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Abstract

An extension of the parameter space available to the Multiple Sphere T Matrix (MSTM)
code is described. The code can now calculate electromagnetic scattering and absorption
characteristics of multiple spheres that are placed adjacent to multiple plane boundaries
perpendicular to the z direction, with each boundary separating layers of different com-
plex refractive index. The spheres can also form infinitely periodic structures in the
x− y plane. The code retains all previous features, such as the spheres being comprised
of optically active materials and having positions internal or external to other spheres.
Example calculations to demonstrate the veracity of the code.

1. Introduction

Ten years ago Michael Mishchenko and I made available a fortran–90 code for calcu-
lating the electromagnetic scattering properties of multiple sphere systems [1]. The code
implemented the exact, superposition–based solution to the frequency–domain Maxwell’s
equations for multiple homogeneous spheres, and could provide cross sections and angular–
dependent scattering matrix values for either fixed orientations of the cluster relative to
the incident plane wave, or, via analytical T matrix procedures, random orientations.
Over the years the code has gone through several additions and modifications, such as
the incorporation of optically active media within the spheres and the generalization of
the sphere positions so that they could reside internally to other spheres [2].

The purpose of this paper is to announce yet another new set of bells and whistles for
the code. Specifically, the code can now incorporate multiple parallel plane boundaries
that separate regions (or layers) of different refractive indices, with the spheres being
allowed to reside in any and/or all of the separate regions. The system of spheres,
distributed among the plane boundaries, can represent a single cluster, or it can be
analytically repeated with period Wx,Wy in the lateral plane to ±∞ to form a 2–D
periodic structure.

None of the additions represent a novel extension to the multiple sphere superposition
problem. Stefanou and Modinos developed a formulation for the periodic sphere–on–a–
substrate problem in 1991 [3], and a multipole–based, multiple sphere formulation of
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the 2D periodic model has been recently presented in [4]. The 2–D periodic scattering
problem, in particular, has been receiving substantial attention due to the relevance to
photonic arrays and metasurfaces [5, 6, 7].

The overall form of the superposition solution is not radically changed by the intro-
duction of plane boundaries or 2-D periodic conditions: each sphere has an associated
scattered field multipole expansion, the scattered field from one sphere produces an ex-
citing field at another field that is described by a multipole Green’s function, and the
application of continuity relations at each sphere surface result in a system of linear
equations for the scattered field expansion coefficients. The new features, however, do
present significant computational complications in regard to accurately and precisely cal-
culating the multipole Green’s function over a wide range of length scales (relative to
the wavelengths) and refractive indices that characterize the system; these issues will be
presented in the course of the paper.

Computational results from the code have been successfully tested against results
found in the literature [3, 6]. The electric and magnetic complex vector amplitudes
calculated by the code have also been shown to correctly meet boundary continuity and
symmetry requirements for a wide range of plane boundary and 2–D periodic conditions.
That said, it is certain that unidentified parameter spaces exist where the code will fail to
give the true solution. With luck, such spaces will be clearly obvious in that the code will
produce obviously unphysical results and/or NANs. The code also has alarms in place
that will ring when convergence or error criteria are not met, and the user is admonished
to pay attention to such signals.

2. Formulation

2.1. Basic superposition concepts

In what follows all quantities are implicitly dimensionless. Lengths are scaled using
the free space wavenumber k0 = 2π/λ0, with λ0 denoting the free space wavelength of
the exciting incident wave, electric field amplitude is relative to the amplitude of the
exciting wave, and refractive indices are relative to

√
ϵ0, where ϵ0 is the permittivity of

free space. A time harmonic factor of exp(−iωt) is adopted. The system is taken to
consist of NB parallel plane boundaries with surface normals in the z direction. The first
boundary is fixed at z = Z1 = 0, and the remainder located at z = Z2, Z3, . . . ZNB

, with
all ZB ≥ 0. The media below z = 0 is denoted as layer ℓ = 0, that between z = 0 and Z2

as layer ℓ = 1, and so on. Layers 0 and NB are half spaces extending to - and + ∞. The
material within each layer is isotropic and characterized by a complex refractive index
mℓ, ℓ = 0, 1 . . . NB .

Distributed within the layers are a group (or unit cell) of NS spherical particles, each
characterized by a position vector ri and a radius ai. Each sphere is embedded within a
single layer – they do not overlap with each other nor do they cross a plane boundary – yet
aside from this constraint they can be anywhere. The code allows the spherical particles
to contain other spheres and/or optically active material. Such details, however, are not
especially germane to the plane boundary and periodic lattice formulations. To simplify
the presentation, the NS spheres will be taken to be homogeneous and isotropic. The
unit cell of NS spheres may be repeated in the x, y plane to ±∞, with period Wx,Wy;
for such conditions it is implied that the unit cell of spheres can be repeated periodically
without sphere overlap occurring at the cell boundaries.
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Per the usual scattering ansatz, the exciting field is the field that would exist in
the plane boundary system when all scattering particles are absent. It will take the
general form, within each layer, of a superposition of upwards and downwards-directed
plane waves which result from a plane wave source at some defined (real or imaginary)
boundary. The typical situation has the source boundary located in the far-field of layer
0 or NB and producing a unit-amplitude wave propagating towards the system with a
set incidence direction. Other situations can also be examined under the formulation,
such as the excitation of slab waveguide modes by an evanescent source along the first
boundary.

The scattered field is the difference in the fields with and without the particles present,
and can be described mathematically as a superposition of individual scattered fields as-
sociated with each sphere. The mathematical details of this superposition will depend
on the specific location of the evaluation point relative to the spheres and the plane
boundaries, and whether the system is finite or 2D periodic. Such details will be devel-
oped subsequently. For all situations, the scattered field associated with sphere i, and
the exciting field, can be approximated on the exterior surface of i by truncated vector
spherical wave function (VSWF) expansions of the outgoing and regular types. The co-
efficients in the expansions, denoted by ain and f in, will satisfy a set of linear equations
of the form

ain = ain

f in +

NS∑
j=1

Mj
S∑
l

Gnl(r
i, rj)ajl

 (1)

In the above and what follows, boldface subscripts n, l denote length-3 index vectors
containing VSWF degree, azimuth order, and mode (TM or TE), i.e., n = (n2, n1, n3)
with n1 = 1, 2 . . . Li

