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Abstract—Large Language Models (LLMs) can generate pol-
ished text, but they are not guaranteed to remain faithful
to the underlying numbers. Fuzzy Linguistic Summarization
(FLS) converts data into graded protoform statements with
explicit fuzzy semantics and quality measures. We present
FuzzyLinguistics, an open-source Python package for gen-
erating, simplifying, and comparing fuzzy linguistic summaries of
tabular data. It offers a configuration-driven, Pydantic-validated
workflow, vectorized protoform enumeration and scoring, graph-
based redundancy reduction with optional compression, and
differential summaries for comparing two datasets or model
outputs under a shared linguistic vocabulary. Experiments
on three minimal examples demonstrate deterministic outputs,
strong redundancy reduction, and dataset comparisons, posi-
tioning FuzzyLinguistics as a practical grounding layer for
explainable analysis and LLM-based reporting.

Index Terms—Fuzzy Linguistic Summarization, Fuzzy Logic,
Explainable AI, Open-source Software, Computing with Words

I. INTRODUCTION

As Al systems become more capable, the central challenge
is increasingly not prediction but communication: turning
numerical outputs, model behaviors, and complex datasets
into statements that humans can understand and act on.
This is especially acute for modern black-box models, where
strong performance often comes with limited transparency.
Protoform-based linguistic summaries have been used to pro-
duce faithful, human-readable explanations in such settings [1]
and to support data analysis workflows where practitioners
want concise, faithful descriptions rather than large tables of
numbers. At the same time, purely generative approaches to
data-to-text reporting (including Large Language Models) can
produce fluent narratives but may introduce unverified claims
when asked to interpret raw numeric evidence.

Fuzzy Linguistic Summarization (FLS) offers a comple-
mentary, mathematically grounded alternative. Using fuzzy
protoforms and quantifiers, FLS deterministically converts nu-
merical observations into graded natural-language propositions
(e.g., “most objects with P are R”), where each statement is
backed by an explicit fuzzy semantics and an associated truth
degree. In this respect, FLS can serve as a reliable grounding
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layer for downstream explanation systems: it produces verified
linguistic facts from data that can be reported directly or
supplied as structured inputs to language models. Although
protoform-based summarization has been studied since Yager’s
early work, there remains no mature, production-oriented
Python library focused on end-to-end linguistic summarization
of tabular data, including exhaustive protoform generation,
ranking, simplification, and comparative summaries.

To address this gap, we introduce FuzzyLinguistics,
an open-source Python package for generating, simplify-
ing, and comparing fuzzy linguistic summaries of numerical
datasets. The package provides a configuration-driven pipeline
that (i) defines linguistic variables, predicates, and quantifiers;
(i) enumerates candidate protoform instantiations; (iii) eval-
uates truth and auxiliary quality measures in a vectorized
NumPy/pandas workflow; (iv) reduces redundancy via a
graph-based simplification procedure with optional linguistic
compaction; and (v) supports differential linguistic summariza-
tion to compare two datasets or model outputs under a shared
linguistic vocabulary. The design emphasizes deterministic,
reproducible execution through structured configuration and
exportable artifacts, enabling results to be regenerated exactly
from a compact specification.

II. RELATED WORK

Most open-source fuzzy logic libraries are not designed for
data-to-text linguistic summarization. Python toolkits such as
scikit—fuzzy [2] and Simpful [3] provide membership
functions, fuzzy operators, and inference engines, but they
do not natively support protoform enumeration, truth-ranked
linguistic summaries, or redundancy reduction into compact
reports. FuzzyLogic. jl [4] offers robust fuzzy primitives
in Julia, but its ecosystem differs from the Python-first work-
flows common in data analysis. The fuzzy-ml library [5]
targets fuzzy theory for machine learning in PyTorch and
includes linguistic summarization among its capabilities, but
summarization is not its primary focus and it does not provide
a dedicated, configuration-first pipeline for exhaustive proto-
form generation, graph-based simplification, and differential
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Fig. 1. Overview of the FuzzyLinguistics workflow: configuration-driven fuzzification and protoform generation, vectorized scoring, graph-based

redundancy reduction, and export of ranked and simplified summaries, producing deterministic linguistic summaries suitable for reporting or as grounded

inputs to LLMs.

summaries. Finally, general NLG/LLM approaches can pro-
duce fluent descriptions from data [6], but faithfulness remains
a concern in NLG and LLM settings, motivating deterministic
linguistic summaries as a grounding layer [7], [8].

