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4.11 rational — B HFE . . . ..
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Chapter 1

Overview

1.1 Introduction

NZMATH]8] is a number theory oriented calculation system mainly developed
by the Nakamula laboratory at Tokyo Metropolitan University. NZMATH
system provides you mathematical, especially number-theoretic computational
power. It is freely available and distributed under the BSD license. The most
distinctive feature of NZMATH is that it is written entirely using a scripting
language called Python.

If you want to learn how to start using NZMATH, see Installation (section
1.1.3) and Tutorial (section 1.1.4).

1.1.1 Philosophy — Advantages over Other Systems

In this section, we discuss philosophy of NZMATH, that is, the advantages of
NZMATH compared to other similar systems.

1.1.1.1 Open Source Software

Many computational algebra systems, such as Maple[4], Mathematica[5], and
Magma|3] are fare-paying systems. These non-free systems are not distributed
with source codes. Then, users cannot modify such systems easily. It narrows
these system’s potentials for users not to take part in developing them. NZ-
MATH, on the other hand, is an open-source software and the source codes are
openly available. Furthermore, NZMATH is distributed under the BSD license.
BSD license claims as-is and redistribution or commercial use are permitted
provided that these packages retain the copyright notice. NZMATH users can
develop it just as they like.
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1.1.1.2 Speed of Development

We took over developing of SIMATH][10], which was developed under the lead-
ership of Prof.Zimmer at Saarlandes University in Germany. However, it costs
a lot of time and efforts to develop these system. Almost all systems including
SIMATH are implemented in C or C++ for execution speed, but we have to
take the time to work memory management, construction of an interactive in-
terpreter, preparation for multiple precision package and so on. In this regard,
we chose Python which is a modern programming language. Python provides
automatic memory management, a sophisticated interpreter and many useful
packages. We can concentrate on development of mathematical matters by us-
ing Python.

1.1.1.3 Bridging the Gap between Users And Developers

KANT/KASH[2] and PARI/GP[9] are similar systems to NZMATH. But pro-
gramming languages for modifying these systems are different between users
and developers. We think the gap makes evolution speed of these systems slow.
On the other hand, NZMATH has been developed with Python for bridging this
gap. Python grammar is easy to understand and users can read easily codes
written by Python. And NZMATH, which is one of Python libraries, works on
very wide platform including UNIX/Linux, Macintosh, Windows, and so forth.
Users can modify the programs and feedback to developers with a light heart.
So developers can absorb their thinking. Then NZMATH will progress to more
flexible user-friendly system.

1.1.1.4 Link with Other Softwares

NZMATH distributed as a Python library enables us to link other Python pack-
ages with it. For example, NZMATH can be used with IPython[l], which is a
comfortable interactive interpreter. And it can be linked with matplotlib[6],
which is a powerful graphic software. Also mpmath[7], which is a module for
floating-point operation, can improve efficiency of NZMATH. In fact, the mod-
ule ecppecpp improves performance with mpmath. There are many softwares
implemented in Python. Many of these packages are freely available. Users can
use NZMATH with these packages and create an unthinkable powerful system.

1.1.2 Information

NZMATH has more than 25 modules. These modules cover a lot of territory
including elementary number theoretic methods, combinatorial theoretic meth-
ods, solving equations, primality, factorization, multiplicative number theoretic
functions, matrix, vector, polynomial, rational field, finite field, elliptic curve,
and so on. NZMATH manual for users (this file) is at:

https://nzmath.sourceforge.io/nzmath_doc.pdf
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If you are interested in NZMATH, please visit the official website below to obtain
more information about it.

https://nzmath.sourceforge.io/

Note that NZMATH can be used even if users do not have any experience of
writing programs in Python.

1.1.3 Installation

In this section, we explain how to install NZMATH. If you use Windows (Win-
dows XP, Windows Vista, Windows 7 etc.) as an operating system (OS), then
see 1.1.3.2 “Install for Windows Users”.

1.1.3.1 Basic Installation

There are three steps for installation of NZMATH.

First, check whether Python is installed in the computer. Python 2.5 or a
higher version is needed for NZMATH. If you do not have a copy of Python,
please install it first. Python is available from http://www.python.org/.

Second, download a NZMATH package and expand it. It is distributed at
official web site:

https://sourceforge.net/projects/nzmath/files/

The package can be easily extracted, depending on the operating system. For
systems with recent GNU tar, type a single command below:

% tar xf NZMATH-*.*.*.tar.gz
where, % is a command line prompt. With standard tar, type
% gzip -cd NZMATH-*.*.*.tar.gz | tar xf -

. Please read *.*.* as the version number of which you downloaded the package.
For example, if the latest version is 1.0.0, then type the following command.

% tar xf NZMATH-1.0.0.tar.gz

Then, a subdirectory named NZMATH-*.*.* is created.

Finally, install NZMATH to the standard python path. Usually, this can be
translated into writing files somewhere under /usr/1ib or /usr/local/1lib. So
the appropriate write permission may be required at this step. Typically, type
commands below:

% cd NZMATH-*.* . *
% su
# python setup.py install
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1.1.3.2 Installation for Windows Users

We also distribute installation packages for specific platforms. Especially, we
started distributing the installer for Windows in 2007.

Please download the installer (NZMATH-*.** win32Install.exe or
NZMATH-** * win64Install.exe) from

https://sourceforge.net/projects/nzmath/files/

Here, we explain a way of installing NZMATH with the installer. First
please open the installer. If you use Windows Vista or higher version, UAC
(User Account Control) may ask if you run the program. click "Allow". Then
the setup window will open. Following the steps in the setup wizard, you can
install NZMATH with only three clicks.

1.1.4 Tutorial
In this section, we describe how to use NZMATH.

1.1.4.1 Sample Session

Start your Python interpreter. That is, open your command interpreter such as
Terminal for MacOS or bash/csh for linux, type the strings “python” and press
the key Enter.

Examples

% python

Python 2.6.1 (r261:67515, Jan 14 2009, 10:59:13)

[GCC 4.1.2 20071124 (Red Hat 4.1.2-42)] on linux2

Type "help", "copyright", "credits" or "license" for more information.
>>>

For windows users, it normally means opening IDLE (Python GUI), which is a
Python software.

Examples

Python 2.6.1 (r261:67517, Dec 4 2008, 16:51:00) [MSC v.1500 32 bit (Intel)] on win32
Type "copyright", "credits" or "license()" for more information.

skskskok sk ok ok sksk ok ok stk sk ok sk sk sk ok ok sksksk ok stk sk sk ok sksk sk sk ok sksk sk ok stk sk sk ok sk sksk sk ok skskok sk ok sk sk ok ok
Personal firewall software may warn about the connection IDLE
makes to its subprocess using this computer’s internal loopback
interface. This connection is not visible on any external
interface and no data is sent to or received from the Internet.
steokok ok stk sk ok ok ok ok ok o o o o e ok ok ok ok sk sk sk sk sk sk ok ok ok ok s o e ke ok ok ok sk sk sk sk sk sk sk sk o o o o ok ok ok ok sk sk sk ok ok ok ok
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IDLE 2.6.1
>>>

Here, ’>>>’ is a Python prompt, which means that the system waits you to input
commands.
Then, type:

Examples

>>> from nzmath import *
>>>

This command enables you to use all NZMATH features. If you use only a
specific module (the term “module” is explained later), for example, prime, type
as the following:

Examples

>>> from nzmath import prime
>>>

You are ready to use NZMATH. For example, type the string “prime.nextPrime(1000)”,
then you obtain ‘1009” as the smallest prime among numbers greater than 1000.

Examples

>>> prime.nextPrime (1000)
1009
>>>

“prime” is a name of a module, which is a NZMATH file including Python
codes. ‘“nextPrime” is a name of a function, which outputs values after the
system executes some processes for inputs. NZMATH has various functions for
mathematical or algorithmic computations. See 3 Functions.

Also, we can create some mathematical objects. For example, you may use
the module “matrix”. If you want to define the matrix

1 2
5 6
and compute the square, then type as the following:

Examples

>>> A = matrix.Matrix(2, 2, [1, 2]1+[5, 61)
>>> print(A)

12

56
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>>> print (A ** 2)
11 14

35 46

>>>

“Matrix” is a name of a class, which is a template of mathematical objects. See
4 Classes for using NZMATH classes.

The function “print” enables us to represent outputs with good-looking forms.
The data structure such as “[a, b, ¢, ---]” is called list. Also, we use various
Python data structures like tuple “(a, b, ¢, - - - )", dictionary “{z1 : y1,z2 : y2, 23 :
y3, -+ 1 etc. Note that we do not explain Python’s syntax in detail because it
is not absolutely necessary to use NZMATH. However, we recommend that you
learn Python for developing your potential. Python grammar are easy to study.
For information on how to use Python, see http://docs.python.org or many
other documents about Python.

1.1.5 Note on the Document

T Some beginnings of lines or blocks such as sections or sentences may be
marked f. This means these lines or blocks is for advanced users. For exam-
ple, the class FiniteFieldElement (See FinitePrimeFieldElement) is one of
abstract classes in NZMATH, which can be inherited to new classes similar to
the finite field.

[[--] For example, we may sometimes write as function(a,b/,c,d]). It means

the argument “c, d” or only “d” can be discarded. Such functions use “default

argument values”, which is one of the feature of Python.

(Seehttp://docs.python.org/tutorial/controlflow.html#default-argument-values)
Warning: Python also have the feature “keyword arguments”. We have tried

to keep the feature in NZMATH too. However, some functions cannot be used

with this feature because these functions are written expecting that arguments

are given in order.
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Chapter 2

Basic Utilities

2.1 config — setting features

ZDEY 2 —MIZL—H =D config 7 7 A WV THRET 5, User Settings 22
T3 RED D,

2.1.1 Default Settings
2.1.1.1 Dependencies
Some third party / platform dependent modules are possibly used, and they are

configurable.

HAVE MPMATH mpmath is a package providing multiprecision math. See
its project page. This package is used in ecpp module.

HAVE_ SQLITE3 sqlite3is the default database module for Python , but
it need to be enabled at the build time.

HAVE NET W< O»0BiEty bV —2ICHERTEIHHDET, 2y
R — 2R L CORWERRE TR, ZORER false 1ICLTHL & FAUYIHE
DEBTIR B DY EF,

2.1.1.2 Plug-ins

PLUGIN MATH Python standard float/complex types and math/cmath
modules only provide fixed precision (double precision), but sometimes multi-
precision floating point is needed.
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2.1.1.3 Assumptions

Some conjectures are useful for assuring the validity of a faster algorithm.
All assumptions are default to False, but you can set them True if you
believe them.

GRH Generalized Riemann Hypothesis. For example, primality test is O((logn)?)
if GRH is true while O((logn)%) or something without it.

2.1.1.4 Files

DATADIR The directory where NZMATH (static) data files are stored. The de-
fault will be os.path. join(sys.prefix, ’share’, ’nzmath’) or os.path.join(sys.prefix,
’Data’, ’nzmath’) on Windows.

2.1.2 Automatic Configuration

The items above can be set automatically by testing the environment.

2.1.2.1 Checks

Here are check functions.

The constants accompanying the check functions which enable the check if
it is True, can be overridden in user settings.

Both check functions and constants are not exposed.

check mpmath() Check whether mpmath is available or not.
constant: CHECK_MPMATH

check sqlite3() Check if sqlite3 is importable or not. pysqlite2 may be
a substitution.
constant: CHECK_SQLITE3

check net() Check the net connection by HTTP call.
constant: CHECK_NET

check plugin _math() Check which math plug-in is available.
constant: CHECK_PLUGIN_MATH

default datadir() Return default value for DATADIR.

This function selects the value from various candidates. If this function is
called with DATADIR set, the value of (previously-defined) DATADIR is the first
candidate to be returned. Other possibilities are, sys.prefix + ’Data/nzmath’
on Windows, or sys.prefix + ’share/nzmath’ on other platforms.

Be careful that all the above paths do not exist, the function returns None.

constant: CHECK_DATADIR
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2.1.3 User Settings

The module try to load the user’s config file named nzmathconf.py. The search
path is the following:

1. The directory which is specified by an environment variable NZMATHCONFDIR.
2. If the platform is Windows, then

(a) If an environment variable APPDATA is set, APPDATA/nzmath.

(b) If, alternatively, an environment variable USERPROFILE is set,
USERPROFILE/Application Data/nzmath.

3. On other platforms, if an environment variable HOME is set, HOME/ .nzmath.d.

nzmathconf.py is a Python script. Users can set the constants like HAVE_MPMATH,
which will override the default settings. These constants, except assumption
ones, are automatically set, unless constants accompanying the check functions
are false (see the Automatic Configuration section above).

2.2 bigrandom — random numbers

Historical Note The module was written for replacement of the Python stan-
dard module random, because in the era of Python 2.2 (prehistorical period of
NZMATH ) the random module raises OverflowError for long integer arguments
for the randrange function, which is the only function having a use case in
NZMATH .

After the creation of Python 2.3, it was theoretically possible to use random.randrange,
since it started to accept long integer as its argument. Use of it was, however,
not considered, since there had been the bigrandom module. It was lucky for
us. In fall of 2006, we found a bug in random.randrange and reported it (see
issue tracker); the random.randrange accepts long integers but returns unreli-
able result for truly big integers. The bug was fixed for Python 2.5.1. You can,
therefore, use random. randrange instead of bigrandom.randrange for Python
2.5.1 or higher.

2.2.1 random — random number generator

random() — float
0,1) DEFBVNIERDMEE 7 > X LITRT,

This function is an alias to random.random in the Python standard library.
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2.2.2 randrange — random integer generator

randrange(start: integer, stop: integer—None, step: integer=1 )
— integer

H 2 HHDEMDEZ RS,

This function is an alias to random.randrange in the Python standard library.
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2.3 Dbigrange — range-like generator functions

2.3.1 count — count up

count(n: integer=0 ) — iterator
n FTHA LT3, . itertools.count [,

n must be int or rational.Integer.

2.3.2 arithmetic_progression — arithmetic progression it-
erator

arithmetic progression(init: integer, difference: integer )
— iterator

Return an iterator which generates an arithmetic progression starting form
init and difference step.

2.3.3 geometric progression — geometric progression it-
erator

geometric_ progression(init: integer, ratio: integer )
— iterator

Return an iterator which generates a geometric progression starting form init
and multiplying ratio.

2.3.4 multirange — multiple range iterator

multirange(triples: list of range triples ) — iterator
Return an iterator over Cartesian product of elements of ranges.

Be cautious that using multirange usually means you are trying to do brute
force looping.

The range triples may be doubles (start, stop) or single (stop,), but they

have to be always tuples.

Examples

30


http://docs.python.org/library/itertools
http://docs.python.org/library/itertools#count

>>> bigrange.multirange([(1, 10, 3), (1, 10, 4)1)

<generator object at 0x18f968>

>>> 1ist ()

[(1, 1, (1, 58, (1, 9, 4, 1, (4, 5, &4, 9, (7, D),
(7, 8), (7, 9]

2.3.5 multirange restrictions —multiple range iterator with
restrictions

multirange restrictions(triples: list of range triples, *xkwds: keyword
arguments )
— iterator

multirange_restrictions is an iterator similar to the multirange but putting
restrictions on each ranges.

Restrictions are specified by keyword arguments: ascending, descending, strictly ascending
and strictly descending.
A restriction ascending, for example, is a sequence that specifies the indices
where the number emitted by the range should be greater than or equal to the
number at the previous index. Other restrictions descending, strictly ascending
and strictly descending are similar. Compare the examples below and of mul-
tirange.

Examples

>>> bigrange.multirange_restrictions([(1, 10, 3), (1, 10, 4)], ascending=(1,))
<generator object at 0x18f978>

>>> 1list ()

[, 1, 1, 58, 1, 9, 4, 5, 4, 9, (7, 9]
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2.4 compatibility — Keep compatibility between
Python versions

This module should be simply imported:
import nzmath.compatibility
then it will do its tasks.

2.4.1 set, frozenset

The module provides set for Python 2.3. Python > 2.4 have set in built-
in namespace, while Python 2.3 has sets module and sets.Set. The set the
module provides for Python 2.3 is the sets.Set. Similarly, sets.ImmutableSet
would be assigned to frozenset. Be careful that the compatibility is not perfect.
Note also that NZMATH ’s recommendation is Python 2.5 or higher in 2.x series.

2.4.2 card(virtualset)

Return cardinality of the virtualset.

The built-in len() raises OverflowError when the result is greater than sys.maxint.
It is not clear this restriction will go away in the future. The function card()
ought to be used instead of 1len() for obtaining cardinality of sets or set-like
objects in nzmath.
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Chapter 3

Functions

3.1 algorithm — basic number theoretic algorithms

3.1.1 digital method — univariate polynomial evaluation

digital method(coefficients: list, val: object, add: function, mul:
function, act: function, power: function, zero: object, one: object )
— object

Evaluate a univariate polynomial corresponding to coefficients at val.

If the polynomial corresponding to coefficients is of R-coefficients for some
ring R, then val should be in an R-algebra D.
coefficients should be a descending ordered list of tuples (d, ¢), where d is an
integer which expresses the degree and c is an element of R which expresses
the coefficient. All operations 'add’, 'mul’, ’act’, 'power’, ’zero’, ’one’ should be
explicitly given, where:
’add’ means addition (D x D — D), 'mul’ multiplication (D x D — D), ’act’
action of R (R x D — D), 'power’ powering (D x Z — D), 'zero’ the additive
unit (an constant) in D and ’one’; the multiplicative unit (an constant) in D.

3.1.2 digital method func — function of univariate poly-
nomial evaluation

digital method(add: function, mul: function, act: function, power:
function, zero: object, one: object )
— function

Return a function which evaluates polynomial corresponding to ’coefficients’
at 'val’ from an iterator 'coeflicients’ and an object 'val’.

All operations 'add’, 'mul’, ’act’, 'power’, 'zero’, ’one’ should be inputted in
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a manner similar to digital method.

3.1.3 rl_binary powering — right-left powering

rl _binary powering(element: object, index: integer, mul: function,
square: function=None, one: object=None, )
— object

Return element to the index power by using right-left binary method.

index should be a non-negative integer. If square is None, square is defined
by using mul.

3.1.4 Ir binary powering — left-right powering

Ir _binary powering(element: object, index: integer, mul: function,
square: function=None, one: object=None, )
— object

Return element to the index power by using left-right binary method.

index should be a non-negative integer. If square is None, square is defined
by using mul.

3.1.5 window powering — window powering
window powering(element: object, index: integer, mul: function,

square: function=None, one: object=None, )
— object

Return element to the index power by using small-window method.
The window size is selected by average analystic optimization.

index should be a non-negative integer. If square is None, square is defined
by using mul.
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3.1.6 powering func — function of powering

powering func(mul: function, square: function=None, one: o0b-
ject=None, type: integer=0 )
— function

Return a function which computes ’element’ to the ’'index’ power from an
object ’element’ and an integer ’'index’.