S , n2 = −n1,−n1 + 1, . . . n1, n3 = 1, 2; Li
S is the truncation degree

associated with sphere i and will typically scale with |aimℓ(i)|, where ℓ(i) denotes the layer
containing sphere i. The indices are ordered n = n2, n1, n3 as opposed to the obvious,
sequential manner simply to be consistent with previous publications. The total number
of ain coefficients for sphere i is M i

S = 2Li
S(L

i
S + 2), and the sum over vector index

l implies sum over all M j
S values of the indices. The quantity ain is the Lorenz-Mie

coefficient for the sphere, which is dependent on the sphere radius and internal/external
refractive indices (and independent of VSWF azimuth order, i.e., ain = ai(n1,n3)

). The

matrix Gnl(r
i, rj) is the multipole Green’s function (MGF) for the system; this gives the

n element of the regular VSWF field, centered about ri, resulting from the l element of
an outgoing VSWF source at rj . The MGF will depend explicitly on the plane boundary
and periodic configurations of the system.

The total number of equations in Eq. (1) is Meqns =
∑
M i

S . Calculation of the full
polarimetric scattering properties of the system, for a given excitation state, requires
solution of Eq. (1) for two mutually orthogonal polarization states of the exciting field.

3



2.2. Finite systems

2.2.1. Fundamental integral relations

Derivation of Gnl(r
i, rj) in Eq. (1) makes use of the integral expression for the out-

going VSWF evaluated in a medium with refractive index m[8, 9, 10]:

N
(3)
l (m, r− rj) = − 1√

2π

2∑
p=1

∫ ∞

−∞

∫ ∞

−∞
Πl,p(σkz, α)hp(kρ,m) ei m (r−rj)·k dkxdky

m2kz
(2)

with

k =
1

m
kρ + σẑkz =

kρ
m

(x̂ cosα+ ŷ sinα) + σẑkz =
1

m
(x̂kx + ŷky) + σẑkz (3)

kz =
1

m

(
m2 − k2ρ

)1/2
(4)

α = tan−1

(
ky
kx

)
, σ = sign z − zj (5)

h1 = kz(x̂ cosα+ ŷ sinα)− σẑ
kρ
m
, h2 = −x̂ sinα+ ŷ cosα (6)

The quantity Πl,p is the pth component of the vector spherical harmonic (VSH) func-
tion Πl, with p = 1, 2 denoting polar (a.k.a., parallel) and azimuthal (perpendicular)
directions. Using the expanded index notation l = klq, the VSH is defined by

Πkl 1(kz, α) =
r√

l(l + 1)
∇Ykl(kz, α) (7)

Πkl 2(kz, α) =
1√

l(l + 1)
r×∇Ykl(kz, α) (8)

with Ykl(kz, α) denoting the spherical harmonic:

Ykl(kz, α) =

(
(2l + 1)(l − k)!

4π(l + k)!

)1/2

P k
l (kz)e

ikα (9)

The quantities kρ and kz are referred to as the lateral and normal wavenumbers.
Note that hp exp(i m (r − rj) · k) describes a p−polarized plane wave with wavevector
k, in that k,h1, and h2 are mutually orthogonal. For real m, this wave is propagating
and evanescent for kρ < and > m, respectively. Convergence of the integral requires
|z − zj | > 0.

Equation (2) shows that the outgoing VSWF is equivalent to a 2D Fourier transform,
in the lateral plane, of vector plane waves dotted with the VSH function. The plane waves
emerge from a source at z = zj , and are directed upwards or downwards depending on the
sign of z − zj . This source field, in a plane boundary system, will produce a secondary
plane wave field due to reflection and transmission at the boundaries, the description
of which can be obtained by a generalized Fresnel analysis of the system. The MGF
is obtained by expanding this secondary field in regular VSWFs centered about some
secondary origin ri. For homogeneous media, in which the Fresnel relations are indepen-
dent of azimuth angle α, the 2D integral can be transformed to cylindrical coordinates
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and analytically integrated over azimuth angle α, resulting in a Hankel transform-type
formula. The end result is

Gnl(r
i, rj) = 4πi|l2−n2|ei(l2−n2)ϕ

i−j

∫ ∞

0

J|l2−n2|(kρ ρ
i−j)

×
∑
σ=±1

∑
σ′=±1

2∑
p=1

(
Π†

n,p(σ kz,i, 0)G
σσ′

p (kρ, z
i, zj)Πl,p(σ

′ kz,j , 0)
) kρ dkρ
m2

ℓ(j)kz,j
(10)

In the above, ϕi−j and ρi−j are the angle and distance, in the x − y plane, of target i
relative to source j, Jm(x) is the ordinary Bessel function of order m, Π†

n,p denotes the
conjugated function Πn,p (i.e., the conjugate does not apply to the argument, for cases
where kz is complex), and n2, l2 denote the azimuth order part of the indices n, l. The
normal wavenumbers kz,j and kz,i are evaluated from Eq. (4) using the refractive indices
corresponding to the layers containing origins j and i.

2.2.2. Plane Boundary Green’s Function

The plane boundary Green’s function (PBGF) in Eq. (10), denoted as Gσσ′

p (kρ, z
i, zj),

gives the amplitude of a σ–directed (=1,up, or -1, down), p-polarized wave at the target
position zi due to unit-amplitude σ′–directed source wave emitted at the source location
zj . It can be decomposed into indirect and direct parts:

Gσσ′

p (kρ, z, z
′) = G̃σσ′

p (kρ, z, z
′) + δσ−σ′δℓ−ℓ′δsign(z−z′)−σe

iσmrkz,r(z−z′) (11)

where ℓ, ℓ′ denote the layers containing z, z′, and δn = 0, 1 for n ̸=,= 0 is the Kronecker
delta function. The indirect PBGF, G̃, accounts for the effects of the plane boundaries
and is zero when such boundaries are absent. This part will always result in a convergent
integral in Eq. (10) (providing zi or zj are removed from a plane boundary). The direct
part in Eq. (11) (the second part) results, when replaced into Eq. (10) and analytically
integrated, in the traditional outgoing VSWF translation matrix Hn,l(r, r

′), a.k.a., the
free-space MGF. Accordingly, the MGF can be split into boundary and free-space parts,
via

Gn,l(r, r
′) = G̃n,l(r, r

′) + δℓ−ℓ′
(
1− δ|r−r′|

)
Hn,l(r, r

′) (12)

The (1− δ|r−r′|) term in the above serves to zero the free space part for the specific case
of sphere self–interaction, i.e., j = i in Eq. (1).