Prior work has explored protoform-based linguistic sum-
maries for explainability, redundancy reduction, and com-
parative analysis; the contribution here is packaging these
capabilities into a single, configuration-first Python pipeline
aimed at reproducible data-to-text reporting.

III. BACKGROUND AND FORMALIZATION

A. Fuzzy Sets, Linguistic Variables, and Quantifiers

Fuzzy linguistic summarization builds on Zadeh’s notion of
a fuzzy set: given a universe of discourse U, a fuzzy set A
is characterized by a membership function 4 : U — [0, 1]
that assigns each element a degree of compatibility with the
concept [9]. In practice, the semantics of linguistic terms are
often encoded by simple parametric shapes (e.g., triangular or
trapezoidal), because they are easy to interpret and cheap to
evaluate.

A linguistic variable L couples a numeric domain with
a set of linguistic terms. Following Zadeh [10], a typical
representation is L = (name, U, T, M), where T is a term set
(e.g., Low/Medium/High) and M maps each term to a fuzzy set
onU.In FuzzyLinguistics, each attribute (dimension) is
treated as a linguistic variable whose terms are the configured
fuzzy predicates.

In protoform-based linguistic summaries, a summarizer P is
the linguistic description that selects (possibly fuzzy) subsets
of the objects (e.g., “clear cloudiness”), while a qualifier R
describes an additional property of interest (often an outcome
or target attribute, e.g., “high outdoor comfort”). In this work,
summarizers are built from predicates over designated input
dimensions x, and qualifiers are built from predicates over
designated output dimensions y; either part may be empty
depending on the statement template used (Section III-B).

To capture how much of the data satisfies a linguistic
description, quantifier expressions are used, such as few, some,
most, and almost all. In the proportional setting used by
classical linguistic summaries, a quantifier () is modeled as a
fuzzy set on [0,1], where ug(r) indicates how well the ratio
r matches the intended meaning of the quantifier [11]. This
allows the system to convert an empirical (fuzzy) proportion

into a graded truth value that aligns with natural-language
quantification.

B. Protoforms for Linguistic Summarization

Let a dataset contain N objects indexed by i € {1,..., N},
each with observed attributes x; € R% (summarizer dimen-
sions) and optionally y; € R (qualifier dimensions). A
linguistic summary instantiates a protoform—a schematic sen-
tence pattern proposed by Yager and later refined in protoform-
based summarization frameworks [12]-[14]. In this paper, we
use the common two-part form

S(q,r,p) :

where P, is a conjunction of summarizer predicates and 2, is
a conjunction of qualifier predicates. Rather than treating R,
as optional within a single sentence form, we treat linguistic
summaries as a small family of templates: (i) summarizer-
only (no R,), (ii) qualifier-only (no P,), and (iii) conditional
summaries that include both P, and R,.

For templates where the summarizer part is absent (qualifier-
only summaries), we treat the summarizer as vacuous:
wp(i) = 1 for all 4. Consequently, its fuzzy support equals
the dataset size, i.e., Bp = Zfil up(i) = N.

For each object i, the degree to which it satisfies a
summarizer statement P, is computed by aggregating the
relevant per-attribute predicate memberships. Throughout, A
denotes the chosen ¢-norm (default: Zadeh’s minimum), and
/\ denotes iterated application over a set or index. Thus, for
the summarizer and qualifier memberships we compute:

“Qq of the objects with P, are R,”, (1)

up, (i) = /\ lupk,j(k)(‘riyk)) pr, (1) = /\ KRy oy (yi,é)v
keK, tec,
2)

where KC,, (resp. £,) indexes the dimensions included in the
statement and j(-) selects the chosen linguistic term on that
dimension.

The proportional semantics reduces each candidate (r, p) to
fuzzy cardinalities and a ratio. Define the fuzzy supports
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Fig. 2. Linguistic components: fuzzy predicates defined over attributes form summarizers P and qualifiers R, which are evaluated using quantifiers Q.

where A, , is the fuzzy support for “R, among those matching
P, B, is the fuzzy support of the conditioning part P,, and
B, is the fuzzy support of the (unconditional) qualifier R,..

To match the three rendering templates used by the frame-
work, we distinguish conditional and unconditional normalized
(fuzzy) support ratios:

A,
CR\P(Tap) = B7P7 Bp > 07
P 4
: B, “)
cp(p) = N cr(r) = N

The case where B, = 0 is interpreted as there not being any
instances of records matching the given summarizer, which is
handled separately.

