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Abstract

In this memo we summarize the math behind several ways to derive
error bars on power spectra which are available in the current pipeline
of HERA PSPEC.

1 Foreground/systematics dependent variance

We begin with a general expression of the variance on power spectra with
the existence of foregrounds or systematics, which includes both the noise
variance and the signal-noise coupling term. Given two delay spectra x̃1 =
s̃ + ñ1 and x̃2 = s̃ + ñ2, and we express s̃ = a + bi, ñ1 = c1 + d1i and
ñ2 = c2 + d2i, the power spectra formed from x̃∗1x̃2 is

Px̃1x̃2 = s̃∗s̃+ s̃∗ñ2 + ñ∗1s̃+ ñ∗1ñ2

= {a2 + b2 + a(c1 + c2) + b(d1 + d2) + c1c2 + d1d2}
+ {a(d2 − d1) + b(c1 − c2) + d2c1 − d1c2}i .

Here we consider 〈s〉 = s, which means a and b are not random variables,
but related to the true signal power spectrum by Ps̃s̃ = a2 + b2, and c1, d1,
c2 and d2 are i.i.d random normal variables. We then have

var [Re(Px̃1x̃2)] = var
[
a2 + b2 + a(c1 + c2) + b(d1 + d2) + c1c2 + d1d2

]
= 2(a2 + b2)〈c2

1〉+ 2〈c2
1〉2

=
√

2Ps̃s̃PN + P 2
N

=
√

2〈Re(Px̃1x̃2)〉PN + P 2
N . (1)

In the equations above we have used the relation var(c1c2 + d1d2) = 2〈c2
1〉2 =

P 2
N, where PN is the analytic noise power spectrum we will refer to again

later. We have also used the fact 〈Re(Px̃1x̃2)〉 = Ps̃s̃, therefore we can choose
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√
2Re(Px̃1x̃2)PN + P 2

N as a general form of error bars with the existence of
foregrounds or systematics. Also, since Re(Px̃1x̃2) could be negative due to
noise randomness, we explicitly exert a zero clipping for negative values of
Re(Px̃1x̃2). This will of course come with excess variance, which is not ideal,
but may still be a good first-order approximation in the limit that we don’t
have good signal or residual systematic models.

If we consider the variance on the whole complex values of power spec-
trum, then

var [Px̃1x̃2 ] = var
[
a2 + b2 + a(c1 + c2) + b(d1 + d2) + c1c2 + d1d2

]
+ var [a(d2 − d1) + b(c1 − c2) + d2c1 − d1c2]

= 4(a2 + b2)〈c2
1〉+ 4〈c2

1〉2 . (2)

It is just the form in Kolopanis et al. (2019), while they used the notation
PN = 2〈c2

1〉, thus var [Px̃1x̃2 ] = 2Ps̃s̃PN + P 2
N there.

2 Analytic method from QE formalism

The QE formalism used in HERA PSPEC power spectrum estimation 1 nat-
urally leads to an analytic expression of the output covariance between band-
powers.

In HERA PSPEC, an unnormalized estimator to αth bandpowers q̂α is
defined as q̂α = x†1Q

12,αx2 =
∑

ij x
∗
1,iQ

12,α
ij x2,j, where x1 and x2 are visibili-

ties across frequencies. The key idea here is to propagate the input covariance
on visibilities between frequencies into the output covariance on bandpowers
between delays. We continue to define three sets of input covariance matrices
C12, U 12 and S12

C12
ij ≡〈x1,ix

∗
2,j〉 − 〈x1,i〉〈x∗2,j〉

U 12
ij ≡〈x1,ix2,j〉 − 〈x1,i〉〈x2,j〉

S12
ij ≡〈x∗1,ix∗2,j〉 − 〈x∗1,i〉〈x∗2,j〉 , (3)

1http://reionization.org/wp-content/uploads/2020/04/HERA044_power_

spectrum_normalization_v2.pdf
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and we have

