ), whilemolarmass (M ) ismass permole
(n), and molar volume (Vm) is volume per mole. By substituting the expressions for mass
(m = Mn) and volume (V = Vmn) into the definition of density, the relationship between
density, molar mass, and molar volume is obtained, as shown in Equation (15.5).

ρ =
m

V
=

Mn

Vmn
=

M

Vm

(15.5)

Combining Equation (15.5) with Equation (15.4) yields the ideal gas density equation for
pure components, as shown in Equation (15.6).

ρ =
PM

RT
(15.6)

For gas mixtures, the density is calculated using Equation (15.7).

ρ =
PMmix

RT
(15.7)

This calculation requires the average molar mass of the gas mixture (Mmix), which is de-
termined using Equation (15.8).

Mmix =
N∑
i=1

xiMi (15.8)

In this equation, xi represents the mole fraction of component i, andMi is its molar mass
in kgmol−1.

15.1.3 Assumptions

Themodels implemented are based on the ideal gas law. The following assumptions are
made when applying this law to estimate gas density:

1. Gas particles have negligible volume compared to the volume of the container they
occupy.

2. There are no intermolecular forces between gas particles; they do not attract or
repel each other.

3. Gas particles are in constant, randommotion and collide elastically with each other
and the walls of the container.
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15.1.4 Model Validation

Pure Component Validation

For pure components, density (ρ) is plotted against temperature (T ) at a fixed pressure.
This allows for a direct comparison of the ClapeyronDensityUnary model against NIST
reference data (Linstrom and Mallard 2001). Table 15.1 summarises the specific model
validated, the respective temperature range, and the reference data sources. The original
source of the reference data is also provided.

Importantly, if the validation of the density model (ClapeyronDensityUnary) was success-
ful, it implies that the corresponding molar volume model (ClapeyronUnary) is also vali-
dated, as density is directly derived from molar volume.

Table 15.1: Model validation ranges for unary gas density model.

Gas Specific Model Temperture Range Pressure Reference Data Source Reference
(K) (Pa)

N2 ClapeyronUnary,
ClapeyronDensityUnary

77–2000 101325 NIST Chemistry WebBook (Span et al. 2000)

CO ClapeyronUnary,
ClapeyronDensityUnary

81–500 101325 NIST Chemistry WebBook (Lemmon and Span 2006)

O2 ClapeyronUnary,
ClapeyronDensityUnary

90–2000 101325 NIST Chemistry WebBook (Schmidt and Wagner 1985)

Ar ClapeyronUnary,
ClapeyronDensityUnary

87–2000 101325 NIST Chemistry WebBook (Tegeler et al. 1999)

H2O ClapeyronUnary,
ClapeyronDensityUnary

250–2500 101325 NIST Chemistry WebBook (Wagner and Pruß 2002)

CO2 ClapeyronUnary,
ClapeyronDensityUnary

150–2000 101325 NIST Chemistry WebBook (Span and Wagner 1996)

H2 ClapeyronUnary,
ClapeyronDensityUnary

20–1000 101325 NIST Chemistry WebBook (Leachman et al. 2009)

Pure component validation plots for H2, O2, N2, CO, CO2, Ar, and H2O are provided as fol-
lows with Figures 15.1 to 15.7 respectively.
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Figure 15.1: Clapeyron unary density model estimates compared to reference data for
O2.

Figure 15.2: Clapeyron unary density model estimates compared to reference data for
Ar.
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Figure 15.3: Clapeyron unary density model estimates compared to reference data for
CO.

Figure 15.4: Clapeyron unary density model estimates compared to reference data for
CO2.
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Figure 15.5: Clapeyron unary density model estimates compared to reference data for
N2.

Figure 15.6: Clapeyron unary density model estimates compared to reference data for
H2.
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Figure 15.7: Clapeyron unary density model estimates compared to reference data for
H2O.

The model estimations show good agreement with the reference data across the val-
idated temperature ranges for all pure components. Minor deviations are observed at
low temperatures, particularly for CO2 and H2O.

Further validation at higher temperatures is recommended for CO andH2, as theirmodels
are currently validated only up to 500K and 1000K, respectively. While extrapolation
beyond these ranges is possible because gas behaviour approaches ideality at higher
temperatures, users should proceed with caution.

Overall, the ClapeyronDensityUnary model and therefore the ClapeyronUnary model
demonstrates reliable performance for estimating the density of pure gases.

Binary Mixture Validation

A unique approach was taken to validate the binary mixture models (ClapeyronBinary
and ClapeyronDensityBinary). Reference data fromdiffusivity studies conducted byHell-
mann (2019a), Hellmann (2019b), and Hellmann (2024) and Crusius et al. (2018) were
utilised.

Reference data in the form of molar density (ρm) combined with binary diffusion coeffi-
cients (D) were presented in tables in these studies. This data was used and combined
with the HellmannBinary model, discussed in the Diffusivity chapter, to back-calculate
density data to validate the ClapeyronDensityBinarymodel against.

Table 15.2 summarises the validation ranges for which back-calculated density data was
generated and used to validate the ClapeyronDensityBinarymodel.

Again, if the density model validation is successful, it implies that the corresponding mo-
lar volume model is also validated.
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Table 15.2: Model validation for binary gas mixtures using the ClapeyronDensityBinary
model.

Binary Mixture Model Temperature Range Pressure Reference Data Source Reference
(K) (Pa)

N2 –CO2 ClapeyronBinary,
ClapeyronDensityBinary

150–2000 101325 Supplementary data (Crusius et al. 2018)

H2O–Ar ClapeyronBinary,
ClapeyronDensityBinary

250–2000 101325 Table 3 (Hellmann 2024)

H2O–N2 ClapeyronBinary,
ClapeyronDensityBinary

250–2000 101325 Table 3 (Hellmann 2019b)

H2O–CO2 ClapeyronBinary,
ClapeyronDensityBinary

250–2000 101325 Table 2 (Hellmann 2019a)

Validation isotherms for N2 –CO2, H2O–Ar, H2O–N2, H2O–O2 and H2O–CO2 are pro-
vided as follows with Figures 15.8 to 15.12 respectively.

Figure 15.8: Clapeyron binary density model estimates compared to reference data for
N2 –CO2 binary mixture.
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Figure 15.9: Clapeyron binary density model estimates compared to reference data for
H2O–Ar binary mixture.

Figure 15.10: Clapeyron binary density model estimates compared to reference data for
H2O–N2 binary mixture.
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Figure 15.11: Clapeyron binary density model estimates compared to reference data for
H2O–O2 binary mixture.

Figure 15.12: Clapeyron binary density model estimates compared to reference data for
H2O–CO2 binary mixture.

All binary mixture validation plots demonstrate good agreement between the
ClapeyronDensityBinary model estimations and the back-calculated reference data
across the shown temperature ranges. The H2O–CO2 mixture, Figure 15.12, is the only
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one that shows some minor deviations at lower temperatures, but overall the model es-
timates density values well for all the binary mixtures.

Overall, the ClapeyronDensityBinary model and therefore the ClapeyronBinary model
demonstrates reliable performance for estimating the density of binary gas mix-
tures.

Multi Component Mixture Validation

In Section 15.1, the ClapeyronMulti and ClapeyronDensityMultimodels were introduced
for multi-component gas mixtures. However, no specific validation has been performed
for these models, but it is planned for future work. Given that these models are func-
tionally the same as the unary and binary models—applying the ideal gas law and differ-
ing only in the number of components handled—it is reasonable to infer that their per-
formance is similar, particularly within the validated temperature and pressure ranges.
Users should still exercise caution and use their judgment when applying these models
to multi-component mixtures.
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Chapter 16

Viscosity

Viscosity is a fundamental transport property of gases, quantifying its resistance to flow
is important for understanding and estimating fluid flow within the freeboard of a fur-
nace.

Viscosity is also particularly important for understanding the entrainment of dust and
fine particles. If the gas is sufficiently viscous, these particles may not settle back into the
melt. This dust entrainment can lead to several problems, including the loss of valuable
material, reduced efficiency of downstream equipment like cyclones and scrubbers, and
the formation of accretions in off-gas systems.

This chapter presents the framework for calculating the viscosity of individual gas species
and their binary mixtures at high temperatures.

For pure (unary) gases, a composite model is presented, combining the work of various
researchers into a single unified approach. This model is applicable to several common
gases found in industrial processes, namely CO, CO2, N2, Ar, H2, H2O, and O2.

For binary gasmixtures, theWilkemodel is employed. This model uses the pure compo-
nent viscosities calculated from the unary model and applies a mixing rule to determine
the viscosity.

16.1 Lemmon, Hellmann, Laesecke and Muzny Viscosity
Model

The Lemmon-Hellmann-Laesecke-Muzny (LHLM) model combines individual models
from different references to provide a comprehensive approach for calculating the vis-
cosity of the unary gases CO, CO2, N2, Ar, H2, H2O, and O2 (Lemmon and Jacobsen 2004;
Hellmann and Vogel 2015; Laesecke and Muzny 2017; Muzny et al. 2013).

16.1.1 Model Overview

The combined unary gas model integrates the following individual models:

1. Hellmann-Vogel Model: for H2O

2. Laesecke-Muzny Model: for CO2
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3. Lemmon-Jacobsen Model: for N2, O2, Ar, and CO

4. Muzny Model: for H2

The LHLMmodel consolidates thesemodels, providing a unified interface for calculating
the viscosity of the supported gas species.

16.1.2 Model Formulation

All the implemented unary gas viscosity models share a common characteristic: they
are setup to calculate the zero-density limit (or dilute gas) viscosity, which is appropriate
for gases at low pressures (atmospheric pressure of 101325 Pa for this implementation)
(Hellmann 2014; Poling et al. 2001).

In the zero-density limit, the viscosity of a pure gas is governed solely by binary collisions
between its molecules (Hellmann 2014; Poling et al. 2001). This concept is explained
further below in the context of the total viscosity.

The total viscosity µ, Equation (16.1), is typically formulated as the sum of three distinct
terms, reflecting the influence of density (ρ) and temperature (T ):

µ(ρ, T ) = µ0(T ) + ∆µr(ρ, T ) + ∆µc(ρ, T ) (16.1)

where:

1. µ0(T ): This term is the zero-density (or dilute-gas) contribution to viscosity. It is a
function of temperature only and is the viscosity limit where molecular interactions
are governed solely by binary interactions (Hellmann 2014; Poling et al. 2001).

2. ∆µr(ρ, T ): This is the residual contribution (sometimes called the excess contribu-
tion) (Huber 2018a; Huber et al. 2009). It accounts for contributions to viscosity
arising from elevated densities (Muzny et al. 2013), including many-body collisions,
molecular-velocity correlations, and collisional transfer (Poling et al. 2001; Huber
2018a).

3. ∆µc(ρ, T ): This is the critical enhancement term. It represents the contribution to
viscosity arising from long-range interaction fluctuations that occur near the critical
point (Muzny et al. 2013; Laesecke andMuzny 2017). This termcontributes to aweak
divergence of the viscosity at the critical point (Muzny et al. 2013).

A zero-density limit is achievedwhen the fluid is in a highly dilute gaseous state (lowpres-
sure, low density). In this state, the total viscosity simplifies significantly because the con-
tributions dependent on density are negligible (Hellmann 2014; Muzny et al. 2013).

The total viscosity equation in the zero-density limit (µ0), is approximated by Equa-
tion (16.2).

µ(T ) ≈ µ0(T ) +������
∆µr(ρ, T ) +������

∆µc(ρ, T ) (16.2)

The zero-density viscosity, µ0(T ) (or simply µ(T )), is calculated using a specific formula-
tion for each of the models that constitute the LHLM model:
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Hellmann-Vogel Model for H2O

This model is based on the classical kinetic theory of molecular gases with a highly ac-
curate ab initio potential for the H2O–H2Omolecule pair to calculate reference viscosity
values. These calculated values were subsequently scaled by a factor of 1.001 to align
with experimental data and obtain the final reference values used for fitting (Hellmann
and Vogel 2015).

The correlation, Equation (16.3), for the zero-density limit (µ0 in µPa s) is a function of the
reduced temperature (T̄ )

µ0 =
T̄ 1/2∑7

i=0 aiT̄
−i/2

(16.3)

where T̄ = T/Tc and the critical temperature used for scaling is Tc = 647.096 K. Coeffi-
cients a0 to a7 are provided in Table 16.2.

Laesecke-Muzny Model for CO2

The zero density viscosity (µ0) of this model is also rooted in the kinetic theory of gases
and uses a novel functional form obtained via symbolic regression, scaled by 1.0055 to
match high-accuracy data (Laesecke and Muzny 2017).

The correlation, Equation (16.4), for the zero-density limit (µ0 in mPa s) is given as:

µ0(T ) =
1.0055

√
T(

a0 + a1T 1/6 + a2 exp (a3T 1/3) + a4+a5T 1/3

exp(T 1/3)
+ a6

√
T

) (16.4)

where T is in K and coefficients a0 to a6 are provided in Table 16.2.

Lemmon-Jacobsen Model for N2, O2, Ar, and CO

The model for N2, O2, and Ar is based on the Chapman-Enskog theory (Lemmon and Ja-
cobsen 2004). The zero-density viscosity, given in Equation (16.5), is calculated using a
collision integral, Ω (Equation (16.6)), that was fitted to experimental data. Due to its phys-
ical similarities to N2 (e.g., molar mass, triple bond, bond length, and bond energy), CO is
also described by this model, using the same parameters as N2 (Poling et al. 2001).

µ0(T ) = 0.0266958

√
MT

σ2Ω(T ∗)
(16.5)

M is molar mass in gmol−1, T in K, σ is the Lennard-Jones size parameter in nm.

Ω(T ∗) = exp

(
4∑

i=0

ai(ln(T
∗))i

)
(16.6)

where the reduced temperature is T ∗ = T/(ϵ/k) and ϵ/k is the Lennard-Jones energy
parameter. Coefficients a0 to a4 are provided in Table 16.1.
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Muzny Model for H2

The zero-density viscosity(µ0), Equation (16.7), relies on the kinetic theory of gases
(Chapman-Enskog) and specific scaling parameters based on accurate ab initio and ex-
perimental data (Muzny et al. 2013).

µ0(T ) = 0.021357

√
MT

σ2Ω∗(T ∗)
(16.7)

M is molar mass in gmol−1 and σ is length scaling parameter in nm. Ω∗, Equation (16.8),
is a reduced effective cross section (collision integral) where the reduced temperature is
T ∗ = kBT/ϵ and ϵ/kB is an energy scaling parameter in K.

Ω∗(T ∗) = exp

(
4∑

i=0

ai(ln(T
∗))i

)
(16.8)

Coefficients a0 to a4 are provided in Table 16.2.

16.1.3 Variable Declarations

Table 16.1: Model parameters and coefficients for Lemmon-Jacobsen viscosity model.

Parameters and
Coefficients

Ar N2 O2 CO

ϵ/k (K) 143.2 98.94 118.5 98.94
σ (nm) 0.335 0.3656 0.3428 0.3656
a0 0.431 0.431 0.431 0.431
a1 -0.4623 -0.4623 -0.4623 -0.4623
a2 0.08406 0.08406 0.08406 0.08406
a3 0.005341 0.005341 0.005341 0.005341
a4 -0.00331 -0.00331 -0.00331 -0.00331
Reference (Lemmon and Jacobsen 2004)
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Table 16.2: Model parameters and coefficients for Hellmann-Vogel, Laesecke-Muzny,
and Muzny viscosity models.