The protoform truth degree is obtained by quantifier fuzzi-
fication:

1@, (crp), “Of the objects with P,, Q, are R,”,
T =4 pq,lcp), “Qq of the objects are P,”,
1o, (cr), “Qq of the objects are R,.”.

4)
In particular, “unqualified” summaries (no R,.) are not forced
to ¢ = 1; instead they use the unconditional coverage ratio
cp(p) = Bp/N, so truth reflects how much of the dataset
supports P,.

This protoform view is compatible with broader “com-
puting with words” workflows, where numeric evidence is
deterministically lifted into linguistic propositions that can be
communicated or consumed downstream [15]. Extensions exist
for richer uncertainty representations (e.g., interval-valued
and type-2 formulations), but the core proportional protoform
remains the most widely used baseline for practical linguistic
data summaries [16]. Linguistic labels and quantifiers should
respect their intended orderings, and membership-function
design can affect protoform truth rankings [17], [18].

C. Quality Measures and Ranking Criteria

Exhaustively instantiating protoforms yields a large candi-
date set, so linguistic summarization systems typically rank
and filter statements using a small family of interpretable
quality measures in addition to truth (e.g., support/coverage
and conciseness), and interpretability has also been studied
explicitly at both the sentence and summary levels [14], [19],
[20]. In FuzzyLinguistics, each candidate S(q,r,p) is
associated with measures that capture (i) correctness, (ii)
evidential support, and (iii) structural conciseness.

Truth: Truth is computed by applying the quantifier mem-
bership function to the appropriate ratio for the selected
template (Eq. 5).

Support / focus: We compute focus as truth weighted by
normalized fuzzy support (Eq. 6).

B
Tyrp X Wp’ “Of the objects with P,, Q, are R,”,
— B
F= wp X Wp’ “Q, of the objects are P,”,
a,r “Qq of the objects are R,.”.

(6)

We use ordinary multiplication to down-weight statements
that are highly true but supported by negligible mass (i.e.,
small B,/N). For qualifier-only templates the conditioning
part is vacuous (B, = N), so focus reduces to truth.

Let n,y denote the total number of attributes that may
appear in a statement; in our setting nuy = din + doy (Or
Nar = din When qualifiers are disabled).

Complexity and simplicity: Let L, and L, denote the
number of active dimensions used in P, and R,. We define
the normalized complexity as

Clarp) = 221, )

Tattr
and the corresponding simplicity as

Slm(Qv T, p) =1- C(qa T, p) (8)

This biases ranking toward shorter, more readable statements
when truth and support are comparable.

IV. FuzzYLINGUISTICS: DESIGN AND IMPLEMENTATION
A. Design Philosophy and Scope

FuzzyLinguistics blends fuzzy linguistic theory with
everyday Python data workflows. Its goal is to make fuzzy
linguistic summarization easy to adopt: it keeps installation
lightweight, relies on familiar dependencies, and works with
the standard scientific stack (NumPy arrays and pandas
tables) [21], [22]. Configuration is explicit but not burdensome.
Users can define membership functions for full control, or
use automated partitioning to get sensible defaults quickly.
Internally, the package prioritizes deterministic, reproducible
behavior: given a dataset and fixed fuzzy predicates, it pro-
duces the same ranked propositions every time. Efficiency
is treated as an engineering constraint, avoiding per-record
Python loops where possible for reasonable CPU performance.
Output usability is also first-class: instead of returning an
exhaustive list of protoforms, a multi-stage simplification



pipeline reduces redundancy while preserving logical content,
including structural reduction and merging compatible propo-
sitions into compact sentences.

The library targets data-to-text summarization of numerical
datasets via fuzzy protoforms, producing ranked propositions
with quality measures and optional compression. It is not a
general fuzzy control toolkit, a full rule-learning framework,
or an open-ended NLG system beyond deterministic templates
and post-processing. The design emphasizes (i) single-dataset
summaries of salient properties, (ii) simplification that reduces
cognitive load without discarding key information, and (iii)
differential summarization, comparing two datasets (or model
outputs) using consistent predicates. This narrower scope
enables an accessible interface, transparent implementation,
and outputs compact enough for downstream systems, includ-
ing LLM-based explanation pipelines without relying on the
language model to infer numerical facts.