The PBGF is obtained via solution of a linear set of equations that apply the continu-
ity equations at each plane boundary. To develop such equations, consider the case where
a source of plane waves exists at zs, within layer s, and emits in the σs direction with
lateral wavenumber kρ. Denote as Fσ,n

out,p(kρ) the complex amplitude of the p-polarized
plane wave leaving boundary n in the σ direction. For σ = 1 this wave is directed into
layer n (above the boundary), and for σ = −1 into layer n− 1 (below the boundary). At
each boundary a T matrix relationship can be applied, so that

Fσ,n
out,p(kρ) =

∑
σ′=±1

Tσσ′n
p (kρ)F

σ′,n
in,p (kρ) (13)

in which Fσ′,n
in,p (kρ) is the complex amplitude of the p-polarized wave arriving at boundary

n in the σ′ direction, and Tσσ′n
p are the Fresnel coefficients for the boundary (given in

the Appendix).
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The incoming amplitude at one boundary can be related to the outgoing amplitudes
at adjacent boundaries via a simple application of complex phase rules for plane waves:

F 1,n
in,p(kρ) = ei kz,n−1(Zn−Zn−1)F 1,n−1

out,p (kρ) + ei kz,n−1(Zn−zs)δσs−1δn−1−s (14)

F−1,n
in,p (kρ) = ei kz,n(Zn+1−Zn)F−1,n+1

out,p (kρ) + ei kz,n(zs−Zn)δσs+1δn−s (15)

The terms containing the delta functions account for the contribution of the source.
Furthermore, F 1,n

out,p = 0 for n = 0, F−1,n
out,p = 0 for n = NB + 1, since there are no real

boundaries below boundary 1 nor above boundary NB . Replacing Eqs. (14) and (15)
into Eq. (13) results in a 2 × NB set of linear equations for Fσ,n

out,p(kρ) for each lateral
wavenumber kρ, polarization p and source direction σs. The indirect PBGF corresponds
to the outgoing amplitude at the target point zt, located in layer t; this will be given by

G̃1σs
p (kρ, zt, zs) = ei kz,t(zt−Zn)F 1,t

out,p (16)

G̃−1σs
p (kρ, zt, zs) = ei kz,t(Zn+1−zt)F−1,t+1

out,p (17)

2.2.3. Numerical Issues

For the case of a single boundary separating two half-spaces a simple formula, involv-
ing the boundary Fresnel coefficients and the phase lags for the source and target to the
boundary, emerges for the PBGF. It is not difficult to analytically solve the equations
for a pair of boundaries representing a finite-thickness layer bordered by the two half
spaces. The computational approach used in the code avoids such algebraic complica-
tions, and solves the set of equations for Fσ,n

out,p numerically for each given source and
target polarization and direction. Two numerical methods are used: the first recognizes
that the system of equations can be put into a block-tridiagonal matrix form, for which a
recursive algorithm can be applied to calculate the Green’s function in order–NB steps.
This method, however, becomes unstable when the real parts of the exponents appearing
in Eqs. (14) and (15) become large. For such conditions a second method using simple
iteration, akin to an order-of-scattering expansion of the equations, is applied.

Evaluation of the integral in Eqs. (10) must be done numerically. As the integrand
will exhibit (often highly) oscillatory behavior as a result of the Green’s and Bessel
functions, as well as singularities from the 1/kz,mi

term as well as possible poles in the
Green’s function lying on or near the integration path, a relatively large body of work
has been performed to develop accurate and efficient methods as applied to Sommerfeld
integrals. Image methods express the Green’s function as a Laplace transform in the
z coordinate, and lead to a formula in which G̃nl(r

i, rj) appears as a superposition
of outgoing translation matrices evaluated between ri and complex points along the z
axis [11]. This approach, however, only appears valid when i and j are both in the
same layer. Steepest descent methods make use of the symmetry of the Bessel function
for positive and negative argument, allowing it to be replaced with the ordinary Hankel
function and shifting the integration path from kρ : 0 → ∞ to −∞ → ∞. By use
of contour integration principles, this integration path can then be transformed in the
complex plane so that it passes through the saddle point (i.e., the stationary phase point)
in such a way to minimize the overall oscillation of the integration [12]. The reduced
complexity of the integrand, however, can be more than offset by the ancillary issues of
knowing, and dealing with, the branch cuts for the NB+1 square root functions (making
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up kz,mℓ
) as well as the location of the poles in the Green’s function, how the integration

path passes relative to the poles, and calculating the residues if needed.
The approach taken here is to prioritize simplicity and generality over computational

effort, in that numerical integration is performed on Eq. (10) almost as it appears. The
one modification is based on the modified integration path by Cui and Chew [13], which
involves shifting k into the complex plane slightly below the positive real axis, correspond-
ing to Im (kρ) ∼ 0.005, to provide a degree of dampening in the integrand oscillations.
The integration domain is broken into segments and a Gauss–Kronod quadrature method
is applied to each segment. The GK method provides a means of estimating the error of
the quadrature from a fixed set of quadrature points. If the error is above a set tolerance
the segment is subdivided into two equal parts and the GK method is applied to each
subdivided segment, with the algorithm performed recursively until the error criterion
is met or until a maximum number of subdivisions has been reached. The integration
is performed on a segment-to-segment basis along the Re (kρ) axis, until the relative
contribution from the segment to the integral has dropped below a set tolerance.

2.2.4. Plane wave excitation model

The exciting field can take the form of a plane wave or a Gaussian beam. The plane
wave is modeled as being emitted from a real or imaginary plane boundary located at
z = Zexi, directed in the σexi = ±1 direction, and characterized by a lateral wavenumber
kρ,exi, azimuth ϕexi, and polarization pexi = 1, 2. The complex amplitude of the p–
polarized component, at some point r in the PB system, would be

Eexi,p(r) = eikρ,exiρ cos(ϕexi−ϕ)
∑
σ=±1

Gσσexi
p (kρ,exi, z, Zexi)Eexi,p,0 (18)

where p denotes the polarization state of the incident wave, ρ and ϕ are the distance and
angle of r in the lateral plane, relative to the common origin, and Eexi,p,0 is the source
amplitude.