Parameter H2 CO2 H2O

ϵ/k (K) 30.41 – –
σ (nm) 0.297 – –
a0 2.09630×10−1 1749.354893188350 3.933738×10−2

a1 -4.55274×10−1 -369.069300007128 -2.361739×10−1

a2 1.43602×10−1 5423856.34887691 1.059696
a3 -3.35325×10−2 -2.21283852168356 -2.300709
a4 2.76981×10−3 -269503.247933569 2.786190
a5 – 73145.021531826 -1.852813
a6 – 5.34368649509278 6.352538×10−1

a7 – – -8.803352×10−2

Reference (Muzny et al. 2013) (Laesecke and Muzny 2017) (Hellmann and Vogel 2015)

16.1.4 Assumptions

The models implement the following base assumptions:

1. Kinetic theory application: The zero-density viscosity is calculated using the frame-
work of classical kinetic theory, specifically the Chapman-Enskog theory, which is
the theoretical model used for the dilute gas component of viscosity correlations
(Muzny et al. 2013).

2. Two-body interactions: By definition, the zero-density limit assumes that only two-
body molecular interactions occur (Muzny et al. 2013).

3. Mean free path limitation: Derived equations for the Lemmon-Jacobsen model are
not valid when the mean free path of the gas is comparable to the dimensions of
the confining medium (Lemmon and Jacobsen 2004).

16.1.5 Model Validation

The Lemmon-Hellmann-Laesecke-Muzny (LHLM) unary model was validated against
reference data for several gas species. Table 16.3 summarises the specific models vali-
dated, their respective temperature range, pressure, and the reference data sources. For
data taken from secondary sources, such as the NIST Chemistry WebBook, the original
reference is also provided (Linstrom and Mallard 2001).
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Table 16.3: Model validation ranges for unary gas viscosity models.

Gas Specific Model Temperture Range Pressure Reference Data Source Reference
(K) (Pa)

N2 Lemmon-Jacobsen 77–2000 101325 NIST Chemistry WebBook (Lemmon and Jacobsen 2004)
CO Lemmon-Jacobsen 81–500 101325 NIST Chemistry WebBook (Huber 2018a)
O2 Lemmon-Jacobsen 90–2000 101325 NIST Chemistry WebBook (Lemmon and Jacobsen 2004)
Ar Lemmon-Jacobsen 87–2000 101325 NIST Chemistry WebBook (Lemmon and Jacobsen 2004)
H2O Hellmann-Vogel 250–2500 101325 NIST Chemistry WebBook (Huber et al. 2009)

Table 2 (Hellmann and Vogel 2015)
CO2 Laesecke-Muzny 150–2000 101325 NIST Chemistry WebBook (Laesecke and Muzny 2017)

Supplementary Data (Hellmann 2014)
H2 Muzny 20–1000 101325 NIST Chemistry WebBook (Muzny et al. 2013)

Validation plots for Ar, N2, O2, CO, CO2, H2, and H2O are shown in Figures 16.1 to 16.7,
respectively. The model as implemented in auxi-mpp is shown as LemmonHell-
mannLaeseckeMuznyUnary in the plots.

Figure 16.1: Lemmon-Hellmann-Laesecke-Muzny unary viscosity model estimates
compared to reference data for Ar.
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Figure 16.2: Lemmon-Hellmann-Laesecke-Muzny unary viscosity viscosity model esti-
mates compared to reference data for N2.

Figure 16.3: Lemmon-Hellmann-Laesecke-Muzny unary viscosity viscosity model esti-
mates compared to reference data for O2.
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Figure 16.4: Lemmon-Hellmann-Laesecke-Muzny unary viscosity model estimates
compared to reference data for CO.

Figure 16.5: Lemmon-Hellmann-Laesecke-Muzny unary viscosity model estimates
compared to reference data for CO2.
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Figure 16.6: Lemmon-Hellmann-Laesecke-Muzny unary viscosity model estimates
compared to reference data for H2.

Figure 16.7: Lemmon-Hellmann-Laesecke-Muzny unary viscosity model estimates
compared to reference data for H2O.

The model estimations for all the plots show good agreement with the reference data
across the validated temperature ranges for each gas. The use of N2 parameters for
CO in the Lemmon-Jacobsen model,Figure 16.4, only shows small deviations at very low
temperatures and temperatures nearing 500K.
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It was recommended that the CO2 reference data from Hellmann (2014) be adjusted by a
scaling factor of 1.005. This was not done for the validation plot shown in Figure 16.5 and
shows a slight deviation from Laesecke and Muzny (2017) NIST reference data which the
model aligns with more closely.

The reference data for H2O from Huber et al. (2009) also shows a slight deviation at end
of its data range near 1350K in Figure 16.7 when compared to the data from Hellmann
and Vogel (2015) which the Hellmann-Vogel model aligns accurately with.

Overall, the deviations as seen as minor and the LHLM unary viscosity model provides
reliable estimates for the viscosities of the gases considered within the specified tem-
perature range and pressure.

The only recommendation is that the models for CO and H2 be validated for a wider
temperature range (up to 2000K) in future work to ensure accuracy beyond their current
limits.

Muzny et al. (2013) does mention that the model for H2 extrapolates in a physically rea-
sonable manner to 2000K. Similarly, extrapolation of the model for CO to 2000K is
expected to be reasonable due to its similarities to N2; however, there may be over esti-
mations at higher temperatures based on observed fit of themodel to the reference data
in Figure 16.4. Any extrapolations should be treated with caution until further validation
can be performed.

16.2 Wilke Viscosity Model

Amodel developed byWilke (1950) for estimating the viscosity of gas mixtures is imple-
mented in this section.

16.2.1 Model Overview

The Wilke model uses the models of CO, CO2, N2, Ar, H2, H2O, and O2 from Section 16.1
and combines them with a mixing rule to estimate the viscosity of binary gas mixtures
(Poling et al. 2001; Lemmon and Jacobsen 2004; Hellmann and Vogel 2015; Laesecke
and Muzny 2017; Muzny et al. 2013).

16.2.2 Model Formulation

The viscosity of a gas mixture, µm, is estimated using the Wilke mixing rule, as shown in
Equation (16.9).

µm(T ) =
n∑

i=1

xiµi(T )∑n
j=1 xjΦij

(16.9)

where xi and µi are the mole fraction and viscosity of pure component i, respectively,
and Φij is an interaction parameter that is calculated as shown in eq. (16.10).

Φij =
1√
8

(
1 +

Mi

Mj

)−1/2
[
1 +

(
µi

µj

)1/2(
Mj

Mi

)1/4
]2

(16.10)
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In this equation,Mi andMj represent the molar masses of components i and j. The pure
component viscosities, µi, are obtained from the unary models described in Section 16.1
model section.

16.2.3 Assumptions

The Wilke model for estimating the viscosity of gas mixtures is based on the following
key assumptions:

1. The model is a semi-empirical simplification of the rigorous kinetic theory of gases.

2. The method is applicable to gas mixtures at low pressures, where the gas is dilute
enough that only binary molecular collisions are significant.

3. The binary interaction parameters, Ψij , are estimated using only the viscosities and
molar masses of the pure components. This avoids the need for intermolecular
potential energy parameters required bymore rigorous theories (Poling et al. 2001).

16.2.4 Model Validation

The Wilke binary model was validated against reference data for the following mixtures
as shown in Table 16.4.

Table 16.4: Model validation for binary gas mixtures using the Wilke model.

Binary Mixture Model Temperature Range Pressure Reference Data Source Reference
(K) (Pa)

N2 –CO2 Wilke 150–2000 101325 Supplementary data (Crusius et al. 2018)
H2O–Ar Wilke 250–2000 101325 Table 3 (Hellmann 2024)
H2O–N2 Wilke 250–2000 101325 Table 3 (Hellmann 2019b)
H2O–CO2 Wilke 250–2000 101325 Table 2 (Hellmann 2019a)

Validation isotherms in increments of 100K for the different binary mixtures are shown in
Figures 16.8 to 16.11. The model as implemented in auxi-mpp is shown as WilkeBinary in
the plots.
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Figure 16.8:Wilke viscosity model estimates compared to supplementary reference
data for the N2 –CO2 binary mixture.

Figure 16.9:Wilke viscositymodel estimates compared to reference data for theH2O–Ar
binary mixture.
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Figure 16.10:Wilke viscosity model estimates compared to reference data for the
H2O–CO2 binary mixture.

Figure 16.11:Wilke viscosity model estimates compared to reference data for the
H2O–N2 binary mixture.

The agreement between theWilke model and the reference data varies among the mix-
tures. The best agreement is observed for the N2 –CO2 mixture, as shown in Figure 16.8.
For the H2O–Ar mixture (Figure 16.9), deviations become more visible at temperatures
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below 1200K. The H2O–CO2 mixture (Figure 16.10) shows good agreement in the 1200
to 1400K range, with slight deviations at lower and higher temperatures. In contrast, the
H2O–N2 mixture (Figure 16.11) exhibits deviations across the entire temperature range,
which are more pronounced at equimolar compositions.

Despite these deviations, the Wilke model consistently tracks the trend of the reference
data for all mixtures. The estimated viscosities increase with temperature, which aligns
with the expected physical behaviour of gas mixtures.

Overall, the Wilke binary viscosity model provides reasonable estimates for the viscosi-
ties of the validated gas mixtures within the specified temperature ranges.

Recommendations for future work include validating themodel against additional binary
gas mixtures and higher order mixtures to further assess the model’s applicability and
accuracy.
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Chapter 17

Diffusivity

Diffusion coefficients are relevant to the kinetics of the reduction process where gases,
such as CO or H2, react withmetal ores. The overall speed of this reaction can be partially
dependent on the rate at which these gases diffuse through stagnant boundary layers or
into the ore’s porous structure. While chemical kinetics often drive the process, diffusion
limitations can occur, potentially affecting the reaction rate if the gas transport is slow.
Consequently, knowing the diffusion coefficients helps estimate the mass transfer rates
of reactants to the surface and the removal of gaseous products like CO2 and H2O, which
contributes to calculations regarding furnace sizing and residence time.

17.1 Burgess Model

This is a model by Burgess Jr. (2024) to estimate self-diffusion coefficients of pure
gases.

17.1.1 Model Overview

This model is designed to predict self-diffusion coefficients at slightly higher tempera-
tures, up to about 450 K. While simpler methods might assume a straightforward rela-
tionship where diffusion increases with temperature based on a single activation barrier,
this approach recognises that the change is more complex as the temperature rises. To
capture this, the model combines three distinct components: a constant baseline value,
a primary term that accounts for the energy required for movement (activation barrier),
and a logarithmic correction factor.

17.1.2 Model Formulation

This model captured by Equation (17.1).

ln(D) = A+B/T + C · ln(T ) (17.1)

Here, D is the self-diffusion coefficient given in cm2 s−1 and A, B and C are parameters
specific to the pure gas. These parameters are captured in Table 17.1. Note that in auxi-
mpp, the self-diffusion coefficient is returned in SI units; m2 s−1.
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TheB/T term in Equation (17.1) acts as the activation barrier, and theC ·ln(T ) term ensures
that the model remains accurate at higher temperatures.

The model is currently limited in temperature range of roughly between 233 to 422K
except for O2 where model parameters were calibrated from 55K to 2000K.

17.1.3 Variable Declarations

Besides the interaction parameters, Table 17.1 also shows the temperature ranges for
which the parameters are valid.

Table 17.1: Valid Temperature ranges and Interaction Parameters.

System T Range (K)
Parameters

A B C

Ar 235–418 -11.097 -45.486 1.676
CO 233–422 -10.132 -64.216 1.545
CO2 233–363 0.015 -637.089 0.0
H2 115–295 -9.309 -8.028 1.686
N2 233–422 -10.397 -52.566 1.581
O2 55–2000 -10.787 -44.220 1.649

The parameters for Ar, CO, CO2, H2 andN2was obtained fromSuárez-Iglesias et al. (2015).
That for O2 was obtained from Hellmann (2023).

17.1.4 Assumptions

This model assumes standard atmospheric pressure (101325 Pa).

17.1.5 Model Validation

The validation ranges of the model by Burgess Jr. (2024) are summarised in Ta-
ble 17.2.

Table 17.2: Self-diffusion coefficent model validation ranges.

Model Systems Composition Temperature (K) Pressure (Pa)

Unary Ar pure 70− 420 101325
CO pure 190− 420 101325
CO2 pure 200− 420 101325
H2 pure 20− 350 101325
N2 pure 75− 420 101325
O2 pure 75− 360 101325

Figures 17.1 to 17.6 tests the performance of the Burgess Jr. (2024) model implemented in
auxi-mpp against experimental data for Ar, CO, CO2, H2, N2, and O2. All model estimates
show good agreement with experimental data within the valid temperature ranges.
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Thedeviation seen in Figure 17.3 iswell above the reported valid temperature range and is
therefore not unexpected. This serves as a primeexample of how significant the deviation
can be outside of the calibrated temperature ranges.

Most experimental data used for validation here was taken from Suárez-Iglesias et al.
(2015).

Figure 17.1: Testing the implemented model against experimental data for Ar.

Figure 17.2: Testing the implemented model against experimental data for CO.
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Figure 17.3: Testing the implemented model against experimental data for CO2.

Figure 17.4: Testing the implemented model against experimental data for H2.
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Figure 17.5: Testing the implemented model against experimental data for N2.

Figure 17.6: Testing the implemented model against experimental data for O2.

Unfortunately, despite the broad valid temperature range for O2, we could only validate
the model for a limited temperature range of 40 to 350K.

To summarise, themodel could be validated, and is therefore regarded as credible, within
the valid temperature ranges for all available gases, except O2. For O2 we recommend
only using it within the range we could validat it for here.

Issues

The main issue with this model is that its temperature ranges are very narrow, as it is
not usable for temperatures above 500 K. Secondly, the self-diffusion coefficient of H2O
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vapour cannot be estimated due to the lack of available parameters. These issue will
have to be addressed in a future update.

17.2 Hellmann Model

This model was taken from Hellmann (2019a), Hellmann (2020a), Hellmann (2020b),
Hellmann (2024), and Crusius et al. (2018) for estimating the binary diffusion coefficients
of binary gas mixtures.

17.2.1 Model Overview

This model is grounded in the kinetic theory of gases, utilising the relationship between
diffusion that is enhanced by thermal energy and resisted by intermolecular collisions. In
other words, the binary diffusion coefficent is estimated based on the ratio between the
molecular velocities and the effective collision surface area of the molecules.

Physically, the collision surface area must shrink as temperatures increase, because
high-energy molecules are less susceptible to being pulled off course by attractive
forces. The model captures this behaviour to ensure the results remain physically re-
alistic across all temperature ranges. To increase accuracy, the curve for the collision
cross-section was derived from rigorous quantum-chemical simulations rather than ex-
perimental data.

For engineering applications, the model simplifies the final correlation by ignoring the
negligible effect of mixture concentration, treating the diffusion coefficient as a property
dependent solely on the temperature and the specific pair of gases involved.