B. Configuration and Reproducibility

A central design goal of FuzzyLinguistics is repro-
ducibility from a compact, human-readable configuration. The
package therefore exposes configuration-driven entry points
and validates inputs with a Pydantic schema [23]. Given the
same dataset(s) and fuzzy partitions, the system generates and
ranks the same protoform instantiations and produces identical
exported artifacts.

Configurations contain four logical components: (i) datasets
(and, optionally, multiple “models” for differential sum-
maries); (i) summarizers (component P), i.e., fuzzy predicates
over input dimensions; (iii) qualifiers (component R), i.e.,
fuzzy predicates over output dimensions (optional); and (iv)
quantifiers (component @), i.e., fuzzy quantifiers mapping
ratios to linguistic terms. Predicates are encoded as trapezoidal
membership functions via four breakpoints, stored as an m x 4
array per dimension.

Users may (a) load a fully specified JSON configuration
(best for archival artifacts), (b) construct datasets program-
matically while loading membership functions from JSON
(fixed vocabulary across datasets), or (c) auto-generate par-
titions from observed ranges during prototyping and then
export/freeze them for deterministic reruns. The library can
export ranked summaries (text/CSV/IATEX) and simplification
graphs to support repeatable reporting and inspection.

C. Vectorized Inference and Truth Computation

A practical fuzzy linguistic summarizer must evaluate a
large number of candidate protoform instantiations over poten-
tially large tabular datasets. FuzzyLinguistics therefore
treats vectorization as the default execution model: all record-
wise operations are performed on NumPy arrays, avoiding
per-record Python loops. Concretely, each dataset category
is represented as dense matrices X € RY*dn (summarizer
inputs) and Y € RN*do (qualifier outputs), and inference
proceeds by precomputing membership-degree tensors that are
later reused across all candidate statements. Memberships are
evaluated with standard trapezoidal functions using vectorized

NumPy operations (masked linear interpolation), and reused
across all candidate statements.

a) Asymptotic scaling: Let N be the number of records,
di, summarizer attributes, d,y, qualifier attributes, and let each
attribute have up to m linguistic terms. Base fuzzification
is O(N(din + doy)m). The number of candidate summarizer
patterns is [P| = [f", (my, + 1) (Eq. 12), and similarly |R|
for qualifiers. Once fuzzy sufficient statistics are cached, scor-
ing all instantiated statements is O(|Q||R||P|). Redundancy
reduction operates on a DAG with O(|Q||R||P|) nodes in
the worst case, and graph construction/export can dominate
runtime in higher-dimensional settings.

b) From base predicates to statement-level memberships:
The library distinguishes base memberships (predicate-by-
attribute) from statement memberships (protoform instantia-
tions). For each dataset category, base summarizer member-
ships are stored as a tensor pf,, € R¥n*mrXN where mp is
the maximum number of fuzzy predicates defined for any sum-
marizer attribute. An analogous tensor pft € RduxmrxN jg
computed for qualifier attributes.

Candidate summarizer statements P, (and qualifier state-
ments R,) are represented by index matrices that select,
for each attribute, which fuzzy predicate participates in the
statement (or a sentinel indicating “attribute not used”). Given
these indices, statement memberships for all N records are
assembled by slicing the base tensor and applying a vector-
ized t-norm across attributes. FuzzyLinguistics uses the
minimum ¢-norm, so for record i:

Hp, (i) = /\ :qu,j(k)(xi,k)a KR, (i) = /\ MRy 50 (Yie),
ke, el
©))

where K, (resp. L) is the set of attributes included in
the statement. Operational relevance weights are propagated
in the same way (by taking the minimum over included
predicates). Statement length is tracked as L, and L, (defined
in Section III-C) for later quality scoring.
c) Truth computation as reusable sufficient statistics:

For each candidate protoform instantiation (g, ,p), the core
truth computation follows the standard ratio-based semantics:
compute a fuzzy count of records satisfying both qualifier and
summarizer, normalize by an appropriate fuzzy cardinality,
then apply a quantifier membership function. Denote

Arp(i) = pig, (3) A pp, (),

N N (10)
Arp = Z Arp(i), Bp = Z 1ep, (2).
i=1 i=1

The implementation forms A, ,, for all (r,p) combinations in
a single vectorized reduction (stacking pg, and pp,, applying
np.min across the stack, then summing with np . sum). This
corresponds directly to the fuzzy AND operator A (minimum)
used throughout this paper. These aggregated statistics are
cached per dataset category and reused when evaluating mul-
tiple quantifiers. For qualifier-only ratios, the engine addition-

ally forms B, = YN | up. (i).