In the typical, external-excitation application, the source boundary Zexi is in layer 0
at a position Z−B that is below the minimum particle z position, the direction is +1, the
amplitude Eexi,p,0 = 1 for either p = 1 or 2, and the exciting lateral wavenumber obeys
kρ,exi/m0 = sin θinc < 1 where θinc is the angle of incidence in layer 0; this implicitly
assumes layer 0 is lossless.

Equation (18) can also be used to model an exciting field corresponding to a slab
waveguide mode. This field consists of a trapped plane wave contained, within one (or
more) lossless dielectric layers, by total internal reflection. The net EM power trans-
fer of the exciting field, in this case, is entirely in the lateral direction – no power
(in the ideal, pure lossless dielectric limit) escapes to the bordering halfspaces. For
a given plane boundary configuration, the waveguide (or resonant) modes occur at
kρ = ks, s = s1, s2 . . . values for which system Green’s function is singular; these cor-
respond to conditions in which multiple internal reflections within the system produce
perfect constructive interference. In the framework of the PBGF formulation used here,
the waveguide modes can be modeled by an evanescent wave excitation source from layer
0 of vanishingly small amplitude Eexi,p,0 such that the field, at some point zref within
the waveguide layer, has unit amplitude. That is,

lim
kρ,exi→ks

∑
σ=±1

Gσσexi
p (kρ,exi, zref , Zexi)Eexi,p,0 → 1 (19)

7



This limit can be numerically approximated by setting |kρ,exi − ks| to some sufficiently
small number, e.g., 10−6.

At some particle origin ri the exciting field can be represented by a regular VSWF
expansion, per the usual plane wave formulas. The expansion coefficients are given by

f in,p =
1

4π
eikρ,exiρ

i cos(ϕexi−ϕi)
∑
σ=±1

Π†
n,p(σkz,i, ϕinc)G

σσexi
p (kρ,exi, z

i, Zexi)Eexi,p,0 (20)

2.2.5. Gaussian beam model

A Gaussian beam (GB) is characterized by a direction θinc, ϕinc, a focal point rb,
and a (dimensionless) beam width at the focal point ωb. It will be assumed that the GB
originates from layer 0 and is propagating upwards (θinc < π/2). The task at hand is to
develop a workable formula for the regular VSWF expansion coefficients for the beam,
centered about some arbitrary sphere origin ri in the PB system. As has been done
previously, the GB coefficients can be divided into direct and indirect parts,

f in,p = δℓ(i)fn,p,GB(r
i) + f̃n,p,GB(r

i) (21)

where the second, indirect part is due solely to reflection/transmission by the plane
boundaries. The direct coefficients at ri are related to those at the GB focal point by
the regular VSWF translation operation [14, 15]:

fn,p,GB(r
i) =

∑
l

Jnl(m0, r
i − rb) f bn,p,GB (22)

where J denotes the regular VSWF translation matrix, and the focal point coefficients
f bn,p,GB are functions solely of the beam width and propagation direction. The code uses

the localized approximation for f bn,p,GB , which is appropriate for ωb > 5. The indirect
coefficients are obtained from a modification of the regular VSWF translation operation
to the PB system. The integral relation for the regular VSWF looks much like that for
the outgoing function, Eq. (2), except the integration over the infinite plane is replaced by
one over the sphere k2x+k2y = m2 and the result is divided by 2. In this respect, the plane
wave spectrum of the regular VSWF at some position z > 0 contains only propagating
waves, directed both upwards and downwards, whereas the outgoing VSWF spectrum at
the same point would contain both propagating and evanescent waves that are directed
only upwards. It is assumed that the direct part of the GB field can be described
by a spectrum of upward–directed propagating waves (see, e.g., [14]), and accordingly
the regular VSWF integral formula can be limited to only the upward–directed waves
insofar as the expansion for the GB field is concerned. These waves will be reflected and
transmitted by the plane boundaries, and the amplitude and phase of the waves, at some
arbitrary point z, will be described by the indirect PBGF.

The indirect GB coefficients can therefore be obtained from an operation analogous
to Eq. (22)

f̃n,p,GB(r
i) =

∑
l

Rg G̃nl(r
i, r0) fl,p,GB(r

0) (23)

where Rg G̃nl(r
i, r0) is obtained from Eq. (10) (using the indirect PBGF), except divided

by 2 and with an upper integration limit of m0. The coefficients fl,p,GB(r
b′) are obtained
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using Eq. (22), with rb
′
having the same lateral position as rb and a z position slightly

below the first boundary (i.e., below 0); this translation is only necessary if the focal
point zb > 0.

2.2.6. Scattered field in the plane boundary system

The scattered field from sphere j, evaluated at some point r having local refractive
index m, can be obtained from the MGF via

Ej
sca,p(r) =

∑
n

∑
l

N(1)
n (m, r− r′)Gnl(r

′, rj) ajl,p (24)

where ajl,p denote the scattering coefficients for sphere j with exciting polarization p, and
r′ is simply a secondary origin upon which the regular VSWF expansion is centered. For
the free space case, convergence of the expansion requires |r − r′| < |r′ − rj |, and the
convergence criteria become more complicated in the presence of plane boundaries. Such
considerations are obviated by taking the limit of r′ → r, for which only the first TE
degree of the regular VSWF survives. This leads to a general formula for the scattered
field at an arbitrary point r:

Ej
sca,p(r) =

Ns∑
j=1

1∑
m=−1

∑
l

PmG(1m1)l(r
′, rj) ajl,p (25)

with Pm denoting the cartesian vector

P−1 =
1√
6π

 1
−i
0

 , P0 =
1√
3π

0
0
1

 , P1 =
−1√
6π

1
i
0

 (26)

Numerical evaluation of the field in this exact manner is made difficult by the numer-
ical integration requirements necessary to calculate the MGF at each particular point r.
It is, however, relatively easy to show, by use of the stationary phase approximation in
Eq. (2), that the scattered field from the particles, evaluated at a distance |z| >> RC

from the boundaries, reduces to an outgoing, hemispherical transverse wave [9]. The
p-polarized component of the wave in layer 0, at a point r, θsca, ϕsca on the hemisphere
and resulting from a q-polarized exciting field, will be given by

Esca,pq(r, θsca, ϕsca) =
1

r
eim0rA−

pq(kρ,sca, ϕsca) (27)

in which A−
pq(kρ,sca, ϕsca) denotes the amplitude matrix for downward–propagating scat-

tered waves:

A−
pq(kρ,sca, ϕsca) =

NS∑
j=1

[
m0kz,0
m2

ℓ(j)kz,j
e−ikρ,scaρ

j(cos(ϕsca−ϕj))

×
∑
n

∑
σ′=±1

Πn,p(σ
′ kz,j , ϕsca) a

j
n,qG

−1σ′

p (kρ,sca, Z−B , z
j)

]
(28)
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with ajn,q the scattered field expansion coefficients for particle j with excitation polar-
ization q. The lateral wavenumber kρ,sca = m0 sin θsca, and the normal wavenumbers
kz,j are obtained from kρ,sca via Eq. (4). Since layer 0 is lossless, changing the target
position Z−B will change only the phase of the amplitude matrix. Note that the ampli-
tude matrix is defined relative to the plane parallel system: incident polarization state
q is referenced with respect to the kexi − ẑ plane, and scattered polarization state with
respect to the ksca − ẑ. In this regard, the linear relationship between the incident and
scattered Stokes vectors would be more appropriately referred to as a phase matrix as
opposed to a scattering matrix [16]. The elements of the phase matrix are calculated
from the amplitude matrix using the standard formulas [17, 16].

When the upper layer (layer NB + 1) is lossless it is valid to define an analogous
amplitude matrix for upwards–scattered waves, A+; for this case the wavenumbers and
refractive indices for layer 0 in Eq. (28) are replaced with those for the upper layer, the
Green’s function first direction superscript is made +1, and the function target point is
evaluated at a reference position Z+B above the uppermost particle. For a set lateral
wavenumber kρ,sca, sin θsca will be different in the lower and upper layers when the
refractive indices are different.

2.2.7. Cross sections and energy transfer

The presence of plane boundaries makes necessary an expanded definition of the cross
sections associated with net EM energy transfer. Extinction by a particle – that being
the removal of EM energy propagating in the direction of the exciting wave – can now
occur in the two directions corresponding to reflection and transmission of the incident
wave by the plane boundary system. Likewise, it will be useful to know the fraction
of energy scattered into the front and back half spaces. Multiple plane boundaries also
allow for the possibility of energy transfer via guided waves that are excited by scattering
from the spheres.

A absorption cross section for particle i under p−polarized incidence, denoted as
Cabs,i,p, can be derived by integration of the radial component of the Poynting vector
S over the surface of the particle. The formula for Cabs,i,p explicitly depends on the
VSWF expansion coefficients for the exciting and scattered fields for particle i, and
needs no alterations to account for the presence of plane boundaries or absorbing external
media [18]. The total cross section by the entire set of particles is the sum of the individual
particle cross sections:

Cabs,p =

NS∑
i=1

Cabs,i,p (29)

A total extinction cross section can be obtained by application of the extinction
theorem to the exciting and scattered fields in layers 0 and NB .

Cf−ext,p = C+1
f−ext,p + C−1

f−ext,p (30)

Cσ
f−ext,p = −2πRe

[
2∑

q=1

(
Gσσexi

q (kρ,exi, ZσB , Zexi)
)∗
Aσ

qp(kρ,exi, ϕexi)

]
(31)

The cross sections C−1
f−ext,p and C1

f−ext,p characterize the net removal of energy, due to
the particles, from the reflected and transmitted exciting waves as measured by a col-
limated detector located in the far–field layers; f − ext stands for ’far-field extinction’
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and is needed as a different definition of extinction will be introduced below. The ex-
tinction cross sections are defined so that the total monochromatic extinction power is
I0Cf−exp,p/k

2
0, where I0 is the exciting plane wave intensity. The transmission extinction

is meaningful only for the case of a non-absorbing upper layer; for this condition the ex-
tinction will be independent of the reference position Z+B . An absorbing upper medium,
on the other hand, would result in an exponential decay of C1

f−ext,p with increasing Z+B ,
and in this regard the ’far–field’ transmission extinction should be taken as zero for this
situation.

The total far–field scattering cross section can also be split into downward and upward
parts, with each part obtained from a hemispherical integration of the scattered flux:

Cf−sca,p = C+1
f−sca,p + C−1

f−sca,p (32)

Cσ
f−sca,p =

∫ 2π

0

∫ 1

0

2∑
q=1

∣∣Aσ
qp(sin θsca, ϕsca)

∣∣2 d cos θscadϕsca (33)

For lossless systems consisting of two or more plane boundaries, scattered energy can
be removed via guided slab waveguide modes. A measure of such effects can be obtained
by returning to the equation for the particle scattering coefficients, Eq. (1). After some
multiplication, rearranging, and application of translation matrix properties, one obtains
a fundamental energy balance for the multiple sphere system:

Cabs,p = −πRe
NS∑
i=1

∑
n

∣∣ain,p∣∣2 ( 1

ain
+ 1

)
(34)

= −π
NS∑
i=1

∑
n

∣∣ain,p∣∣2 +Re

ai∗n,p NS∑
j=1

∑
l

Gnl(r
i, rj)ajl,p

− Re
[
ai∗n,pf

i
n,p

]
= −Ci−sca,p − Cd−sca,p + Cs−ext,p (35)

where Ci−sca,p, Cd−sca,p and Cs−ext,p are referred to as independent scattering, depen-
dent scattering, and extinction cross sections at the sphere level. Each of these three
terms corresponds to the result obtained by integration of a Poynting vector over the
surface of sphere i and summed over i. For the independent scattering term the Poynting
vector is formed solely from the outgoing scattered field from i, and for the dependent
term the Poynting vector is formed from the superposition of the outgoing scattered field
from i and the regular, multiply–scattered field due to the presence of the spheres. The
extinction term in Eq. (35) has the Poynting vector formed from the superposition of the
outgoing scattered field and regular exciting field at i, and for the case of lossless layers
it can be shown that this cross section is equal to that obtained from Eq. (30) via the
extinction theorem. The same equivalence, however, will not always occur between the
scattering cross sections in Eq. (35) and that in Eq. (32). Specifically, a waveguide cross
section can be defined via