〈q̂αq̂β〉 − 〈q̂α〉〈q̂β〉 =
∑
ijkl

〈x∗1,iQ
12,α
ij x2,jx

∗
1,kQ

12,β
kl x2,l〉 − 〈x∗1,iQ

12,α
ij x2,j〉〈x∗1,kQ

12,β
kl x2,l〉

=
∑
ijkl

Q12,α
ij Q12,β

kl (〈x∗1,ix2,jx
∗
1,kx2,l〉 − 〈x∗1,ix2,j〉〈x∗1,kx2,l〉)

=
∑
ijkl

Q12,α
ij Q12,β

kl (〈x∗1,ix∗1,k〉〈x2,jx2,l〉+ 〈x∗1,ix2,l〉〈x∗1,kx2,j〉)

=
∑
ijkl

Q12,α
ij Q12,β

kl (S11
ikU

22
jl + C21

li C
21
jk )

=
∑
ijkl

(Q12,α
ij U 22

jl Q
21,β∗
lk S11

ki + Q12,α
ij C21

jkQ
12,β
kl C21

li )

=tr(Q12,αU 22Q21,β∗S11) + tr(Q12,αC21Q12,βC21) , (4)

〈q̂αq̂∗β〉 − 〈q̂α〉〈q̂∗β〉 =
∑
ijkl

〈x∗1,iQ
12,α
ij x2,jx1,kQ

12,β∗
kl x∗2,l〉 − 〈x∗1,iQ

12,α
ij x2,j〉〈x1,kQ

12,β∗
kl x∗2,l〉

=
∑
ijkl

Q12,α
ij Q12,β∗

kl (〈x∗1,ix2,jx1,kx
∗
2,l〉 − 〈x∗1,ix2,j〉〈x1,kx

∗
2,l〉)

=
∑
ijkl

Q12,α
ij Q12,β∗

kl (〈x∗1,ix∗2,l〉〈x1,kx2,j〉+ 〈x∗1,ix1,k〉〈x2,jx
∗
2,l〉)

=
∑
ijkl

Q12,α
ij Q12,β∗

kl (S12
il U

12
kj + C11

kiC
22
jl )

=
∑
ijkl

(Q12,α
ij U 21

jkQ
12,β∗
kl S21

li + Q12,α
ij C22

jl Q
21,β
lk C11

ki )

=tr(Q12,αU 21Q12,β∗S21) + tr(Q12,αC22Q21,βC11) , (5)
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〈q̂∗αq̂∗β〉 − 〈q̂∗α〉〈q̂∗β〉 =
∑
ijkl

〈x1,iQ
12,α∗
ij x∗2,jx1,kQ

12,β∗
kl x∗2,l〉 − 〈x1,iQ

12,α∗
ij x∗2,j〉〈x1,kQ

12,β∗
kl x∗2,l〉

=
∑
ijkl

Q12,α∗
ij Q12,β∗

kl (〈x1,ix
∗
2,jx1,kx

∗
2,l〉 − 〈x1,ix

∗
2,j〉〈x1,kx

∗
2,l〉)

=
∑
ijkl

Q12,α∗
ij Q12,β∗

kl (〈x1,ix1,k〉〈x∗2,jx∗2,l〉+ 〈x1,ix
∗
2,l〉〈x∗2,jx1,k〉)

=
∑
ijkl

Q12,α∗
ij Q12,β∗

kl (S22
jl U

11
ik + C12

il C
12
kj )

=
∑
ijkl

(Q21,α
ji U 11

ik Q
12,β∗
kl S22

lj + Q21,α
ji C12

il Q
21,β
lk C12

kj )