A normalized ratio is then computed according to the
statement family (conditional vs. unconditional). For condi-
tional summaries, the engine forms the standard proportional
ratio cg|p(r,p) = A /B, (with NaN when B, = 0). For
unconditional summarizer-only or qualifier-only summaries,
it uses normalized fuzzy support ratios cp(p) = B,/N and
cr(r) = B/N, respectively. The truth degree is obtained by
quantifier fuzzification of the appropriate ratio:

T = g, (0), (11

where c is the normalized (fuzzy) support ratio.

In addition to truth, the engine computes auxiliary measures
used downstream for ranking and simplification. In the current
implementation, focus is computed as a truth-weighted normal-
ized support term, using B, /N for conditional summaries and
the appropriate unconditional support ratio for summarizer-
only or qualifier-only summaries (see Section III-C), complex-
ity is defined as in Eq. 7, with Sim = 1 — C, and operational
relevance is propagated conservatively as the minimum of
the quantifier, qualifier, and summarizer relevance weights.
All of these quantities are stored in dense tensors indexed
by dataset, quantifier, qualifier-statement, and summarizer-
statement, enabling subsequent stages (ranking, redundancy
reduction, and differential summaries) to operate purely on
array slices rather than recomputing record-level memberships.

D. Statement Generation and Scoring

After configuration (Section IV-B) and vectorized member-
ship evaluation (Section IV-C), FuzzyLinguistics con-
structs a finite set of candidate protoform instantiations and
assigns each candidate a small set of interpretable quality
measures used for ranking and (later) redundancy reduction.

a) Enumerating candidate statements: Let d;, be the
number of summarizer (input) attributes and d,,, the number
of qualifier (output) attributes. For each summarizer attribute
k, a statement may either (i) select exactly one fuzzy predicate
among the my predicates defined for that attribute, or (ii)
exclude the attribute entirely. We encode this with an integer
index py € {—1,0,...,my — 1}, where —1 denotes “unused.”
The complete summarizer statement set is thus the Cartesian
product

din din
P= X {-1,0,....mp—1},  [P|=]](mr+1), 12)
k=1
k=1
and analogously
d dou!
_ out ( t) o ( t)
R—Zzl{—l,O,...,meou —1}, IRl =[] (m™ +1),
=1
13)
for qualifier statements, where méom) is the number of fuzzy
predicates defined for qualifier attribute ¢ and r, = -1
denotes “unused.” Quantifiers are enumerated directly as ¢ €
{0,...,]Q] — 1}. In the implementation, these products are

materialized deterministically, yielding dense integer matrices
representing summarizer statement indices and qualifier state-
ment indices that serve as the canonical statement encodings.

b) Statement rendering: Each candidate linguistic sum-
mary is identified by the triple (¢, 7, p) and additionally by a
node code formed by concatenating (i) the quantifier index and
(i1) the per-dimension predicate indices for the qualifier and
summarizer selections. This code is later used to define par-
ent/child relations in the redundancy graph (a parent contains
—1 where children commit to a specific predicate).

For presentation, candidates are rendered into deterministic
template-based English. Depending on whether the summa-
rizer/qualifier parts are empty (all indices are —1), the library
emits one of the following forms:

“(Q) of the (category) are (P).” (14)
“(Q) of the (category) are (R).’ (15)
“Of the (category) with (P), (Q) are (R).”  (16)

Any optional compression or merging of statements is per-
formed later, as part of redundancy reduction andlinguistic
post-processing (Section IV-E).

¢) Quality measures per candidate: For each dataset
category and each valid (g,r,p) combination, the engine
computes truth 7 € [0,1] (quantifier applied to the in-
stantiated template ratio), focus F' € [0,1] (truth-weighted
normalized support), and simplicity Sim = 1 — C' (Eq. 7).
Operational relevance is a conservative weight O(q,r,p) =
min(wq(q), wr(r), wp(p)).

d) Aggregated score and ranking: To rank candidates,
FuzzyLinguistics forms an aggregated score V(q,r,p)
that combines correctness (truth) with coverage and concise-
ness:

G(q,r,p) =14+ wr F(q,r,p) + we Sim(q, 7, p),

Vigr.p) = O(q,r,zi)T(mp) Glg,r,p)
+ wr +we

where wp and we are user-configurable weights. Candi-
dates are sorted in descending V to produce the initial
ranked linguistic summary. For transparency and downstream
use, the library exports ranked summaries with columns
{Rank, V(S), O(S5), T(S), F(S), C(S), Sim(S)} as plain
text and CSV, and can optionally convert CSV outputs into
IEEE-friendly ISTEX tables for direct inclusion in manuscripts.

a7

E. Redundancy Reduction and Linguistic Post-Processing

Enumerating all protoform instantiations yields |Q| X |R| x
|P| candidate statements (with |R| reduced when qualifiers
are disabled). Even after ranking by V'(S), many top-scoring
statements are near-duplicates: they differ only by adding one
extra predicate (becoming more specific) without materially
changing what a reader learns. FuzzyLinguistics there-
fore applies a multi-stage simplification pipeline [24] that
removes structural redundancy and optionally compresses the
final text.

The library constructs a specialization directed acyclic
graph (DAG) whose nodes are statements (plus a single root
placeholder) and whose edges encode specialization. Each
statement is represented by its node code (quantifier index
q and per-dimension predicate indices for R and P, using —1



to denote “unused”). A node connects to children formed by
selecting exactly one unused component (—1) and replacing it
with a concrete predicate index; intuitively, children are strictly
more specific than their parent because they add one additional
linguistic constraint. The DAG (and the report decisions) can
be exported so users can inspect what was pruned and why.

a) Stage 1: thresholding: Here we write S = (q,7,p)
to denote a specific instantiated statement triple. Nodes are
first filtered by a user threshold on the aggregated statement
value V(S (the same score used for ranking in Section IV-D).
For stability across datasets and clearer visualization, V' (.5) is
linearly rescaled to [0, 1] within each dataset category before
applying the threshold 7.

b) Stage 2: structural pruning: Given the active nodes,
the simplifier selects which statements should be reported. By
default, reporting favors succinctness: if a parent statement
is active, its more specific descendants can be suppressed;
similarly, if a node’s immediate children are all active, the
parent can be reported to avoid listing a family of near-
duplicates.

c) Stage 3: grouping and compaction: Remaining re-
portable statements that differ only in a single component
are grouped (e.g., same quantifier and qualifier but different
summarizers, or vice versa) and rendered as a single compound
statement using logical “or” forms; when appropriate, the
renderer can use shorter “except ...” phrasing instead of
enumerating many alternatives.

d) Stage 4: textual compression (optional): Finally, an
optional post-processing step merges compatible sentences that
share the same subject/quantifier scaffolding, combining only
the differing predicate phrases. This step does not recompute
fuzzy semantics; it rewrites the already-selected statements
into more compact English while preserving the meaning
implied by the retained protoform instances.

e) Outputs and reproducibility: The pipeline exports: (i)
the full statement hierarchy graph, (ii) intermediate pruning-
stage graphs, and (iii) the final simplified textual summary.
These artifacts make the simplification process auditable and
easy to reproduce: given the same configuration, scoring
weights, and threshold, the same nodes are selected and the
same final compressed text is produced.

F. Differential Linguistic Summarization

Beyond summarizing a single dataset, our package supports
differential (comparative) linguistic summarization between
two datasets or two model outputs under a shared linguistic
vocabulary [25]. This is useful whenever a practitioner wants
statements of the form “many more” / “many less” / “about
the same” describing how two populations differ with respect
to the same fuzzy predicates.

a) Setup and assumptions: Differential summarization
operates on pairs of dataset categories that share the same
category name but have different model names (e.g., model
My vs. model Ms). The same summarizers, qualifiers, and
quantifiers are applied to both datasets so that comparisons

are linguistically aligned. The current implementation supports
exactly two models at a time.

b) Comparative truth semantics: For each candidate
statement (g, 7, p), the engine computes fuzzy “support” statis-
tics for each model M € {1,2}:

Ny
M), . M), .
An(rp) =3 (e () Al (3)),
=1
Ny

Bu(p) =)

i=1

(18)
M), .
i) (i),
where A); is the fuzzy cardinality of records satisfying both
qualifier and summarizer, and Bj; is the fuzzy support of

the summarizer condition. The differential signal is then the
signed difference

CL(T’7p) = Al(rvp) - AQ(T7P)'

To obtain a bounded comparison ratio, the denominator is
chosen as a max-support normalization:

b(p) = max (Bi(p), B2(p)),

19)

a(r,p)
o) 00) >0, (20)
C(’I",p) = NaN7 Al(rap) = AQ(T7p) = 0’
0, otherwise.