Cw−sca,p = Ci−sca,p + Cd−sca,p − Cf−sca,p (36)

and for lossless layers the overall energy balance appears as

Cabs,p + Cf−sca,p + Cw−sca,p = Cs−ext,p (37)
11



Equation (37) states, simply, that the total energy removed from the exciting field
by the spheres is distributed into absorption within the spheres, scattering into the
far fields of layers 0 and NB , and scattering that is trapped within a slab waveguide
mode if/when such modes exist. As was mentioned in the previous section, waveguide
modes can occur for systems of two or more plane boundaries, and are revealed by the
existence of singular points in kρ for the PBGF. It can be shown (after several pages of
formulas) that Ci−sca,p + Cd−sca,p in Eq. (35) can be split into two integral terms, both
involving a modified form of Eq. (10) for the MGF. The first term has the integration
over kρ confined to propagating waves, and this part will correspond to the far–field
scattering cross sections of Eq. (33). The integration for the second term has kρ limited
to evanescent waves. This part will be zero except for the case when the PBGF has
singular points, and the contribution due to the singular points can be obtained from
the residue theorem evaluated at the singular points. That said, the more practical way
to compute the waveguide cross sections is via the formulas in Eqs. (36), (35), and (33).

2.3. 2–D Periodic systems

2.3.1. 2–D periodic fundamentals

The system of NS spheres is now taken to reside laterally within a rectangular, Wx×
Wy unit cell, and this cell is repeated periodically in the x, y plane to ±∞ in both
directions. The details of the plane boundaries and the exciting field remain the same.

The number of spheres in the system is now infinite, and, at least initially, Eq. (1)
would appear to contain an infinite number of unknowns. It is relatively easy to show,
however, that the sphere scattering coefficients in one unit cell, say located at position
(Xc, Yc) = (cxWx, cyWy) with integer cx, cy, are related periodically to those in the
central unit cell (cx, cy) = (0, 0) by

ain(cx, cy) = ei(kx,exicxWx+ky,exicyWy)ain(0, 0) = eikρ,exi·W·cain(0, 0) (38)

with W =Wxx̂x̂+Wyŷŷ and c = cxx̂+ cyŷ. The 2–D periodic problem, therefore, has
the same basic form as the finite problem:

ain = ain

f in +

NS∑
j=1

Mj
S∑
l

GL
nl(r

i, rj)ajl

 (39)

The lattice MGF (LMGF) is formally defined by

GL
nl(r, r

′) =
∑
c

eikρ,exi·W·cGnl(r, r
′ +W · c) (40)

with cx, cy = −∞ : ∞.
The primary variables of the LMGF in Eq. (40) are the normal positions z = ẑ · r

and z′ = ẑ · r′ and lateral displacement vector ρ0 = x̂(x− x′)+ ŷ(y− y′). It is implicitly
a function of the lateral exciting wavevector kρ,exi, cell width W and the specifics of the
plane boundary system. For all cases the lateral displacement can be shifted so that

GL
nl(ρ0, z, z

′) = eikρ,exi·W·npGL
nl(ρ, z, z

′) (41)
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with

ρ = ρ0 − np ·W (42)

np,x = floor

(
x0 +Wx/2

Wx

)
, np,y = floor

(
y0 +Wy/2

Wy

)
(43)

As was done in Eq. (12), the LMGF can be split into regular and free–space parts:

GL
nl(ρ, z, z

′) = G̃L
nl(ρ, z, z

′) + δℓ−ℓ′Lnl(ρ, z − z′) (44)

with ℓ, ℓ′ denoting the layers containing z and z′; the free–space part appears only when
z and z′ are in the same layer and the regular part occurs only when plane boundaries
are present.

2.3.2. Free space case

The free space LMGF, L, can be obtained from the lattice sum of the scalar spherical
wave function (SSWF), which is defined by

uvw(m, r) =
∑
c

ψ(3)
vw(m, r−W · c)eikρ,exi·W·c (45)

This formula is not used in actual numerical practice as the series is poorly converging
when Imm is zero or small. The central unit cell c = (0, 0) contribution may or may
not be included in this sum; this part must be omitted when |r| = 0 as the sum would
otherwise be singular. The matrix elements of L are

Lmnpklq = −(−1)min−l
√
4π(2n+ 1)(2l + 1)

w2∑
w=w1,2

iw√
2w + 1

Cw
−1n 1l C

w
−mnkl uk−mw (46)

w1 = |n− l|+ |p− q|, w2 = n+ l − |p− q| (47)

with Cw
mnkl = C(n,m; l, k;w,m+ k) denoting the Clebsch-Gordon coefficient.

Numerical methods for u are based on the integral relation for the scalar wave func-
tion:

ψ(3)
mn(m, r) = hn(mr)Ymn(r̂) = − (−i)n

2π

∫ ∞

−∞
dka

∫ ∞

−∞
dkb Ymn(k) e

i mk·r 1

m2kc
(48)

in which the subscripts (a, b) refer to unit orthogonal vectors in the plane over which the
wavevector k is integrated. The direction normal to the plane is êc = êa × êb, and

k =
1

m
(kaêa + kbêb + kcêc) (49)

kc =
(
m2 − k2a − k2b

)1/2
sign (r · êc) (50)

Equation (48) has a finite value only for |r · êc| > 0. The component kc will become
imaginary whenever k2a + k2b > m2, and the choice of the sign of kc insures a decaying
exponential in Eq. (48) and thus convergence of the integration in the a−b plane. Observe
that the argument of the spherical harmonic in Eq. (48) is defined relative to the x̂, ŷ, ẑ
coordinate system and not êa, êb, êc, i.e., the argument of the Legendre function is ẑ ·k.
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The code uses two numerical methods for u, depending on the values of z and W.
When |z| is relatively large, specifically |z| > Wmin/2, the integration coordinates a = x,
b = y are chosen. The summation over lattice sites in the x− y plane can be performed
analytically by use of Poisson’s summation formula, and leads to

uvw =
2π(−i)w

WxWym2

∑
s

1

ksz
ei(k

s
ρ·ρ+mks

zz)Yvw(k
s
z, α

s) (51)

ks
ρ = 2πs ·

(
1

W

)−1

+ kρ,exi, ksz = sign z
√

1− |ks
ρ|2/m2, αs = tan−1

(
ksy
ksx

)
(52)

with s = sxx̂+ syŷ. The sum runs through positive and negative integer values of sx, sy
of increasing magnitude until convergence. This formula includes the contribution from
the source in the central unit cell.