If square is None, square is defined by using mul. type should be an integer
which means one of the following:
0; rl_binary powering
1;Ir binary powering
2; window powering

Examples

>>> d_func = algorithm.digital_method_func(
. lambda a,b:a+b, lambda a,b:axb, lambda i,a:i*a, lambda a,i:a*x*i,
. matrix.zeroMatrix(3,0), matrix.identityMatrix(3,1)

)

>>> coefficients = [(2,1), (1,2), (0,1)] # X"2+2*X+I

>>> A = matrix.SquareMatrix(3, [1,2,3]1+[4,5,6]1+[7,8,9])

>>> d_func(coefficients, A) # A**2+2*xA+I

[33, 40, 48]+[74, 92, 108]+[116, 142, 169]

>>> p_func = algorithm.powering_func(lambda a,b:a*b, type=2)

>>> p_func(A, 10) # A**10 by window method

[132476037840, 162775103256, 193074168672]1+[300005963406, 368621393481,

437236823556]+[467535888972, 574467683706, 681399478440]
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3.2 arithl - miscellaneous arithmetic functions

3.2.1 floorsqrt — floor of square root

floorsqrt(a: integer/Rational) — integer

a D 2 FRO/NERYI D IETHAEZIR T

3.2.2 floorpowerroot — floor of some power root

floorpowerroot(n: integer, k: integer) — integer

n @ k FARO/NMNIRY)I D 5 TEZE T

3.2.3 legendre - Legendre(Jacobi) Symbol
legendre(a: integer, m: integer) — integer

Legendre 2% & Jacobi it %iR3 (%)

3.2.4 modsqrt — square root of a for modulo p

modsqrt(a: integer, p: integer) — integer

a D2FIRVFET 2R p 2L T2 a D2 BOMEEIET, SbRFHUT
l?*‘%i&j—o

p XEE,

3.2.5 expand — p-adic expansion

expand(n: integer, m: integer) — list
n O mEREMEZIRT, .

nZEQREY, mid 220k, . HORREOFREERDY X b, .

3.2.6 inverse — inverse

inverse(x: integer, p: integer) — integer

36



EpllBlI 2 x DK ZET, .

P &i%ﬁo .

3.2.7 CRT — Chinese Reminder Theorem
CRT (nlist: list) — integer

Return the uniquely determined integer satisfying all modulus conditions
given by nlist.

AT nlist 132 DOEENPSRZV A+, —DHEBEH R TOHIZHES
B, ¥b5 08K, .

3.2.8 AGM - Arithmetic Geometric Mean
AGM(a: integer, b: integer) — float

a & b ORI 2R,

3.2.9 vp — p-adic valuation

vp(n: integer, p: integer, k: integer=0) — tuple
p HEFHli & n DO ERDHE IR T,

th 5z o756, §HiiE np* OO TEEE IR T,

3.2.10 issquare - Is it square?

issquare(n: integer) — integer

n B TRICE o TWELIRERL, 267202,

3.2.11 log — integer part of logarithm

log(n: integer, base: integer=2) — integer

n DX DTRG0 % 3R §, base.
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3.2.12 product — product of some numbers

product(iterable: list, init: object=None) — prod: object
iterable D TN TOHELZDHEE IR T,

If init is given, the multiplication starts with init instead of the first element
in iterable.

Input list iterable must be list of mathematical objects which support mul-
tiplication.
The type of output prod is determined by the types of elements of iterable and
init.
If the iterable is empty, then init (if given) or 1 (otherwise) will be returned.

Examples

>>> arithi1.AGM(10, 15)
12.373402181181522

>>> arithl.CRT([[2, 5],[3,711)

17

>>> arithl.CRT([[2, 51, [3, 71, [5, 1111)
192

>>> arithl.expand (194, 5)

[4, 3, 2, 1]

>>> arithl.vp(54, 3)

3, 2)

>>> arithl.product([1.5, 2, 2.5])
7.5

>>> arithl.product([3, 4], 2)

24

>>> arithl.product([])

1

3.3 arygcd — binary-like gcd algorithms
3.3.1 bit num — the number of bits
bit num(a: integer) — integer

adty MIOEZIRT,
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3.3.2 binarygcd — gcd by the binary algorithm

binaryged(a: integer, b: integer) — integer

binary ged algorithm Zffi5 T a, b DIRALKIBDEZ IR T,

3.3.3 arygcd i— gcd over gauss-integer
aryged i(al: integer, a2: integer, bl: integer, b2: integer)
— (integer, integer)

Z DO gauss BUAK al +a2i, bl +b2i DERARNKIBOMEZIR T, “7 1XEE.

If the output of aryged i(al, a2, bl, b2) is (cl, c2), then the ged of al+ta2i
and bl+b2i equals cl1+c2i.

1This function uses (1 + ¢)-ary ged algorithm, which is an generalization of the
binary algorithm, proposed by A.Weilert[20].

3.3.4 aryged w — gcd over Eisenstein-integer
aryged w(al: integer, a2: integer, bl: integer, b2: integer)
— (integer, integer)
Eisenstein & al +a2w, bl +b2w DIRANIEDMEZ IR T, “w’ X 1 DEILF
i

If the output of aryged w(al, a2, bl, b2) is (cl, c2), then the ged of al+a2w
and bl+b2w equals cl+c2w.

1This functions uses (1 —w)-ary ged algorithm, which is an generalization of the
binary algorithm, proposed by I.B. Damgard and G.S. Frandsen [16].

Examples

>>> arygcd.binaryged(32, 48)

16

>>> aryged_i(1, 13, 13, 9)
(-3, 1

>>> arygced_w(2, 13, 33, 15)
(4, 5)
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3.4 combinatorial — combinatorial functions

3.4.1 binomial — binomial coefficient
binomial(n: integer, m: integer ) — integer

n!
(n —m)m!

T HE L. binomial(n, n+i) X 0BE i I LTO %KL, binomial(0,0) I
1 %2iR3,

n & m® JHRROMEZIRS, TRIEH,

n @i a%ﬁo m bi?}gﬁo

3.4.2 combinationIndexGenerator — iterator for combina-
tions

combinationIndexGenerator(n: integer, m: integer ) — iterator

Return an iterator which generates indices of m element subsets of n element
set.

The number of generated indices is binomial(n, m).
combination_index_generator is an alias of combinationIndexGenerator.

3.4.3 factorial — factorial

factorial(n: integer ) — integer

n! DEZIE T, n 3L

3.4.4 permutationGenerator — iterator for permutation

permutationGenerator(n: integer ) — iterator
Generate all permutations of n elements as list iterator.

The number of generated list is n’s factorial, so be careful to use big n.

permutation_generator is an alias of permutationGenerator.
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3.4.5 fallingfactorial — the falling factorial

fallingfactorial(n: integer, m: integer ) — integer

THEROEZIET, ;nbhbn, ie. n(n—1)---(n—m+1).

3.4.6 risingfactorial — the rising factorial

risingfactorial(n: integer, m: integer ) — integer

FABEROMEZIERS, ;nbmn, e n(n+1)---(n+m—1).

3.4.7 multinomial — the multinomial coefficient

multinomial(n: integer, parts: list ) — integer
ZIERDEZ RS,

parts 13 HABEI, parts DEZEZITRNTHOEL e nFLLILS,

3.4.8 bernoulli — the Bernoulli number

bernoulli(n: integer ) — Rational

n X Bernoulli LD E%Z IR T,

3.4.9 catalan — the Catalan number

catalan(n: integer ) — integer

n X Catalan B DE% IR,

3.4.10 dyck word generator — generator for Dyck words

dyck word generator(n: integer alphabet: sequence=(0, 1) )
— iterator

Generate all Dyck words of length 2xn as tuples.

The Dyck words are words on a two character alphabet. The number of each
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character in a word is equal, and the number of the second character never ex-
ceeds the first in any initial parts of the word.

The number of generated words is the n-th Catalan number. (see catalan)

The alphabet is {0, 1} by default, but you can pass it into the optional argu-
ment alphabet.

3.4.11 euler — the Euler number

euler(n: integer ) — integer

n X Euler BOE% R T,

3.4.12 Dbell — the Bell number

bell(n: integer ) — integer
n RNV DEZR T, .
NVEL b DEFE:
b(n) = S(n,i),
i=0

SIIFH2BAR—Y ¥ ¥, (stirling2).

3.4.13 stirlingl — Stirling number of the first kind
stirlingl(n: integer, m: integer ) — integer
FBIEAX -V Y I BOEZRT,

SIFRAR =V Y TR (o), FTREREER,

s(n, i)’

(x)n =

n
i=0
s satisfies the recurrence relation:

s(n, m)=s(n—1, m—1)—(n—1s(n—1, m) .
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3.4.14 stirling2 — Stirling number of the second kind

stirling2(n: integer, m: integer ) — integer
Return Stirling number of the second kind.

SIEFERAX=V I8, (x); FTRERER,

2" = S8(n, i)(x);

i=0
ST oRRZ T3,

S(n, m)=Sn—-1, m—1)+mS(n—1, m)

3.4.15 partition number — the number of partitions

partition number(n: integer ) — integer

n O ERDEZ IR T,

3.4.16 partitionGenerator — iterator for partition

partitionGenerator(n: integer, maxi: integer=0 ) — iterator
Return an iterator which generates partitions of n.
If maxi is given, then summands are limited not to exceed maxi.
The number of partitions (given by partition number) grows exponen-

tially, so be careful to use big n.

partition_generator is an alias of partitionGenerator.

3.4.17 partition conjugate — the conjugate of partition

partition conjugate(partition: tuple ) — tuple

Return the conjugate of partition.
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Examples

>>> combinatorial.binomial(5, 2)

10

>>> combinatorial.factorial(3)

6

>>> combinatorial.fallingfactorial(7, 3) == 7 *x 6 * 5

True

>>> combinatorial.risingfactorial(7, 3) == 7 * 8 x 9

True

>>> combinatorial.multinomial(7, [2, 2, 31)

210

>>> for idx in combinatorial.combinationIndexGenerator(5, 3):
print (idx)

[o, 1, 2]

[0, 1, 3]

[0, 1, 4]

[0, 2, 3]

[0, 2, 4]

[0, 3, 4]

[1, 2, 3]

[1, 2, 4]

[1, 3, 4]

[2, 3, 4]

>>> for word in combinatorial.dyck_word_generator(3, alphabet=("(", ")")):
print("".join(word))

000

OO

OO

OO

O

>>> for part in combinatorial.partitionGenerator(5):
print (part)

(5,)

4, 1

(3, 2)

3,1, 1

2, 2, 1

2, 1,1, 1)

(1, 1, 1, 1, 1)

>>> combinatorial.partition_number(5)

7
>>> def limited_summands(n, maxi):
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"partition with limited number of summands"
for part in combinatorial.partitionGenerator(n, maxi):
yield combinatorial.partition_conjugate(part)

>>> for part in limited_summands(5, 3):

print (part)
2, 2, D
3,1, 1
(3, 2)
4, 1
(5,)
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3.5 cubic_root — cubic root, residue, and so on
3.5.1 c¢_root p — cubic root mod p
c_root p(a: integer, p: integer) — list

alfip D ad3FIMOMEEIET, (F4bB. z°=a (mod p)).

p I
OB a D 3IFIBOIRTOMEE Y X FTEKRT,

3.5.2 c_residue — cubic residue mod p
c_residue(a: integer, p: integer) — integer
Ep CTHHE  a D3RR > TWVE NS,

bLp|laBRb0%iRT, £/, EpTaDN3RFIR-TVERLIX1 ZRT,
ZITRINUUE BFEICKR>TVWVARNE &)1 ZiRT,

P ci%ﬁo

3.5.3 c¢_symbol — cubic residue symbol for Eisenstein-integers
c_symbol(al: integer, a2: integer, bl: integer, b2: integer)
— integer

—O Eisenstein £ T % (Jacobi) ML FRIRILEDEEZIR T, (ﬁiigz ) g Y
31D 3FRDMETH 5,

H L bl +b2w M Z[w] WEFNEFEHTH 272513, al +a2w 3L HRERD D
%o

bl+b2w il —w CHFTOENRVWERET S, .

3.5.4 decomposite p —decomposition to Eisenstein-integers

decomposite p(p: integer) — (integer, integer)
Zlw) T EEN R BDO—D p DIEZEIET,

LI (a, b) . B 1F Zw]. KA ENBEMCH S, ThDD p

a+bw
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Z[w]. IEENS a+bw and p/(a+bw) D_DDRKEBUIHRT 2 Z e N TE D,

p FHBEEDOFE, p=1 (mod 3) EIRET %,

3.5.5 cornacchia — solve 2% 4 dy? = p

cornacchia(d: integer, p: integer) — (integer, integer)

z? +dy? =p DIEZIR T,

\

Z OBIBUZ Cornacchia D 7 V3V XL %2R, [13] B,

p IFEEEDOFE, 4130 <d <p DBIFRETE/ T, . ZOBEE 22 +dy? =p
DL LT (x,y) ZiBT,

Examples

>>> cubic_root.c_root_p(1, 13)

[1, 3, 9]

>>> cubic_root.c_residue(2, 7)

-1

>>> cubic_root.c_symbol(3, 6, 5, 6)
1

>>> cubic_root.decomposite_p(19)
(2, 5)

>>> cubic_root.cornacchia(5, 29)
3, 2)
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3.6 ecpp — elliptic curve primality proving
ZDEY 2—/LF ECPP (Elliptic Curve Primality Proving) O % 7% BA%Eh & 17F
LNTW3,

It is probable that the module will be refactored in the future so that each
function be placed in other modules.

ecpp EY 2 —/UE mpmath DX ¥ > 10— FBKNE,
3.6.1 ecpp — elliptic curve primality proving
ecpp(n: integer, era: list=None) — bool

G ARBBGEEAZ1T 5,
b L n RS True 218 T, X dR2IFHUL False 1R T

F7z, era LIFFRHMDODY A P TH S, (Z4UI ERAtosthenes IZHDOWT W5, )

n IFERZLEL,

3.6.2 hilbert — Hilbert class polynomial
hilbert(D: integer) — (integer, list)
B L Hilbert /7R for B 2 XK with fundamental H55X D OEZ IR T,
Z OBIRUZ Hilbert HTEKORED Y 2 + 2B,
TS5 LHAVE NETZFELTLTWA45 . $3 http://hilbert-class-polynomial.
appspot.com/ ZE L. B L ramD IZ—E T 2 1F# R0% & 213 U Hilbert

SRR EHEIE LT RS,
D int. [15] BH,

3.6.3 dedekind — Dedekind’s eta function

dedekind(tau: mpmath.mpe, floatpre: integer) — mpmath.mpc
Return Dedekind @ 4 — & of a complex number tau in the upper half-plane.

Additional argument floatpre specifies the precision of calculation in decimal
digits.

floatpre must be positive int.
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3.6.4 cmm — CM method

cmm(p: integer) — list
CM HIfRD I — T T X — X DIEZ KT,
b L= O IEMAMB T I VD251 cmm order 25 & Xy,

p BHEBHTRITUIR SR,
ZDOREBIZ (a, b) DY R FZEIKTF, (a, b) IZ Weierstrass’ short form %% L T
W5,

3.6.5 cmm _order — CM method with order

cmm _ order(p: integer) — list
CM HiffD A — 78T X — 2 DE L MiEZ RS,
b L 2R UEMAHRTEIVDOL S cmm  order 25 & Ku,

p BHEFEHTRITIR SR,
Z DB (a, b, order) DV R F &K T, (a, b) I& Weierstrass’ short form %
KL, order 3BT ORI Z KT,

3.6.6 cornacchiamodify — Modified cornacchia algorithm

cornacchiamodify(d: integer, p: integer) — list
(u, v) of u? — dv? = 4p DFR*EIR T,
b LIRS 721F U ValueError #3185,

plFFEH didd<0and d> —4p with d =0,1 (mod 4) Z 87 T EEL

Examples

>>> ecpp. ecpp(300000000000000000053)
True

>>> ecpp.hilbert(-7)

(1, [3375, 11)

>>> ecpp.cmm(7)

(6, 3), (5, 4)]

>>> ecpp.cornacchiamodify (-7, 29)
2, 4
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3.7 equation — solving equations, congruences

In the following descriptions, some type aliases are used.
poly list :
poly list is a list [a0, al, ..., an] representing a polynomial coeffi-

cients in ascending order, i.e., meaning ag + a1 X + - -+ + a, X". The type
of each ai depends on each function (explained in their descriptions).

integer :
integer is one of int or Integer.

complex :
complex includes all number types in the complex field: integer, float,
complex of Python , Rational of NZMATH , etc.

3.7.1 el — solve equation with degree 1

el(f: poly list) - complex
ar +b=0 DIEZIET,

f 1% complex @ linkingoneequationpoly list [b, al TRIFIUIXR SR\,

3.7.2 el ZnZ — solve congruent equation modulo n with
degree 1

el ZnZ(f: poly list, n: integer) — integer
ax +b=0 (mod n). DIEZEK T,

f & integer @ poly list [b, al TRITNIZR SR,

3.7.3 €2 — solve equation with degree 2

e2(f: poly list) — tuple
ax? 4+ bz +c=0DHEERT,

f 1¥ complex @ poly list [c, b, a] THRIFIUIRSIRW,
FERD Xy TIVIEIRD B _DODRTH 5,
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3.7.4 e2 Fp — solve congruent equation modulo p with
degree 2

e2 Fp(f: poly list, p: integer) — list
ar® +br +c=0 (mod p) DEZIERT,
[ CMEANR > TE 2613, ZOHEIGZEHERTDH 5,

f & integers [c, b, al @ poly list TRINIZR SR, 51T, p
FHEBEERL, integer.

3.7.5 €3 — solve equation with degree 3
e3(f: poly list) — list
axd + bz’ +cr+d=0DEEIERT,

f 1¥ complex @ poly list [d, ¢, b, a]l TRITIUILRSRW,
CDFERDR v TNIZERZ ZD T=2DIRVD 5,

3.7.6 e3 Fp — solve congruent equation modulo p with
degree 3

e3 Fp(f: poly list, p: integer) — list
ar® +br® + cx +d=0 (mod p) DIEEIRT,
[ CMEAGR - TE 261, ZOHEIGZEHERTDH 5,

f ¥ integer @ poly list [d, c, b, a] TRIFIUIRS7W, In addition, p
WERBERTH 5, integer.