17.2.2 Model Formulation

In auxi-mpp, the binary diffusion coefficients are obtained from Equation (17.2).

ρmD =
T

1/2

104 × S(T )
(17.2)

Here, T = T/1K, which simply results in T = T since T is in Kelvin, and ρm is the molar
density in units of molm−3. The correlation function S(T ) is defined differently for most
binary pairs as shown in Equations (17.3) to (17.6).

S(T ) for CO2 –H2O and Ar–H2O from Hellmann (2019a) and Hellmann (2024) is defined
as follows:

S(T ) = d1 + d2T
−1/6

+ d3T
1/3

exp
(
−T

1/3
)
+ d4 exp

(
−2T

1/3
)
+ d5 exp

(
−3T

1/3
)

(17.3)

For H2O–N2 from Hellmann (2020a) it is defined as:

S(T ) = d1 + d2T
−1/6

+ d3 exp
(
−T

1/3
)

(17.4)
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For H2O–O2 from Hellmann (2020b):

S(T ) = d1 + T
1/6
[
d2 exp

(
−T

1/6
)
+ d3 exp

(
−T

1/3
)]

(17.5)

And for CO2 –N2 from Crusius et al. (2018) it is defined as:

S(T ) = d1 + d2T
−1/6

+ d3T
1/6

exp
(
−T

1/3
)

(17.6)

The parameters of these functions were fitted using first-principles calculations of the
intermolecular potential energy surfaces (PES) for a given binary system. The param-
eters were calibrated for a temperature range of 250 to 2500K, and are presented in
Table 17.3.

To isolate the diffusion coefficient, the molar density is calculated using the gas density
model in auxi-mpp, and is divided through Equation (17.2).

The system scope of the this model is limited by the availablity of binary pair parameters.
The systems for which parameters could be obtained are Ar–H2O, CO2 –H2O, H2O–N2,
H2O–O2 and CO2 –N2.

17.2.3 Variable Declarations

The interaction parameters required in Equation (17.3) is provided in Table 17.3.

Table 17.3: Interaction parameters for binary gases.

Pair d1 d2 d3 d4 d5

CO2 –H2O −0.09647 4.8695 103.70 −40400.0 2176400.0
Ar–H2O −0.22758 4.5498 21.056 0.0 0.0
H2O–N2 −0.17076 4.2835 148.37 0.0 0.0
H2O–O2 0.56998 4.3982 51.149 0.0 0.0
CO2 –N2 0.10261 5.5239 94.161 0.0 0.0

The parameters for CO2 –H2O, Ar –H2O, H2O–N2 and H2O–O2 was obtained from Hell-
mann (2019a), Hellmann (2024), Hellmann (2019b) and Hellmann (2020b), respectively.
Parameters for CO2 –N2 were obtained from Crusius et al. (2018).

17.2.4 Assumptions

In this model the following assumptions are made:

1. It assumes the dilute gas limit and therefore only considers two-body collisions be-
tween the gas molecules.

2. The molecules are treated as rigid rotors, meaning their internal bond lengths and
angles are fixed at specific values and do not distort or vibrate during collisions.

3. Themathematical correlation assumes that the binary diffusion coefficient is entirely
independent of the mixture’s composition.
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17.2.5 Model Validation

The validation ranges of the model by Hellmann (2019a) are summarised in Ta-
ble 17.4.

Table 17.4: Binary diffusion coefficent model validation ranges.

Model Systems Composition Temperature (K) Pressure (Pa)

Binary Ar –H2O xAr = 0.5 300− 2000 101325
H2O–O2 xO2

= 0.5 300− 2000 101325
CO2 –H2O xCO2 = 0.2, 0.5, 0.8 300− 2000 101325
H2O–N2 xN2 = 0.2, 0.5, 0.8 300− 2000 101325
CO2 –N2 xCO2

= 0.1− 0.9 300− 2000 101325

The model by Hellmann (2019a) are validated in Figures 17.7 to 17.11.

Figure 17.7: Testing the implemented model against reference data for Ar –H2O: xAr =
0.5.

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

168



Figure 17.8: Testing the implemented model against reference data for H2O–O2: xO2 =
0.5.
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(a) xCO2 = 0.2

(b) xCO2 = 0.5

(c) xCO2 = 0.8

Figure 17.9: Testing the implemented model against reference data for CO2 –H2O.
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(a) xN2 = 0.2

(b) xN2 = 0.5

(c) xN2 = 0.8

Figure 17.10: Testing the implemented model against reference data for H2O–N2.
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(a) xCO2 = 0.1 (b) xCO2 = 0.2

(c) xCO2 = 0.4 (d) xCO2 = 0.6

(e) xCO2 = 0.8 (f) xCO2 = 0.9

Figure 17.11: Testing the implemented model against reference data for CO2 –N2.

From Figures 17.9 to 17.11 it is clear that the mixture composition has indeed a negligible
effect on ρmD.
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From the figures presented here we regard the validation to be succesfull and we there-
fore see this model as credible.

Issues

The model is limited to a small number of binary gas mixtures. This will have to be ad-
dressed in a future update.
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Chapter 18

Thermal Conductivity

Gas thermal conductivity is the primary mechanism for heat transfer across the stagnant
gas layers that formadjacent to the containers’ walls. It is therefore important to complete
the energy balance for the freeboard gas inside the furnace, as well as for designing off-
gas systems for gases at very high temperatures.

Thermal conductivity in a gas arises from atomic or molecular collisions transferring ki-
netic energy from one molecule to another. According to the kinetic theory of gases,
as molecules move and collide, they transfer energy associated with their translational,
rotational, and vibrational modes. Because the efficiency of this transfer depends on
molecular weight, collision cross-sections, and intermolecular forces, every gas species
exhibits a distinct conductivity profile that varies non-linearly with temperature.

For practical engineering simulations, treating conductivity as a constant is insufficient
due to the wide temperature ranges and evolving chemical compositions inherent to
furnace operations. Instead, for use in computational models, the gas thermal conduc-
tivity should be computed dynamically. This chapter unpacks the models implemented
in auxi-mpp to approximate these values.

The callable modules implemented in auxi-mpp to estimate the thermal conductivity of
a gas mixture are composed of pure component correlations from various authors and
a mixture rule by Mason and Saxena (1958). As the best performing pure gas correlation
was selected for each pure gas, the final unary model is a combination of models from
different authors, hence the name ChungLemmonHuberAssaelUnary.

It should be noted that the MasonSaxenaMultimodel could not be validated due to a lack
of experimental data. However, since MasonSaxenaBinary, which is based on the same
logic, could be validated successfully, the multi-component model is considered to be
credible and therefore added to auxi-mpp.

18.1 Chung et al. Thermal Conductivity Model

This is a model developed by Chung et al. (1988) for calculating the thermal conductivity
of a pure polyatomic gas. In auxi-mpp this model was implemented only for CO and
CO2.
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18.1.1 Model Overview

This model relies on a modified Eucken relation that links thermal conductivity directly
to viscosity and heat capacity. This captures how heat is transported, both by the phys-
ical movement of molecules (translation) and by the energy stored within their internal
structures (rotation and vibration).

18.1.2 Model Formulation

The model is captured by Equation (18.1).

κi =
3.75µiΨiR

Mi

(18.1)

Here, µi is the viscosity of the pure gas of species i,R is the gas constant,Mi is themolec-
ular weight (kgmol−1) and Ψi is a factor accounting for the heat capacity and molecular
structure and is given by Equation (18.2).

Ψi = 1 + αi
0.215 + 0.28288αi − 1.061βi + 0.26665Zi

0.6366 + βiZi + 1.061αiβi

(18.2)

Equations (18.3) to (18.5) gives αi, βi and Zi.

αi = (Cvi/R)− 3/2 (18.3)

βi = 0.7862− 0.7109ωi + 1.3168ω2
i (18.4)

Zi = 2.0 + 10.5T 2
ri (18.5)

ωi is the Pitzer acentric factor of the compound, and Tri = T/Tci is the reduced tempera-
ture. ωi and Tci are given in Table 18.1.

To obtain the viscosity needed in Equation (18.1), the viscosity model implemented in
auxi-mpp is deployed.

18.1.3 Variable Declaration

Despite the model by Chung et al. (1988) only being implemented for CO and CO2 in
auxi-mpp, parameters for O2, H2O, H2 and N2 are also provided in Table 18.1 for reference.
The Chung et al. (1984) model was not implemented for the latter four gases, as better
performing models were found for estimating their thermal conductivity.
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Table 18.1: Acentric factors and critical temperatures according to NIST ChemistryWeb-
book (Linstrom and Mallard 2001).

Species i Pitzer Acentric Factors (ωi [-]) Critical Temperature (Tci [K])
CO 0.0497 132.86
CO2 0.22394 304.1282
O2 0.0222 154.581
H2O 0.3443 647.096
H2 -0.219 33.145
N2 0.0372 126.192

18.1.4 Assumptions

The following is assumed in this model.

1. The gas is sufficiently dilute such that only two-body collisions occur.

2. The modified Eucken relation is valid; (1) The thermal conductivity is directly pro-
portional to the viscosity and inversely proportional to molecular weight. (2) Heat
transfer can be decoupled into translational energy and internal energy.

3. The actual volume that the molecules occupy are negligible compared to the total
volume.

18.1.5 Model Validation

In Figure 18.1, the model by Chung et al. (1988) was validated for CO and CO2. Unfor-
tunately, the validation for CO is limited to a range of only 298 to 500K. The validation
ranges are captured in Table 18.2.

Table 18.2: Thermal Conductivity model by Chung et al. (1988) Validation Ranges

Model Systems Composition Temperature (K) Pressure (Pa)

Unary CO pure 298− 500 101325
CO2 pure 298− 2000 101325
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(a) CO

(b) CO2

Figure 18.1: Testing auxi-mpp’s implementedChunget al. (1988)model against data from
Huber et al. (2016) and Huber (2018b) as presented by NIST ChemistryWeb-
Book 2025.

There are slight deviations from the performance of the Huber models as presented by
NIST Chemistry WebBook (Linstrom and Mallard 2001). However, these deviations are
not seen as significant enough to render the model inadequate; we therefore regard the
model as credible within the temperature ranges for which we have literature data, as
summarised in Table 18.2.

Issues

The model could only be validated for CO over a very limited temperature range. Due to
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time constraints we were unable to collect more data, so a full validation was postponed
to a future update.

18.2 Lemmon and Jacobsen Model

This is a model developed by Lemmon and Jacobsen (2004) to estimate the thermal
conductivity of N2, O2 and Ar.

18.2.1 Model Overview

In the dilute gas limit, which was implemented in auxi-mpp, the model by Lemmon and
Jacobsen (2004) determines thermal conductivity solely as a function of temperature,
utilising the Chapman-Enskog kinetic theory solution. The authors used a physically ro-
bust formulation based on collision integrals, which allows for accurate extrapolation to
high temperatures where experimental data is often unavailable.

The model distinguishes between the simple translational energy transfer and the
more complex internal rotational and vibrational contributions required for polyatomic
molecules. By fitting coefficients to themost reliable low-density experimental measure-
ments, this approach establishes a high-precision baseline that isolates intrinsic molec-
ular heat transfer mechanisms independent of the density-driven effects found in high-
pressure regimes.

The model operates at standard pressure and no pressure dependence was built
in.

18.2.2 Model Formulation

The dilute gas limit as determined by Lemmon and Jacobsen (2004) is defined in Equa-
tion (18.6).

κ0 = N1

[
µ0(T )

1 µPa · s

]
+N2τ

t2 +N3τ
t3 , (18.6)

Here, τ = Tc/T and the viscosity, µ0(T ), is in units of µPa s. The parameters used are
provided in Table 18.3.

18.2.3 Variable Declaration

The parameters to be used in Equation (18.6) is summarised in Table 18.3.
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Table 18.3: Parameters for N2, O2 and Ar

N2 (Tc = 126.2) O2 (Tc = 154.6) Ar (Tc = 150.7)

i Ni ti Ni ti Ni ti

1 1.511 — 1.036 — 0.8158 —
2 2.117 −1.0 6.283 −0.9 −0.4320 −0.77
3 −3.332 −0.7 −4.262 −0.6 0.0 −1.0

18.2.4 Assumptions

The following is assumed in this model.

1. The gas is sufficiently dilute such that only two-body collisions occur.

2. It is assumed that N2 and O2 are spherical so that the collision integrals could be
derived from the more simple spherical potentials.

3. It assumes that thermal conductivity can be separated into two independent con-
tributions; translational and internal energy.

18.2.5 Model Validation

The model by Lemmon and Jacobsen (2004) was validated in Figure 18.2, and the vali-
dation ranges are summarised in Table 18.4.

Table 18.4: Thermal Conductivity model by Lemmon and Jacobsen (2004) Validation
Ranges

Model Systems Composition Temperature (K) Pressure (Pa)

Unary Ar pure 298− 2000 101325
N2 pure 298− 2000 101325
O2 pure 298− 2000 101325

From Figure 18.2, we regard this model as successfully validated.
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(a) Ar

(b) N2

(c) O2

Figure 18.2: Testing auxi-mpp’s implemented Lemmon and Jacobsen (2004) model
against its performance as presented by NIST Chemistry WebBook 2025.
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18.3 Huber et al. Thermal Conductivity Model

This model by Huber et al. (2012) was specifically developed for H2O vapour.

18.3.1 Model Overview

In the dilute gas limit, which was implemented here, the Huber et al. (2012) model calcu-
lates thermal conductivity purely as a function of temperature. This formulation implic-
itly incorporates the significant contributions of rotational energy and the strong dipole-
dipole interactions characteristic of the water molecule.

To achieve high accuracy, the authors abandoned purely theoretical collision integrals
in favour of an interpolating equation fitted to a rigorously screened set of experimental
data and high-level theoretical calculations. This creates a baseline conductivity curve
that scales with temperature, representing molecular velocity, modified by a polynomial
expansion to capture the temperature dependence of the molecule’s effective cross-
section.

The model operates at standard pressure and no pressure dependence was built
in.

18.3.2 Model Formulation

This model is described by Equation (18.7).

κ0 =

√
Tr∑4

k=0
Lk

Tk
r

(18.7)

Here, Tr = T/Tc, where Tc is the critical temperature, and the polynomial coefficients, Lk,
are given in Table 18.5.

18.3.3 Variable Declaration

Table 18.5: Coefficients in Equation (18.7).

k Lk

0 2.443 221× 10−3

1 1.323 095× 10−2

2 6.770 357× 10−3

3 −3.454 586× 10−3

4 4.096 266× 10−4

18.3.4 Assumptions

The following is assumed in this model.

1. The gas is sufficiently dilute such that only two-body collisions occur.
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2. It is assumed that the structural andpolarity effects ofwater are sufficiently captured
by fitting a polynomial to data.

3. Since experimental data is scarce above 1000K, it is assumed that thermal conduc-
tivity values derived from theoretical calculations are an accurate proxy for high-
temperature regions.

4. It assumes that the effect of dissociating H2Omolecules at very high temperatures
is negligible.

18.3.5 Model Validation

The model by Huber et al. (2012) was validated in Figure 18.3, and the validation ranges
are summarised in Table 18.6.