The final case is a numerical safeguard to keep c(r, p) well-
defined when b(p) = 0 in degenerate support regimes.

For unconditioned statements (the “empty” summarizer
case), the implementation uses a record-count normalization
to keep ¢ well-scaled even when no P condition is present. A
configurable language mode parameter additionally controls
whether the normalization is computed per-category or ag-
gregated across categories (useful when comparing multiple
categories jointly). Unlike the single-dataset proportional case
(where ¢ € [0, 1]), the comparative ratio is signed and lies in
[—1, 1], so comparative quantifiers are defined over [—1, 1].

Finally, comparative truth is computed by fuzzifying this
signed ratio with a set of comparative quantifiers defined over
[—1,1] (e.g., Many less, Some less, The Same Amount, Some
more, Many more):

Tyrp = HQ, (c(r,p)). 2D

A special “None” quantifier is supported to capture cases
where ¢(r,p) is undefined because both models have zero
support for the statement (i.e., no evidence in either dataset).

¢) Focus and ranking under comparison: To avoid em-
phasizing differences supported by negligible mass, we define
comparative focus as

Bi(p) + Ba(p)

22
N1+ Ny @2)

Forp =Torp ¥
All other quality measures and aggregation into V' (.S) (op-
erational relevance, complexity/simplicity, and ranking) are
computed exactly as in the single-dataset case (Section IV-D).



d) Comparative phrasing: Differential statements use the
same deterministic templates as single-model summaries, aug-
mented with a model-order suffix (e.g., “from M; than from
M5”) so that directional quantifiers such as “more” / “less”
are unambiguous. For neutral quantifiers (e.g., “the same
amount”), the phrasing is adjusted to indicate symmetry (“from
M and from M>”). This makes the output directly readable
while preserving a one-to-one correspondence between text
and the underlying computed fuzzy comparison.

V. EXPERIMENTAL EVALUATION

A. Datasets and Experimental Setup

We evaluate FuzzyLinguistics using three compact,
human-relatable examples designed to illustrate the library’s
core workflow: (i) single-dataset summarization, (ii) scaling
to a higher-dimensional feature space with mixed predi-
cates, and (iii) differential (two-population) summarization.
All experiments use trapezoidal membership functions for
predicates and quantifiers and the same conjunction operator
as defined in Section III-B, and the same ranking weights
wrp=0.35 and wc=0.15. Unless stated otherwise, we simplify
the ranked list using the redundancy-reduction pipeline with
a reporting threshold 7=0.65 applied to the per-category
scaled aggregated statement value V'(S). All configuration
files and runnable scripts used to reproduce Experiments 1-3
are provided in the FuzzyLinguistics repository [26].

a) Experiment 1 (Weather — outdoor comfort): A small
table of N=24 “days” with two summarizers (cloudiness,
rain intensity) and a qualifier (outdoor comfort). This example
demonstrates conditional summaries (“Of the days with ...,
most are ...”) and highlights how the simplification pipeline
compresses a combinatorial candidate space into a short report.

b) Experiment 2 (Music tracks: mood/energy +
genre dffinities — enjoyment): A playlist-like dataset
of N=30 tracks with six summarizers: two continuous
descriptors (energy, mood) and four soft genre affinities
(pop/rock/hiphop/classical), plus one qualifier (enjoyment).
This example stresses higher-dimensional statement generation
(many possible protoform instantiations) while keeping the
semantics intuitive.

c) Experiment 3 (Cats vs. Dogs: traits — ease of care):
Two populations (Cats and Dogs), each with N=25 items,
summarized with two traits (activity level, sociability) and
one qualifier (ease of care). This demonstrates differential
linguistic summarization with comparative quantifiers (e.g.,

“some more”, “about the same”).

B. Results: Fidelity and Conciseness

Across all experiments, the top-ranked summaries are high-
truth statements derived deterministically from the configured
fuzzy partitions and quantifiers. The simplification pipeline
substantially reduces redundancy while preserving the under-
lying protoform semantics.