3.7.7 Newton — solve equation using Newton’s method

Newton(f: poly list, initial: complex=1, repeat: integer=250)
— complex

anmn 4.+ a1x + ag = 0 @{ﬁ%ﬁj—o

HLITRTORZELZVDREZ S SimMethod 2S5 Z ¢ 2 BEIHT 3,
T & U initial 23EEBHRZ Rz 72 WERL 513 Z 0 BTS2 700,
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f 1 complex D poly list TRITAUIZR 5720,
initial is an initial approximation complex number. repeat (IR % T35

HTH 5,

3.7.8 SimMethod — find all roots simultaneously

SimMethod(f: poly list, NewtonInitial: complex=1, repeat: inte-
ger=250)
— list

anx™ + -+ a1z + ag DIRO—2%IKRT,
THLIZOHERDRZERELFF> TV, TF7—2R-TL 2000 LALRW,
f 1X complex @ poly list TRIFHUE S 7w,

NewtonlInitial ¥ repeat IZEBEUEZRTE 3 728 Newton Zi#EB T 2725 5,

3.7.9 root Fp — solve congruent equation modulo p
root Fp(f: poly list, p: integer) — integer
™ + -+ arx +ag =0 (mod p) DIRD A % %K,
FTRTOWREFZVDRS allroots Fp Z{fioTL 20,
f IX integer @ poly list TRIFIUIKR SRV, X 51 p IFFE

EA—o b 2 HUE Z OBIEUIA B IR X A2,

3.7.10 allroots Fp — solve congruent equation modulo p
allroots Fp(f: poly list, p: integer) — integer
anz™ + - +a1r+ag =0 (mod p). DI NTDREZIRT,
f & integer @ poly list TRITAUIZR SRV, S 51 p IFFRE
WHA—D20d 720 2 ZOEBIE,AHDY X b 2IRT,

Examples

>>> equation.el([1, 2])
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-0.5

>>> equation.el([1j, 2])

-0.5j

>>> equation.el_ZnZ([3, 2], 5)

1

>>> equation.e2([-3, 1, 11)
(1.3027756377319946, -2.3027756377319948)
>>> equation.e2_Fp([-3, 1, 1], 13)

[6, 6]

>>> equation.e3([1, 1, 2, 1]1)
[(-0.12256116687665397-0.744861766619744797) ,
(-1.7548776662466921+1.8041124150158794e-163) ,
(-0.12256116687665375+0.744861766619744685) ]
>>> equation.e3_Fp([1, 1, 2, 11, 7)

[3]

>>> equation.Newton([-3, 2, 1, 1])
0.84373427789806899

>>> equation.Newton([-3, 2, 1, 1], 2)
0.84373427789806899

>>> equation.Newton([-3, 2, 1, 1], 2, 1000)
0.84373427789806899

>>> equation.SimMethod([-3, 2, 1, 1])
[(0.84373427789806887+07) ,
(-0.92186713894903438+1.64492637759997237) ,
(-0.92186713894903438-1.64492637759997233) ]
>>> equation.root_Fp([-3, 2, 1, 1], 7)

>>> equation.root_Fp([-3, 2, 1, 1], 11)

9

>>> equation.allroots_Fp([-3, 2, 1, 1], 7)
(]

>>> equation.allroots_Fp([-3, 2, 1, 1], 11)
[9]

>>> equation.allroots_Fp([-3, 2, 1, 1], 13)
(3, 7, 2]
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3.8 gcd — ged algorithm

3.8.1 gcd — the greatest common divisor

ged(a: integer, b: integer) — integer
o0 a ¥ b DRKAKBOMEEIRT,
BLa=b=0%5, MBUCKDBEZN 0 ZIRT.

a, b ¥ int ¥7213 Integer, ENDD5|EMN AT D HERIZIEE,

3.8.2 binarygcd — binary gcd algorithm

binarygced(a: integer, b: integer) — integer

NAFYV—GCD 7AITV XL BEsTZ o0 a b DBEARNIOMEE:
B3,

HLa=b=07%15, HWBUIKRHBRZWE 0 2R,
1 Z OB#IZE binaryged DA V7 XA TH 5,

a, b i int B ¥ 7213 Integer,

3.8.3 extgcd — extended gcd algorithm

extged(a: integer, b: integer) — (integer, integer, integer)
d=au+bv DEBRXET2F a L b DERANKE d BB u, v DEEZIRT,

HLa=b=07%45, FARKNBICHRDFRVE 0 ZHWT (1, 0, 0) 2K
ER

a, b i¥ int B F 721F Integer. HiRIE (u, v, d) DIETER->TK %,

3.8.4 lcm — the least common multiple

lem(a: integer, b: integer) — integer
“OoDH a t b DRNAEROMERE T,

HLab¥bohr—27/F 0456130 Z&T,
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THLab¥bE5% 07R&5IF exception BT,

a, b & int B ¥ 7213 Integer.

3.8.5 gcd of list — gcd of many integers
ged of list(integers: list) — list
BROBRRKNIB 2, Th kTP & HITET,

5 Z N7 integers [z1,..., 2, I LT. YR [d, [c1,...,c)] BB, T
bbd=cizi+ - +cpx, BPEDIB dIE xy,...,2, DRV TDH 5,

integers X int MOV A MTH %, BAEUI [d, [c1,...,¢0]] ZIET, TITd

o W 3EBEL, H L integers 23 [0,...,0] 2 [ ] BROMBITHE D ERWV 0 ZHW
T [0, integers] #iKT.

3.8.6 extgcd — extended divmodl gecd for many integers
extged (*a: integers) — list

R ® 2 BEBORRKAE L, T eRT—HERX 2 —HEITKRD 5.

Given integers a = aq, ..., an—1, return list [d, [xo,...,Zy—_1]] such that d =
apxo + -+ + ap_1Tn_1, where d is the greatest common divisor of a. We use
divmodl for computation. The linear form is not unique and general solution

for [zo,...,2,—1] is given by extged gen.

There should be at least one non-zero integer in a.

3.8.7 divmodl — division of minimum absolute remainder

divmodl(a: integer, b: integer) — integers

Hzbhiz a, b b5, BEOM (¢,r) Ta=qgb+r, |r| <|b]/2 ZFTHD
ZiRT.

Of course b # 0. We take one of the ways for (g,r) to satisfy the condition.
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3.8.8 extgcd gen — general solution of linear diophantine
equation

extged gen(x*a: integers) — list
2o le—RXAE RO 2 HE L, nIfRiaisE o —fikikzik 3.
For given integers a = ag,...,a,—1 and any integer k, solve the linear dio-

phantine equation apxo+ -+ ap—12,—1 = k, and return list [d, s, A] as general
solution. Here d is the GCD of a, and it is solvable if and only if d divides k.

When d divides k, general solution xg, ..., z,_1 is given by suffix s (0 < s < n),
by list of list A = [[4o.0,.--,A0n-1],---5 [An—1,05- -5 An—1,n—1]] and by integer
parameter yo, ..., Yyn—1 With unique constant y; = k/d as follows:

x; = Ajoyo+ -+ Ain—1Yn-1 (0< i <n)

For a, at least one non-zero integer is required.

3.8.9 gcd — the GCD of many integers by modl division

ged  (*a: integers) — integer

RILDEE a DRARRIZ —FICEHHET 2. S#ED7z0Il, 2—=2Y v §
PREUEAATHST LHEHER/ MR modl 2 V5.

We did no experiment about speed.

For a, at least one non-zero integer is required.

3.8.10 modl — least absolute value remainder by division

modl(a: integer, b: integer) — integer
BZON8B a, b LT, REOER r Z a=r (mod |b|), 7| < |b]/2
EIRDERITKRD 5.

Of course b # 0. We take one of the ways for r to satisfy the condition.

3.8.11 lcm_ — the LCM of integers by repeating gcd

lcm  (*a: integers) — integer
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BRI ERD B ged  ORIGHEAICE D, IRILOEE a OR/NAEEE—
Eizked 5.

All integers in a should be non-zero. We do not consider any multiple of 0.
Or 0 cannot be a devisor of any integer.

3.8.12 coprime — coprime check

coprime(a: integer, b: integer) — bool
a & b HWIZETHIUL True ZIR L., X HRITIUL False iR,

a & bldint B F721% Integers

3.8.13 pairwise coprime — coprime check of many inte-
gers

pairwise coprime(integers: list) — bool
integers NHWICER 51X Ture 2, X3 721F4UZ False K3,

integers |3 int B F 7213 Integer DY X b,

Examples

>>> ged.ged(12, 18)

6

>>> gcd.ged(12, -18)

6

>>> ged.ged(-12, -18)

6

>>> gcd.extged(12, -18)
(-1, -1, 6

>>> gcd.extged(-12, -18)
(1, -1, 6)

>>> gcd.extged(0, -18)
(0, -1, 18)

>>> gcd.lem(12, 18)

36

>>> ged.lem(12, -18)

-36

>>> gcd.ged_of _1ist([60, 90, 210])
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(30,

[_1’ 1: O]]
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3.9 multiplicative — FEEBIEGRBIEL

ZDOXYy FOETOBEE, FIZH D D2 WER Y HARB DO AZIT 1T 5.

3.9.1 euler - FA15—D7 71E#K

euler(n: integer ) — integer

n EHWZHEPDn LD B/NSWROBBEERS. ZOBBIZEL ¢ ELTE

MEhs.

3.9.2 moebius - XED XEA#K

moebius(n: integer ) — integer

Z ORI T OV DEEIES:
1 (0 DERBCHRE D> TVWB L X))
1 (0 HEREEHE B> TR L X))

0 (n AREEHDFSHHEF o T0wB L &)
COBBIZE p B LTEREINS.

3.9.3 sigma — FIHDEDEET

sigma(m: integer, n: integer ) — integer

n ORBO mFEIET. 5B nZFTH L, HBOBEIRT.

ELTEMRENS.

Examples

>>> multiplicative.euler(1)

1

>>> multiplicative.euler(2)

1

>>> multiplicative.euler(4)

2

>>> multiplicative.euler(5)

4

>>> multiplicative.moebius(1)
1

>>> multiplicative.moebius(2)
-1

>>> multiplicative.moebius(4)

99

ZOBETEL o



>>>

>>>

>>>

>>>

>>>

>>>

>>>

12
>>>

50

multiplicative

multiplicative.
multiplicative.
multiplicative.
multiplicative.
multiplicative.
multiplicative.

multiplicative.

sigma(o0,
sigma(1,
sigma (O,
sigma(1,
sigma(1,
sigma(1,

sigma(2,

.moebius(6)

i)

i)

2)

3)

4)

6)

7
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3.10 prime — REFIE, FHER

3.10.1 trialDivision — SfLEIDE

trialDivision(n: integer, bound: integer/float=0) — True/False
AR 2EALEI D AL

bound IXBHOHFEZRHIF. B L bound 352 500 DIFEHFIRE D d/phInen
SE&MHDH ¥ 1 ZIREIX, 24U bound LU TICEREBA W e 2 EK T 3.

3.10.2 spsp — BWREHT X+

spsp(n: integer, base: integer, s: integer—None, t: integer—None)
— True/False

base % 5T L 725RFERIT A b
sEtidn—1=2% 22t 3&8, %53 X5
3.10.3 smallSpsp — NIV T Z@BEHT X +
smallSpsp(n: integer) — True/False
1012 X D/NZWEH n 1Tt 3 2 mEERE T R -
4 FOFREERIT A MIT X 2T 1012 X D/NS VBB L S HIVET 512

B RRbDOTHS.

3.10.4 miller — Miller DZE¥)E

miller(n: integer) — True/False

Miller DZEECHE.

DT AMIGRHDD EHRTT .config Z R T ZE 0.

3.10.5 millerRabin — Miller-Rabin O ZE##)E

millerRabin(n: integer, times: integer=20) — True/False

Miller OZ5CHIE.
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miller ¥ ®E WX, Miller-Rabin X Y v FIZBWATERZ 71TV XL TH
D, —4T, miller FGRHDd LREWNTNVIY LB,

times (FHARZE L 20) 1D IBEL O =7 —DHERIZZ L TH 47tmes p
5.

3.10.6 lpsp — Lucas 7 X b
lpsp(n: integer, a: integer, b: integer) — True/False
Lucas ##=87 A b.

LRI X—KabtbD, T2b5 .22 —ar+blZDOVWTOD, Lucas FHR
75 True ®iIRT.

3.10.7 fpsp — Frobenius 7X k

fpsp(n: integer, a: integer, b: integer) — True/False
Frobenius &7 X b.

HLndRTRXA—RabbdD, T2bOE 22— ar+ b IZDOWVWTD, Frobenius #
FH S True Z3RT.

3.10.8 by primitive root — Lehmer’s test

by primitive root(n: integer, divisors: sequence)
— True/False

Lehmer O FECHIEE [17].
n BEBOL EPOFDL ZIZBRD True IRT.
ZDOXY vy RIFBEBROFEFEIIHESWT o AR THE I 2RT. TDDIC

n—10RKBEH>TVWBEIENRETHS.
divisors 1& n — 1 OFREED > —F > & (list, tuple, etc).

3.10.9 full euler — Brillhart & Selfridge’s test
full euler(n: integer, divisors: sequence) — True/False
Brillhart & Selfridge D BECHIEE [12].

DAYy RiE pn)=n—1DWIICED n PERTHZ I Z2RT, 7272
L plddA45—D7 7 4B (euler ). ZD7dDIZ n—1 ORFEEZEH-
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TR IR ETDH 5.
divisors 1& n — 1 DRERKED > —5 >~ & (list, tuple, etc).

3.10.10 apr — Jacobi 1T X k
apr(n: integer) — True/False

APR (Adleman-Pomerance-Rumery) ZRECHIE £ 7213 Jacobi f17 R + & FEE
N2 HIER.

n i 32 KD/NEVEREDL R VEIRET 2. £ B0 O0DEIIHNT %
spsp (IR T A M) 2l L RET 5.

3.10.11 aks — Cyclotomic Congruence test
aks(n: integer) — True/False

AKS (Agrawal-Kayal-Saxena) primality test or the cyclotomic congruence
test.

Return True iff n is prime.
The algorithm determines whether a number n is prime or composite within

polynomial time. For large number n, you can use apr and any other test in
practical use.

3.10.12 primeq - BEFIMNAZHHE

primeq(n: integer) — True/False
SRBCHIE TN 2 () 72 BE R

n DY A XIHAF LT trialDivision, smallSpsp F 721 apr &{# 5.

3.10.13 prime — n EBEDEH

prime(n: integer) — integer

n HHORBZIERT.
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3.10.14 nextPrime — XODERZELERK

nextPrime(n: integer) — integer

EZ o 7B n LD REVBOPT, kd/NSWRBZIET.

3.10.15 randPrime — S & LICEH = LR

randPrime(n: integer) — integer

10 i n HTOREZ 5 > X LTSRS

3.10.16 generator — &HERK

generator((None)) — generator

205 00 $TORBEENT S (Y=zrL—&E L)

3.10.17 generator eratosthenes — Eratosthenes D% >
TLWRREER

generator_eratosthenes(n: integer) — generator

Eratosthenes O iz {#io>Tn FTOREEIEICAERT 3.

3.10.18 primonial — E¥ D&
primonial(p: integer) — integer
DT ofdziRs

H ¢q=2-3-5---p.

q€P<p
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3.10.19 properDivisors — EDOIE

properDivisors(n: integer) — list
n DEDOWEEIET (1 & n 2Rz n D2 TONE).

INSRFRORITH L TOAKITILD. & D —fRiVe5E 2 E proper  divisors
ZfEM.
HAIZETOEDK-DY X .

DEPRECATION: This function will be removed in the next release. Please
use proper divisors instead.

3.10.20 primitive root — [R#aiR

primitive root(p: integer) — integer
p DFEIEIR 2R T .

p BERETRITNUIR S0,

3.10.21 Lucas_chain — Lucas £%I

Lucas_chain(n: integer, f: function, g: function, x_0: integer, x_1: in-
teger)
— (integer, integer)

UTDESICERINDEE {2} T 218 (v, 2041) IR

To; = £(x;)

Toit1 = g(Ti, Tig1) ,

MIEEZx 0, x 1.

131 ZBOEEBEIEL. g 13 2 ZROEEEBEIEL.

Examples

>>> prime.primeq(131)
True
>>> prime.primeq(133)
False
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>>>
>>>

>>>

>>>
29

>>>
101
>>>

g = prime.generator ()
g.next ()

g.next ()
prime.prime(10)
prime.nextPrime (100)

prime.primitive_root(23)
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3.11 prime decomp — &A1 T 7 IL3HE
3.11.1 prime decomp — &A1 T 7 ILSHE
prime decomp(p: Integer, polynomial: list) — list

Btk Q[a]/ (polynomial) ED A F7 0 (p) DFEA 77 MAREET

pld (M) FTHHNETH 5. polynomial IFE=v 7B ZIHAZERT
2EBDIVRANTHEIRETH 5.

ZDOXY v FiZ (Pk, €k, fk) @UZ ]* %ET
Py (p) 2#|53% A 77 %% T Ideal with generator D ¥ AKX AT,

er V& Py DIBHERCT, fir 13 P ORIRIEL

Examples

>>> for fact in prime_decomp.prime_decomp(3,[1,9,0,1]):
print(fact)

(Ideal_with_generator ([BasicAlgNumber([[3, 0, 0], 11, [1, 9, 0, 1]), BasicAlgNum

ber ([[7, 20, 4], 3], [1, 9, 0, 1D, 1, 1)
(Ideal_with_generator([BasicAlgNumber([[3, O, 0], 1], [1, 9, O, 1]), BasicAlgNum

ber([[10, 20, 4], 3], [1, 9, 0, 1DD1), 2, 1)
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3.12 quad - EZR{K

e Classes

— ReducedQuadraticForm
— ClassGroup

e Functions

— class_formula

— class _number

— class_group

— class _number bsgs

— class__group bsgs
3.12.1 ReducedQuadraticForm — I XFexXo 5 X
Initialize (Constructor)
ReducedQuadraticForm(£: list, unit: list) —» ReducedQuadraticForm
ReducedQuadraticForm # 7Y = 7 + Z/EK.

f, unit (& 3 B [a, b, c] DV RANTRITINERS T, X% az? +
bry + cy? ¥ FRid. unit \ZHITTHERNE LT

Operations

operator | explanation

M x N M & NDEREIRT.

M*xa |MODaFEEERT.

M /N ZRIEADBRE.

M==N |M&NPELLDRESDIERT.
M!=N [ME&NPELLRODE D DIRT.
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Methods

3.12.1.1 inverse

inverse(self) — ReducedQuadraticForm

self OWILEIRT .

3.12.1.2 disc

disc(self) — ReducedQuadraticForm

self OB %R T .

3.12.2 ClassGroup — fHE{V 5 X

Initialize (Constructor)

ClassGroup(disc: integer, cl: integer, element: integer—=None)
— ClassGroup

ClassGroup & 7Y = 7 + B{EK.
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Methods

3.12.3 class formula

class formula(d: integer, uprbd: integer) — integer

AR 80, IFIR & % R h DI UA% T

-1

st h = YT (1_ (;) 1) |
p

p
ANTAE A F int B F721X Integer THRIFTAUIZ 5720,

3.12.4 class number

class number(d: integer, limit_of_d: integer=1000000000)
— integer

IR OBZ R 2 Z 12 X DI a 2RO 82 R 7.
d FEAHRN EFR S .
ANT2E A3 int B 7213 Integer TRIFIUIR S0,

3.12.5 class group

class group(d: integer, limit_of_d: integer=1000000000)
— integer

fERE RO E A 2 Z e 1ic X DRI a 2RO FRF2 KT
d FEAHRI L IR & 720,
ANT 28 a1 int B F721% Integer TRIFAUTZ SR,
3.12.6 class number bsgs
class number bsgs(d: integer) — integer
Baby-step Giant-step 7 /L3 VU X A% FW0, HHIR 4 2o IE .
A A IER 5 70,

ANT 2 A3 int B 7213 Integer TRIFIUIR S0,
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3.12.7 class group bsgs

class group bsgs(d: integer, cl: integer, qin: list)
— integer

HIHIE dise ZFFONEYL pe? DFEREDWEIE 2R T .qin = [p,exp] TH 5.

ATTT2Hd, cliEint B F 7213 Integer TRIFAIUI S0,

Examples

>>> quad.class_formula(-1200, 100000)

12

>>> quad.class_number (-1200)

12

>>> quad.class_group(-1200)

(12, [ReducedQuadraticForm(1, 0, 300), ReducedQuadraticForm(3, 0, 100),
ReducedQuadraticForm(4, 0, 75), ReducedQuadraticForm(12, 0, 25),
ReducedQuadraticForm(7, 2, 43), ReducedQuadraticForm(7, -2, 43),
ReducedQuadraticForm(16, 4, 19), ReducedQuadraticForm(16, -4, 19),
ReducedQuadraticForm(13, 10, 25), ReducedQuadraticForm(13, -10, 25),
ReducedQuadraticForm(16, 12, 21), ReducedQuadraticForm(16, -12, 21)])
>>> quad.class_number_bsgs(-1200)

12

>>> quad.class_group_bsgs(-1200, 12, [3, 1])
([ReducedQuadraticForm(16, -12, 21)1, [[31]1)

>>> quad.class_group_bsgs(-1200, 12, [2, 2])
([ReducedQuadraticForm(12, 0, 25), ReducedQuadraticForm(4, 0, 75)],
(21, [2, o011
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3.13 round2 — the round 2 method

e Classes
— ModuleWithDenominator
e Functions

— round?2
— Dedekind

The round 2 method is for obtaining the maximal order of a number field
from an order generated by a root of a defining polynomial of the field.