Table 18.6: Thermal Conductivity model by Huber et al. (2012) Validation Range

Model Systems Composition Temperature (K) Pressure (Pa)

Unary H2O pure 373− 1350 101325

From Figure 18.3 we regard this model as successfully validated. It should be noted,
however, that the validation only extends up to 1350 K.

(a) H2O

Figure 18.3: Testing auxi-mpp’s implemented Huber et al. (2012) model against its per-
formance as presented by NIST Chemistry WebBook 2025.
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18.4 Assael et al. Thermal Conductivity Model

This model by Assael et al. (2011) was developed specifically to estimate the thermal
conductivity of H2 gas.

18.4.1 Model Overview

Only the dilute gas limit was implemented here as well. In this limit, the model deter-
mines thermal conductivity strictly as a function of temperature by fitting a polynomial
equation to high-accuracy theoretical data. Rather than relying solely on experimental
measurements, the authors adopted values calculated by a full quantum-mechanical
formalism and a spherical intermolecular potential. To make these complex theoretical
results usable for engineering applications, Assael et al. (2011) represented them using a
functional form consisting of polynomials.

The model operates at standard pressure and no pressure dependence was built
in.

18.4.2 Model Formulation

The model is described by eq. (18.8).

κ0 =

∑m
i=0A1,i(T/Tc)

i∑n
i=0A2,i(T/Tc)i

(18.8)

18.4.3 Variable Declaration

The An,i coefficients are given in Table 18.7.

Table 18.7: Coefficients of Equation (18.8) for hydrogen.

i A1,i A2,i

0 −3.409 76× 10−1 1.384 97× 102

1 4.588 20× 100 −2.218 78× 101

2 −1.450 80× 100 4.571 51× 100

3 3.263 94× 10−1 1.000 00× 100

4 3.169 39× 10−3

5 1.905 92× 10−4

6 −1.139 00× 10−6

18.4.4 Assumptions

The following is assumed in this model.

1. The gas is sufficiently dilute such that only two-body collisions occur.
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2. It assumes that theoretical values derived from a full quantum-mechanical formal-
ism provide a more accurate basis for the correlation than the scarce experimental
data available at extreme temperatures.

18.4.5 Model Validation

The model by Assael et al. (2011) was validated in Figure 18.4, and the validation ranges
are summarised in Table 18.8. Unfortunately, the validation range only extends up to 1000
K.

Table 18.8: Validation Ranges for the Thermal Conductivity model by Assael et al. (2011)

Model Systems Composition Temperature (K) Pressure (Pa)

Unary H2 pure 298− 1000 101325

From Figure 18.4, we regard this model as successfully validated for the specified tem-
perature range.

(a) H2

Figure 18.4: Testing auxi-mpp’s implemented Assael et al. (2011) model against its per-
formance as presented by NIST Chemistry WebBook 2025.

18.5 Mason and Saxena Mixture Rule

A mixture rule developed by Mason and Saxena (1958) to estimate the thermal conduc-
tivity of gas mixtures from that of the mixture components in their pure form.
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18.5.1 Model Overview

This mixing rule estimates the thermal conductivity of a gas mixture by treating it as a
weighted sum of that of the pure components, correcting for how different molecules
interfere with each other’s heat transfer. Rather than taking the average, the model cal-
culates a specific interaction factor (Gik) for every pair of gases in the mixture. This factor
determines how the presence of one gas impacts the ability of another to conduct heat,
effectively modelling the physical dynamics of collisions in the mixture.

To calculate this interaction, the model relies on the ratio of the frozen thermal conduc-
tivities of the components. The frozen thermal conductivity is a theoretical value rep-
resenting how well the gas would conduct heat if its molecules only had translational
energy without rotations or vibrations. By comparing the frozen conductivities of the two
species in each pair, as well as their molecular weights, the model isolates the funda-
mental translational energy transfer between the colliding pair.

18.5.2 Model Formulation

The mixing rule developed by Mason and Saxena (1958) is given in Equation (18.9).

κmix =
n∑

i=1

κi

1 + n∑
k=1
k ̸=i

Gik
xk

xi


−1

(18.9)

Here, n is the number of species in the gas mixture and the interaction parameter be-
tween species i and k is given by Equation (18.10).

Gik =
1.065

2
√
2

(
1 +

Mi

Mk

)− 1
2

[
1 +

(
κ◦
i

κ◦
k

) 1
2
(
Mi

Mk

) 1
4

]2
(18.10)

κ◦ is the so-called frozen thermal conductivity, which is the thermal conductivity where
all rotational and vibrational modes of storing and transferring energy are ignored. How
to calculate it is described in Equations (18.11) and (18.12).

κ◦
i = κi/Ei (18.11)

Ei = 0.115 + 0.354(Cpi/R) (18.12)

κi is the thermal conductivity of the mixture component in its pure form. For estimating
this the unary models described earlier are deployed.

18.5.3 Variable Declaration

There are no model specific parameters to declare.
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18.5.4 Assumptions

The following is assumed in this model.

1. The model assumes that the rigorous kinetic theory of multi-component gas mix-
tures, as formulated by Hirschfelder (1957), provides the correct theoretical basis for
deriving the simplified expressions.

2. The formulation assumes that the complex ratio of collision integrals can be re-
placed by a single universal empirical constant of 1.065 to correct for expansion
errors across different gas pairs.

3. It assumes that thermal conductivity can be separated into two independent energy
contributions; translational and internal energy.

18.5.5 Model Validation

The mixing rule by Mason and Saxena (1958) was validated in Figures 18.5 to 18.9. These
validation ranges are summarised in Table 18.9.

Table 18.9: Thermal Conductivity Mixing Rule by Mason and Saxena (1958) Validation
Ranges

Model Systems Composition Temperature (K) Pressure (Pa)

Binary CO2 –N2 xCO2
= 0.1− 0.9 300− 2000 101325

CO2 –N2 xCO2 = 0− 1 323− 961 101325
CO2 –N2 xCO2 = 0.25, 0.5, 0.75 300− 1100 101325
H2 –N2 xN2

= 0− 1 273 101325
O2 –N2 xO2

= 0− 1 295 101325
H2O–O2 xH2O = 0.25, 0.5 400− 1000 101325

Unfortunately, this mixture rule could not be validated for all binary combinations of CO,
CO2, H2O, O2, H2, N2 and Ar.
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(a) xCO2 = 0.1 (b) xCO2 = 0.3 (c) xCO2 = 0.4

(d) xCO2 = 0.6 (e) xCO2 = 0.7 (f) xCO2 = 0.9

Figure 18.5: Testing auxi-mpp’s implemented Mason and Saxena (1958) mixing rule
against theoretically calculated data from Crusius et al. (2018).

To the data from Crusius et al. (2018) used in Figure 18.5, the recommended correction
described in Equation (18.13) was made.

κ(T, xCO2) = κcalc(T,xCO2 )
× (1.011xCO2 + (1− xCO2)) (18.13)

From Figure 18.5, it seems like the mixing rule fails at high xN2 . However, comparing Fig-
ure 18.5a to Figure 18.2b, we see that the performance does approach that of the unary
system as the fraction of N2 approaches unity. The deviations here can therefore be at-
tributed to different theories used to estimate pure component thermal conductivities,
and not to the mixing rule itself. The data from Crusius et al. (2018) were calculated from
fundamental theory, while the pure component thermal conductivity for N2 andCO2were
estimated using the models by Lemmon and Jacobsen (2004) and that of Chung et al.
(1984), respectively.
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(a)

(b) (c)

Figure 18.6: Testing auxi-mpp’s implemented Mason and Saxena (1958) mixing rule
against experimental data presented in the same article but from different
authors.

As seen in Figures 18.6a and 18.6b, themixing rule performs reasonablywell for the binary
CO2 –N2 and H2 –N2 systems. For the CO2 –N2 system, a thermal conductivity maximum
arises for ∼50%mixtures at high temperatures, which the mixing rule fails to account for,
however.

In Figure 18.6c there is a poor match between model and data. However, comparing
Figure 18.6c to Figures 18.2c and 18.4, we see that at the extremes, where xO2 = 0 and 1,
the performance corresponds to the validated unarymodels’ performance. We therefore
hypothesise that the data from Mason and Saxena (1958) is of poor quality. In short; this
provides no evidence that the mixing rule is failing.
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Figure 18.7: Testing auxi-mpp’s implemented Mason and Saxena (1958) mixing rule
against data from Rothman and Bromley (1955)

From Figure 18.7, we again observe a maximum at ∼50% mixtures of CO2 –N2. Here it is
not only present at higher temperatures but also at the lower temperatures. The mixing
rule by Mason and Saxena (1958) fails to capture this effect. Nevertheless, the experi-
mental data in this figure is questionable, as there is a disproportionally large deviation
between the data of 642 and 648 K. We therefore cannot draw strong conclusions from
this comparison.
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(a) (b)

(c)

Figure 18.8: Testing auxi-mpp’s implemented Mason and Saxena (1958) mixing rule
against experimental data fromWestenberg and DeHaas (1962).

(a) (b)

Figure 18.9: Testing auxi-mpp’s implemented Mason and Saxena (1958) mixing rule
against experimental data fromWestenberg and De Haas (1963).
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When comparing the model against the data from Westenberg and DeHaas (1962), the
mixing rule does adequately estimate the thermal conductivity of a 50%CO2 –N2 mixture
at higher temperatures. Figures 18.8 and 18.9 are compelling evidence that this mixture
model does indeed perform well.

Based on all data presented, we regard this mixture model as successfully validated for
at least binary systems.

Issues

Due to time constraints, the mixing rule could not be validated for all combinations of
binary gas mixtures. And due to a lack of data, the mixture rule could not be validated for
ternary (multi-component) mixtures. This will have to be revisited in the future.
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Chapter 19

Total Emissivity

In the simulation of high-temperature processes within auxi-mpp, radiative heat transfer
is governed by a material’s emissivity. While idealised physics utilises the concept of a
“blackbody”—a perfect emitter across all wavelengths—real-world materials, especially
gases, exhibit complex, non-ideal behaviour. Thermal radiation arises from the transition
of atoms and molecules between discrete energy states as dictated by quantum me-
chanics. Because every chemical compound possesses a unique molecular structure,
each has a unique set of quantum transitions it can undergo. This results in a unique
“spectral fingerprint” for every material, where radiation is emitted predominantly within
specific wavelength regions known as spectral bands, rather than continuously across
the spectrum. A spectral band, in turn, is composed of a multitude of spectral lines, each
line representing an allowed quantum transition.

For practical engineering simulations, computing radiative exchange at every spectral
line is often computationally prohibitive. Instead, the dimensionless total emissivity is
used—an aggregate value that describes the overall efficiency of a surface’s radiation
compared to a blackbody. Mathematically, this is the integral of the material’s spectral
emissivity, which defines the emissivity at every spectral line, weighted by the Planck
blackbody distribution function. This chapter unpacks the models implemented in auxi-
mpp to approximate this integral.

The callable modules implemented in auxi-mpp to estimate the total emissivity of a gas
are composed of two types of models. These are the Exponential Wide Band model by
Edwards and Menard (1964) and Felske and Tien (1974) and a correlation chart model by
Leckner (1972).

To simplify, the gases H2, N2 andO2 are regarded as transparent. auxi-mpp therefore only
includes total emissivity models for CO, CO2 and H2O vapour.

19.1 Exponential Wide Band Model

An Exponential Wide Band (EWB) model originally developed by Edwards and Menard
(1964) and later improved by Felske and Tien (1974).
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19.1.1 Model Overview

In this model the total emissivity is calculated from combining the emissivity of individ-
ual bands identified to be dominant for the species (also called wide bands or major
absorbance bands). The emissivities of the wide bands are calculated from a set of pre-
defined parameters which are based on experimental data.

It was found that for pure CO2 and H2O, this model deviatesmore from experimental data
than the chart model by Leckner (1972), which is developed specifically for CO2 and H2O.
This model is therefore only implemented for CO, however, all parameters for CO2 and
H2O are still documented here.

19.1.2 Model Formulation

The basic idea is to calculate the optical thickness, τ0, and the line overlap parameter,
β, for every major absorbance band of the gas, as in Equation (19.1) and Equation (19.2).
From these we calculate the total band absorptance, A, as in Equation (19.3) and Equa-
tion (19.4). To get the total emissivity of the gas, take the sum of the total absorptance of
all major bands, each weighted by the black body intensity function, as shown in Equa-
tion (19.5).

τ0 =
αX

ω
(19.1)

β = β∗
0

√
T0

T

Φ

Φ0

Pe (19.2)

A∗ = 2E1

(√
τ0β

1 + β/τ0

)
+ E1

(
1

2

√
τ0/β

1 + β/τ0

)

− E1

(
1 + 2β

2

√
τ0/β

1 + β/τ0

)
+ ln

(
τ0β

(1 + β/τ0)(1 + 2β)

)
+ 2γEs (19.3)

A = A∗ω (19.4)

ϵ =
N∑
i=1

(
πIbη0
σT 4

)
i

Ai (19.5)

All parameters needed to calculate τ0 and β are given in the equations below, as well as
in Table 19.1.

Calculate the Optical Thickness

To calculate τ0 in Equation (19.1), use Equation (19.6), Equation (19.11) and Equa-
tion (19.13).

α = α0
Ψ

Ψ0

(19.6)
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where

Ψ(T ) =

(
1− exp

(
−

m∑
k=1

uk(T )δk

)) ∏m
k=1

∑∞
vk=v0,k

(vk+gk+|δk|−1)!
(gk−1)!vk!

e−uk(T )vk∏m
k=1

∑∞
vk=0

(vk+gk−1)!
(gk−1)!vk!

e−uk(T )vk
(19.7)

Ψ0 = Ψ(T0) (19.8)

v0,k = {0 for δk ≥ 0, |δk| for δk ≤ 0 (19.9)

uk(T ) = hcηk/kT (19.10)

and
X = ρas (19.11)

where

ρa =
Mpa
RT

(19.12)

and

ω = ω0

√
T

T0

(19.13)

α0, δk, ηk, gk,m and ω0 are obtained from Table 19.1, where vk are the vibrational quantum
numbers, δk is the change in vibrational quantum number during transition, and gk are
statistical weights (degeneracy, i.e. the number of ways the transition can occur) for the
transition. T0 = 100 K and s is the optical path length.

To ensure the code for Equations (19.7) and (19.15) remain numerically stable, the mathe-
matical shortcut in Equation (19.14) was substituted into those equations.

∞∑
vk=0

(vk + gk − 1)!

(gk − 1)!vk!
e−uk(T )vk = (1− e−uk(T ))−gk (19.14)

Calculate the Overlap Parameter

To calculate β in Equation (19.2), use Equation (19.15) and Equation (19.17).

Φ(T ) =

{∏m
k=1

∑∞
vk=v0,k

√
(vk+gk+|δk|−1)!

(gk−1)!vk!
e−uk(T )vk

}2

∏m
k=1

∑∞
vk=v0,k

(vk+gk+|δk|−1)!
(gk−1)!vk!

e−uk(T )vk
(19.15)

where the parameters required are the same as for Equation (19.15), and where

Φ0 = Φ(T0) (19.16)

and

Pe =

[
p

p0

(
1 + (b− 1)

pa
p

)]n
(19.17)

Pe is the effective pressure which provides the pressure dependence of the line broad-
ening due to collisions between absorbing and non-absorbing particles.
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β∗
0 (required in Equation (19.2)), b and n can be obtained from Table 19.1, p0 = 101325 Pa
and pa is the partial pressure of the gas.