The formula in Eq. (51) is valid so long as |z| ̸= 0, yet convergence becomes increas-
ingly slow as |z| gets small. There are a multitude of reported methods for efficiently
and accurately evaluating the SSWF lattice sum when the evaluation point is in or near
the plane of the lattice; the reader is referred to [19] for a comprehensive review. In the
2-D periodic free space scattering problem examined by [4], the lattice sums are numeri-
cally evaluated using the method originally developed by Ewald [20]. The Ewald method
requires a number of special functions with complex argument, such as the incomplete
Gamma function, and the author must also admit that he has never quite figured out
how the Ewald method was derived nor how it works. Rather, for |z| ≤ Wmin/2, the
code uses a procedure suggested (I believe) in [19] which omits the source at c = (0, 0)
in Eq. (45). It turns out that to exploit this procedure, mathematical and numerical
advantages are obtained by orienting the lattice in the y− z plane, so that c = cyŷ+ cz ẑ
in Eq. (45); a subsequent rotation operation on the sum can return the lattice to the
original x− y convention.

The y − z lattice sum can be broken up into four parts: a pair of 1-D sums with
cz = 1 : ∞ and −∞ : −1, each having cy = 0, and a pair of 2-D sums from cy = 1 : ∞
and −∞ : −1, each having cz = −∞ : ∞. The 1-D case uses c = z in Eq. (48) and
converts the integration domain to cylindrical coordinates: dkxdky = kρdkρdα. The
integration over α is performed analytically to obtain a Hankel-transform type formula.
The summation over cz is also performed analytically, and the remaining integration
over kρ is performed by deforming the integration path onto a complex contour that
smoothes and accelerates the convergence of the integrand. The 2-D case uses c = y in
Eq. (48). This allows use of Poisson’s formula on the summation over cz, which replaces
the integration over the z direction with a summation over reciprocal lattice in sz. The
summations over y can be performed analytically, and a steepest descent contour is again
used to smooth out the remaining numerical integration.

The rotation operation that transforms the y − z lattice sum into the x − y lattice
sum is

umn(x, y, z, kx,exi, ky,exi,Wx,Wy)

= (−1)n
n∑

k=−n

D(n)
mk(0)u

′
kn(z,−y, x,−ky,exi, kx,exi,Wy,Wx) (53)
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with D(cos θ) being the generalized spherical function. The y − z lattice sum, u′, is
formed from the 1–D and 2–D parts,

u′mn(x
′, y′, z′, k′y′,exi, k

′
z′,exi,W

′
y′ ,W ′

z′)

= (−i)n−m+1eimϕ′
Q(1)

mn(ρ
′, z′, k′z′,exi,W

′
z′)

− (−i)n

mW ′
z′

∞∑
s=−∞

Ymn(k
s
ρ/m, 0)e

iks
ρz

′
Q(2)

m (ksρ, x
′, y′, k′y′,exi,W

′
y′) (54)

where

ρ′ =
√
x′2 + y′2, ϕ′ = tan−1

(
y′

x′

)
, ksρ = k′z′,exi +

2πs

W ′
z′

(55)

with the sum over s typically converging in ceiling (W ′
z′/2π) terms. The functions Q

(1)
mn

and Q
(2)
m are given by the integral relations

Q(1)
mn(ρ

′, z′, k′z′,exi,W
′
z′) =

∫ ∞

0

Ymn(u, 0)Jm(mρ′v)
(
f1 + (−1)m+nf2

)
dt (56)

u = 1 + it, v =
√
1− u2 (57)

f1 = eimu(W ′
z′+z′)

(
eik

′
z′,exi

W ′
z′ − eimuW ′

z′
)−1

(58)

f2 = eimu(W ′
z′−z′)

(
e−ik′

z′,exi
W ′

z′ − eimuW ′
z′
)−1

(59)

and

Q(2)
m (ksρ, x

′, y′, k′y′,exi,W
′
y′) =

∫ ∞

−∞

(
f1

(
u− iv

w

)m

+ f2

(
u+ iv

w

)m)
eimux′ 1

v

du

dt
dt

(60)

w =
√

1− (ksρ/m)2, u = t
√
t2 − 2iw, v =

√
w2 − u2 (61)

f1 = eimv(W ′
y′−y′)

(
eim vW ′

y′ − e−ik′
y′,exi

W ′
y′
)−1

(62)

f2 = eimv(W ′
y′+y)

(
eimvW ′

y′ − eik
′
y′,exi

W ′
y′
)−1

(63)

Numerical integration of Eqs. (56) and (60) is performed using the same Gauss–
Kronod scheme used for Eq. (10). The integrals are broken into finite segments of length
∆t ∼ 1/W and the GK algorithm is applied to each segment.

2.3.3. Plane boundary system contribution

The plane boundary contribution is obtained from a 2-D reciprocal space summation:

G̃L
nl(ρ, z, z

′) =
8π2

WxWy

∑
s

Ks
nl(ρ, z, z

′) (64)
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with

Ks
mnpklq(ρ, z, z

′) = ei(k−m)αs

eik
s
ρ·ρ 1

kz,ℓ′m2
ℓ′∑

σ=±1

∑
σ′=±1

2∑
t=1

(
σm+n+pσ′k+l+q(σσ′)t−1

×Π†
mnp,t(k

s
z,ℓ, 0)G̃

σσ′

t (ksρ, z, z
′)Πklq,t(k

s
z,ℓ′ , 0)

)
(65)

ks
ρ = 2πs · (W)

−1
+ kρ,exi, kz,ℓ =

√
1− |kρ|2/m2

ℓ (66)

Note that the formula uses the regular form of the PBGF, which omits the direct inter-
action between z and z′ when both are in the same layer; this contribution is included
in the free space part of Eq. (44).

2.3.4. Scattered field

The scattered field from the periodic lattice appears as a discrete set of plane waves,
with lateral wavevectors given by the reciprocal lattice vector ks

ρ defined in Eq. (66) [21].
The amplitude matrix for periodic system is the same as Eq. (28), except now multiplied
by 8π/(WxWy). Given a (propagating) exciting plane wave of incidence θinc, ϕinc and
polarization p, the reflectance of the lattice is

Rp(θinc, ϕinc) =
1

m0 cos θinc

∑
s

2∑
q=1

ksz,0
∣∣AL,−

qp (ks
ρ)
∣∣2 (67)

The sum over reciprocal lattice index includes only those modes for which ksz,0 is real.