This implementation of the method is based on [13](Algorithm 6.1.8) and
[21](Chapter 3).
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3.13.1 ModuleWithDenominator — bases of Z-module with
denominator.

Initialize (Constructor)

ModuleWithDenominator(basis: list, denominator: integer, **hints:
dict)
— Module WithDenominator

This class represents bases of Z-module with denominator. It is not a general
purpose Z-module, you are warned.  basis is a list of integer sequences.

denominator is a common denominator of all bases.

1Optionally you can supply keyword argument dimension if you would like to
postpone the initialization of basis.

Operations

operator | explanation

A+ B sum of two modules
a *x B scalar multiplication
B/ d divide by an integer
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Methods

3.13.1.1 get rationals — get the bases as a list of rationals

get rationals(self) — list

Return a list of lists of rational numbers, which is bases divided by denomi-
nator.

3.13.1.2 get polynomials — get the bases as a list of polynomials

get polynomials(self) — list
Return a list of rational polynomials, which is made from bases divided by

denominator.

3.13.1.3 determinant — determinant of the bases

determinant(self) — list

Return determinant of the bases (bases ought to be of full rank and in Hermite
normal form).
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3.13.2 round2(function)

round2(minpoly_coeff: list) — (list, integer)

Return integral basis of the ring of integers of a field with its discriminant.
The field is given by a list of integers, which is a polynomial of generating
element A. The polynomial ought to be monic, in other word, the generating
element ought to be an algebraic integer.

The integral basis will be given as a list of rational vectors with respect to 6.

3.13.3 Dedekind(function)

Dedekind (minpoly_coeff: list, p: integer, e: integer)
— (bool, Module WithDenominator)

This is the Dedekind criterion.
minpoly coeff is an integer list of the minimal polynomial of 6.
p**e divides the discriminant of the minimal.

The first element of the returned tuple is whether the computation about p
is finished or not.
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3.14 squarefree — Squarefreeness tests

There are two method groups. A function in one group raises Undetermined
when it cannot determine squarefreeness. A function in another group returns
None in such cases. The latter group of functions have “ _ternary” suffix on their
names. We refer a set {True,False, None} as ternary.

The parameter type integer means either int or Integer.

This module provides an exception class.

Undetermined : Report undetermined state of calculation. The exception will
be raised by lenstra or trivial test.

3.14.1 Definition

We define squarefreeness as:
n is squarefree <= there is no prime p whose square divides n.

Examples:
e 0 is non-squarefree because any square of prime can divide O.

e 1 is squarefree because there is no prime dividing 1.

2, 3, 5, and any other primes are squarefree.

4, 8,9, 12, 16 are non-squarefree composites.

6, 10, 14, 15, 21 are squarefree composites.

3.14.2 lenstra — Lenstra’s condition

lenstra(n: integer) — bool

If return value is True, n is squarefree. Otherwise, the squarefreeness is still
unknown and Undetermined is raised. The algorithm is based on [1§].

1The condition is so strong that it seems n has to be a prime or a Carmichael
number to satisfy it.

Input parameter n ought to be an odd integer.
3.14.3 trial division — trial division
trial division(n: integer) — bool

Check whether n is squarefree or not.

The method is a kind of trial division and inefficient for large numbers.
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Input parameter n ought to be an integer.
3.14.4 trivial test — trivial tests
trivial test(n: integer) — bool

Check whether n is squarefree or not. If the squarefreeness is still unknown,
then Undetermined is raised.

This method do anything but factorization including Lenstra’s method.

Input parameter n ought to be an odd integer.

3.14.5 viafactor — via factorization

viafactor(n: integer) — bool
Check whether n is squarefree or not.

It is obvious that if one knows the prime factorization of the number, he/she
can tell whether the number is squarefree or not.

Input parameter n ought to be an integer.

3.14.6 viadecomposition — via partial factorization

viadecomposition(n: integer) — bool

Test the squarefreeness of n. The return value is either one of True or False;
None never be returned.

The method uses partial factorization into squarefree parts, if such partial fac-
torization is possible. In other cases, It completely factor n by trial division.
Input parameter n ought to be an integer.

3.14.7 lenstra ternary — Lenstra’s condition, ternary ver-
sion

lenstra_ternary(n: integer) — ternary

Test the squarefreeness of n. The return value is one of the ternary logical
constants. If return value is True, n is squarefree. Otherwise, the squarefreeness
is still unknown and None is returned.
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1The condition is so strong that it seems n has to be a prime or a Carmichael
number to satisfy it.
This is a ternary version of lenstra.
Input parameter n ought to be an odd integer.
3.14.8 trivial test ternary — trivial tests, ternary version

trivial test ternary(n: integer) — ternary

Test the squarefreeness of n. The return value is one of the ternary logical
constants.

The method uses a series of trivial tests including lenstra ternary.
This is a ternary version of trivial test.

Input parameter n ought to be an integer.

3.14.9 trial division ternary — trial division, ternary ver-
sion

trial division ternary(n: integer) — ternary

Test the squarefreeness of n. The return value is either one of True or False;
None never be returned.

The method is a kind of trial division.
This is a ternary version of trial division.

Input parameter n ought to be an integer.

3.14.10 viafactor ternary — via factorization, ternary ver-
sion

viafactor ternary(n: integer) — ternary

Just for symmetry, this function is defined as an alias of viafactor.

Input parameter n ought to be an integer.

8



Chapter 4

Classes

4.1 algfield — Algebraic Number Field

e Classes

— NumberField
— BasicAlgNumber
— MatAlgNumber

e Functions

— changetype
— disc

— fppoly

— qpoly

— zpoly

4.1.1 NumberField — number field

Initialize (Constructor)
NumberField( f: list, precompute: bool=False ) — NumberField
Create NumberField object.

This field defined by the polynomial f.
The class inherits Field.

f, which expresses coefficients of a polynomial, must be a list of integers. f
should be written in ascending order. £ must be monic irreducible over rational
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field.

If precompute is True, all solutions of £ (by getConj), the discriminant of £
(by disc), the signature (by signature) and the field discriminant of the basis
of the integer ring (by integer ring) are precomputed.

Attributes

degree : The (absolute) extension degree of the number field.

polynomial : The defining polynomial of the number field.

Operations

operator | explanation
K * F Return the composite field of K and F.
K == Check whether the equality of K and F.

Examples

>>> K = algfield.NumberField([-2, 0, 1])

>>> L = algfield.NumberField([-3, 0, 1])

>>> print(K, L)

NumberField([-2, 0, 1]) NumberField([-3, 0, 1])
>>> print(K * L)

NumberField([1, 0, -10, 0, 11)
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Methods

4.1.1.1 getConj — roots of polynomial
getConj(self) — list

Return all (approximate) roots of the self.polynomial.

The output is a list of (approximate) complex number.

4.1.1.2 disc — polynomial discriminant

disc(self) — integer
Return the (polynomial) discriminant of the self.polynomial.

1The output is not discriminant of the number field itself.

4.1.1.3 integer ring — integer ring

integer ring(self) — FieldSquareMatrix
Return a basis of the ring of integers of self.

tThe function uses round2.

4.1.1.4 field discriminant — discriminant

field discriminant(self) — Rational
Return the field discriminant of self.

1The function uses round2.

4.1.1.5 basis — standard basis

basis(self, j: integer) — BasicAlgNumber
Return the j-th basis (over the rational field) of self.

Let 6 be a solution of self.polynomial. Then &7 is a part of basis of self, so
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the method returns them.This basis is called “standard basis” or “power basis”.

4.1.1.6 signature — signature

signature(self) — list
Return the signature of self.

1The method uses Strum’s algorithm.

4.1.1.7 POLRED - polynomial reduction
POLRED((self) — list
Return some polynomials defining subfields of self.
#POLRED” means “polynomial reduction”. That is, it finds polynomials

whose coeflicients are not so large.

4.1.1.8 isIntBasis — check integral basis

isIntBasis(self) — bool

Check whether power basis of self is also an integral basis of the field.

4.1.1.9 isGaloisField — check Galois field
isGaloisField(self) — bool

Check whether the extension self over the rational field is Galois.
tAs it stands, it only checks the signature.

4.1.1.10 isFieldElement — check field element

isFieldElement(self, A: BasicAlgNumber/MatAlgNumber)
— bool

Check whether A is an element of the field self.
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4.1.1.11 getCharacteristic — characteristic

getCharacteristic(self) — integer
Return the characteristic of self.

It returns always zero. The method is only for ensuring consistency.

4.1.1.12 createElement — create an element

createElement(self, seed: list) — BasicAlgNumber/MatAlgNumber
Return an element of self with seed.

seed determines the class of returned element.
For example, if seed forms as [[e1,ea,..., €], d], then it calls BasicAlgNum-
ber.

Examples

>>> K = algfield.NumberField([3, 0, 1])

>>> K.getConj ()

[-1.7320508075688774j, 1.7320508075688772j]

>>> K.disc()

-12

>>> print(K.integer_ring())

1/1 1/2

0/1 1/2

>>> K.field_discriminant ()

Rational (-3, 1)

>>> K.basis(0), K.basis(1)

BasicAlgNumber ([[1, 0], 1], [3, 0, 1]) BasicAlgNumber([[O0, 1], 1], [3, 0, 11)
>>> K.signature()

0, 1)

>>> K.POLRED()

[IntegerPolynomial ([(0, 4), (1, -2), (2, 1)], IntegerRing()),
IntegerPolynomial ([0, -1), (1, 1)], IntegerRing())]

>>> K.isIntBasis()

False
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4.1.2 BasicAlgNumber — Algebraic Number Class by stan-
dard basis

Initialize (Constructor)
BasicAlgNumber( valuelist: Ulist, polynomial: list, precompute:

bool=False )
— BasicAlgNumber

Create an algebraic number with standard (power) basis.

1
valuelist = [[e1,ea, ..., ey,], d] means a(el +e0+e30?+---+e,0" 1), where

6 is a solution of the polynomial polynomial. Note that (§?) is a (standard) basis
of the field defining by polynomial over the rational field.

e;, d must be integers. Also, polynomial should be list of integers.
If precompute is True, all solutions of polynomial (by getConj), approximation
values of all conjugates of self (by getApprox) and a polynomial which is a
solution of self (by getCharPoly) are precomputed.

Attributes

value : The list of numerators (the integer part) and the denominator of self.
coeff : The coefficients of numerators (the integer part) of self.

denom : The denominator of the algebraic number for standard basis.
degree : The degree of extension of the field over the rational field.
polynomial : The defining polynomial of the field.

field : The number field in which self is.

Operations

operator | explanation

a+b Return the sum of a and b.
a-b Return the subtraction of a and b.
- a Return the negation of a.

ax*xb Return the product of a and b.
a ** k | Return the k-th power of a.
a/b Return the quotient of a by b.
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Examples

>>> a = algfield.BasicAlgNumber([[1, 1], 1], [-2, 0, 11)
>>> b = algfield.BasicAlgNumber([[-1, 2], 1], [-2, 0, 11)
>>> print(a + b)

BasicAlgNumber([[0, 31, 11, [-2, 0, 11)

>>> print(a * b)

BasicAlgNumber([[3, 11, 11, [-2, 0, 11)

>>> print(a ** 3)

BasicAlgNumber ([[7, 51, 1], [-2, 0, 11)

>>a // b

BasicAlgNumber ([[5, 31, 71, [-2, 0, 11)
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Methods

4.1.2.1 inverse — inverse

inverse(self) — BasicAlgNumber

Return the inverse of self.

4.1.2.2 getConj — roots of polynomial
getConj(self) — list

Return all (approximate) roots of self.polynomial.

4.1.2.3 getApprox — approximate conjugates

getApprox(self) — list

Return all (approximate) conjugates of self.

4.1.2.4 getCharPoly — characteristic polynomial
getCharPoly(self) — list

Return the characteristic polynomial of self.
tself is a solution of the characteristic polynomial.

The output is a list of integers.

4.1.2.5 getRing — the field

getRing(self) — NumberField

Return the field which self belongs to.

4.1.2.6 trace — trace

trace(self) — Rational
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Return the trace of self in the self.field over the rational field.

4.1.2.7 norm — norm

norm(self) — Rational

Return the norm of self in the self.field over the rational field.

4.1.2.8 isAlgInteger — check (algebraic) integer

isAlgInteger(self) — bool

Check whether self is an (algebraic) integer or not.

4.1.2.9 ch_matrix — obtain MatAlgNumber object

ch matrix(self) - MatAlgNumber

Return MatAlgNumber object corresponding to self.

Examples

>>> a = algfield.BasicAlgNumber([[1, 1], 1], [-2, 0, 1])
>>> a.inverse()

BasicAlgNumber ([[-1, 1], 11, [-2, O, 11)

>>> a.getConj()

[(1.4142135623730951+0j), (-1.4142135623730951+0j)]
>>> a.getApprox()

[(2.4142135623730949+0j), (-0.41421356237309515+0j)]
>>> a.getCharPoly()

[-1, -2, 1]

>>> a.getRing()

NumberField([-2, 0, 11)

>>> a.trace(), a.norm()

2 -1

>>> a.isAlgInteger()

True

>>> a.ch_matrix()

MatAlgNumber ([1, 1]+[2, 1], [-2, 0, 11)
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4.1.3 MatAlgNumber — Algebraic Number Class by ma-
trix representation

Initialize (Constructor)

MatAlgNumber( coefficient: list, polynomial: list )
— MatAlgNumber

Create an algebraic number represented by a matrix.

“matrix representation” means the matrix A over the rational field such that
(€1 + €20 + e360? + -+ + e, 0" 1) (1,0,...,0" " HT = A(1,0,...,0" )T, where !
expresses transpose operation.

coef ficient = [e1, €, ..., e,] means ej + eaf + €30 + - -+ + €,0" "1, where 6
is a solution of the polynomial polynomial. Note that (6%) is a (standard) basis
of the field defining by polynomial over the rational field.
coefficient must be a list of (not only integers) rational numbers. polynomial
must be a list of integers.

Attributes

coeff : The coefficients of the algebraic number for standard basis.
degree : The degree of extension of the field over the rational field.
matrix : The representation matrix of the algebraic number.
polynomial : The defining polynomial of the field.

field : The number field in which self is.

Operations

operator | explanation

a+b Return the sum of a and b.
a-b>b Return the subtraction of a and b.
- a Return the negation of a.

ax*xb Return the product of a and b.
a ** k | Return the k-th power of a.
a/b Return the quotient of a by b.
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Examples

>>> a = algfield.MatAlgNumber([1, 2], [-2, 0, 11)
>>> b = algfield.MatAlgNumber([-2, 3], [-2, 0, 11)
>>> print(a + b)

MatAlgNumber ([-1, 5]+[10, -11, [-2, O, 11)

>>> print(a * b)

MatAlgNumber([10, -1]1+[-2, 10], [-2, O, 11)

>>> print(a ** 3)

MatAlgNumber ([25, 22]+[44, 25], [-2, O, 11)

>>> print(a / b)

MatAlgNumber ([Rational(l, 1), Rational(l, 2)]+
[Rational(1, 1), Rational(l, 1)1, [-2, 0, 11)
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Methods

4.1.3.1 inverse — inverse

inverse(self) — MatAlgNumber

Return the inverse of self.

4.1.3.2 getRing — the field

getRing(self) — NumberField

Return the field which self belongs to.

4.1.3.3 trace — trace

trace(self) — Rational

Return the trace of self in the self.field over the rational field.

4.1.3.4 norm — norm

norm(self) — Rational

Return the norm of self in the self.field over the rational field.

4.1.3.5 ch_basic — obtain BasicAlgNumber object

ch basic(self) — BasicAlgNumber

Return BasicAlgNumber object corresponding to self.

Examples

>>> a = algfield.MatAlgNumber([1, -1, 1], [-3, 1, 2, 11)

>>> a.inverse()

MatAlgNumber ([Rational(2, 3), Rational(4, 9), Rational(l, 9)]+
[Rational(1l, 3), Rational(5, 9), Rational(2, 9)]+

[Rational(2, 3), Rational(l, 9), Rational(1l, 9)1, [-3, 1, 2, 1]1)
>>> a.trace()

Rational(7, 1)

90



>>> a.norm()

Rational (27, 1)

>>> a.getRing()
NumberField([-3, 1, 2, 1])
>>> a.ch_basic()

BasicAlgNumber ([[1, -1, 11, 1],
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4.1.4 changetype(function) — obtain BasicAlgNumber ob-
ject

changetype( a: integer, polynomial: list=[0, 1] ) — BasicAlgNumber
changetype( a: Rational, polynomial: list=[0, 1] ) — BasicAlgNumber
changetype( polynomial: list ) — BasicAlgNumber
Return a BasicAlgNumber object corresponding to a.
If a is an integer or an instance of Rational, the function returns BasicAl-
gNumber object whose field is defined by polynomial. If a is a list, the function
returns BasicAlgNumber corresponding to a solution of a, considering a as

the polynomial.

The input parameter a must be an integer, Rational or a list of integers.

4.1.5 disc(function) — discriminant

disc(A: list) — Rational
Return the discriminant of a;, where A = [a1, a2, ,ay).

a; must be an instance of BasicAlgNumber or MatAlgNumber defined over
a same number field.

4.1.6 fppoly(function) — polynomial over finite prime field

fppoly(coeffs: list, p: integer) — FinitePrimeFieldPolynomial

Return the polynomial whose coefficients coeffs are defined over the prime
field Z,.
P

coeffs should be a list of integers or of instances of FinitePrimeFieldEle-

ment.

4.1.7 qpoly(function) — polynomial over rational field

gpoly(coeffs: list) — FieldPolynomial

Return the polynomial whose coefficients coeffs are defined over the rational
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field.

coeffs must be a list of integers or instances of Rational.

4.1.8 zpoly(function) — polynomial over integer ring

zpoly(coeffs: list) — IntegerPolynomial

Return the polynomial whose coefficients coeffs are defined over the (rational)
integer ring.

coeffs must be a list of integers.

Examples
>>> a = algfield.changetype(3, [-2, 0, 1])
>>> b = algfield.BasicAlgNumber([[1, 2], 1], [-2, 0, 11)

>>> A = [a, b]
>>> algfield.disc(A)
288
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4.2 elliptic — elliptic class object

e Classes

— ECGeneric
— ECoverQ
— ECoverGF

e Functions
— EC
This module using following type:

weierstrassform :
welerstrassform is a list (a1, a9, as,a4,a6) or (a4,aq), it represents E :
y2+a1xy+a3y = x3+a2x2+a4x+a6 or F : y2 = x3+a4x+a6,
respectively.

infpoint :
infpoint is the list [0], which represents infinite point on the elliptic curve.

point :
point is two-dimensional coordinate list [x, y| or infpoint.
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4.2.1 tECGeneric — generic elliptic curve class

Initialize (Constructor)

ECGeneric( coefficient: weierstrassform, basefield: Field=None )
— ECGeneric

TR 2 17E % o

The class is for the definition of elliptic curves over general fields. Instead of
using this class directly, we recommend that you call EC.
1The class precomputes the following values.

e shorter form: 3% = box® + bya® + bgx + bs
e shortest form: y2 =23 4+ c4x + cg
e discriminant

e j-invariant

All elements of coefficient must be in basefield.
See weierstrassform for more information about coefficient. If discriminant
of self equals 0, it raises ValueError.