Calculate the Total Band Absorptance

To calculate A∗ from Equation (19.3), use E1 as defined in Equation (19.18).

E1(x) =

∫ 1

0

e−x/u

u
du (19.18)

Calculate the Total Emissivity

To calculate the total emissivity with Equation (19.5), use Equation (19.19) for the black-
body intensity function.

Ibη0 =
2hc20η

3

n2[ehc0η/nkT − 1]
(19.19)

Here, η is is also obtained from Table 19.1, and the refractive index n is set to unity.

19.1.3 Variable Declarations

Table 19.1: EWB model correlation parameters for CO, CO2 and H2O.

Band Location ηc Vibr. Quantum Step Pressure Parameters Correlation Parameters

λ [cm−1] (δk) n b α0 β∗
0 ω0

[µm] [cm−1/(g/m2)] [cm−1]

H2O m = 3, η1 = 3652 cm−1, η2 = 1595 cm−1, η3 = 3756 cm−1, gk = (1, 1, 1)

71 µm ηc = 140 cm−1 (0, 0, 0) 1 8.6
√

T0
T

+ 0.5 5.455 0.143 69.3

6.3 µm ηc = 1600 cm−1 (0, 1, 0) 1 8.6
√

T0
T

+ 0.5 41.2 0.094 56.4

2.7 µm ηc = 3760 cm−1
(0, 2, 0)
(1, 0, 0)
(0, 0, 1)

1 8.6
√

T0
T

+ 0.5
0.2
2.3
23.4

0.132 60.0

1.87 µm ηc = 5350 cm−1 (0, 1, 1) 1 8.6
√

T0
T

+ 0.5 3.0 0.082 43.1

1.38 µm ηc = 7250 cm−1 (1, 0, 1) 1 8.6
√

T0
T

+ 0.5 2.5 0.116 32.0

CO2 m = 3, η1 = 1351 cm−1, η2 = 666 cm−1, η3 = 2396 cm−1, gk = (1, 2, 1)
15 µm ηc = 667 cm−1 (0, 1, 0) 0.7 1.3 19.0 0.062 12.7
10.4 µmd ηc = 960 cm−1 (−1, 0, 1) 0.8 1.3 2.47× 10−9 0.040 13.4
9.4 µmd ηc = 1060 cm−1 (0,−2, 1) 0.8 1.3 2.48× 10−9 0.119 10.1
4.3 µm ηc = 2410 cm−1 (0, 0, 1) 0.8 1.3 110.0 0.247 11.2
2.7 µm ηc = 3660 cm−1 (1, 0, 1) 0.65 1.3 4.0 0.133 23.5
2.0 µm ηc = 5200 cm−1 (2, 0, 1) 0.65 1.3 0.060 0.393 34.5

CO m = 1, η1 = 2143 cm−1, g1 = 1
4.7 µm ηc = 2143 cm−1 (1) 0.8 1.1 20.9 0.075 25.5
2.35 µm ηc = 4260 cm−1 (2) 0.8 1.0 0.14 0.168 20.0

19.1.4 Assumptions

The EWBmodel by Edwards and Menard (1964) and Felske and Tien (1974) assumes the
following.

1. It is assumed that the real spectral lines of the molecules are not equally spaced
and not of equal strength, but rather that they are randomly spaced and of random
strength.
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2. It is assumed that the gas is enclosed in an enclosure that have perfectly blackwalls
and that there are no scattering particles present.

3. The spectral band decrease exponentially at the sides, hence the name ’Exponen-
tial Wide Band Model’.

19.1.5 Model Validation

The model is only used and therefore validated for CO. Gas mixtures will be considered
in Section 19.2.

The EWB model implemented in auxi-mpp was validated for the range shown in Ta-
ble 19.2.

Table 19.2: EWB model by Edwards and Menard (1964) and Felske and Tien (1974) Vali-
dation Ranges

Model Systems Composition Temperature (K) Pressure (Pa) Pressure Path Length (Pam)

Unary CO zero partial pressure 298− 3000 100000 843− 375300

In Figure 19.1 the model by Edwards and Menard (1964) and Felske and Tien (1974) pre-
sented here are tested against standard total emissivities provided by Alberti et al. (2018).
Since the literature data is not said to be produced by the samemodel that we are testing
here, we should not expect an exact match.

Figure 19.1: Standard total emissivity of CO at 100 000 Pa. Pressure length indicated on
the graph are in units of Pam

Issues
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There is a significant amount of deviation from the literature values in the region of 300
to 1300K. The reason for this deviation is suspected to be due to a different model used
by Alberti et al. (2018) to generate the literature data, than we implemented here.

19.2 Chart Model

A correlation chart model developed by Leckner (1972).

19.2.1 Model Overview

This model is a correlation chart model, where a polynomial was fitted to integrated ex-
perimental spectral data. Emissivities are therefore not computed for individual bands,
as with wide band models. This model have only been developed for H2O and CO2 gas
mixtures. And it should also be noted that Leckner (1972) developed this chart model
only for temperatures above 400 K.

19.2.2 Model Formulation

To get the total emissivity of species i, the zero-partial-pressure emissivity, ϵ0i, is scaled
as in Equation (19.20)

ϵi = ϵ0i

(
ϵ

ϵ0

)
i

(19.20)

where ϵ0i is given by Equation (19.21);

ϵ0 = exp

[
M∑
i=0

N∑
j=0

cji

(
T

T0

)j (
log10

paL

(paL)0

)i
]

(19.21)

and the scaling factor is given by Equation (19.22);

(
ϵ

ϵ0

)
i

= 1− (a− 1)(1− PE)

a+ b− 1 + PE

exp

[
−c

[
log10

(paL)m
paL

]2]
(19.22)

When estimating the total emissivity of a CO2 –H2O gas mixture, the contributions of the
individual gases are summed together and overlap between spectral bands of the two
species is subtracted as in Equation (19.23).

ϵCO2+H2O = ϵCO2 + ϵH2O −∆ϵCO2-H2O (19.23)

The amount of overlap is estimated with Equation (19.24).

∆ϵCO2-H2O =

[
ζ

10.7 + 101ζ
− 0.0089ζ10.4

](
log10

(pH2O + pCO2)L

(paL)0

)2.76

(19.24)
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where

ζ =
pH2O

pH2O + pCO2

(19.25)

19.2.3 Variable Declarations

Table 19.3: Chart model correlation parameters for H2O and CO2.

Gas H2O CO2

M,N 2, 2 2, 3
c00 . . . cN0

...
...

...
c0M . . . cNM

−2.2118 −1.1987 0.035596
0.85667 0.93048 −0.14391

−0.10838 −0.17156 0.045915

−3.9893 2.7669 −2.1081 0.39163
1.2710 −1.1090 1.0195 −0.21897

−0.23678 0.19731 −0.19544 0.044644

PE (p+ 2.56pa/
√
t)/p0 (p+ 0.28pa)/p0

(paL)m/(paL)0 13.2t2

{
0.054/t2, t < 0.7

0.225t2, t > 0.7

a

{
2.144, t < 0.75

1.888− 2.053 log10 t, t > 0.75
1 + 0.1/t1.45

b 1.10/t1.4 0.23
c 0.5 1.47

T0 = 1000 K, p0 = 100000 Pa, t = T/T0, (paL)0 = 1000 Pam

19.2.4 Model Validation

In this section, we present validation figures for the Leckner (1972) chart model as well as
that for mixtures of CO, CO2 and H2O. In such mixtures, the EWB model is used for the
contribution of CO, and the chart model is used for that of CO2 and H2O.

The systems tested are summarised in Table 19.4

Table 19.4: Systems for which the total emissivity models are validated in this section.

Model Systems Composition Temperature (K) Pressure (Pa) Pressure Path Length (Pam)

Unary CO2 zero partial pressure 298− 2500 100000 50− 100000
H2O zero partial pressure 298− 2500 100000 500− 400000

Binary CO2 –H2O xCO2 = 0.3, xH2O = 0.4 298− 3000 101325 100− 1000000
CO2 –H2O xCO2 = 0.3, xH2O = 0.4 298− 3000 40× 101325 100− 1000000

Ternary CO–CO2 –H2O xCO = 0.3, xCO2 = 0.3, xH2O = 0.3 298− 2500 100000 500− 500000

Leckner Chart Model

The literature data obtained from Leckner (1972) shown in Figures 19.2 and 19.3 (black
lines) are spectrally integrated emissivities calculated by Leckner. It should be noted
that this data is not the performance of Leckner’s correlation chart model. Instead, as
reported by Modest (2013), Leckner’s model has a maximum error of 5% for H2O and 10%
for CO2 when compared to these spectral integrations.
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With that said, Leckner’s correlation chart model implemented in auxi-mpp performs as
expected for the zero partial pressure limits shown in Figures 19.2 and 19.3, showing a
closer correlation for H2O than for CO2. Since Leckner only developed his model for tem-
peratures above 400K, we only show the validation figures from there and upwards.

Figure 19.2: Standard total emissivity of H2O at 100 000 Pa. Pressure length indicated
on the graph are in units of Pam

Figure 19.3: Standard total emissivity of CO2 at 100 000 Pa. Pressure length indicated
on the graph are in units of Pam

For CO2 –H2O mixtures, our implementation of Leckner’s correlation chart is compared
to line-by-line calculations (gray lines) and Leckner’s model, both as presented by Alberti
et al. (2018), in Figure 19.4. As the performance of Leckner’s polynomial, presumably the
same one we implemented, are shown here, we expect to see a very close correlation.
This is not the case, however. There does seem to be a better correlation at higher pres-
sure, though.
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(a) p = 1 atm

(b) p = 40 atm

Figure 19.4: Total emissivity for a 40% mole H2O, 30% CO2 gas mixture. Pressure length
indicated on the graph are in units of Pam

Issues

Our implementation of Leckner’s chart model does not correspond exactly to the same
model’s performance presented by Alberti et al. (2018) and we could therefore not vali-
date themodel. The reason for this is not clear and will have to be investigated in a future
update.

CO, CO2 and H2OMixtures

To estimate emissivities for thesemixtures, it is assumed that there is no overlap between
CO and either CO2 or H2O. If both CO2 and H2O are present, Leckner’s chart model is
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used to account for their overlap. The essence of how auxi-mpp handles these mixtures
is captured in Equation (19.26).

ϵtotal = ϵEdwardsFelskeTienCO + ϵLecknerCO2
+ ϵLecknerH2O −∆ϵLecknerCO2-H2O (19.26)

Our implementation was compared to the performance of the EXCEL sheet provided by
Alberti et al. (2018), which is closely correlated to line-by-line calculations. Overall our
model performs adequately for this first iteration, but sees deviations at low as well as at
very high temperatures, depending on the pressure path length used.

Figure 19.5: Total emissivity vs temperature for a 30% mole CO, 30% CO2, 30% H2O gas
mixture at 100 000 Pa. Pressure length indicated on the graph are in units
of Pam

Issues

At low temperature and high pressure path length as well as at very high temperatures,
our implementation deviate substantially from the EXCEL interpolations provided by Al-
berti et al. (2018). This will need to be addressed in a future update.
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Part V

Solid Material Properties
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Chapter 20

Background

Solid materials are important to consider along with liquid alloys, slags and gases when
modelling material properties in pyrometallurgical processes. They can be composed of
pure elements, compounds, or mixtures, and can exist in various crystalline and amor-
phous phases, each with distinct properties.

Pellets, used as a feedstock for furnaces, are small spherical agglomerateswith complex,
multiphase solid structures. For appllication in blast and shaft furnaces, they consist of a
binder, iron ore and a carbonaceous material such as coke.

To model the physical properties of pellets we need physical property models for the
solid phases present in the pellets. Once accurate single-phase models have been de-
veloped, multiphase pellet properties can be modelled taking into account phase inter-
actions and microstructure effects, such as porosity and grain size distribution.

Other important solid multiphase materials include refractory linings and solidified slag
(such as freeze linings). Both are crucial in furnace containment and campaign life.

In the next chapter we present physical property models for single-phase solids be-
fore we continue to model multi-phasematerials comprising solids, slag, liquid alloy and
gas.
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Chapter 21

Density

We have implemented two models for calculating solid-phase molar volume and den-
sity; a general model and one for graphene. The general molar volume and densitymod-
els use parameters for volumetric thermal expansion coefficients obtained from literature
to determine single-phase solid molar volumes and densities.

The graphene molar volume and density model first models linear thermal expansion
coefficients for graphite to more accurately capture the anisotropic thermal expansion
behaviour. It is then used to determine the molar volume and density as a function of
temperature.

21.1 Charles-Dalton-Gay-Lussac Density Model

A model using volumetric thermal expansion coefficients to describe the temperature
dependence of solid phase density. This model is named after Jacques Charles, John
Dalton, and Joseph Louis Gay-Lussac, who pioneered thermal expansion theory.

21.1.1 Introduction

The two models are implemented in auxi-mpp as CharlesDaltonGayLussacUnary and
CharlesDaltonGayLussacDensityUnarymodels, respectively.

21.1.2 Model Overview

Density for single-phase solids as function of temperature is estimated using Equa-
tion (21.1) based on molar mass (M ) and molar volume (Vm).

ρ(T ) =
M

Vm(T )
(21.1)

The temperature dependence of Vm is modelled using volumetric thermal expansion co-
efficients β. β can be a temperature-dependent function (β(T )) or be a constant average
value (βavg) approximated over a temperature range.
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CharlesDaltonGayLussacUnary and CharlesDaltonGayLussacDensityUnary can use either
β(T ) or βavg to estimate the molar volume and density of single-phase solids, depending
on the availability of parameters for a specific compound phase in literature. If no param-
eters for β(T ) are available, but an average value is, then the constant βavg approximation
is applied.

21.1.3 Model Formulation

Temperature Dependent Volumetric Thermal Expansion Coefficient

In terms of the molar volume Vm (the volume occupied by one mole of substance) at
constant pressure P , β is defined by Equation (21.2).

β(T ) =
1

Vm

(
∂Vm

∂T

)
P

(21.2)

By separating the variables, and rearranging Equation (21.2) into a differential form suit-
able for integration Equation (21.3) is obtained.

dVm

Vm

= β(T ) dT (21.3)

Integrating both sides of Equation (21.3) from a reference state (T0, Vm,0) to a final state
(T, Vm) yields the logarithmic expansion shown in Equation (21.4).∫ Vm(T )

Vm,0

dVm

Vm

=

∫ T

T0

β(T ) dT =⇒ ln

(
Vm(T )

Vm,0

)
=

∫ T

T0

β(T ) dT (21.4)

Solving for the temperature-dependent molar volume by taking the exponential of
both sides yields Equation (21.5) which is the final expression for molar volume in
CharlesDaltonGayLussacUnary.

Vm(T ) = Vm,0 exp

(∫ T

T0

β(T ) dT

)
(21.5)

For isotropic solids, β(T ) can be calculated from the linear thermal expansion coefficient,
α(T ), using Equation (21.6). For anisotropic solids, β(T ) is the sum of the linear thermal
expansion coefficients in each crystallographic direction, as shown in Equation (21.7).