=tr(Q21,αU 11Q12,β∗S22) + tr(Q21,αC12Q21,βC12) , (6)

where Q12,α∗
ij = Q21,α

ji .
Therefore the covariance between the real part of q̂α and the real part of

q̂β is

1

4

{
(〈q̂αq̂β〉 − 〈q̂α〉〈q̂β〉) + (〈q̂αq̂∗β〉 − 〈q̂α〉〈q̂∗β〉) + (〈q̂∗αq̂β〉 − 〈q̂∗α〉〈q̂β〉) + (〈q̂∗αq̂∗β〉 − 〈q̂∗α〉〈q̂∗β〉)

}
,

(7)
and the covariance between the imaginary part of q̂α and the imaginary part
of q̂β is

1

4

{
(〈q̂αq̂β〉 − 〈q̂α〉〈q̂β〉)− (〈q̂αq̂∗β〉 − 〈q̂α〉〈q̂∗β〉)− (〈q̂∗αq̂β〉 − 〈q̂∗α〉〈q̂β〉) + (〈q̂∗αq̂∗β〉 − 〈q̂∗α〉〈q̂∗β〉)

}
.

(8)
q̂α should be normalized via multiplying a proper matrix M as

P̂α =
∑
β

Mαβ q̂β . (9)

We then update the results above for P̂α. The covariance between the real
part of P̂α and the real part of P̂β is

1

4

∑
γδ

{
MαγMβδ(〈q̂γqδ〉 − 〈q̂γ〉〈qδ〉) + MαγM

∗
βδ(〈q̂γq∗δ 〉 − 〈q̂γ〉〈q∗δ 〉)+

M ∗
αγMβδ(〈q̂∗γqδ〉 − 〈q̂∗γ〉〈qδ〉) + M ∗

αγM
∗
βδ(〈q̂∗γq∗δ 〉 − 〈q̂∗γ〉〈q∗δ 〉)

}
, (10)
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and the covariance in the imaginary part of P̂α and the imaginary part of P̂β
is

1

4

∑
γδ

{
MαγMβδ(〈q̂γqδ〉 − 〈q̂γ〉〈qδ〉)−MαγM

∗
βδ(〈q̂γq∗δ 〉 − 〈q̂γ〉〈q∗δ 〉)−

M ∗
αγMβδ(〈q̂∗γqδ〉 − 〈q̂∗γ〉〈qδ〉) + M ∗

αγM
∗
βδ(〈q̂∗γq∗δ 〉 − 〈q̂∗γ〉〈q∗δ 〉)

}
. (11)

Remarkably, the variance of the real part of P̂α is

1

4

∑
βγ

{
MαβMαγ

[
tr(Q12,βU 22Q21,γ∗S11) + tr(Q12,βC21

Q12,γC21)
]

+ 2×MαβM
∗
αγ

[
tr(Q12,βU 21Q12,γ∗S21) +

tr(Q12,βC22Q21,γC11)
]

+ M ∗
αβM

∗
αγ

[
tr(Q21,βU 11Q12,γ∗

S22) + tr(Q21,βC12Q21,γC12)
]}
, (12)

while the variance of the imaginary part of P̂α is

−1

4

∑
βγ

{
MαβMαγ

[
tr(Q12,βU 22Q21,γ∗S11) + tr(Q12,βC21

Q12,γC21)
]
− 2×MαβM

∗
αγ

[
tr(Q12,βU 21Q12,γ∗S21) +

tr(Q12,βC22Q21,γC11)
]

+ M ∗
αβM

∗
αγ

[
tr(Q21,βU 11Q12,γ∗

S22) + tr(Q21,βC12Q21,γC12)
]}
. (13)

Therefore to get the final error bar on power spectrum, we should accu-
rately model input covariance matrices on visibilities and propagate them into
output covariance matrix on bandpowers. Especially, in the noise-dominated
region, we have good models for the noise from the amplitudes of auto-
correlation visibilities. We adopt a white noise model here, where the real
and imaginary parts of noise signal are i.i.d., and uncorrelated between dif-
ferent frequency channels, so that we have non-zero diagonal C11

n and C22
n ,

while C12
n , U 11

n , U 22
n , U 12

n , S11
n , S22

n and S12
n are all zeros! For a baseline

b composed by two antennas a and b, we express b ≡ {a, b}, and use the
visibilities from auto-baseline {a, a} and {b, b} to estimate Cn on baseline b
as (Jacobs et al., 2015)