Attributes

basefield :
It expresses the field which each coordinate of all points in self is on. (This
means not only self is defined over basefield.)

ch :
It expresses the characteristic of basefield.

infpoint :
It expresses infinity point (i.e. [0]).

al, a2, a3, a4, a6 :
It expresses the coefficients al, a2, a3, a4, a6.

b2, b4, b6, b8 :
It expresses the coefficients b2, b4, b6, bSs.

c4, c6 :
It expresses the coefficients c4, c6.

disc :
It expresses the discriminant of self.
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It expresses the j-invariant of self.

coefficient :
It expresses the weierstrassform of self.
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Methods

4.2.1.1 simple — simplify the curve coefficient
simple(self) — ECGeneric
Return elliptic curve corresponding to the short Weierstrass form of self by

changing the coordinates.

4.2.1.2 changeCurve — change the curve by coordinate change

changeCurve(self, V: list) — ECGeneric

Return elliptic curve corresponding to the curve obtained by some coordinate
change z = v22’ +r, y = u3y' + su’z’ +1t.

For u # 0, the coordinate change gives some curve which is basefield-
isomorphic to self.

V must be a list of the form [u,r, s, t], where u,r, s,t are in basefield.

4.2.1.3 changePoint — change coordinate of point on the curve

changePoint(self, P: point, V: list) — point

Return the point corresponding to the point obtained by the coordinate
change 2’ = (x —r)u™2, ¢/ = (y — s(x —r) + t)u~3.

Note that the inverse coordinate change is = u?z'+r, y = u3y’+su?z’+t.See
changeCurve.

V must be a list of the form [u,r, s,t], where u,r, s,t are in basefield.u must

be non-zero.

4.2.1.4 coordinateY — Y-coordinate from X-coordinate

coordinateY (self, x: FieldElement) — FieldElement / False
Return Y-coordinate of the point on self whose X-coordinate is x.

The output would be one Y-coordinate (if a coordinate is found). If such a
Y-coordinate does not exist, it returns False.
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4.2.1.5 whetherOn — Check point is on curve

whetherOn(self, P: point) — bool

Check whether the point P is on self or not.

4.2.1.6 add — Point addition on the curve

add(self, P: point, Q: point) — point

Return the sum of the point P and Q on self.

4.2.1.7 sub — Point subtraction on the curve

sub(self, P: point, Q: point) — point

Return the subtraction of the point P from Q on self.

4.2.1.8 mul — Scalar point multiplication on the curve

mul(self, k: integer, P: point) — point

Return the scalar multiplication of the point P by a scalar k on self.

4.2.1.9 divPoly — division polynomial

divPoly(self, m: integer=None) — FieldPolynomial /(f: list, H: integer)
Return the division polynomial.

If m is odd, this method returns the usual division polynomial. If m is even,
return the quotient of the usual division polynomial by 2y + ayx + as.
If m is not specified (i.e. m=None), then return (£, H). H is the least prime sat-
isfying H2<l<H, Lprime | > 41/@; where ¢ is the order of basefield. £ is the list
of k-division polynomials up to k& < H. These are used for Schoof’s algorithm.
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4.2.2 ECoverQ — elliptic curve over rational field

The class is for elliptic curves over the rational field Q (RationalField in
nzmath.rational).

The class is a subclass of ECGeneric.

Initialize (Constructor)

ECoverQ(coefficient: weierstrassform) — ECoverQ
Create elliptic curve over the rational field.

All elements of coeflicient must be integer or Rational.
See weierstrassform for more information about coefficient.

Examples

>>> E = elliptic.ECoverQ([ratinal.Rational(1l, 2), 3])
>>> print(E.disc)

-3896/1

>>> print(E.j)

1728/487
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Methods

4.2.2.1 point — obtain random point on curve

point(self, 1limit: integer=1000) — point
Return a random point on self.

limit expresses the time of trying to choose points. If failed, raise ValueError.
1Because it is difficult to search the rational point over the rational field, it might
raise error with high frequency.

Examples

>>> print(E.changeCurve([1, 2, 3, 41))
y k% 2 +6/1 x x xy+8/1xy=x%x3-3/1%x*k2-23/2*x-4/1

>>> E.divPoly(3)
FieldPolynomial([(0, Rational(-1, 4)), (1, Rational(36, 1)), (2, Rational(3, 1)
), (4, Rational(3, 1))], RationalField())

100



4.2.3 ECoverGF — elliptic curve over finite field

The class is for elliptic curves over a finite field, denoted by F, (FiniteField
and its subclasses in nzmath).
The class is a subclass of ECGeneric.

Initialize (Constructor)

ECoverGF( coefficient: weierstrassform, basefield: FiniteField )
— ECoverGF

Create elliptic curve over a finite field.

All elements of coefficient must be in basefield. basefield should be an in-

stance of FiniteField.
See weierstrassform for more information about coefficient.

Examples

>>> E = elliptic.ECoverGF([2, 5], finitefield.FinitePrimeField(11))
>>> print(E. j)

7 in F_11
>>> E.whetherOn([8, 4])
True

>>> E.add([3, 4], [9, 91)

[FinitePrimeFieldElement (0, 11), FinitePrimeFieldElement(4, 11)]
>>> E.mul(5, [9, 91)

[FinitePrimeFieldElement (0, 11)]
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Methods

4.2.3.1 point — find random point on curve

point(self) — point
Return a random point on self.

This method uses a probabilistic algorithm.

4.2.3.2 naive — Frobenius trace by naive method

naive(self) — integer

Return Frobenius trace ¢ by a naive method.

tThe function counts up the Legendre symbols of all rational points on self.
Frobenius trace of the curve is ¢ such that #E(F;) = ¢+ 1 — ¢, where #E(F,)
stands for the number of points on self over self.basefield F,,.

The characteristic of self.basefield must not be 2 nor 3.

4.2.3.3 Shanks Mestre — Frobenius trace by Shanks and Mestre
method

Shanks Mestre(self) — integer

Return Frobenius trace ¢ by Shanks and Mestre method.

1This uses the method proposed by Shanks and Mestre. 1See Algorithm 7.5.3
of [15] for more information about the algorithm.
Frobenius trace of the curve is ¢ such that #E(F;) = ¢+ 1 — ¢, where #E(F,)

stands for the number of points on self over self.basefield F,,.

self.basefield must be an instance of FinitePrimeField.

4.2.3.4 Schoof — Frobenius trace by Schoof’s method

Schoof(self) — integer
Return Frobenius trace ¢ by Schoof’s method.

1This uses the method proposed by Schoof.
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Frobenius trace of the curve is ¢ such that #E(F,) = g + 1 — ¢, where #E(F,)
stands for the number of points on self over self.basefield F,,.

4.2.3.5 trace — Frobenius trace

trace(self, r: integer—None) — integer
Return Frobenius trace t.

Frobenius trace of the curve is ¢ such that #E(F,) = ¢+ 1 —t, where #E(F,)
stands for the number of points on self over self.basefield F,,.
If positive r given, it returns ¢" + 1 — #E(F4).
1The method selects algorithms by investigating self.ch when self.basefield
is an instance of FinitePrimeField. If ch<1000, the method uses naive.
If 10* < ch < 10%°, the method uses Shanks Mestre. Otherwise, it uses
Schoof.

The parameter » must be positive integer.

4.2.3.6 order — order of group of rational points on the curve

order(self, r: integer=None) — integer
Return order #E(F,) =¢+1—t.

If positive r given, this computes #FE(F,") instead.
1On the computation of Frobenius trace ¢, the method calls trace.

The parameter » must be positive integer.

4.2.3.7 pointorder — order of point on the curve
pointorder(self, P: point, ord_factor: list=None) — integer
Return order of a point P.
1The method uses factorization of order.

If ord factor is given, computation of factorizing the order of self is omitted
and it applies ord factor instead.
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4.2.3.8 TatePairing — Tate Pairing

TatePairing(self, m: integer, P: point, Q: point ) — FiniteFieldElement
Return Tate-Lichetenbaum pairing (P, @),,,.

1The method uses Miller’s algorithm.
The image of the Tate pairing is F, / Fzm, but the method returns an element of
Iy, so the value is not uniquely defined. If uniqueness is needed, use TatePair-
ing Extend.

The point P has to be a m-torsion point (i.e. mP =[0]). Also, the number m
must divide order.

4.2.3.9 TatePairing Extend — Tate Pairing with final exponentia-
tion

TatePairing Extend(self, m: integer, P: point, Q: point )
— FiniteFieldElement

Return Tate Pairing with final exponentiation, i.e. (P, Q>m(q_1)/m.

1The method calls TatePairing.
The point P has to be a m-torsion point (i.e. mP =[0]). Also the number m
must divide order.

The output is in the group generated by m-th root of unity in Fy.

4.2.3.10 WeilPairing — Weil Pairing
WeilPairing(self, m: integer, P: point, Q: point ) — FiniteFieldElement
Return Weil pairing e, (P, Q).
1The method uses Miller’s algorithm.
The points P and Q has to be a m-torsion point (i.e. mP = m@ =[0]). Also,
the number m must divide order.

The output is in the group generated by m-th root of unity in Fy.

4.2.3.11 BSGS — point order by Baby-Step and Giant-Step

BSGS(self, P: point ) — integer

Return order of point P by Baby-Step and Giant-Step method.
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tSee [19] for more information about the algorithm.

4.2.3.12 DLP_BSGS - solve Discrete Logarithm Problem by Baby-
Step and Giant-Step

DLP BSGS(self, n: integer, P: point, Q: point ) — m: integer
Return m such that @ = mP by Baby-Step and Giant-Step method.
The points P and Q has to be a n-torsion point (i.e. nP = n@ =[0]). Also,

the number n must divide order.
The output m is an integer.

4.2.3.13 structure — structure of group of rational points

structure(self) — structure: tuple
Return the group structure of self.

The structure of E(F,) is represented as Z/dZ x Z/nZ. The method uses
WeilPairing.

The output structure is a tuple of positive two integers (d, n). d divides n.

4.2.3.14 issupersingular — check supersingular curve

structure(self) — bool

Check whether self is a supersingular curve or not.

Examples

>>> E=nzmath.elliptic.ECoverGF([2, 5], nzmath.finitefield.FinitePrimeField(11))
>>> E.whetherOn([0, 4])

True

>>> print (E.coordinateY(3))
4 in F_11

>>> E.trace()

2

>>> E.order ()

10
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>>> E.pointorder([3, 41)

10

>>> E.TatePairing(10, [3, 4], [9, 91)
FinitePrimeFieldElement (3, 11)

>>> E.DLP_BSGS(10, [3, 41, [9, 91)

6
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4.2.4 EC(function)

EC(coefficient: weierstrassform, basefield: Field)
— ECGeneric

Create an elliptic curve object.
All elements of coefficient must be in basefield.

basefield must be RationalField or FiniteField or their subclasses. See also
weierstrassform for coefficient.
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4.3 finitefield — Finite Field

e Classes

— {FiniteField

— tFiniteFieldElement
FinitePrimeField
FinitePrimeFieldElement
ExtendedField
ExtendedFieldElement
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4.3.1 fiFiniteField — finite field, abstract

BIRIAD 7 5 22O WTEZ B, BIENICT 5 25> DTIE7% L, FinitePrime-
Field % ExtendedField D% 727 52 LTk,
77 ALIE Field DY 7753 ADZ 2 TH 5,
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4.3.2 tFiniteFieldElement — element in finite field, ab-
stract

BIRADERD Y T RZDNWTHE R b, BIEANCT 7 X %15 DTIF7 < FinitePrime-
FieldElement % ExtendedFieldElement Y% 727 5 2 ¥ LTIk,
77 ALIEField DY 77 532D THh 5,
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4.3.3 FinitePrimeField — finite prime field

Finite prime field is also known as IF,, or GF(p). It has prime number cardinality.
The class is a subclass of FiniteField.

Initialize (Constructor)

FinitePrimeField (characteristic: integer) — FinitePrimeField

Create a FinitePrimeField instance with the given characteristic. characteristic
must be positive prime integer.

Attributes

zero :
It expresses the additive unit 0. (read only)

one :
It expresses the multiplicative unit 1. (read only)

Operations

operator | explanation

F==G equality test.

x in F membership test.
card(F) | Cardinality of the field.
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Methods

4.3.3.1 createElement — create element of finite prime field
createElement(self, seed: integer) — FinitePrimeFieldElement
seed @ FinitePrimeFieldElement #1E%,

seed 1% int Y,

4.3.3.2 getCharacteristic — get characteristic

getCharacteristic(self) — integer
KO DIEZ KT,

4.3.3.3 issubring — subring test

issubring(self, other: Ring) — bool
HDIRHPEPIRE L THRICEEN TV E0HE AT b,

4.3.3.4 issuperring — superring test

issuperring(self, other: Ring) — bool

Report whether the field is a superring of another ring.
Since the field is a prime field, it can be a superring of itself only.
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4.3.4 FinitePrimeFieldElement — element of finite prime
field

The class provides elements of finite prime fields.
It is a subclass of FiniteFieldElement and IntegerResidueClass.

Initialize (Constructor)

FinitePrimeFieldElement(representative: integer, modulus: integer)
— FinitePrimeFieldElement

Create element in finite prime field of modulus with residue representative.
modulus [FIEDQOFEBDOBKTH %,

Operations
operator explanation
a+b addition.
a-b subtraction.
axb multiplication.
ax*n,pow(a,n) | power.
-a negation.
+a make a copy.
a==b equality test.
al= inequality test.
repr(a) return representation string.
str(a) return string.
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Methods

4.3.4.1 getRing — get ring object
getRing(self) — FinitePrimeField

Return an instance of FinitePrimeField to which the element belongs.

4.3.4.2 order — order of multiplicative group

order(self) — integer

F, DRIEREDELZ ORI % R,
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4.3.5 ExtendedField — extended field of finite field

ExtendedField is a class for finite field, whose cardinality ¢ = p™ with a prime
p and n > 1. It is usually called F, or GF(q).
The class is a subclass of FiniteField.

Initialize (Constructor)

ExtendedField(basefield: FiniteField, modulus: FiniteFieldPolyno-
mial)

— ExtendedField
HOILR%ZIT 5, basefield[X]/(modulus(X)).

5.2 5172 characteristic DBRZARD A > 2 & > A, The modulus & basefield
FofEE b OB ZHA TR UIR S R0,

Attributes

Zero :
It expresses the additive unit 0. (read only)

one :
It expresses the multiplicative unit 1. (read only)

Operations

operator | explanation

F==G equality or not.

x in F membership test.
card(F) | Cardinality of the field.
repr(F) | representation string.
str (F) string.
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Methods

4.3.5.1 createElement — create element of extended field

createElement(self, seed: extended element seed) — ExtendedFieldElement

= oRDBEREZES, ORI ExtendedFieldElement ® 4 ~ A&
VATH 5,
seed 23K D 5 B Di:

e a FinitePrimeFieldPolynomial

e an integer, which will be expanded in card(basefield) and interpreted as a
polynomial.

e basefield element.

o ZIEHADRIY LTR—27 4 — L ROEESUIRY Z b,

4.3.5.2 getCharacteristic — get characteristic

getCharacteristic(self) — integer
RO DEZIE S,

4.3.5.3 issubring — subring test

issubring(self, other: Ring) — bool
DB L THREZEATVEDLHZTIND,

4.3.5.4 issuperring — superring test

issuperring(self, other: Ring) — bool
Report whether the field is a superring of another ring.

4.3.5.5 primitive element — generator of multiplicative group

primitive element(self) — ExtendedFieldElement

KD FIRTTDEE RS,
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4.3.6 ExtendedFieldElement — element of finite field

ExtendedFieldElement is a class for an element of F.
The class is a subclass of FiniteFieldElement.

Initialize (Constructor)

ExtendedFieldElement(representative:

field: ExtendedField)

— ExtendedFieldElement

BIRIRRADER Z1E S,

representative must be an FiniteFieldPolynomial has same basefield. field

BIERAD A v A& v,

Operations
operator explanation
a+b addition.
a-b subtraction.
axb multiplication.
a/b inverse multiplication.
ax*n,pow(a,n) | power.
-a negation.
+a make a copy.
a== equality test.
al= inequality test.
repr(a) return representation string.
str(a) return string.
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Methods

4.3.6.1 getRing — get ring object
getRing(self) — FinitePrimeField

BHEEBEP AN > TOWBHRIBAERDA VAR R %IRRT,

4.3.6.2 inverse — inverse element

inverse(self) — ExtendedFieldElement

WITDEZIR S,
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4.4 group — algorithms for finite groups

e Classes

— Group

— GroupElement

GenerateGroup

AbelianGenerate
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4.4.1 tGroup — group structure

Initialize (Constructor)

Group(value: class, operation: int=-1) — Group

Create an object which wraps value (typically a ring or a field) only to expose
its group structure.

The instance has methods defined for (abstract) group. For example, identity
returns the identity element of the group from wrapped value.

value must be an instance of a class expresses group structure. operation
must be 0 or 1; If operation is 0, value is regarded as the additive group. On
the other hand, if operation is 1, value is considered as the multiplicative group.
The default value of operation is 0.
1You can input an instance of Group itself as value. In this case, the default
value of operation is the attribute operation of the instance.

Attributes
entity :
The wrapped object.
operation :
It expresses the mode of operation; 0 means additive, while 1 means mul-
tiplicative.
Operations
operator | explanation
A==B Return whether A and B are equal or not.
A'=B Check whether A and B are not equal.
repr(A) | representation
str(A) simple representation
Examples

>>> Gl=group.Group(finitefield.FinitePrimeField(37), 1)

>>> print(G1)

F_37

>>> G2=group.Group(intresidue.IntegerResidueClassRing(6), 0)
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>>> print(G2)
Z/6Z
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Methods

4.4.1.1 setOperation — change operation

setOperation(self, operation: int) — (None)
BED XA T2 ik (0) TIERE (1) ITEZ %,

operation 1% 0 £71% 1,

4.4.1.2 fjcreateElement — generate a GroupElement instance

createElement(self, *value) — GroupElement
Return GroupElement object whose group is self, initialized with value.
T ZDHIEE self £FEXR, linkingtwogroupGroupentity.createElement.

value must fit the form of argument for self.entity.createElement.

4.4.1.3 fidentity — identity element
identity(self) — GroupElement
HOHAITTOMEZIE S,
operation IZX - TO (JIiK) £7213 1 (RIK) 2R T, + T DK param-

self.entity & FHIN TV 3, identity 7213 entity DIEEZ 7220 E X0
1 %3R3,

4.4.1.4 grouporder — order of the group
grouporder(self) — int
paramself DEZEDEBDEZ KT, .
T ZDHIEE self EFHINT W3, entity.grouporder, card or __ len

CITRZOBHIERE EZ, BT int BTH B, b L IORIERDES.
CDOHETEHENIERTER W,
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Examples

>>> Gl=group.Group(finitefield.FinitePrimeField(37), 1)
>>> Gl.grouporder ()

36

>>> G1.setOperation(0)

>>> print(Gl.identity())

FinitePrimeField,0 in F_37

>>> Gl.grouporder ()

37
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4.4.2 GroupElement — elements of group structure

Initialize (Constructor)

GroupElement(value: class, operation: int=-1) — GroupElement

Create an object which wraps value (typically a ring element or a field ele-
ment) to make it behave as an element of group.

The instance has methods defined for an (abstract) element of group. For
example, inverse returns the inverse element of value as the element of group
object.

value must be an instance of a class expresses an element of group structure.
operation must be 0 or 1; If operation is 0, value is regarded as the additive
group. On the other hand, if operation is 1, value is considered as the multi-
plicative group. The default value of operation is 0.
1You can input an instance of GroupElement itself as value. In this case, the
default value of operation is the attribute operation of the instance.

Attributes

entity :
The wrapped object.

set :
It is an instance of Group, which expresses the group to which self be-
longs.

operation :
It expresses the mode of operation; 0 means additive, while 1 means mul-
tiplicative.