β(T ) = 3α(T ) (21.6)

β(T ) = αa(T ) + αb(T ) + αc(T ) (21.7)

In CharlesDaltonGayLussacUnary and CharlesDaltonGayLussacDensityUnary, materials
are assumed isotropic with β(T ) modelled using Equation (21.8). Values for the parame-
ters a0, a1, a2, and a3 of selected compound phases are reported in Table 21.1.

β(T ) = 3α(T ) = a0 + a1T + a2T
2 + a3T

−2 (21.8)
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Density ρ(T ) is determined by substituting Equation (21.5) into Equation (21.1) to produce
Equation (21.9).

ρ(T ) =
M

Vm(T )
=

M

Vm,0 exp
(∫ T

T0
β(T ) dT

) (21.9)

Substituting the initial density (ρ0 = M/Vm,0) into Equation (21.9) yields a final density ex-
pressed by Equation (21.10) which is used in CharlesDaltonGayLussacDensityUnary.

ρ(T ) = ρ0 exp

(
−
∫ T

T0

β(T ) dT

)
(21.10)

Constant Volumetric Thermal Expansion Coefficient

If no parameters for β(T ) are available, but an average value of βavg is, then the
following linear approximation is applied to estimate the molar volume and den-
sity of single-phase solids. This is applied in CharlesDaltonGayLussacUnary and
CharlesDaltonGayLussacDensityUnary.

From the molar volume in Equation (21.5) with β constant (β = βavg), the integral part
simplifies to Equation (21.11). βavg is the mean of β(T ), which is the integral of β(T ) over a
temperature range divided by the range itself.∫ T

T0

β dT = βavg(T − T0) = βavg∆T (21.11)

βavg is then substituted back into Equation (21.5) and Equation (21.10) to obtain the linear
approximations for molar volume and density.

21.1.4 Assumptions

It is assumed that the material is isotropic. This means linear thermal expansion is uni-
form across all directions (a, b, c axes), and results in the volumetric thermal expansion
coefficient (β) being equal to three times the linear thermal expansion coefficient (α), as
shown in Equation (21.6).

21.1.5 Variable Declarations

Table 21.1 lists the parameters for the polynomial model of β(T ) used in
CharlesDaltonGayLussacUnary and CharlesDaltonGayLussacDensityUnary for single-
phase solids. This data was obtained from different literature sources and used to
calculate the temperature-dependent volumetric thermal expansion coefficient β(T ) for
each compound phase using Equation (21.8).
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Table 21.1: Volumetric thermal expansion coefficient data for single-phase solids.

Formula Phase Temperature Range T0 Vm,0 β0 a0 a1 a2 a3 References
(K) (K) 10−6m3mol−1 (10−6 K−1) (10−4 K−1) (10−8 K−2) (10−11 K−3) (K)

Fe ferrite 298-1043 298 7.00790 – 0.342756 1.62801 – -0.291672 (Lu et al. 2005)
austenite 1043-1700 298 6.72092 – 0.697895 – – – (Lu et al. 2005)

FeO wüstite 293-873 293 12.05 33.9 0.3203 0.6293 – – (Ahrens 1995)
Fe2O3 hematite 293-673 293 30.28 23.8 0.1238 3.8014 – – (Ahrens 1995)
Fe3O4 magnetite 293-843 293 44.53 20.6 -0.0353 8.0591 – – (Ahrens 1995)
CaO lime 293-2400 293 16.76 33.5 0.3032 1.0463 – – (Ahrens 1995)
MgO periclase 303-1273 303 11.25 31.6 0.3768 0.7404 – -0.7446 (Ahrens 1995)
Al2O3 corundum (α) 293-2298 293 25.57 23.0 0.2276 0.4198 – -0.0897 (Ahrens 1995)
SiO2 cristobalite, low 301-491 301 25.74 91.7 0.9170 – – – (Ahrens 1995)

cristobalite, high 673-1473 673 27.38 6.0 0.0600 – – – (Ahrens 1995)
quartz, alpha 298-773 298 22.69 24.3 0.1417 9.6581 – -1.6973 (Ahrens 1995)
quartz, beta 1473-1673 1473 23.72 -4.4 -0.0440 – – – (Ahrens 1995)

Fe3C cementite 298-1000 298 23.26 – 0.39 1.2 – – (Litasov et al. 2015)
Fe7C3 Eckstrom-Adcock iron carbide 298-1000 298 55.69 – 0.31 1.2 – – (Litasov et al. 2015)
CaFe2O4 calcium ferrite, low 298-800 298 44.86* 36.12 – – – – (Tsipis et al. 2007)

calcium ferrite, high 973-1223 973 46.03* 41.7 – – – – (Tsipis et al. 2007)
Ca2Fe2O5 brownmillerite, low 370-950 370 67.51* 39.3 – – – – (Shaula et al. 2006)

brownmillerite, high 970-1270 970 69.37* 33.9 – – – – (Shaula et al. 2006)
CaFeSi2O6 hedenbergite 297-1273 297 67.45 29.8 0.2980 – – – (Ahrens 1995)
CaSiO3 wollastonite 298-700 298 41.19 13.0 0.06328 2.24 – – (Hoang et al. 2023; Ahrens 1995)
Ca2SiO4 calcium orthosilicate 293-1473 293 52.19 31.4 0.4601 0.0158 – -1.3157 (Ahrens 1995)
FeSiO3 orthoferrosilicate 297-1253 297 32.97 39.3 0.3930 – – – (Ahrens 1995)
Fe2SiO4 fayalite 298-1123 298 46.29 26.1 0.2386 1.1530 – -0.0518 (Ahrens 1995)
* Calculated from structure data of source.
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21.1.6 Model Validation

Table 21.2 lists the solid phases with Figures 21.1 to 21.6 showing the validation plots for
which densities were validated.

Fe ferrite and austenite were validated against experimental density data from Lu et al.
(2005). All other solid phases were validated against FactSage data.

Where refinement is needed, improved volumetric thermal expansion parameters or a
more complexmodel formulationmay be necessary. Improvements to themodel will be
considered in future work, but for now, the solid phases with unsatisfactory validation are
still accessible in auxi-mpp, however, the user is cautioned to use it at own discretion if
required for a rough estimate.

Table 21.2: The phases and temperature ranges for which they were tested at standard
pressure.

Formula Phase Temperature
Range (K)

References

Fe ferrite 298-1043 (Lu et al. 2005)
austenite 1043-1700 (Lu et al. 2005)

FeO wüstite 293-873 (Ahrens 1995)
Fe2O3 hematite 293-673 (Ahrens 1995)
Fe3O4 magnetite 293-843 (Ahrens 1995)
CaO lime 293-2400 (Ahrens 1995)
MgO periclase 303-1273 (Ahrens 1995)
Al2O3 corundum (α) 293-2298 (Ahrens 1995)
SiO2 cristobalite, low 301-491 (Ahrens 1995)

cristobalite, high 673-1473 (Ahrens 1995)
quartz, alpha 298-773 (Ahrens 1995)
quartz, beta 1473-1673 (Ahrens 1995)

Fe3C cementite 298-1000 (Litasov et al. 2015)
Fe7C3 Eckstrom-Adcock iron carbide 298-1000 (Litasov et al. 2015)
CaFe2O4 calcium ferrite, low 298-800 (Tsipis et al. 2007)

calcium ferrite, high 973-1223 (Tsipis et al. 2007)
Ca2Fe2O5 brownmillerite, low 370-950 (Shaula et al. 2006)

brownmillerite, high 970-1270 (Shaula et al. 2006)
CaFeSi2O6 hedenbergite 297-1273 (Ahrens 1995)
CaSiO3 wollastonite 298-700 (Hoang et al. 2023; Ahrens 1995)
Ca2SiO4 calcium orthosilicate 293-1473 (Ahrens 1995)
FeSiO3 orthoferrosilicate 297-1253 (Ahrens 1995)
Fe2SiO4 fayalite 298-1123 (Ahrens 1995)
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(a) Fe ferrite (b) Fe austenite

(c)MgO periclase

Figure 21.1: Validation plots of ferrite, austenite and MgO.
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(a) Al2O3 corundum α (b) Ca2Fe2O5 brownmillerite high

(c) Ca2Fe2O5 brownmillerite low (d) Ca2SiO4 calcium orthosilicate β

Figure 21.2: Validation plots of Al2O3, Ca2Fe2O5, and Ca2SiO4 phases.
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(a) CaFe2O4 calcium ferrite high (b) CaFe2O4 calcium ferrite low

(c) CaFeSi2O6 hedenbergite (d) CaO lime

Figure 21.3: Validation plots for CaFe2O4, CaFeSi2O6, and CaO phases.
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(a) CaSiO3 wollastonite (b) Fe2SiO4 fayalite

(c) Fe3C cementite (d) Fe7C3 Eckstrom-Adcock iron carbide

Figure 21.4: Validation plots of CaSiO3, Fe2SiO4, Fe3C, and Fe7C3 phases.
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(a) FeO wüstite (b) Fe2O3 hematite

(c) Fe3O4 magnetite (d) FeSiO3 orthoferrosilicate

Figure 21.5: Validation plots of FeO, Fe2O3, Fe3O4, and FeSiO3 phases.
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(a) SiO2 cristobalite high (b) SiO2 cristobalite low

(c) SiO2 quartz α (d) SiO2 quartz β

Figure 21.6: Validation plots of SiO2 phases.
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21.2 Zorzi Density Model

A molar volume and density model that incorporates a linear thermal expansion coeffi-
cient model for graphite is presented in this section.

21.2.1 Introduction

The two models are implemented in auxi-mpp as ZorziMolarVolumeUnary and
ZorziDensityUnary, respectively.

21.2.2 Model Overview

The molar volume and density for graphite are estimated from Equation (21.5) and Equa-
tion (21.10) in the ZorziUnary and ZorziDensityUnary models. The volumetric thermal
expansion coefficient β(T ), for graphite, is calculated using Equation (21.12) assuming
hexagonal symmetry.

β(T ) = 2αa(T ) + αc(T ) (21.12)

αa and αc are linear thermal expansion coefficients in the a and c directions, respec-
tively, and are estimated using the following linear model, fitted to experimental data
for graphite (Zorzi and Perottoni 2021).

21.2.3 Model Formulation

The model formulation for the linear thermal expansion coefficients in the a and c direc-
tions, αa and αc, applies a heuristic analytical expression for the lattice parameters a(T )
and c(T ), (Zorzi and Perottoni 2021).

The temperature dependence of the lattice parameter is given by Equation (21.13) and
Equation (21.14), where the function g(T ) is a polynomial and the exponential termensures
that the lattice parameter approaches a finite value as T → 0.

a(T ) = a0 + e−B/Tg(T ) (21.13)

g(T ) =
M ′∑

m=M

AmT
m (21.14)

In Equation (21.13) and Equation (21.14), a0 is the lattice parameter in the limit T → 0,B > 0,
and Am (for M ≤ m ≤ M ′ including m = 0) are fit parameters. The physical requirement
that the lattice parameter varies linearly with temperature at high temperatures (sa(T ) ∼
T as T → ∞) restricts the upper limit of the sum toM ′ = 1.

For materials that exhibit negative thermal expansion (NTE) over a limited temperature
range, such as graphite parallel to the a-axis, an additional function h(T ) is introduced.
This function must be continuous, infinitely differentiable, finite at T = 0, and tend to zero
for large T . Incorporating this function, Equation (21.13) gives Equation (21.15).
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a(T ) = a0 + e−B/T [g(T ) + h(T )] (21.15)

The isobaric linear coefficient of thermal expansion, αa(T ), is defined as:

αa(T ) =
1

a(T )

∂a(T )

∂T

∣∣∣∣
p

(21.16)

Substituting Equation (21.15) into Equation (21.16) yields a complete expression for the
linear coefficient of thermal expansion αa(T ) as shown in Equation (21.17).

αa(T ) =
e−B/T

a(T )

[
M ′∑

m=M

Am(m+B/T )Tm−1 +
B

T 2
h(T ) + h′(T )

]
(21.17)

h′(T ) is the first derivative of h(T ) with respect to T .

In the specific case ofmodelling graphite, the correction function h(x) used to capture the
negative thermal expansion parallel to the a-axis is modelled as an asymmetric pseudo-
Voigt function shown in Equation (21.18).

h(x) = ηL(x) + (1− η)G(x) (21.18)

L(x) andG(x) are the Lorentzian and Gaussian peak profiles as defined in Equation (21.19)
and Equation (21.20), respectively.

L(x) =

2
πγ(x)

1 + 4[(x− x0)/γ(x)]2
(21.19)

G(x) =
1

γ(x)

√
4 ln 2

π
e−4(ln 2)(x−x0

γ(x) )
2

(21.20)

The term γ(x) introduces asymmetry into the peak width with Equation (21.21)

γ(x) =
2γ0

1 + eα(x−x0)
(21.21)

In Equation (21.21), the parameter α measures the peak asymmetry relative to the peak
maximum (α = 0 returns a standard symmetric pseudo-Voigt profile).

All these equations including the derivative of h(T ) are implemented in ZorziUnary and
ZorziDensityUnary models to estimate linear thermal expansion coefficients and molar
volume and density of graphite.
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21.2.4 Variable Declarations

Table 21.3 presents the model parameters which were determined through a multi-
objective fitting process to experimental data for graphite’s linear thermal expansion co-
efficients along the a and c axes. The values in parentheses are the estimated uncertain-
ties (1σ) in the last digit(s).

Table 21.3: Model parameters

Parameter Estimated value

Parallel to a-axis

a0 2.461835(46)

B 0.2856(72)

A0 −0.00303(31)

A1 0.00271(12)

A−1 2.89(46)× 10−4

A−2 −1.99(35)× 10−5

η 0.57(18)

γ0 1.80(80)

α −1.88(18)

x0 0.99(15)

a11 −0.0027(13)

Parallel to c-axis

c0 6.6749(21)

B 0.145(16)

A1 0.2015(21)

A0 0.00041(30)

21.2.5 Assumptions

The formulation and application rely on several heuristic and physical assumptions
to ensure correct behaviour across extreme temperature ranges (Zorzi and Perottoni
2021).

These assumptions are as follows:

1. Heuristic base equation: The temperature dependence of the lattice parameter is
assumed to follow the form a(T ) = a0 + e−B/Tg(T ). This was inspired by previous
models used to describe the temperature dependence of Young’s modulus in ox-
ides.

2. High-temperature linear limit: It is assumed that at high temperatures, the lattice
parameter varies linearly with temperature (a(T ) ∼ T ). To enforce this physical con-
straint, the polynomial g(T ) is restricted to amaximum degree of one (M ′ = 1). Con-
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sequently, the thermal expansion coefficient α(T ) asymptotically approaches T−1

as T → ∞.

3. Low-temperature thermodynamic limits: The model assumes strict compliance
with the Third Law of Thermodynamics as T → 0+. The inclusion of the e−B/T term
ensures that not only does the thermal expansion coefficient α(T ) drop to zero at
absolute zero, but all of its temperature derivatives (∂nα/∂T n)p also smoothly reach
zero.