TABLE I
SUMMARY OF THE THREE MINIMAL EXPERIMENTS. “PROTOF.” COUNTS
FULL (g, 7, p) INSTANTIATIONS; “NODES” INCLUDES ROOT/PARTIAL
NODES FOR REDUNDANCY REDUCTION. > 7 INDICATES NODES ABOVE
THE REPORTING THRESHOLD (APPLIED TO PER-CATEGORY SCALED
AGGREGATED VALUE) BEFORE STRUCTURAL PRUNING.

Exp. N di, Protof. Nodes > 7 Final
Weather 24 2 64 257 33 9
Music 30 6 164k 655k 515 15
Cats/Dogs  25/25 2 64 385 38 5

a) Experiment 1 (Weather): Starting from a 257-node
redundancy graph (64 concrete protoform instantiations plus
partial nodes), thresholding yields 33 candidates above 7=0.65
and 9 final simplified statements. Example simplified outputs
include: (i) “Of the weather days with clear cloudiness, most
are high outdoor comfort.” (ii) “Of the weather days with
heavy rain intensity, almost all are low outdoor comfort.” and
(iii) “Of the weather days with clear cloudiness and no rain,
almost all are high outdoor comfort.”

b) Experiment 2 (Music): This experiment demonstrates
scaling behavior: the system evaluates 16,384 concrete proto-
form instantiations (and a 65,537-node redundancy graph),
then simplifies to 15 reportable statements at 7=0.65. Rep-
resentative outputs include: (i) “Of the playlist tracks with
neutral mood almost all are medium enjoyment.” (ii) “Of the
playlist tracks with strong pop affinity and low rock affinity
some are high enjoyment.” and (iii) “Of the playlist tracks with
strong hiphop affinity almost all are medium enjoyment.” The
largest runtime costs arise from graph construction/export and
simplification on the larger node set; this highlights where
engineering optimizations (or stronger early filters) matter
most at higher dimensionalities.

c) Experiment 3 (Cats vs Dogs): Differential summariza-
tion produces 5 final comparative statements after thresholding
(38 above 7) and structural pruning. Example outputs include:
(1) “High ease of care is somewhat more prevalent among
cats than among dogs.” (ii) “Moderate activity level is some-
what more prevalent among cats than among dogs.” and (iii)
“Among pets with mixed sociability, medium ease of care is
somewhat more prevalent among cats than among dogs.”

Across all experiments, simplification reduced the candidate
set by orders of magnitude (e.g., 65.5k nodes to 15 statements
in Music).

Complexity and scaling. For fixed fuzzy partitions and quan-
tifier sets, the dominant cost in statement scoring is evaluating
pr, and pp, and reducing across samples, which scales as
O(N |R|[P]) for exhaustive enumeration. The redundancy
graph introduces additional overhead that grows with the
number of nodes and edges; in practice, graph construction and
pruning dominate only after the candidate space becomes large
(e.g., Experiment 2). This motivates (i) stronger early filtering
(e.g., thresholding during enumeration) and (ii) caching or
batching strategies for higher-dimensional settings.



VI. CONCLUSION AND FUTURE WORK

This paper introduced FuzzylLinguistics, an open-
source Python framework for generating, simplifying, and
comparing fuzzy linguistic summaries of numerical data. The
library implements protoform-based linguistic summarization
with vectorized truth computation, exports transparent quality
measures, and applies a graph-based redundancy-reduction
pipeline that compresses large candidate spaces into concise,
human-readable reports. Across three minimal, relatable ex-
periments, we showed that the system produces deterministic
summaries and that simplification is essential for turning
exhaustive protoform enumeration into practical outputs.

Future work will focus on tighter integration with Large
Language Models (LLMs) in two complementary directions:
using LLMs as a controlled post-processor to refine phrasing
while preserving computed semantics, and leveraging LLMs
to assist in automatic membership-function generation (e.g.,
proposing initial partitions from domain text or data descrip-
tions that can be validated and frozen for reproducibility). In
addition to trapezoidal membership functions, we would like to
also support other common membership function definitions
such as Gaussian. Another planned addition is user-defined
protoform templates for customizing statement generation. We
also plan to generalize differential summarization beyond two
models/datasets to support multi-population comparisons and
aggregated comparative narratives. Finally, we will evaluate
FuzzyLinguistics as a tool for LLM-based reasoning:
measuring whether supplying FLS outputs (truth-ranked and
simplified) improves factuality, robustness, and task perfor-
mance when LLMs analyze large or domain-specific datasets.
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