Operations
operator explanation
A==B Return whether A and B are equal or not.
A'=B Check whether A and B are not equal.
A.ope(B) Basic operation (additive +, multiplicative )
A.ope2(n) Extended operation (additive %, multiplicative )
A.inverse() | Return the inverse element of self
repr(A) representation
str(h) simple representation
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Examples

>>> Gl=group.GroupElement (finitefield.FinitePrimeFieldElement (18, 37), 1)
>>> print(G1)

FinitePrimeField,18 in F_37

>>> G2=group.Group(intresidue.IntegerResidueClass(3, 6), 0)
IntegerResidueClass (3, 6)
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Methods

4.4.2.1 setOperation — change operation

setOperation(self, operation: int) — (None)
BED & A T2ME (0) F/2I3EE (1) IKEZR %,

operation (% 0 2° 1,

4.4.2.2 tgetGroup — generate a Group instance

getGroup(self) — Group
Return Group object to which self belongs.

1This method calls self.entity.getRing or getGroup.
1In an initialization of GroupElement, the attribute set is set as the value
returned from the method.

4.4.2.3 order — order by factorization method

order(self) — int
self DN DIEZ KT,

T ZOHFIBEHBONBORE 7 REF S,
TZZTRZIOHIIEREEZ., BIMEI it BTHZ, 1 LI ZORNPER
2B COHREZTT —ERTLENTRVEEZERT,

4.4.2.4 t_ order — order by baby-step giant-step
t _order(self, v: int=2) — int
self DI DIEZ IR T,
1 Z D J77EIE Terry’s baby-step giant-step algorithm % 5,
Z D FEIBEDMEEFH DT, v IT baby-step DFE AN, 1 T2 TEZDEE

BAREEZ, BIEIZntMTH S, + LI ZOMMIERLSIE ZDhE
37— 2RI DA TRWMERZIE T,
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v &j: lnt ?é@%%ﬁo

Examples

>>> Gl=group.GroupElement(finitefield.FinitePrimeFieldElement (18, 37), 1)
>>> Gl.order ()

36

>>> Gl.t_order()

36
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4.4.3 tGenerateGroup — group structure with generator

Initialize (Constructor)

GenerateGroup(value: class, operation: int=-1) — GroupElement

Create an object which is generated by value as the element of group struc-
ture.

This initializes a group ‘including’ the group elements, not a group with gen-
erators, now. We do not recommend using this module now. The instance has
methods defined for an (abstract) element of group. For example, inverse re-
turns the inverse element of value as the element of group object.

The class inherits the class Group.

value must be a list of generators. Each generator should be an instance of
a class expresses an element of group structure. operation must be 0 or 1; If
operation is 0, value is regarded as the additive group. On the other hand, if
operation is 1, value is considered as the multiplicative group. The default value
of operation is 0.

Examples

>>> Gl=group.GenerateGroup([intresidue.IntegerResidueClass(2, 20),
intresidue.IntegerResidueClass(6, 20)])

>>> Gl.identity()

intresidue.IntegerResidueClass (0, 20)
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4.4.4 AbelianGenerate — abelian group structure with gen-
erator

Initialize (Constructor)

GenerateGroup D7 7 XA =K T 5,

4.4.4.1 relationLattice — relation between generators

relationLattice(self) — Matrix

T REBERICH 28DV R h %R, as a square matrix each of whose column
vector is a relation basis.

BIFRDFEHE V 11X T, generator,V; = 1 27873,

4.4.4.2 computeStructure — abelian group structure

computeStructure(self) — tuple
AR7 —RUEEZETHE T 5,

B L self G~ @ < hi > T [(h, ord(h1)),o.(hn, ord(hy))| & #G BT

HNE =T OBEELZEFO=2DMTH 3, ; HUIDEZREITh LDEMNEDY
ANTH2, , ¥z ZHBHOERIHOMNBTD %,

Examples

>>> G=AbelianGenerate([intresidue.IntegerResidueClass(2, 20),
. intresidue.IntegerResidueClass(6, 20)])
>>> G.relationLattice()
10 7
01
>>> G.computeStructure()
([IntegerResidueClassRing, IntegerResidueClass(2, 20), 10)], 10)
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4.5 imaginary — complex numbers and its func-
tions

ZDEY 2—)Vimaginary TIHERLITH S . T ORI FIC cnath IFAEE S 2 —
NEXBLTVD, .

e Classes

— ComplexField

— Complex

— tExponentialPowerSeries
— tAbsoluteError

— tRelativeError
e Functions

— exp
— expi
— log

— sin

— cos

— tan

— sinh
— cosh
— tanh
— atanh

— sqrt

ZDEI 22— VIEUTORNEDERS, :

e:

This constant is obsolete (Ver 1.1.0).
pi:

This constant is obsolete (Ver 1.1.0).
j:

j is the imaginary unit.
theComplexField :

theComplexField is the instance of ComplexField.
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4.5.1 ComplexField — field of complex numbers

75 RIEREB LEORTH S, ZDI T REF—D2DA AKX A theComplex-
Field 2+,
2D 7 X E Field DY 727 5 A TH 5,

Initialize (Constructor)

ComplexField() — ComplexField

BREREBERDA VARV ZA%ED, LA VAR RAEAED 72 BRWIEEE,
theComplexField.

Attributes

zero :
It expresses The additive unit 0. (read only)

one :
It expresses The multiplicative unit 1. (read only)
Operations
operator | explanation
in membership test; return whether an element is in or not.
repr return representation string.
str return string.
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Methods

4.5.1.1 createElement — create Imaginary object

createElement(self, seed: integer) — Integer
seed DEFEMA 7Y = 7 F&IKT, .

seed IIMEREDPERBE D IAATZTTIR T U0,

4.5.1.2 getCharacteristic — get characteristic

getCharacteristic(self) — integer
R~ 0 21K, .

4.5.1.3 issubring — subring test

issubring(self, aRing: Ring) — bool

DBRBIERRE EITH DR LTEENTWE2H A TN,

4.5.1.4 issuperring — superring test

issuperring(self, aRing: Ring) — bool

BERBUADPMBORZHIIRE L TEATVWERHZ TN,
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4.5.2 Complex — a complex number

Complex Y IFEBHD I FATHZ, DA VARAD OO EFi>, T%Fb
b HEBOFHEREHTDH 5,
Z D2 7 RX FieldElement D% 77 5 A TH 5,
All implemented operators in this class are delegated to complex type.

Initialize (Constructor)

Complex(re: number im: number=0 ) — Imaginary

HWREHEIES,
re FFEHTHIEHRTHIEDORV, DL re NEBRTimBEZISNTOVRWVWE, &
Bzorws 2 ThB,

Attributes

real :

BRBOFERE D 2 KT

imag :

HEBDBRE ) = £ T
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Methods

4.5.2.1 getRing — get ring object
getRing(self) — ComplexField

BEHAEDA VAR ZBRT,

4.5.2.2 arg — argument of complex

arg(self) — radian

Return the angle between the x-axis and the number in the Gaussian plane.
radian & Float 2,

4.5.2.3 conjugate — complex conjugate

conjugate(self) — Complex
H BROERIEEZDEZ IR T,

4.5.2.4 copy — copied number

copy(self) — Complex
HH5BEHDOEEIET,

4.5.2.5 inverse — complex inverse

inverse(self) — Complex

H DDV DIEEIR T,
ATTENTEDN O DL &, ZeroDivisionError ZiX 3,
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4.5.3 ExponentialPowerSeries — exponential power series

This class is obsolete (Ver 1.1.0).

4.5.4 AbsoluteError — absolute error

This class is obsolete (Ver 1.1.0).

4.5.5 RelativeError — relative error

This class is obsolete (Ver 1.1.0).

4.5.6 exp(function) — exponential value

This function is obsolete (Ver 1.1.0).

4.5.7 expi(function) — imaginary exponential value

This function is obsolete (Ver 1.1.0).

4.5.8 log(function) — logarithm
This function is obsolete (Ver 1.1.0).

4.5.9 sin(function) — sine function

This function is obsolete (Ver 1.1.0).

4.5.10 cos(function) — cosine function

This function is obsolete (Ver 1.1.0).

4.5.11 tan(function) — tangent function

This function is obsolete (Ver 1.1.0).

4.5.12 sinh(function) — hyperbolic sine function

This function is obsolete (Ver 1.1.0).

4.5.13 cosh(function) — hyperbolic cosine function

This function is obsolete (Ver 1.1.0).

4.5.14 tanh(function) — hyperbolic tangent function
This function is obsolete (Ver 1.1.0).
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4.5.15 atanh(function) — hyperbolic arc tangent function

This function is obsolete (Ver 1.1.0).

4.5.16 sqrt(function) — square root

This function is obsolete (Ver 1.1.0).
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4.6 intresidue — integer residue
intresidue module provides integer residue classes or Z/mZ.

e Classes

— IntegerResidueClass
— IntegerResidueClassRing
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4.6.1 IntegerResidueClass — integer residue class

Z D2 7 AZ CommutativeRingElement D% 727 5 A TH 3,

Initialize (Constructor)

IntegerResidueClass(representative: integer, modulus: integer)
— Integer

Create a residue class of modulus with residue representative.

modulus F1EDEEL,

Operations
operator explanation
a+b addition.
a-b subtraction.
axb multiplication.
a/b division.
ax*i,pow(a,i) | power.
-a negation.
+a make a copy.
a==b equality or not.
al= inequality or not.
repr(a) return representation string.
str(a) return string.
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Methods

4.6.1.1 getRing — get ring object
getRing(self) — IntegerResidueClassRing

B2k,

4.6.1.2 getResidue — get residue

getResidue(self) — integer
RO DEZIERT,

4.6.1.3 getModulus — get modulus

getModulus(self) — integer
RBOEZIRS, .

4.6.1.4 inverse — inverse element

inverse(self) — IntegerResidueClass
WILERO L 2O ZIE L, & 72T ValueError ZiX3,

4.6.1.5 minimumAbsolute — minimum absolute representative

minimumAbsolute(self) — Integer
2 7 ZADRER s/ N HEZ K 5,

4.6.1.6 minimumNonNegative — smallest non-negative representa-
tive

minimumNonNegative(self) — Integer

residue 7 7 AONREN R R/NOBRBOELE LIRS, 1 IOHEEFIA VTR
ZRH. BEE D AEIDOT BN,
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4.6.2 IntegerResidueClassRing — ring of integer residue

Z D7 7 A% integer residue classes DIRTH 3,
Z D7 7 A CommutativeRing DH 727 5 A TH 5,

Initialize (Constructor)

IntegerResidueClassRing(modulus: integer) — IntegerResidueClassRing

IntegerResidueClassRing DA > A& > A% 1E%, The argument modulus = m
specifies an ideal mZ.

Attributes

Zero :

MEDBIFS0%2EKT, GEGEHRALLEDA)

one

REICBIB 1 EET. GARDY ZDA)

Operations

operator | explanation
==A ring equality.
card(R) | return cardinality. See also compatibility module.
e in R return whether an element is in or not.
repr(R) | return representation string.
str(R) return string.
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Methods

4.6.2.1 createElement — create IntegerResidueClass object

createElement(self, seed: integer) — Integer
IntegerResidueClass @ seed WBIF 34 Y ARV A %IRRT, .

4.6.2.2 isfield — field test
isfield(self) — bool

b LIREBD RS2 513 Ture % X H 214U False 21X 3, Since a finite domain
is a field, other ring property tests are merely aliases of isfield; they are isdomain,
iseuclidean, isnoetherian, ispid, isufd.

4.6.2.3 getInstance — get instance of IntegerResidueClassRing

getInstance(cls, modulus: integer) — IntegerResidueClass
HEFEDRBD Y FADA VAR Y A %IRRT, THUIY TFRADFIETH %, :

IntegerResidueClassRing.getInstance(3)
to create a Z/3Z object, for example.
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4.7 lattice — Lattice

e Classes

— Lattice

— LatticeElement
e Functions

— LLL

4.7.1 Lattice — lattice

Initialize (Constructor)

Lattice( basis: RingSquareMatrix, quadraticForm: RingSquareMatrix)
— Lattice

Create Lattice object.

Attributes

basis : The basis of self lattice.

quadraticForm : The quadratic form corresponding the inner product.
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Methods

4.7.1.1 createElement — create element

createElement(self, compo: list) — LatticeElement

Create the element which has coeflicients with given compo.

4.7.1.2 bilinearForm — bilinear form

bilinearForm(self, v_1: Vector, v_2: Vector ) — integer

Return the inner product of v; and v, with quadraticForm.

4.7.1.3 isCyclic — Check whether cyclic lattice or not

isCyclic(self) — bool

Check whether self lattice is a cyclic lattice or not.

4.7.1.4 isIldeal — Check whether ideal lattice or not
isIdeal(self) — bool

Check whether self lattice is an ideal lattice or not.
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4.7.2 LatticeElement — element of lattice

Initialize (Constructor)
LatticeElement( lattice: Lattice, compo: list, ) — LatticeElement
Create LatticeElement object.

Elements of lattices are represented as linear combinations of basis. The class
inherits Matrix. Then, intances are regarded as n x 1 matrix whose coefficients
consist of compo, where n is the dimension of lattice.

lattice is an instance of Lattice object. compo is coeeficients list of basis.

Attributes

lattice : the lattice which includes self
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Methods

4.7.2.1 getLattice — Find lattice belongs to

getLattice(self) — Lattice

Obtain the Lattice object corresponding to self.
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4.7.3 LLL(function) — LLL reduction

LLL(M: RingSquareMatrix) — L: RingSquareMatrix, T: RingSquareMatrix

Return LLL-reduced basis for the given basis M.

The output L is the LLL-reduced basis. T is the transportation matrix from
the original basis to the LLL-reduced basis.

Examples

>>> M=mat.Matrix(3,3,[1,0,12,0,1,26,0,0,13]);
>>> lat.LLL(M);
(rf1, o, ol+fo, 1, ol+fo, o, 131, [1, 0, -12]+[0, 1, -26]+[0, O, 11)
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4.8 matrix — 175

e Classes

Matrix
SquareMatrix
RingMatrix
RingSquareMatrix
FieldMatrix
FieldSquareMatrix
MatrixRing
Subspace

e Functions

createMatrix
identityMatrix
unitMatrix

zeroMatrix

matrix B 2 —IZd WL O DHIN Y 5 2035 5.

MatrixSizeError :

ANENTATHND Y A XHFJEL T\ 5 & .

VectorsNotIndependent : Fl-X27 b L3 —JHA TR & .

Nolnverselmage :

WHEDFEE LN 2 & 2.

Nolnverse : # DfTHID R TINZ & ZHiE.
ZDED 2a—VIEUTDORAL THFES Z B TES:

compo

: compo [ ET D N2 DA TRIFIUI R 0.

o [1,2]+]3,4]+[5,6] D & 5 7aE#AE S NTATD Y X b

o [[1,2], [3,4], [5,6]] DX SHBATOV A DY R }.

o /(1,8 5), (2 4, 6)]DEIBFADEFALDY A b

e [vector. Vector([1, 3, 5]) , vector.Vector([2, 4, 6])] D & 5 KX D%

LWIIRZ LD Y R b,

INSDENITRNTUUTDITHNIERL TNV A:

1
3
)

S =N
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4.8.1 Matrix — 175

Initialize (Constructor)

Matrix(row: integer, column: integer, compo: compo=0, coeff_ring:
CommutativeRing=0)
— Matrix

FLWTINA 7Y = 7 b ZAFR.

T ZOERENTA TV =7 MZEBINICEED 7 7 RZRITHERE 7 5 AD S
HLED—DIZZE X %: RingMatrix, RingSquareMatrix, FieldMatrix, Field-
SquareMatrix.

AN1F 2 7900 A R RBIRZFAXBENCEHH DY 7 AR HRE. row &
column IXB# coeff ring I¥ Ring DA ¥ A X ¥ A TRIFNIEM 572, compo
WZOWTDIEHRIX compo #S M. compo ZEMET 2L, ETCODYANTH 3
LAIREING.

THENZATEH IOV A MEILITOMD

e Matrix(row, column, compo, coeff ring)
— 571 compo, fREER I coeff ring T®H % rowx column DT

e Matrix(row, column, compo)

— X533 compo T®H % rowx column D174 (FREFRIE BENNICTRE).

e Matrix(row, column, coeff ring)
— [REERDY coeff _ring TH % row x column DF T (FRTDRE coeff _ring
ko).

e Matrix(row, column)
— FREURII Integer, TRXTDOHDIE 0 TH % rowx column D74,

Attributes

row : {T5DITEL

column : 175 DFIEL.
coeff ring : 17| DREIR.

compo : {THIDRST.

148



operator explanation
M==N MENDFELWHZ D TRVDIIRT.
M[i, j] THIM D i f7H jHIHDOT 2R T
M[i] 7HIM D 1 FHDHIRZ L ZiR T
MIi, jl=c | fTAIM D i1TH jHIHOMTZ c IKTEEIRZ 5.
M[jl=c THIM D i FHDHIRY b % c ITEEHZ 5.
c in M B3 ¢ DITHIMIZ A > TWE0nE SRS .
repr (M) 1751 M @ repr XFHN IR T
XFEFNIATRZ bADY R b OEFEY R P ERL TV,

str(M) 75 M D string XFH| %R T .

Operations

Examples

>>> A = matrix.Matrix(2, 3, [1,0,0]+[0,0,0])
>>> A.__class__.__name__

’RingMatrix’

>>> B = matrix.Matrix(2, 3, [1,0,0,0,0,0])
>>> A ==

True

>>> B[1, 1] =0

>>> A =B

True

>>> B ==

True

>>> A1, 1]

1

>>> print (repr(4))

(1, 0, ol+[0, O, 0]

>>> print(str(A))

100

000
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Methods

4.8.1.1 map — FER7ICEAKZER

map(self, function: function) — Matrix
BRLI7IT function Z#H L 74751213,

tmap BAEIIFHAAABIETH % map DFLITH 5.

4.8.1.2 reduce — DR LE#H%ZER

reduce(self, function: function, initializer: RingElement—=None)
— RingFElement

FE LD HATIC function Z#E DK LEHT 2. 2SI D /LN H—DEZ
By

freduce PAEIIHH AIAABIELT B % reduce DFTH 5.

4.8.1.3 copy — AE—1EM

copy(self) — Matriz
self DA —Z21EKT 5.

T ZOBRIT K o TIER S NL7ATHNE self &5 LWTHINTED, A Y AKX R L
TIFFEL VDI TR,

4.8.1.4 set — RO %EHRTE

set(self, compo: compo) — (None)
compo ¥ LT compo DY R b ZFIE.

compo & compo DJERTRITIUIIR SR,
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4.8.1.5 setRow — m {THICITRNY FILZHRE
setRow (self, m: integer, arg: list/Vector) — (None)

Y2+ %7213 Vector TH % arg # mfTHE L THRE.

arg D XX self.column ¥ F L  RiFHUuEiz 540,

4.8.1.6 setColumn — n FIBIZFIRY MILERTE

setColumn(self, n: integer, arg: list/Vector) — (None)
Y2 b EE Vector TH 2 arg & n¥|HE L THRE.

arg DR X self.row EF L < RITFAUITZ S0,

4.8.1.7 getRow — i {THDIINY MILZRT

getRow(self, i: integer) — Vector
self DT i ITHZIET.

ZORBIBI (Vector DA YRRV RATHZ) TR MLVEIRT.

4.8.1.8 getColumn — jFIHDFIRY FILZRT

getColumn(self, j: integer) — Vector
self DA T jHIHZIRT.