4. Treatment of negative thermal expansion (NTE): For materials that shrink when
heated over a certain range (like graphite’s a-axis), an additive correction function,
h(T ), is required. This function must be continuous, infinitely differentiable, finite at
0 K, and naturally decay to zero at high temperatures.

5. Graphite’s axes: To capture the NTE in graphite’s a-axis, h(T ) is assumed to take
the shape of an asymmetric pseudo-Voigt function (a combination of Gaussian and
Lorentzian profiles). Conversely, it is assumed that h(T ) = 0 for the c-axis, as it does
not exhibit this negative expansion anomaly.

6. Negligible defect creation: The model assumes that the linear expansion regime
remains valid and is not significantly disrupted by the creation of crystal defects at
very high temperatures (assumed to hold up to well above 3000K for graphite).

7. Hexagonal symmetry: The model assumes that the hexagonal symmetry of
graphite is preserved across the entire temperature range, which means Equa-
tion (21.12) to be applied for calculating β(T ).

21.2.6 Model Validation

The linear thermal expansion estimates for graphite were validated against the experi-
mental data used in the original model (Zorzi and Perottoni 2021).

Figure 21.7 shows the linear thermal expansion coefficients in the a and c directions, αa

and αc, as well as the molar volume Vm and density ρ of graphite (Zorzi and Perottoni
2021).

Unfortunately, the original source did not report experimental data for molar volume or
density and experimental data for molar volume and density of graphite could also not
be found in literature.

However, since the estimates for αa and αc, Figures 21.7a and 21.7b, closely match the
experimental data, it is expected that the estimates for Vm and ρ, Figures 21.7c and 21.7d,
will also be accurate, given the relationship of these properties to β(T ).
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(a) Validation of, αa. (b) Validation, αc.

(c)Molar volume, Vm, estimates. (d) Density, ρ, estimates.

Figure 21.7: Validation plots for graphite
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Chapter 22

Thermal Conductivity

Estimation of solid-state thermal conductivity across a range of materials requires a
versatile approach. Because no single theoretical framework can universally describe
the thermal behaviour of perfect crystalline lattices, disordered amorphous states, and
metallics with free electrons, this chapter employs several distinct methodologies.

The Slack-Gheribimodel provides a theoretical foundation for calculating the lattice ther-
mal conductivity of crystalline dielectrics and semiconductors at high temperatures. For
amorphous solids, the Cahill model establishes a fundamental lower-limit framework. To
capture the complex behaviour of iron oxides, the Beygelzimer piecewise model utilises
an empirical approach that maps thermal conductivity across characteristic phase tran-
sition temperatures. Finally, for materials where these structured theoretical frameworks
are unsuitable or lack necessary high-temperature parameterisations a polynomial fit is
utilised to provide regression-based predictions directly from experimental data.

22.1 Slack-Gheribi Model

A model developed by Gheribi and Chartrand (2012) for estimating the thermal con-
ductivity of dielectric and semiconductor crystals. Available crystal phases are α-Al2O3

corundum, MgO periclase, CaO lime and FeO wüstite.

22.1.1 Model Overview

The Slack-Gheribi model estimates the intrinsic thermal conductivity of crystalline solids
at high temperatures by focusing on the behaviour of lattice vibrations, or acoustic
phonons. It assumes that resistance to heat flow is primarily driven by Umklapp scatter-
ing, which is collisions between phonons where energy momentum is lost to the crystal
lattice. As temperature rises, the density of these phonons increases, leading to more
frequent collisions, a shorter mean free path for the heat carriers, and a corresponding
decrease in thermal conductivity.

22.1.2 Model Formulation

For isotropic systems, the thermal conductivity is given by the Slack equation, as pre-
sented by Gheribi and Chartrand (2012) in Equation (22.1).
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κiso = f

(
kB
ℏ

)
ma(T )θ̄3∞
n2/3γ2

∞T
(22.1)

Here, m is the average atomic (or molecular) weight in atomic mass units, a(T ) is the
volume of a single atom (or molecule) in Angstroms, and n is the number of atoms per
primitive unit cell. The parameter f is an empirical correction factor for phonon-phonon
and phonon-defect interactions calculated by Equation (22.2).

f =
1.856× 10−17γ2

∞
0.228− 0.514γ∞ + γ2

∞
(22.2)

22.1.3 Evaluation of High-Temperature Parameters

To evaluate Equation (22.1), the Grüneisen parameter (γ∞) and the Debye temperature
(θ̄∞) at the high-temperature limit are required. In the original methodology proposed by
Gheribi and Chartrand (2012), these parameters were estimated purely from theoretical
constants using Equations (22.3) to (22.5).

γ∗
∞ = lim

xD→0

25m

9(m+ 4)

/[
1 +

(
kBT

2EC

)
F (xD)

]
(22.3)

F (xD) =
f2(xD)

f1(xD)
− 15

2
x−3
D f1(xD)

m+ 3

m+ 4
(22.4)

In the limit of xD → 0 (where xD = θD/T ), Equation (22.4) simplifies to F (xD) = −5(m +
3)/2(m + 4). Finally, the Debye temperature was estimated by Equation (22.5), where r0
is the mean atomic separation, EC is the cohesive energy, and µ is the reduced mass of
the oscillator.

θ̄∗∞ =

[
2h(m+ 4)

5r0πkB

]√
EC

2µ
(22.5)

However, closer inspection of the formulations provided by Gheribi and Chartrand (2012)
reveals ambiguities (see Section 22.1.6) that hinder general applicability.

Due to these ambiguities, the purely theoretical estimationmethod prescribed by Gheribi
and Chartrand (2012) is abandoned here. Instead, while the high-temperature γ∞ and
θ̄∞ values provided for Al2O3 and MgO in Gheribi’s paper are retained, for extending the
material scope by including CaO and FeO, an alternative thermodynamic derivation is
utilised to calculate these parameters.

Alternative Thermodynamic Derivation

The Grüneisen parameter can be directly defined by the fundamental thermodynamic
relation in Equation (22.6):
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γ =
αKTVm

CV

(22.6)

where α is the volumetric thermal expansion coefficient, KT is the isothermal bulk mod-
ulus, Vm is the molar volume, and CV is the isochoric molar heat capacity. At the high-
temperature limit, CV approaches the Dulong-Petit limit of 3nR, where n is the number of
atoms per formula unit and R is the universal gas constant. Thus, the high-temperature
limit of the Grüneisen parameter is calculated as:

γ∞ =
α∞KT,∞Vm,∞

3nR
(22.7)

To obtain the high-temperature parameters (α∞, KT,∞, Vm,∞), established empirical mod-
els and equations of state are used. The thermal expansion is modelled using the poly-
nomial form (Fei 1995):

α(T ) = a+ bT − cT−2 (22.8)

The high-temperature isothermal bulk modulus is approximated from the high-
temperature Birch-Murnaghan equation of state as a linear relation:

KT (T ) ≈ K0 +

(
∂KT

∂T

)
P

(T − 300) (22.9)

Finally, the high-temperaturemolar volume is obtained from themolar volumemodel for
solids – see Section 21.1. The high temperature limits was approximated by calculating
these parameters at 1500 K and 1300 K for CaO and FeO, respectively.

Assuming the Grüneisen parameter remains relatively constant as the volume changes
at high temperatures, the relationship γ = −∂ ln θD

∂ lnV
can be integrated to solve for the high-

temperature Debye temperature, θ∞:

θ∞ = θD,0

(
V0

V∞

)γ∞

(22.10)

θ̄∞ is calculated from Equation (22.11);

θ̄∞ =
θ∞

n−1/3
(22.11)

where n is the number of atoms per primitive unit cell.

Breakdown of the Slack Equation for SiO2 Cristobalite

While evaluating the generalised use of this framework, β-SiO2 cristobalite was consid-
ered, but ultimately dropped from the model scope. At high temperatures, β-cristobalite
exhibits an anomalous near-zero or slightly negative thermal expansion coefficient (Dove
et al. 1997; Cormack et al. 2001).
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This anomaly is due to the SiO4 units rotating inwards as the temperature rises, cancelling
the effect of normal thermal expansion. Because α ≈ 0, evaluating Equation (22.7) forces
the Grüneisen parameter γ∞ to approach zero. As γ∞ is in the denominator of the Slack
equation (Equation (22.1)), a vanishing Grüneisen parameter erroneously predicts an infi-
nite thermal conductivity.

22.1.4 Assumptions

The following assumptions were made in this model;

1. Assumptions by Gheribi and Chartrand (2012):

(a) The material is assumed to be composed of independent oscillators that are
vibrating with a frequency distribution given by the Debye approximation.

(b) The model assumes the temperature is sufficiently high (T ≥ θD/3) such that
quantum effects are minimised.

(c) The primary mechanism for thermal resistance is assumed to be phonon-
phonon Umklapp scattering, where momentum is not conserved.

(d) The Dulong-Petit limit is valid at high temperature (Cv = 3nR).

(e) TheDebye temperature and theGrüneisen parameter have reached their high-
temperature plateaus (θ∞ and γ∞) and are treated as constants.

(f) The solid is treated as an isotropic medium where thermal conductivity is the
average of the different crystallographic directions.

(g) The model strictly assumes a standard positive volumetric thermal expansion.

2. Extended Derivation Assumptions:

(a) When calculating the high-temperature Debye temperature (θ∞), it is as-
sumed that theGrüneisen parameter remains relatively constant as the volume
changes.

(b) The high-temperature isothermal bulk modulus (KT ) is assumed to follow a
linear temperature dependence based on the Birch-Murnaghan equation of
state.

22.1.5 Variable Declarations

Using the relations established in Equations (22.7) to (22.11), the high-temperature
Grüneisen parameter and Debye temperature for CaO lime and FeO wüstite were de-
termined from the parameters in Table 22.1.
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Table 22.1: Thermodynamic properties used to calculate high-temperature Grüneisen
parameters and Debye temperatures.

Property CaO Source FeO Source

a, b and c 0.3032, 1.0463, 0.0 Fei (1995) 0.3203, 0.6293, 0.0 Fei (1995)
K0 (GPa) 117 Karki and Crain (1998) 149.4 Fischer et al. (2011)
∂KT /∂T (GPa/K) -0.019 Anderson and Isaak (1995) -0.023 Fei (1999)
V0 (cm3/mol) 16.76 Robie and Hemingway (1995) 12.04 Robie and Hemingway (1995)
θ̄D,0 (K) - - 440 Sumino and Anderson (2017)

Instead of using Equation (22.10), θ̄∞ for CaO was extrapolated from Table 31 in Anderson
and Isaak (1995) to give a value of 601 K. Using Equation (22.11), θ∞ was then calculated
to be 476 K.

The final set of parameters applied in the Slack-Gheribi model (Equation (22.1)) for the
various solid phases are summarised in Table 22.2. θ̄∞ required in Equation (22.1) was
calculated from θ∞ using Equation (22.11).

Table 22.2: Slack-Gheribi model parameters for the evaluated solid phases.

Phase a (Å) m (amu) n γ∞ θ∞ (K)

Al2O3 (α-corundum) 2.04 20.39 10.0 1.54 427
MgO (periclase) 2.11 20.15 2.0 1.66 337
CaO (lime) 2.41 28.04 2.0 1.51 476
FeO (wüstite) 2.18 35.92 2.0 1.29 326

22.1.6 Literature Inaccuracies

The following inaccuracies or ambiguities were noted in the paper by Gheribi and Char-
trand (2012);

1. In Eqn. 1, a symbol is missing.

2. In Eqn. 8, the cubic power must be omitted.

3. The parameter m used in Equations (22.3) to (22.5) is vaguely defined. Two defini-
tions are provided (Eqns. 20 and 21), with one relating to the Born repulsive expo-
nent (mq) and the other defined asm = 1+9Ω0r0BS . The latter yields astronomically
small values for typical unit cell volumes (Ω0) and atomic separations (r0), causing
the equation to erroneously evaluate to 1.

4. In the provided data tables of the sourcematerial, the lattice energy was seemingly
substituted for the cohesive energy (EC ) for MgO, NaF, and LiF.

22.1.7 Model Validation

The applicable temperature ranges for which these parameterisations are validated
against experimental behaviour are presented in Table 22.3.
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Table 22.3: Temperature validation ranges.

Phase Minimum T (K) Maximum T (K)

Al2O3 (α-corundum) 300 1800
MgO (periclase) 300 2000
CaO (lime) 1200 1300
FeO (wüstite) 1100 1500

Figure 22.1: Testing the performance against data of the original authors for Al2O3 corun-
dum.
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Figure 22.2: Testing the performance against data of the original authors for MgO peri-
clase.

Figure 22.3: Testing model performance against experimental data for CaO lime.

Ex Mente Technologies (Pty) Ltd | www.ex-mente.co.za | P.O. Box 10214 | Centurion | 0046 | SOUTH AFRICA | +27 87 808 1903

226



Figure 22.4: Testing model performance against experimental data for FeO wüstite.

From Figures 22.1 and 22.2, the implementation of the model for α-Al2O3 corundum and
MgO periclase, could be validated for the full temperature range for which Gheribi and
Chartrand (2012) had data available.

However, from Figures 22.3 and 22.4, the model could not be validated as successfully
for CaO lime and FeOwüstite as there is significant deviation from the experimental data.
The Slack-Gheribi model overestimates the thermal conductivity at lower temperatures
and only converges to experimental data at around 1200 K and about 1100 K for CaO and
FeO, respectively.

An explanation for this can be that the Slack-Gheribi model is modelling a perfect crystal,
while experimental specimens might have a degree of granularity. Also, FeO is never
stoichiometric and the degree of non-stoichiometry varies with oxygen partial pressure
and temperature. The experimental data will be for non-stoichiometric wüstite, which
is not what the model is based on. Finally, CaO is close to stoichiometry but prone to
hydration which could also affect experimental data.

To obtain better results for FeO, the model by Beygelzimer and Beygelzimer (2021) was
added – see Section 22.3.
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22.2 Cahill and Pohl Model

A model by Cahill and Pohl (1987) for estimating thermal conductivity of amorphous
solids. Available phases are a-SiO2, a-Al2O3 and a-CaSiO3 (’a-’ designating amor-
phous).

With this, we are interested in modelling the thermal conductivity of glassy solids as a
result of quenched slags, as we expect to form when a DRI pellet at room temperature is
suddenly submerged into slag. The inclusion of CaSiO3 ismeant to represent a quenched
CaO–SiO2 slag.

22.2.1 Model Overview

The Cahill model estimates the lower limit of thermal conductivity for amorphous solids.
It abandons the concept of freely propagating phonons found in perfect crystals. Instead,
it pictures heat transport as a random walk of thermal energy between highly localised
atomic oscillators. Because there is no structural coherence in an amorphous solid, these
atoms vibrate with completely random phases, transferring thermal energy to their im-
mediate neighbours exactly once every half-vibration cycle.

22.2.2 Model Formulation

The model as formulated in Cahill et al. (1992) was used and is given by Equa-
tion (22.12):

κmin =
(π
6

)1/3
kBn

2/3
∑
i

vi

(
T

θi

)2 ∫ θi/T

0

x3ex

(ex − 1)2
dx (22.12)

Here, the sum over i includes the three acoustic sound modes: one longitudinal mode
with speed vl and two transverse modes with speed vt. The cutoff frequency for each
polarisation is represented as a Debye temperature θi, defined as:

θi = vi
ℏ
kB

(
6π2n

)1/3
(22.13)

The parameter n represents the number density of atoms. Theoretically, the number
density is temperature-dependent and can be calculated via the mass density of the
material, ρ(T ), as shown in Equation (22.14):

n(T ) =
ρ(T ) ·NA ·Natoms

M
(22.14)

where NA is Avogadro’s number, Natoms is the number of atoms per formula unit, and M
is the molar mass of the formula unit.