2.4. Code compilation and execution

The MSTM fortran–90 code is available for download at [22]. The gfortran compiler
and MS Windows OS were the primary platforms used to develop and test the code.
Options are available for generating serial code, and parallel code using the message
passing interface (MPI) convention; details of the compilation procedure are provided in
the documentation accompanying the code.

The code does not employ a fancy user interface. Execution occurs via a command–
line invocation of the code with an associated input file, i.e.,

mstm.exe mstm.inp

where mstm.exe and mstm.inp refer to the executable and input file names. The details of
the sphere/plane boundary system to be analyzed, the calculation options and parameters
used, and the type and destination of the output results, are all contained in the input
file. The code website contains several example input files with associated calculation
output files, including all of the calculations used in this paper. Found also at the website
are Mathematica notebook files used for post–processing of calculation results.

3. Example results

A series of example calculation results are now presented, the objective of which
primarily is to demonstrate the veracity of the formulation and code.
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Figure 1: Internal fields in the x− z plane for a sphere–thin film system. Clockwise from top left: Hy,1,
Ey,2, Hz,2, Hx,2, with second subscript 1,2 denoting incident polarization parallel or perpendicular to
plane.

3.1. Spheres on and/or in thin films

The code includes features to efficiently calculate the electric and magnetic complex
field amplitudes on a 1-D, 2-D, or 3-D grid of points. An example of such calculation
results is presented in Fig. (1), which shows contour plots of dimensionless electric and
magnetic field amplitudes within a sphere/plane boundary system. The system consists
of a dielectric film (H1 = 5, m1 = 1.6) in air, with a dielectric sphere (a = 5, m = 1.6)
externally on the bottom surface and a bubble (a = 2.5, m = 1) centered in the film.
The system is excited by a normally–incident plane wave, polarized in either the x or y
direction, and the field lines are shown in the x − z plane. The four field components
shown were chosen as they, theoretically, should maintain continuity across the spherical
and plane boundaries; this continuity is clearly evident in the plots. Calculation of the
solution and the 4 × 104 points used in the figures took less than a minute on an HP
Z820 workstation running on 8 cores.

The spheres in Fig. (1) excite waveguide modes within the film, which are revealed
by a non–zero waveguide scattering cross section Cw−sca. As the waveguide modes,
in this situation, result from the formation of evanescent fields between the sphere and
plane boundaries, the cross section Cw−sca is exquisitely sensitive to the distance between
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Figure 2: Scattering efficiencies vs. sphere position, for a sphere–thin film system.

these boundaries. This is demonstrated in Fig. (2), which shows the up and down farfield
scattering efficiency and the waveguide efficiency, as a function of sphere z position, for
a single sphere (a = 5, m = 1.6) external to a film (H1 = 5, m1 = 1.6). Efficiencies are
defined as cross sections divided by πa2, and the case of z = −5 corresponds to the sphere
in contact with the lower surface of the film. As would be expected from an evanescent
field effect, the waveguide efficiency is seen to drop off exponentially with distance of the
sphere from the surface. Note that C−

f−sca shows significant oscillatory behavior with a
period ∼ π; this suggests an effect of interference between the backscattered field from
the sphere and the forward–scattered field that is reflected from the plane boundaries.

An demonstration of field patterns resulting from Gaussian beam excitation of a
plane boundary system, either free of spheres or with spheres, is shown in Fig. (3). The
required continuity of the field lines at the spherical and plane boundaries is again clearly
evident.

3.2. Periodic systems

The sphere/plane boundary system used for Fig. (1) is now made periodic, using a
square unit cell with Wx =Wy = 10; this results in the lower, a = 5 spheres coming into
point contact with their periodic neighbors. Contour plots of the field distributions are
shown in Fig. (4) for normal incidence. The plots demonstrate the required symmetry
conditions along the left and right cell boundaries: under normal incidence conditions,
the contour lines must intersect these boundaries at right angles.

An additional test of the periodic formulation is presented in Fig. (5). Shown is
reflectance from a square periodic array of spheres, with a = 2, m = 1.6, and W = 4,
that are in contact with the exposed side of a H = 4,m = 1.6 substrate, as a function
of incident angle. Results are calculated using the present MSTM code and the plane
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Figure 3: Electric field Ey,2 in the x − z plane for a Gaussian beam excitation. Beam width ωb = 20,
focal point = (0,0,0). Slab H = 5.9, m = 2. Left shows interaction of GB with PB system, right includes
effects of two spheres, each having m = 1.6.

wave plane parallel (PWPP) code of [23]. The two lines for each model correspond
to incident polarization parallel and perpendicular to the incident–normal plane. The
PWPP formulation is based on a 2–D Fourier–transformed volume integral solution.
It is similar to a discrete dipole approximation in that it uses a volume–discretized
representation of the scatterer, yet it is also distinct in that it automatically embeds
the 2–D periodic character of the fields into the solution. Suffice to say that the PWPP
mathematical model is distinctly different from the superposition solution used in MSTM,
and the fact that both produce such good agreement in Fig. (5) suggests that both are
valid results. Although not shown here, the current MSTM code has reproduced the
silicon sphere lattice reflection results given in [3, 6].
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Appendix

The Fresnel coefficients appearing in Eq. (13) are given by

T 1 1,n
1 (kρ) =

2mn−1kz,n−1

mn−1kz,n +mnkz,n−1
(68)

T 1−1,n
1 (kρ) = −T−1 1,n

1 (kρ) =
mn−1kz,n −mnkz,n−1

mn−1kz,n +mnkz,n−1
(69)

T−1−1,n
1 (kρ) =

2mnkz,n
mn−1kz,n +mnkz,n−1

(70)

T 1 1,n
2 (kρ) =

2mn−1kz,n−1

mn−1kz,n−1 +mnkz,n
(71)

T 1−1,n
2 (kρ) = −T−1 1,n

2 (kρ) = −mn−1kz,n−1 −mnkz,n
mn−1kz,n−1 +mnkz,n

(72)

T−1−1,n
2 (kρ) =

2mnkz,n
mn−1kz,n−1 +mnkz,n

(73)

These formulas are equivalent to the Fresnel relations, i.e., T−1 1,n
p and T 1 1,n

p are the
Fresnel reflectance and transmittance for a wave incident on boundary n from below.
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