Z DBIEIE (Vector DA Y ARV ATH %) IR bLEIRT.

4.8.1.9 swapRow — ZDDI{TRY kL &E3H:

swapRow (self, m1: integer, m2: integer) — (None)

self D ml {THDITARZ bv e m2 {THDITRZ b L% 5H.
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4.8.1.10 swapColumn — Z2D®DFRY ~IL &I

swapColumn(self, nl: integer, n2: integer) — (None)

self D nl FIHDHIRZ koL ¥ n2 FIHDHIR 7 + L% 334,

4.8.1.11 insertRow — {IRZ FILZHEA

insertRow(self, i: integer, arg: list/Vector/Matrix)
— (Nomne)

fIR7 v arg % i 1TH row I8 A.

arg 13V A I, Vector £7z1F Matrix TRIFAUIRZR SR V. ZOEX (FZ
column) |3 self DFDRI L HFEL L TEHRNEITDH 5.

4.8.1.12 insertColumn — F~RZ ~ILIEA

insertColumn(self, j: integer, arg: list/Vector/Matriz)
— (Nomne)

BIXZ bV arg % j FIH column IZHA.

arg 1¥,Vector £721% Matrix DY X P TRIFNIR SRV, ZORE (£721F
row) 3 self DITORI LF LT EIRNETH 5.

4.8.1.13 extendRow — {IRY kL% {5k
extendRow(self, arg: list/Vector/Matriz) — (None)

self IZAFR2 P L arg Z4E S (BEHINC).

Z ORI self ODBRBEDITRY FILDORIT arg ZHiliE. D% D extendRow(arg)
I insertRow(self.row+1, arg) & [F L.

arg ¥, Vector ¥£721% Matrix ® U A b TRIFNUUIR LR V. ZORE (F1d
column)self DHNEHEL L THRNETH 5.

4.8.1.14 extendColumn — FINZT b)L%Z Rk
extendColumn(self, arg: list/Vector/Matrix) — (None)

self IZHIR T bov arg ZftE (KEAFAND).
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Z OBBIE self DRBEDHINT bILDRIT arg FEE. D F D extendCol-
umn(arg) (& (self.column-+1, arg) & [F .

arg l¥ Vector £7z21% Matrix O Y X F TR R SRV, ZORE (£721F
row) |3 self DITEHEL L TEIRETDH 5.

4.8.1.15 deleteRow — {TRY ~ILZHIBR
deleteRow(self, i: integer) — (None)

1 1THDOITRZ PV ZHIFR.

4.8.1.16 deleteColumn — 5|7 ~ILZHIFR
deleteColumn(self, j: integer) — (None)

j SIHDFIRZ Lz HIFR.

4.8.1.17 transpose — ERE{T5

transpose(self) — Matrixz

self DIAEITH 2R T .

4.8.1.18 getBlock — 70w 7175
getBlock(self, i: integer, j: integer, row: integer, column: inte-

ger=None)
— Matrix

(i, j) 537 5 D rowx column 1751 %K 5.
b L column 23EME X472 5 column & row L [F CEHE AT .

4.8.1.19 subMatrix — 24175

subMatrix(self, I: integer, J: integerNone) — Matriz
subMatrix(self, I: list, J: list=None) — Matrix

CORBIZZODOEKRLDH 5.
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o I ¥ JIXEHK
15H Y JITHZHIFR L 728801750 %R 3.

e I X JIFVRD:
FIT AT J THEE SNz self DRI 70 DS N7 E T8 2R S

HLIZEWTZ2L IR ILRICMEE AT,

Examples

>>>
>>>
(1,
>>>

A = matrix.Matrix(2, 3, [1,2,3]+[4,5,6])
A

2, 3]+[4, 5, 6]

A .map (complex)

[(1+0j), (2+0j), (3+0j)1+[(4+0j), (5+0j), (6+0j)]

>>>
6

>>>
>>>
(4,
>>>
>>>
4,
>>>
>>>
(1,
>>>
4,

A.reduce(max)

A.swapRow (1, 2)

A

5, 6]+[1, 2, 3]
A.extendColumn([-2, -1])
A

5, 6, -21+[1, 2, 3, -1]

B = matrix.Matrix(3, 3, [1,2,3]+[4,5,6]1+([7,8,9])
B.subMatrix(2, 3)

21+[7, 8]

B.subMatrix([2, 3], [1, 2])

51+[7, 8]
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4.8.2 SquareMatrix — IE/F17%5

Initialize (Constructor)

SquareMatrix(row: integer, column: integer—=0, compo: compo=0,
coeff_ring: CommutativeRing=0)
— SquareMatriz

HrLWIEATIA 7Y =7+ Z2ERR.

SquareMatrix & Matrix D% 727 7 A, + ZOERIN/I2A TP =7 MEHE
FICEE D7 5 2B RICHBRSE 75 ZAOND U EDICEZ %: RingMatrix,
RingSquareMatrix, FieldMatrix, FieldSquareMatrix.

ANT 21790 H 4 ZeFBIRZFANS Z eIk ) BEINICZED Z 5 A%
5E. row & column {3¥# coeff ring I& Ring D4 ¥ A X ¥V A TRITFIUIR S 7%
V. compo IZBF 2 TEHIE compo ZZ M. compo ZEMET 2L, £ETODV R
NTHBEAHRBRENS.

FHE N B AN L IADY 2 ML T oD

e Matrix(row, compo, coeff ring)
— %57& compo, REFRIZX coeff ring d row RIE 175

e Matrix(row, compo)

— FME compo D (FREERIZ B EIIICIE )row KIE 5175

e Matrix(row, coeff ring)
— FREIRIZ coeff _ring D (TRTDOMDE coeff ring ED 0.)row KIEFH
1151

e Matrix(row)
- (FREFRIEE. T~ TORINE 0.)row RIE 175

tMatrix & U THIHILT % 253, ZDHE column X row & [F U TRIFIUIR S
200,
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Methods

4.8.2.1 isUpperTriangularMatrix — E=&{T5Hh ¥ S5h

isUpperTriangularMatrix(self) — True/False

self 23 E=F1T5 & 5 2R d.

4.8.2.2 isLowerTriangularMatrix — FT=8175H 5 H
isLowerTriangularMatrix(self) — True/False

self W T =ATHIrE 5 iR 7.

4.8.2.3 isDiagonalMatrix — ¥&1T5HE S5 H

isDiagonalMatrix(self) — True/False

self 23 AITHID ¥ 5 iR T .

4.8.2.4 isScalarMatrix — A7 —175Hh L 5hH
isScalarMatrix(self) — True/False

self WA D 7 —1TH» ¥ 5 iR .

4.8.2.5 isSymmetricMatrix — M#{TIHE S H

isSymmetricMatrix(self) — True/False

self 23 FMTHID &5 iR T .

Examples

>>> A = matrix.SquareMatrix(3, [1,2,3]+[0,5,6]+[0,0,9])
>>> A.isUpperTriangularMatrix()
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True

>>> B = matrix.SquareMatrix(3, [1,0,0]+[0,-2,0]1+[0,0,7])
>>> B.isDiagonalMatrix()
True
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4.8.3 RingMatrix — A HRICE T 35175

RingMatrix(row: integer, column: integer, compo: compo—=0, coeff_ring:
CommutativeRing=0)

— RingMatriz

U WREDSERITE 3 2175 2 /E K.

RingMatrix i Matrix O3 727 5 . FIHALICEE S 2 [E#RIE Matrix Z 2.

Operations

operator | explanation

M+N M & NDITHOMZIRT.

M-N ME NDITHDELRT.

M*N M & N DITHDEEIR T NIZTHI, X7 bV EEAD T —TRiFEZ S50
M % d M%dTE-=RD2EKT. did0 TRWEKRTRITUIZ S V.

-M BN DTS EEZ 27 ThH 755K T.

+M MDA —%iR7.

Examples

>>> A = matrix.Matrix(2, 3, [1,2,3]+[4,5,6])
>>> B = matrix.Matrix(2, 3, [7,8,9]+[0,-1,-2])

>>> A + B
(8, 10, 12]+[4, 4, 4]
>>> A - B

[-6, -6, -6]+[4, 6, 8]

>>> A * B.transpose()

[50, -8]+[122, -1T7]

>>> -B * vector.Vector([1, -1, 0])
Vector([1, -11)

>>> 2 x A

[2, 4, 6]1+[8, 10, 12]

>>> B % 3

(1, 2, 01+[0, 2, 1]
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Methods

4.8.3.1 getCoefficientRing — REIRZRY

getCoefficientRing(self) — CommutativeRing
self DFREIRZIR T .

ZDXY v Rk self DETDMIT ZFN, coeff _ring & IE U WRETERICEE.

4.8.3.2 toFieldMatrix — fR¥UIRY L TIHZRTE
toFieldMatrix(self) — (None)

TAND 7 5 22 AREIRDBE D BIR ORI 5 & 51T FieldMatrix ¥ 7213
FieldSquareMatrix IZZ£ % 5.

4.8.3.3 toSubspace — N7 MILERE L TAHRTY

toSubspace(self, isbasis: True/False=None) — (None)

THND 7 5 2R ARBERDBE D BIH D ERIC 2 5 K 51T Subspace ICE X 5.

4.8.3.4 hermiteNormalForm (HNF) — Hermite 1IERHZ

hermiteNormalForm(self) — RingMatriz
HNF (self) — RingMatrix

E=A1THITH % Hermite IEMTE (HNF) iR 3.

4.8.3.5 exthermiteNormalForm (extHNF) — 5k Hermite 1IEFRAZ 77 )L
dUZRXL

exthermiteNormalForm(self) — (RingSquareMatriz, RingMatriz)
extHNF (self) — (RingSquareMatriz, RingMatriz)

Hermite IEMIE M & self -U=M &/ 3 U 2R 7.
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Z DE#NE RingSquareMatrix D4 Y XA X > A TH 3 U £ RingMatrix D
A VARV ATHIZMDRTINVTHS (U, M) ZiRT,.

4.8.3.6 kernelAsModule — Z & & L TO#
kernelAsModule(self) — RingMatrix

ZnEEe LToKEIRT.

ZDORELE kernel DEWIMEY L TRENZZNZNDHEIZEETH 2 LW
S2Z¢k.

Examples

>>> A = matrix.Matrix(3, 4, [1,2,3,4,5,6,7,8,9,-1,-2,-3])
>>> print (A.hermiteNormalForm())

0 36 29 28

0 0 1 O

0O 0 0 1

>>> U, M = A.hermiteNormalForm()
>>> A x U ==

True

>>> B = matrix.Matrix(1, 2, [2, 1])
>>> print (B.kernelAsModule())

1

-2
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4.8.4 RingSquareMatrix — FRADIRICE T BIEH TS

RingSquareMatrix(row: integer, column: integer—=0, compo: compo=0,
coeff_ring: CommutativeRing=0)
— RingMatriz

FRBERDBTIE T 2 8 L WIEST T8 2 (R,

RingSquareMatrixRingMatrix & SquareMatrix ¥ 727 7 X. HIHHEIZEE
3 5 EHIE SquareMatrix % 2.

Operations

operator | explanation
MxxC ITHIM D c FZIKT.

Examples

>>> A = matrix.RingSquareMatrix(3, [1,2,3]1+[4,5,6]1+[7,8,9])
>>> A k% 2
[30, 36, 42]+[66, 81, 96]+[102, 126, 150]
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Methods
4.8.4.1 getRing — {THDEZIRT
getRing(self) — MatrizRing
self DFfJE 3 % MatrixRing %iR3 .
4.8.4.2 isOrthogonalMatrix — BERX{T5IHE S5 H

isOrthogonalMatrix(self) — True/False

self MEATHNNE 5 R .

4.8.4.3 isAlternatingMatrix (isAntiSymmetricMatrix, isSkewSymmet-
ricMatrix) — X77HES5H

isAlternatingMatrix(self) — True/False

self 3RARATHID &5 iR T .

4.8.4.4 isSingular — $ET5HE S H
isSingular(self) — True/False
self HIRFERITHNDE S HiR T .
C DRERUZ self 25 0 22 &5 H S 2TF 5. IERIFTAIDY B BIRIZHATH 2 45D

DI TRERVE WS 28 IHEE; WTHIDFET 208 5 2 OWEIIARBERITK
755,

4.8.4.5 trace— FL—2X

trace(self) — RingElement

self D P L —A%IRT.
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4.8.4.6 determinant — 175

determinant(self) — RingFElement

self DITAIAZIR T .

4.8.4.7 cofactor — REF

cofactor(self, i: integer, j: integer) — RingElement

(i, j) ORAEFZIET.

4.8.4.8 commutator — 3XHEF

commutator(self, N: RingSquareMatriz element) — RingSquareMatrix
self ¥ N DT %R T
[M, N] e RiZENZ ML NOZHEFIZM, N =MN - NM L ERIN 5.

4.8.4.9 characteristicMatrix — $¥1%£175

characteristicMatrix(self) — RingSquareMatriz

self DFRFEATHIZIR S

4.8.4.10 adjugateMatrix — FEE1TS

adjugateMatrix(self) — RingSquareMatrix
self DFEFEATHIZ IR T .

M3 2 BEFEATHNEEALATE B 2R L MN = NM = (detM)E & 7% 51751 N.
4.8.4.11 cofactorMatrix (cofactors) — REF1T7!

cofactorMatrix(self) — RingSquareMatrix

cofactors(self) — RingSquareMatriz
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self DRKETFATH %R T .

MISKHT 2 RETATINE M D (i, §) ROD (i, ) RETCH 2. RKETFT
BINEREREATI DI L [ L.

4.8.4.12 smithNormalForm (SNF, elementary divisor) — Smith IER
72 (SNF)

smithNormalForm(self) — RingSquareMatriz

SNF (self) — RingSquareMatrix

elementary divisor(self) — RingSquareMatrix
self IZX 3% Smith IEFE (SNF) Ot AK 7DV R b %R T.

Z OBRIL self WIERFRITHITHZ e ZEL TV,

4.8.4.13 extsmithNormalForm (extSNF) — Smith IEfi#Z (SNF)

extsmithNormalForm(self) — (RingSquareMatrixz, RingSquareMatriz, RingSquareMatrix)
extSNF(self) — RingSquareMatriz, RingSquareMatriz, RingSquareMatriz)

self IZF3 % Smith IEMETHZ M L U-self -V=MZii/=3 UV ERT,.

Examples

>>> A = matrix.RingSquareMatrix(3, [3,-5,8]+[-9,2,71+[6,1,-4])
>>> A.trace()

1

>>> A.determinant ()

-243

>>> B = matrix.RingSquareMatrix(3, [87,38,80]+[13,6,12]+[65,28,60])
>>> U, V, M = B.extsmithNormalForm()

>>> U * B x V ==

True

>>> print (M)

400

020

001

>>> B.smithNormalForm()

[4, 2, 1]

164



4.8.5 FieldMatrix — FRSHMEICE T 175

FieldMatrix(row: integer, column: integer, compo: compo—=0, coeff_ring:
CommutativeRing=0)
— RingMatriz

FRBUERDIERITIE 3 2 8T LW THI 2 1R R

FieldMatrix (& RingMatrix O3 727 5 A. #IHALIZBE§ 2 EHRIE Matrix %

73
ZHA.

Operations

operator | explanation
M/d M%ZdTH - ZRZIRT.dIZRAD T —.
M//d M%ZdTH-/RIZIRT .dIZRAA T —.

Examples

>>> A = matrix.FieldMatrix(3, 3, [1,2,3,4,5,6,7,8,9])
>>> A / 210

1/210 1/105 1/70

2/105 1/42 1/35

1/30 4/105 3/70
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Methods

4.8.5.1 kernel — #&%
kernel(self) — FieldMatrix

self D %R .
HINIFNR T P AP DORE Y 72 - T\ 3173,
Z DEABUIEDITFETE L 72 F 4UE None 1R 3.

4.8.5.2 image — f§
image(self) — FieldMatrix
self D& %2R
HINIFIRT P AHBDILE L 72 o T 51751
Z DBEBUIMHTEALE L 7213 UX None %R 5

4.8.5.3 rank — E#

rank(self) — integer

self DFEEEIRT .

4.8.5.4 inverselmage — Fff: —RAERDEEAR

inverselmage(self, V: Vector/RingMatriz) — RingMatriz
self IZX % VO %R T

COREE self - X =V EeELVW—RAD—DD@EZIKET.

4.8.5.5 solve — —RAEXDER
solve(self, B: Vector/RingMatriz) — (RingMatriz, RingMatriz)

self - X =B %Zfi#<.

Z D BERUIFIRAE sol & self O &E1THIE LTRY. b LINHRMEDAE 2w
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%3 inverselmage % f# .

4.8.5.6 columnEchelonForm — %P&EZ1T5

columnEchelonForm(self) — RingMatriz

FIHRIRE B TH 23R 5.

Examples

>>> A = matrix.FieldMatrix(2, 3, [1,2,3]+[4,5,6])
>>> print(A.kernel)
1/1
-2/1
1
>>> print(A.image())

>>> C matrix.FieldMatrix (4, 3, [1,2,3]+[4,5,6]+[7,8,9]+[-1,-2,-3])
>>> D = matrix.FieldMatrix(4, 2, [1,0]1+[7,6]1+[13,12]+[-1,0])
>>> print(C.inverseImage (D))
3/1 4/1
-1/1 -2/1
0/1 0/1
>>> sol, ker = C.solve(D)
>>> C * (sol + ker[0]) ==
True
>>> AA = matrix.FieldMatrix(3, 3, [1,2,3]1+[4,5,6]1+[7,8,9]1)
>>> print (AA.columnEchelonForm())
0/1 2/1 -1/1
0/1 1/1 0/1
0/1 0/1 1/1
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4.8.6 FieldSquareMatrix — A HMEICE T B IEHITI

FieldSquareMatrix(row: integer, column: integer=0, compo: compo=0,
coeff_ring: CommutativeRing=0)
— FieldSquareMatrix

RBOERPRICIE S 28 L WIE1THI 2R T
FieldSquareMatrix l& FieldMatrix ¥ SquareMatrix D% 727 5 X TF.
tdeterminant BB A —N—F 4 FEIN TV T ,determinant ¥ 138 % 2 7L

IV AL EHWTWS; 2O triangulate 225X 5. FIHHKICEE S %
1H#HIE SquareMatrix % £ [&.
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Methods

4.8.6.1 triangulate - TTEXZEFICL 2 =A1t
triangulate(self) — FieldSquareMatriz

THAZVIC L o TR N2 E=A1T421K 7.

4.8.6.2 inverse - ¥1T5

inverse(self V: Vector/RingMatriz—=None) — FieldSquareMatrix
self DWATHNZIRT. VG2 oMb sel f~1V ZiRT.

T b LWTHIMNTEE L2 1 T Nolnverse %3R3

4.8.6.3 hessenbergForm - Hessenberg 175l

hessenbergForm(self) — FieldSquareMatrix

self @ Hessenberg 741 % 1R 3 .

4.8.6.4 LUDecomposition - LU 53fi#

LUDecomposition(self) — (FieldSquareMatriz, FieldSquareMatrix)

self == LU Ziii7z 3 F=MA1THI L & L=A1T4 U 2K 7.
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4.8.7 tMatrixRing — 175D

MatrixRing(size: integer, scalars: CommutativeRing)
— MatrixRing

size ¥ {REIR scalars 5 % 51728 L WTHID R % TERK.

