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Uncertainty analysis

Levenberg-Marquardt algorithm

e The Levenberg-Marquardt algorithm is a method for solving non-linear least squares
problems, which arise in many applications in science and engineering. The algorithm

is an iterative technique that starts from an initial estimate of the solution and
improves the solution iteratively.
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Nonlinear equations
If m functions of f1, fo,- -+, f,, of the n variables 1, 2, - - - , ,, are given, with m > n,
the MINPACK-1 subroutines can be used to find 1, o, - - -, x,, such that solve the

nonlinear system of equations:

min {zm: fi(z)?:x € R"}
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For x € R", define the vector function F' : R™ — R™ by
[ F1(%)\
fa(x)

\Fm(x)/

where the f; is the i-th residual of the system of equations. The residual means that

F(x) =

fi(x) = Ois the solution of model g;(x) with given data y;.

f(x) = yi — gi(x)
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The problem of finding ax € R" such that

argmin g {Z fz(x)2}
i=1

can be refrazed as finding a x* € R" such that
IF (x| < |[F(x)]] N(x) eR"

where N (x) is a neighborhood of x*.
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If X* is a solution of the nonlinear least square, then the gradient of the sum of squares of
the residuals is zero at x*.

v Zfi(x)z —

m

Y fi(x)Vfi(x) =0

i=1
In terms of Jacobian matrix, the above equation can be written as
J(x)'F(x) =0

Note that maximum also satisfies this condition, but but the algorithm avoids the
maximum.
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Basic concept of Levenberg-Marquardt algorithm

The basic concept of Levenberg-Marquard algorithm determines the correction p to the
current estimate x that produces sufficient decrese in the residuals of F at the new point

X + P.
Xt =X+Pp

In other words, the algorithm finds a p such that satisfies the following condition:

1F )l < [[F(x)]
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The correction of p depends on the diagonal scaling matrix D, a step bound A, and an
approximation J to the Jacobian matrix J(x).

J is calculated by the foward-difference approximation to F’(x), unless the user supplies
a function to calculate J.

To compute the correction p, the algorithm solves the linear least squares problem
min {||Jp + f[| : [|[Dp|| < A} (1)

where f is the vector F'(x). If the solution does not provide suitable correction, then A is
decreased and J is updated. Before the start of next iteration, A, J, and D are updated.
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(1) is the approximate solution of the following problem:
min {||F(x + p)|| : || Dp|| < A}
if there is a solution,
ID(x —x%)|| < A

then x + p is close to x™, If this is not the case then x + p is close to x.
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The sumof ||Jp + f|

The sum of ||Jp + f|| is minimized by solving the least squares problem
S(x+p)~|[ly —f(x) - Jp|
= [y —f(x) = Ip|" [y — £(x) — Ip|
y — £(x)]" [y — £(x)] + p" I Ip — 2p" I [y — £(x)]
Taking the derivative with respect to p and setting it to zero, we obtain
J'Ip =Ty — £(x)]
TODO: updated this part.
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Approximation of the Jacobian matrix

The Jacobian matrix J is approximated by the forward-difference approximation to F/(x).
F(x + he;) — F(x)
h

where e; is the 2-th column of the identity matrix and h is the difference parameter.

J(x) ~
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Error bound

Let x* be a solution of the nonlinear least squares problem. For € > 0, the sensitivity
(upper) bonds o1, - - -, 0, such that, for each 7, the condition

< 0;

z; —

with
| F(x)|] < (14 ¢)|[F(x7)]
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First order approximation (Is this correct?)

The first order approximation of F(x) is given by

o=t HEU];EX)) !in )

If X is the approximation of the sollution and J is the approximation of F’(x), then the first
order approximation of F'(x) is given by

o = (2 ( ’| ;fi)i\' \| )

The covariance matrix in this case is given by

> =(373)"
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Approximate Hessian

If we take an first order Taylor expansion of F'(x) around x*,

m

F(x)"F(x) = Y (fi(x") + Vfi(x")(x — x*))’

1=1

The hessian matrix H of F(x) 1 F(x) is given by
H = V2(F( Zsz )V fi(x")

— J(x*)TJ(x*)
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How is the covariance matrix calculated in MINPACK
and Scipy.optimize.leastsq()?

The covariance matrix is calculated by

2 = (373" 1

'—P(R'R) P

where P is the permutation matrix and R is the upper triangular matrix obtained from the

QR decomposition of J.
PJ = QR

16



Uncertainty analysis

Covariance matrix and hessian matrix
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Covariance matrix and hessian matrix

Consider a Gaussian random vector € with mean 8* and covariance matrix 2ig. It's joint
probability density function is given by

1
) =
p(9) (2m)n/2| 32| 1/2

the negative log likelihood function J(G) is given by

exp (—%(9 — )3 (6 - 9*))

1 1
J(6) = —logp(6) = (0 —6")" g (0 — 6%) + 7 log [Ty + %log o

The Hessian matrix H of J(8) is given by
02 J(0)

=3, !
00,00, "’

H =
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Implementation used in Larch

Larch uses Imfit package for the Levenberg-Marquardt algorithm.
Imfit calls Scipy.optimize.leastsq() to call MINPACK's Imdif() and Imder() functions.

The hessian matrix return by leastsq() is calculated using an approximate hessian matrix

calculated by

H=J(x)"J(x)
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Xz distribution

If Z1,- -, Z, are independent standard normal random variables, then the random
variable

Q-Y 2
1=1
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