Simplification of Physical Parameters

In the initial prototype stages of thismodel, nwas actively calculated froma temperature-
dependent density model. However, it was found that evaluating this dynamic density in
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real-time yielded poor matching with experimental thermal conductivity data. Further-
more, the temperature dependence of the longitudinal and transverse speeds of sound
is relatively small for these phases.

Consequently, the number density (n) and the speeds of sound (vl, vt) are treated as con-
stant reference values.

22.2.3 Assumptions

The following was assumed in this model;

1. There is no coherence between the motions of neighbouring atoms.

2. The lifetime of each localised oscillator is assumed to be exactly one-half of its
vibration period. This represents the energy transfer occurring every half-cycle.

3. The lattice vibrations are approximated using aDebye-like spectrumencompassing
three independent acoustic sound modes (one longitudinal and two transverse) up
to the cutoff frequency limit.

4. While theoretically temperature-dependent due to volumetric thermal expansion,
the number density (n) is assumed to be constant.

5. The transverse (vt) and longitudinal (vl) speeds of sound are assumed to be inde-
pendent of temperature.

22.2.4 Variable Declarations

The constant physical parameters applied to the Cahill model (Equation (22.12)) for the
relevant amorphous solids are tabulated in Table 22.4.

Table 22.4: Number density and acoustic velocities used in the Cahill model for amor-
phous phases.

Phase n (m−3) vl (m/s) vt (m/s) Primary Sources

a-SiO2 6.63× 1028 5980 3740 (Cahill et al. 1992)
a-Al2O3 7.88× 1028 8700 5000 (Gorham et al. 2014)
a-CaSiO3 7.52× 1028 6250 3300 (Geballe et al. 2022)

22.2.5 Model Validation

In Table 22.5, the ranges for which this model agreed with experimental data is sum-
marised.

Table 22.5: Temperature validation ranges for the Cahill model predictions.

Phase Minimum T (K) Maximum T (K)

a-SiO2 - -
a-Al2O3 250 450
a-CaSiO3 300 1200
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Figure 22.5: Cahill model tested against experimental thermal conductivity of a-SiO2.

In Figure 22.5, themeasurements from Lv and Henry (2016) weremade on both synthetic
a-SiO2 and fused rock quartz a-SiO2. How the amorphous SiO2 samples was prepared for
the rest of the datapoints is unknown, but given their grouping, they were likely also syn-
thetic or fused rock a-SiO2. The data points shown here are therefore not from quenched
SiO2, which we are the most interested in, so we should be mindful of this when inter-
preting the results.

With that said, there is no good match with experimental data for a-SiO2. Up to about
150 K the model has a systematic deviation of about 0.2 Wm−1 K−1 and then significantly
deviates after that. It can be noted, however, that the model gives a slightly higher value
than Cahill et al. (1992) obtained themselves – see the circle data point at 300 K in Fig-
ure 22.5. For more accurate results for a-SiO2, a polynomial fit was done for it – see
Section 22.4
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Figure 22.6: Cahill model tested against experimental thermal conductivity of a-Al2O3.

In Figure 22.6, measurements from Cai et al. (2010) were made on a 1.4− 5 µm thick an-
odic alumina film with a porosity of about 30%. We assume this thin film was amorphous.
Data from Cappella et al. (2013) is from amorphous Al2O3 thin films grown on thermally
oxidised silicon substrate at a temperature of 373K and cappedwith a 30 nm thick Pt layer.
Like with SiO2, these experimental data points are therefore also not from quenched
Al2O3 melts and does not fully represent the material that we have in mind.

Nevertheless, we see that the model only matches a limited set of experimental data
points for a-Al2O3. The model produces realistic values up to 300 K, after which it
matches only one set of data from Cai et al. (2010). After 500 K there is significant devi-
ation.

Figure 22.7: Cahill model tested against experimental thermal conductivity of a-CaSiO3.
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In Figure 22.7, the samples used by Susa et al. (2007) were glassy solids prepared by
pouring themoltenmaterial into moulds having the hot wire probe. Thereafter they were
taken out from themoulds, annealed in air at temperatures 673−923 K for 3−8 h and then
cooled down to room temperature in the furnace. Thesemeasurements should therefore
be a reasonable representation of a CaO–SiO2 slag quenched when submerging a DRI
pellet into it.

It should be noted, however, that the measurements shown in Figure 22.7 were made
on a sample containing 49.5% CaO 47.5% SiO2 and 3% Al2O3, which we expect to closely
resemble CaO–SiO2. From the same source, for a sample of 47.1% CaO 46.6% SiO2 and
6.3% Al2O3, the average thermal conductivity at at 1000 K is ≈ 1.25Wm−1 K−1, compared
to≈ 1.4Wm−1 K−1 fromFigure 22.7. So extrapolating to 0%Al2O3, the thermal conductivity
for a 50% CaO 50% SiO2 system should be ≈ 1.55Wm−1 K−1 at 1000 K, which is not a too
dramatic shift.

With all that said, the implemented Cahill model only performed reasonably well for a-
CaSiO3 over the full temperature range for which data were available. It should be noted
that at temperatures exceeding 900K, themodel underestimates the thermal conductiv-
ity, reaching a maximum deviation of about 20% (when also accounting for the expected
upward shift of≈ 0.15Wm−1 K−1 described above) at just before 1100 K. The model is still
regarded as adequate for a-CaSiO3, nevertheless.

Conclusion

For different techniques of preparing amorphous samples we expect to find differences
in the micro structure of the material and therefore generally expect to find a difference
in transport properties between such samples. Since for SiO2 and Al2O3, no experimental
data could be found for quenched amorphous states, this leaves open the possibility that
a quenched sample will in fact agree well with the Cahill model, but the opposite could
also be true.

In this it is good to be reminded that the Cahill model estimates the lower bound for
thermal conductivity, below which the true value will likely never be. In all instances in
Figures 22.5 to 22.7, the model did in fact underestimate the thermal conductivity, indi-
cating that it is indeed unlikely that the true value will be below Cahill’s estimation.
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22.3 Beygelzimer Model

A model by Beygelzimer and Beygelzimer (2021) for estimating thermal conductiv-
ity of scales of solid iron oxides. Available solid oxides are FeO wüstite and Fe2O3

hematite.

22.3.1 Model Overview

The Beygelzimer model is an empirical framework designed to capture the thermal be-
haviour of iron oxide scales. It works by mapping the material’s specific thermal resis-
tance (the inverse of thermal conductivity) across different temperature regimes. These
regimes are separated by critical phase transition boundaries, such as magnetic Curie
points or thermodynamic stability limits, ensuring the predictions smoothly reflect the
characteristic shifts in material properties that occur at these critical temperatures.

22.3.2 Model Formulation

For FeO wüstite, the transition point T1 represents the Chaudron point. The thermal con-
ductivity is computed as:

κFeO =

{
(a0 + a1T

n + a2T
m)−1 for T ≤ T1

(b0 + b1(T − T1))
−1 for T > T1

(22.15)

For Fe2O3 hematite, the transition point T1 represents the Curie point. The thermal con-
ductivity is defined as:

κFe2O3 =

{
(a0 + a1(T1 − T ))−1 for T ≤ T1

(b0 + b1(T − T1))
−1 for T > T1

(22.16)

22.3.3 Assumptions

The Beygelzimer mathematical formulation relies on the following assumption:

1. The model parameters and output strictly reflect the true thermal conductivity of
fully dense, solid, polycrystalline bulk oxides devoid of structural porosity.

22.3.4 Variable Declarations

The coefficients used in Equations (22.15) and (22.16) for FeO wüstite and Fe2O3 hematite
are tabulated in Table 22.6.
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Table 22.6: Coefficients and critical temperatures used in the Beygelzimer model.

Phase T1 (K) Low-Temperature (T ≤ T1) High-Temperature (T > T1)

a0 a1 a2 / n /m b0 b1

FeO 843.0 2.7054e-2 9.4008e-3
a2: -3.6455

n: 0.5,m: -2.0
0.30 -7.9260e-5

Fe2O3 950.0 0.25 -2.6667e-4 N/A 0.25 6.1538e-5

22.3.5 Model Validation

The validation ranges for these piecewise functions are shown in Table 22.7.

Table 22.7: Temperature validation ranges for the Beygelzimer thermal conductivity
model.

Phase Minimum T (K) Maximum T (K)

FeO (wüstite) 300 1500
Fe2O3 (hematite) 300 1500

Figure 22.8: Beygelzimer model against experimental thermal conductivity data of FeO
wüstite.
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Figure 22.9: Beygelzimer model against experimental thermal conductivity data of
Fe2O3 hematite.

The Beygelzimer model could be successfully validated for the full temperature range
of the available data.
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22.4 Polynomial Model

A polynomial fit to estimate the thermal conductivity of solid materials. Phases available
are a-SiO2 and metallic Fe.

This polynomial fit model is implemented where structured theoretical frameworks are
unsuitable or lack reliable model outputs.

22.4.1 Model Formulation

Based on regression analysis, it was found that a second-order polynomial given by the
generalised Equation (22.17) provides the best fit for implementation.

κ = A+B · T + C · T 2 (22.17)

22.4.2 Variable Declarations

The optimised coefficients (A, B, C) and the associated coefficient of determination (R2)
for the evaluated solid phases are tabulated in Table 22.8.

Table 22.8: Second-order polynomial coefficients and regression statistics for thermal
conductivity fits.

Phase A (Constant) B (T ) C (T 2) R2

Fe 99.55805 −0.10588 3.9655 × 10−5 0.955
a-SiO2 0.90846 0.001 56 −4.5263 × 10−7 0.958

22.4.3 Model Validation

Because these formulations are strictly empirical interpolations, they are only valid within
the temperature bounds of the underlying experimental datasets. The applicable tem-
perature ranges and the corresponding literature sources used for the regression analysis
are detailed in Table 22.9.

Table 22.9: Temperature validation ranges for the polynomial fits.

Phase Min T (K) Max T (K)

Fe 273 1811
a-SiO2 250 1000
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Figure 22.10: Second order polynomial fit to experimental thermal conductivity mea-
surements of Fe. R2 = 0.955

Figure 22.11: Second order polynomial fit to experimental thermal conductivity mea-
surements of a-SiO2. R2 = 0.958
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Part VI

Multiphase Material Properties
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Chapter 23

Background

For materials in pyrometallurgical processes where different phases are mixed on the
mesoscale, such as a melting DRI pellet, it is unrealistic to treat them as multiple single
phases in a computational model. Instead, it is more practical to treat them as a single
multiphase material whose physical properties are estimated by combining those of all
the single phases through appropriatemixing rules. Themultiphasemodels in this library
do exactly that—bulk properties are estimated from thephysical properties of each phase
and applying an appropriate mixing rule based on their relative amounts.

It should be noted that validatingmultiphase property models against experimental data
is currently not feasible due to the lack of experimental datasets for high-temperature
multiphase mixtures. Consequently, the reliability of these multiphase estimations is in-
herently tied to the validity of the underlying single-phase propertymodels, and the spe-
cific mixing rules that are used.
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Chapter 24

Density

A model implemented to estimate the density of a mixture of gases (pores), slag, liquid
alloy and/or solids.

Overview

The multiphase density model employs an arithmetic mean mixing rule based on the
volume fractions of the constituent phases. Physically, this approach represents a sim-
ple volume-weighted average of the phase densities. Because mass and volume are
extensive, additive properties, the total mass of a system is the sum of the masses of its
phases, and the total volume is the sum of their volumes (assuming ideal mixing with no
excess volume of mixing between macroscopic phases). Therefore, calculating the bulk
density byweighting the individual phase densities by their respective volume fractions is
an exact and physically adequate representation of the system’s overall mass-to-volume
ratio.

Model Formulation

To determine the bulk density of the multiphase system, ρσ, the model first calculates
the volume fraction, ϕφ, of each phase φ based on the providedmass or molar inputs and
the individual phase densities. Once the volume fractions are established, the arithmetic
mean is applied.

Mathematically, the multiphase density is formulated as the sum of the products of each
phase’s density, ρφ, and its corresponding volume fraction, as in Equation (24.1).

ρσ =
∑
φ

ρφϕφ (24.1)

Assumptions

This mixing rule assumes the following;

1. Ideal mixing, meaning that excess volume effects are negligible.
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Chapter 25

Thermal Conductivity

A model implemented to estimate the thermal conductivity of a random distribution of
gases (pores), slag, liquid alloy and/or solid particles.

Overview

Themultiphase thermal conductivitymodel uses a geometricmeanmixing rule basedon
phase volume fractions. Unlike density, thermal conductivity in a heterogeneousmixture
is highly dependent on the spatial distribution andmorphology of the phases (e.g., contin-
uous versus dispersed phases, or parallel versus series heat flow). The geometric mean
inherently provides a balanced estimation that falls between the upper bound (parallel
conduction, analogous to an arithmetic mean) and the lower bound (series conduction,
analogous to a harmonic mean). This is adequate for estimating the thermal conductivity
of a randomly distributed, multiphase matrix where the exact structural morphology is
unknown.

Model Formulation

Let κφ represent the thermal conductivity of an individual phase φ. The bulk thermal con-
ductivity of themultiphase system, κσ, is calculated by raising the thermal conductivity of
each phase to the power of its respective volume fraction, ϕφ, and calculating the product
of these values.

Mathematically, the geometric mean mixing rule for multiphase thermal conductivity is
expressed as in Equation (25.1).

κσ =
∏
φ

κϕφ
φ (25.1)

Assumptions

This mixing rule assumes the following;

1. There are no contact resistance effects between different phases.

2. The system is an evenly mixed, homogeneous multiphase material.
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Part VII

Appendices
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Appendix A

Definitions

The following definitions apply to manual.

EM-MPPF means the Ex Mente Material Physical Property Framework.
EM-MPP-STK means the Ex Mente Material Physical Property Simulation Toolkit, which

is a Python package.
EM-AMDF refers to the Ex Mente Accelerated Material Description Framework.
The Slag Sub-package means a sub-package of EM-MPP-STK that contains slag phys-

ical property models and their parameters and the necessary documentation.
REF processes means Reducing Electric Furnace processes.
REF-MPP means Reducing Electric Furnace Material Physical Property.
MQM means Modified Quasichemical Model
ChemApp for Python means the ChemApp for Python package for computational ther-

mochemistry owned by GTT-Technologies.
FactSage means the FactSage suite for computational thermochemistry owned by GTT-

Technologies.
auxi-mpp is the python package containing all material pysical property models, where

’auxi’ means help, and ’mpp’ means material physical properties.
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Acronyms

BF-BOF Blast Furnace-Basic Oxygen Furnace 2

GGS Groeien met Groen Staal i, 2

MQM Modified Quasichemical Model 4, 12, 14–16, 23, 50, 51, 53, 54, 57

REF Reducing Electric Furnace i, 2, 87
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