Cn,ii(t) ≡ 〈Vn({a, b}, νi, t)V ∗n ({a, b}, νi, t)〉
− 〈Vn({a, b}, νi, t)〉〈V ∗n ({a, b}, νi, t)〉

≈
∣∣∣∣V ({a, a}, νi, t)V ({b, b}, νi, t)

NnightsB∆t

∣∣∣∣ , (14)
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where B∆t is the product of the channel bandwidth and the integration time.
Non-zero parts in Equation 12 or 13 give us the noise variance on either real
or imaginary parts of power spectra as

1

2

∑
βγ

{
MαβM

∗
αγ

[
tr(Q12,βC22

n Q21,γC11
n )
}
. (15)

In the following we will show it is an equivalent form of P 2
N where PN is what

we call ‘Analytic Noise Power Spectrum’ estimated in another parallel way
given a system temperature input.

If we also consider a ‘Foreground/systematics dependent variance’, Equa-
tion 12 reduces to

1

2

∑
βγ

{
MαβM

∗
αγ

[
tr(Q12,βC22

n Q21,γC11
n )

+ tr(Q12,βC22
signalQ

21,γC11
n )

+ tr(Q12,βC22
n Q21,γC11

signal)
]}
, (16)

where

C11
signal,ij = C22

signal,ij =
1

2

[
x1,ix

∗
2,j + x2,ix

∗
1,j

]
. (17)

Equation 16 is an equivalent form to
√

2Re(Px̃1x̃2)PN + P 2
N. We also apply a

similar zero clipping on C11
signal,ij, where rows and columns containing negative

diagonal elements are set to be zero.

2.1 Direct Noise Estimation By Differencing Visibility

For PN, there are several other ways to calculate it. The signal signal (fore-
grounds and EoR signal) vary relatively slowly in time (or frequency), so
that in a short time range we can assume the signal keeps almost constant.
Thus by differencing the visibility between very close LST bins (or frequency
channels), the residual is almost noise, like

V (b, ν, t1)− V (b, ν, t2) ≈ Vn(b, ν, t1)− Vn(b, ν, t2) ,

V (b, ν1, t)− V (b, ν2, t) ≈ Vn(b, ν1, t)− Vn(b, ν2, t) .

(18)

With the visibility residual [Vn(b, ν, t1) − Vn(b, ν, t2)]/
√

2 (or [Vn(b, ν1, t) −
Vn(b, ν2, t)]/

√
2), we can propagate it through the pipeline of power spectrum

6



estimation and generate a ”noise-like” power spectrum Pdiff. These noise-like
power spectra from differenced visibility, though highly scattered, can be seen
as realizations of noise errors. For example, we take the time-differenced data
to construct a noise-like power spectrum

Pdiff =
(ñ1,t2 − ñ1,t1)

∗
√

2

(ñ2,t2 − ñ2,t1)√
2

= {(c1,t2 − c1,t1)√
2

(c2,t2 − c2,t1)√
2

+
(d1,t2 − d1,t1)√

2

(d2,t2 − d2,t1)√
2

}

+ {(c1,t2 − c1,t1)√
2

(d2,t2 − d2,t1)√
2

− (c2,t2 − c2,t1)√
2

(d1,t2 − d1,t1)√
2

}i , (19)

where we see 〈{Re(Pdiff)}2〉 ≡ 〈{ (c1,t2−c1,t1)√
2

(c2,t2−c2,t1)√
2

+ (d1,t2−d1,t1)√
2

(d2,t2−d2,t1)√
2
}2〉 =

〈c2
1〉〈c2

2〉 + 〈d2
1〉〈d2

2〉 = P 2
N. Therefore we could use |Re(Pdiff)| as a realization

of error bars of Px̃1x̃2 in the noise-dominated region.
Intuitively, Pdiff can be computed from time-differenced or frequency

differenced visibility. However, by differencing the neighbouring points in
frequency, we actually apply a high-pass filter in the delay space which
means we suppress the power at low delay modes. To illustrate it, we
replace the original data vector xi with the difference data vector x′i ≡
V ′(b, νi) = [V (b, νi+1)− V (b, νi)] /

√
2 ≡ (xi+1 − xi) /

√
2 (i = 1, · · · , N − 1)
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and x′N = xN , and the new estimation of the same bandpower is

q̂′α ≡
∑
ij

1

2
ei2πηα(νi−νj)R1,iR2,jx

′∗
1,ix

′
2,j

=
∑

i=1,··· ,N−1;j

1

2
ei2πηα(νi−νj)R1,iR2,j

(x1,i+1 − x1,i)
∗

√
2

x′2,j

+
∑
j

1

2
ei2πηα(νN−νj)R1,NR2,jx

∗
1,Nx

′
2,j

=
∑

i=1,··· ,N−1;j

1

2
ei2πηα(νi−νj)R1,iR2,j

x∗1,i+1√
2

x′2,j

−
∑

i=1,··· ,N−1;j

1

2
ei2πηα(νi−νj)R1,iR2,j

x∗1,i√
2
x′2,j

+
∑
j

1

2
ei2πηα(νN−νj)R1,NR2,jx

∗
1,Nx

′
2,j

≈ (e−i2πηα∆ν − 1)
∑
ij

1

2
ei2πηα(νi−νj)R1,iR2,j

x∗1,i√
2
x′2,j

≈ (ei2πηα∆ν − 1)(e−i2πηα∆ν − 1)∑
ij

1

4
ei2πηα(νi−νj)R1,iR2,jx

∗
1,ix2,j

≈ (2πηα∆ν)2

2
q̂α (when ηα∆ν � 1) , (20)

where we have assumed that the frequency channels are evenly spaced. If
ηα is small (at low delays), we see q̂′α is highly suppressed from the original
q̂α, which introduce unphysical spectral structures. Thus time-differencing
method is preferred to construct such noise-like power spectra.

2.2 Noise Power Spectrum

The ‘analytic’ noise power specturm can be also estimated from a system
temperature input Tsys by (Cheng et al., 2018; Kern et al., 2020)

PN =
X2Y ΩeffT

2
sys

tintNcoherent

√
2Nincoherent

, (21)

where X2Y are conversion factors from signal angles and frequencies to cos-
mological coordinates, Ωeff is the effective beam area, tint is the integration
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time, Ncoherent is the number of samples averaged at the level of visibility
while Nincoherent is the numbers of samples averaged at the level of power
spectrum.

Generally, Tsys = Tsignal + Trcvr. It can be estimated via the RMS of
the differenced visibilities over samples, where we take the differences of raw
visibilities in adjacent time and frequency channels to obtain the differenced
visibilities first. By the relation

VRMS =
2kbν

2Ωp

c2

Tsys

B∆t
, (22)

we could have a distinct system temperature on one baseline by taking RMS
over all its time samples, or a baseline-time averaged system temperature
over all times and baselines. Another way to estimate Tsys is also using the
auto-correlation visibility, since itself is a good measure on the noise level on
one antenna, by √

V ({a, a})V ({b, b}) =
2kbν

2Ωp

c2
Tsys,{a,b} . (23)

Combining both Equation 22 and Equation 23 we derive a relation

V 2
RMS,{a,b} =

V ({a, a})V ({b, b})
B∆t

, (24)

which is equivalent to Equation 14 for the input noise covariance matrix.
Thus the noise power spectrum estimated in this way essentially reduces to a
special case of the analytic method we introduced earlier. While the analytic
method is more preferred since in Equation 21 we actually use a spectral-
window-averaged system temperature which might lose some information on
frequency spectra during the averaging process.
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