MatrixRing i& Ring ¥ 77 7 .
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Methods

4.8.7.1 unitMatrix - B{I{75

unitMatrix(self) — RingSquareMatriz

BNATAI 2R

4.8.7.2 zeroMatrix - E175

zeroMatrix(self) — RingSquareMatrix

TR

Examples

>>> M = matrix.MatrixRing(3, rational.theIntegerRing)
>>> print (M)

M_3(2)

>>> M.unitMatrix()

[1, 0, 0]+[0, 1, O]+[0, O, 1]

>>> M.zero

[0, 0, 0]1+[0, O, 0l+[0, 0O, O]
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4.8.7.3 getInstance(class function) - ¥ vy adhlcA VA E 2 A%IRT

getInstance(cls, size: integer, scalars: CommutativeRing)
— RingSquareMatriz

H.Z btz size & A AT — DB T % MatrixRing D4 ¥ A X ¥ A %R .

THUEDORDDICZDX Y v FRFESI XV v M, FIRD7ZDH AV v Fick->T
ERE NI YRR AR F vy P2 XhEAHINS Z212H 3.

Examples

>>> print(MatrixRing.getInstance(3, rational.theIntegerRing))
M_3(2Z)
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4.8.8 Subspace — BRRTAR Y M ILZEREDERSTZE R

Subspace(row: integer, column: integer=0, compo: compo=0, coeff_ring:
CommutativeRing=0, isbasis: True/False=None)
— Subspace

WL ODDERRITRZ FIVZERTDHT LR 221 % 1ERK.

Subspace I& FieldMatrix %727 5 .
TGRS § 2 1EHUE Matrix 2508, #9ZZ0E self DFIXZ b IZERSRS
e R R

isbasis 3 True 72 &, FIN 27 b UG —KIHAL & RIE.

Attributes

isbasis FIXZ PP —TMZOWEZRT. b LERT MU OEER K¢
I¥ isbasis 1% True, Z 9 T3 UL False.
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Methods

4.8.8.1 issubspace - B3R EMRHESH

Subspace(self, other: Subspace) — True/False

% L other DERIIZEM T HAUL True, Z 5 THIFHUZL False 2R T

4.8.8.2 toBasis - EE%Z#R
toBasis(self) — (None)

BIRT PADRREEZRT LD I self #EHXEL, ZD isbasis & True I3 5.

Z DB isbasis 233 TIZ True 72 SR D LW,

4.8.8.3 supplementBasis - RAMEEICT S

supplementBasis(self) — Subspace

self ICHEZ 5T L7z 2 812 X 2 AT 2R § .

4.8.8.4 sumOfSubspaces - B ZEE D

sumOfSubspaces(self, other: Subspace) — Subspace

ZO DRI ZER OIS DI Z T D1THI 2R T

4.8.8.5 intersectionOfSubspaces - B} ZER D ILBERS

intersectionOfSubspaces(self, other: Subspace) — Subspace

Z O DERIIZER DB ER T DEEER & B DT R R T
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Examples

>>> A = matrix.Subspace(4, 3, [1,2,3]+[4,5,6]1+[7,8,91+[10,11,12])
>>> A.toBasis()
>>> print(A)

1 2

4 5

7 8

10 11
>>> B = matrix.Subspace(3, 2, [1,2]+[3,4]1+[5,7])
>>> print(B.supplementBasis())

120

= matrix.Subspace(4, 1, [1,2,3,4])
matrix.Subspace(4, 2, [2,-4]1+[4,-3]+[6,-2]+[8,-1]1)
>>> print(C.intersectionOfSubspaces (D))

\4

\

\
Qe+~ o

|
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4.8.8.6 fromMatrix(class function) - E853ZEfE % (ERL

fromMatrix(cls, mat: FieldMatriz, isbasis: True/False=None)
— Subspace

7 Z AH Matrix DY 727 5 A2 D 1F21T5ID A > AKX > X mat %> 5 Subspace
DA VAR Y AR,

Subspace D4 Y A X Y ABNELWEHEIXZ DX Y v FEHH.
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4.8.9 createMatrix|function] — 1> X% > X & {ERk

createMatrix(row: integer, column: integer=0, compo: compo=0,
coeff_ring: CommutativeRing=None)
— RingMatrix

RingMatrix, RingSquareMatrix, FieldMatrix % 7-!3 FieldSquareMa-
trix DA Y AR ¥ R RE.

AT 2 79DV A e FRBIRZHNSZ Z Ik ) HEINICEED Y 5 A%
g, WIHALICEE 3 2 (BHE Matrix % 721% SquareMatrix 8.

4.8.10 identityMatrix(unitMatrix)[function] — BE{ii{75

identityMatrix(size: integer, coeff: CommutativeR-
ing/CommutativeRingElement=None)
— RingMatrix

unitMatrix(size: integer, coeff: CommutativeR-
ing/CommutativeRingElement=None)
— RingMatrix

size RITD HBNATH %R T .

coeff IZ& D, BEH L7251 T < coeff IC& D IRE INTARBIR ETHITH %R E
KT B eHTES.

coeff IX Ring D4 Y A X ¥ R, 7213 T 2 AT TR IFI R S 720,

4.8.11 zeroMatrix|[function| — F{75

zeroMatrix(row: integer, column: 0=, coeff: CommutativeR-
ing/Commutative RingElement=None)
— RingMatrix

row x column ZFTH| %IRRT .

coeff IZ& D, BE 7213 T2 < coeff 12X D HE I N-REIR L TH1T5 2 /E
RTBZEeNTES.

coeff I& Ring DA Y A &Z VR, £/EANCE T 2 BATTRITIER S .
column %= &M L7z 5 column & row 2R U TREXNS.

Examples
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>>> M = matrix.createMatrix(3, [1,2,3]1+[4,5,6]1+([7,8,9])
>>> print (M)

123

456

789

>>> 0 = matrix.zeroMatrix(2, 3, imaginary.ComplexField())
>>> print(0)

0+ 0j0+0j0+0j

0+0j0+0j0+0j
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4.9 module — HNF [C& 2 M& /177

e Classes

— Submodule
— Module
— Ideal

— Ideal with generator
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4.9.1 Submodule — {T5IFRIF L L TOEEINEF

Initialize (Constructor)

Submodule(row: integer, column: integer, compo: compo=0, coeff_ring:
CommutativeRing=0, ishnf: True/False=None)
— Submodule

ITHNRILTH L \NE D IRE 2 AR AR

Submodule 1 RingMatrix D% 72 7 X.
coeff_ring |3 PID(HIHA 77 VEIHR) LRGE. Z DRATINSHIGT 2 HNF (Hermite
IERE) 215 5.
ishnf 2% True 72 & A 13 2175113 HNF L ARGE.

Attributes

ishnf 3 UL{1T%%% HNF 7 & ishnf i& True, Z 5 T2 F U False.
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Methods

4.9.1.1 getGenerators — MEDERTT

getGenerators(self) — list
HEE self @ (BHED) Aotz KT .

ABTCH OB RZ FALDY R+ ZIRT.

4.9.1.2 isSubmodule — SHMEEHE S H

isSubmodule(self, other: Submodule) — True/False

ERITHOREA > R &2 ¥ A3 other DERITHIREIR & True, Z 5 TR IFAUL False %
K.

4.9.1.3 isEqual — self & other A’EILMEHE S5 H
isEqual(self, other: Submodule) — True/False

T INEEA v A X > ZADNEELY LT other 2F LW S True, Z 9 TRIFIUL
False %K.

ZDXYy RHATHITRWINEEDE X T A M HEHLZIES B Lv. 17510
ZEEX 7 2 MTIFEHIC self==other Z .

4.9.1.4 isContain — other D self ICFENTWBHESH

isContains(self, other: vector. Vector) — True/False

other 78 self IZTEFNTWVWEN Y SRS .

% L other % self ® HNF ABTTO—XiEE & L TEH L W& represent element
(.
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4.9.1.5 toHNF - HNF |CZ#h
toHNF (self) — (None)

self % HNF (Hermite IEFIJE) ICZH# L ishnf 12 True ZFE.

HNF 13512 self OFER 5 2 2 DI TRV I LICHEE. (HNF 3ITERZ &
»H3.)

4.9.1.6 sumOfSubmodules - S8 MNEEDOH

sumOfSubmodules(self, other: Submodule) — Submodule

ZODERTEMOMTH 2 MEEEIRT.

4.9.1.7 intersectionOfSubmodules - S8 MNEEDILESEH

intersectionOfSubmodules(self, other: Submodule)
— Submodule

ZODEDZER DB T D 2 MEFZ IR

4.9.1.8 represent element - —XIES L L THRAZRT

represent _element(self, other: vector. Vector) — vector. Vector/False
other Z HNF EFItO—XfiG & LTRT.

other 23 self IZ& FNTWi UL False 218F. ZDXY v Fik toHNF %
MERZ L ICHE.

ZDOXYw RiX Vector DA Y ARV R L TOREEIRT.

4.9.1.9 linear combination - —RFEEZHE

linear combination(self, coeff: list) — vector. Vector
Z 128 coeft 2352 &1, (BIE) OREED—KIEEITHIET 27 MLEIRT.

coeff 1% 4 X self DF| 2 E L W RingElement DA Y AZ 2D Y R b,
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Examples

>>> A = module.Submodule(4, 3, [1,2,3]+[4,5,6]+[7,8,9]1+[10,11,12])
>>> A.toHNF()

>>> print(A)

91

61

31

01

>>> A.getGenerator

[Vector([9, 6, 3, 0]), Vector([1, 1, 1, 11)]
>>> V = vector.Vector([10,7,4,1])

>>> A.represent_element (V)

Vector([1, 11)

>>> V == A.linear_combination([1,1])

True

>>> B = module.Submodule(4, 1, [1,2,3,4])

>>> C = module.Submodule(4, 2, [2,-4]+[4,-3]1+[6,-2]+[8,-11)
>>> print(B.intersection0fSubmodules(C))

2

4

6

8
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4.9.2 fromMatrix(class function) - 353 MN8% % ER

fromMatrix(cls, mat: RingMatriz, ishnf: True/False=None)
— Submodule

7 Z AH Matrix D% 77 7 A DB BT DA > AKX > A mat 5 Sub-
module DA > 2 & ¥ R & AERK.

Submodule DA Y ZAZ Y ZAPBIELWIGEEI DX Y v REEH.
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4.9.3 Module - ¥k Loz

Initialize (Constructor)

Module(pair_mat_repr: list/matriz, number_field: al-
gfield. NumberField, base: list/matriz.SquareMatriz=None, ishnf:
bool=False)

— Module

BAE LD LWINEEA 72 = 7 b Z2AERR.

IERIARAR S NI ER 7 Z IiEE. B OFEEZ deg(number_field) & RE L
BNZ R ER
HiBE% .0 23 number _field.polynomial Of# ¥ 72 % Z[0] LOHEARN MBI OV
TOERILE LTRY.

pair_mat_repr ZRKICRTTERDENDNTHEIRETH %:

o [M, d], M ®¥% A XlF number_field DRXELT D 2BE D X TSIV F 73R 7
MDY ZNTHD dIZHE

o (M, dl, M % A4 Xl number_field DRI T H 5 BHATH], TH Y d 1%
panS3

o TOEUI number field DRET H % HHEATH.
F 72,base XRITRITERD I BEDOENDTHEINETH 5:

o # 4 Xl number_field DX TH 2 HHBD X TNV F7213X7 F DY
A b

o 4 2% number_field T 5 I RO HEKIRIOE /1751

ML base IZOWTHARET LM ¥ K&, did denominator T M & mat_ repr.
ishnf 23 True 7% & mat _repr (& HNF T® % L RE.

Attributes

mat_repr : ¥ A X number_field DX TH % Submodule M DA ¥ A&
VS

denominator : ¥¥§ d

base : %4 XX number_field T®H % 1E /5 H0 IR RAHEKATH

number _field : IIEEDEF S N7 EUA
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operator | explanation

M==N MENDPMEEL LTELLAE S 2IRT.
c in M MOBZEDODENDLD c EHFEL WV Y I iR T.

M+N MENOMBEELE LTOETEERIET.
M*N MENDATFT7AHEL LTOEEZIRTY.

N B E 723 R A 7 —TRIFAUIR 52 (number _ field DER).
M ¥ N OHGEIH T DFHE L 720 13 intersect =S8,

Mxkc A FTNVDEERZIICLIEMD c BEIKT.

repr (M) | HIBEM D repr XFH %2R T

str(M) | MIBEM D string XFH %R T.

Operations

Examples

>>> F = algfield.NumberField([2,0,1])
>>> M_1 = module.Module([matrix.RingMatrix(2,2,[1,0]+[0,2]), 2], F)
>>> M_2 = module.Module([matrix.RingMatrix(2,2,[2,0]+[0,5]), 3], F)
>>> print(M_1)
(1, ol+[o0, 21, 2)
over
([1, 0]+[0, 1], NumberField([2, 0, 11))
>>> print(M_1 + M_2)
([1, o]+[0, 2], 6)
over
([Rational(1l, 1), Rational(0, 1)]+[Rational(0, 1), Rational(1l, 1)],
NumberField([2, 0, 11))
>>> print(M_1 * 2)
(1, ol+[o, 21, 1)
over
([Rational(1l, 1), Rational(0, 1)]+[Rational(0, 1), Rational(l, 1)],
NumberField([2, 0, 1]))
>>> print(M_1 * M_2)
([2, o]+[0, 11, 6)
over
([Rational(1l, 1), Rational(0, 1)]+[Rational(0, 1), Rational(l, 1)],
NumberField([2, 0, 1]))
>>> print(M_1 ** 2)
([1, ol+[0, 21, 4
over
([Rational(l, 1), Rational(0, 1)]+[Rational(0, 1), Rational(l, 1)],
NumberField([2, 0, 11))
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Methods

4.9.3.1 toHNF - Hermite [E#RA; (HNF) (CZE#f
toHNF (self) — (None)

self mat repr % Hermite IEARE (HNF) 122542

4.9.3.2 copy - AE—%1ERk

copy(self) — Module

self ® a ¥ — Z1EK.

4.9.3.3 intersect - £ @EZPREIRT

intersect(self, other: Module) — Module

self ¥ other OHIBEE ) %R T .

4.9.3.4 issubmodule - ESMEHE S5 H
submodule(self, other: Module) — True/False

self 2% other DR MEED ¥ S5 IR T .

4.9.3.5 issupermodule - SHMEEHE S H

supermodule(self, other: Module) — True/False

other 73 self DEDINEED ¥ S DR T .

4.9.3.6 represent element - — RS LTKRY

represent _element(self, other: algfield. BasicAlgNumber)
— list/False
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other # self THEMEINZ —KIEEL L TET. b L other B self ITEHFNT
Wi o725 False X3,

self mat_repr {3 HNF TH 23 LREL TV S DI TRERVE WS T LITHERE.

other 28 self ICEENTW=HHTIZEKDO Y 2 .

4.9.3.7 change base module - EEZ#

change base module(self, other_base: list/matriz. RingSquare Matriz)
— Module

other base IZBI# L 7z self &5 L WHNEEZ IR T

other base I& base DFEHUTHES .

4.9.3.8 index - MDY X
index(self) — rational. Rational

self.base ICBH T 2 FIRBONMBEIRT. NCM %5 [M: N 2KEL,MCN
DY E[N: M ZET. M IZMEE self T N 13 self base 2RSS 2 EE.

4.9.3.9 smallest rational - BIEHE LD Z £t

smallest rational(self) — rational. Rational

TNEE self & BEBUKDIETR T D Z EBITEIRT.

Examples

>>> F = algfield.NumberField([1,0,2])

>>> M_1=module.Module([matrix.RingMatrix(2,2,[1,0]+[0,2]1), 2], F)
>>> M_2=module.Module([matrix.RingMatrix(2,2,[2,0]+[0,5]), 3], F)
>>> print(M_1.intersect(M_2))

([2, 0l+[0, 5], 1)

over

([Rational(1l, 1), Rational(0, 1)]+[Rational(0, 1), Rational(l, 1)1,
NumberField([2, 0, 11))
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>>> M_1.represent_element( F.createElement( [[2,4], 1] ) )
(4, 4]
>>> print(M_1.change_base_module( matrix.FieldSquareMatrix(2, 2, [1,0]+[0,1]1) / 2 ))
(1, ol+[0, 21, 1)
over
([Rational(l, 2), Rational(0, 1)]+[Rational(0, 1), Rational(l, 2)1],
NumberField([2, 0, 11))
>>> M_2.index()
Rational (10, 9)
>>> M_2.smallest_rational()
Rational(2, 3)
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4.9.4 Ideal - iFED1T7IL

Initialize (Constructor)

Ideal(pair_mat_repr: list/matriz, number_field: algfield. NumberField,
base: list/matriz.SquareMatrixz=None, ishnf: bool=False)
— Ideal

BEEOH L WA FT7LF 7Y 227 b BER.
A F7E Module D% 72 5 AT

Module & #JHA{t. 25| H.
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Methods

4.9.4.1 inverse — ¥TT

inverse(self) — Ideal
self DA 77 NZIRT.

ZDRXY v Fid self.number field.integer ring ZFFUHT.

4.9.4.2 issubideal — D1 T TILHE S H

issubideal(self, other: Ideal) — Ideal

self 2% other DERTA T 7N E S iR T.

4.9.4.3 issuperideal — E3HMBEEDE S H

issuperideal(self, other: Ideal) — Ideal

other 7% self DEDIEED ¥ S D3R T .

4.9.4.4 gcd — BALKIE
ged(self, other: Ideal) — Ideal

self ¥ other DA 77L& UTDRKAHIE (ged) ZiRT.

ZDX Yy RIFHHIZ self+other ZFEITT 5.

4.9.4.5 lem — SNREHR
lem(self, other: Ideal) — Ideal

AT TN LTOD self & other DF/NAREEL (Iem) iR T

ZDX Yy RIZHEHMIZ intersect ZFEOHS .
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4.9.4.6 norm — /ILL

norm(self) — rational. Rational

self D/ IV LA%ZRT.

DAY v Fid self.number _field.integer ring 2PN S

4.9.4.7 isIntegral — BT 7ILHESH

isIntegral(self) — True/False

self 2384 F 7 Lip e S HIE.

Examples

>>> M = module.Ideal([matrix.RingMatrix(2, 2, [1,0]+[0,2]), 2], F)
>>> print (M.inverse())
([-2, ol+[0, 21, 1)

over
([Rational(1l, 1), Rational(0, 1)]+[Rational(0O, 1), Rational(l, 1)],

NumberField([2, 0, 11))
>>> print(M * M.inverse())
(1, ol+[o, 11, 1)

over
([Rational(1l, 1), Rational(0, 1)]+[Rational(0, 1), Rational(l, 1)],

NumberField([2, 0, 11))
>>> M.norm()

Rational (1, 2)

>>> M.isIntegral()
False
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4.9.5 Ideal with generator - £FITIC& B 1T 7L

Initialize (Constructor)

Ideal with generator(generator: list) — Ideal with generator
ARTTIC L DGR oI LA T 7 & AER.

generator (X[ CEUA EOEMITE KT BasicAlgNumber D4 YA XV 2D
)2 L.

Attributes

generator : A 7 7 VOARIT
number_field : ERITHER S N BUE

Operations

operator | explanation

M== MENPIEEE LTEHELOLRY S IRT

c in M MOENDPOEZEDN c LZELWVLDR Y I KRT.
M+N MENDATT7NVERITE LTON%ZIRT
M*N MENDAT7VERTE LTOEZIRT
Mx*c ATFTTNVORBERICLEMND c ZBEIRT.

repr(M) | 4 77V M D repr XFHN%EIRT.
str (M) AFT7NMD str XFHN%EIRT.

Examples

>>> F = algfield.NumberField([2,0,1])

>>> M_1 = module.Ideal_with_generator ([

F.createElement([[1,0], 2]), F.createElement([[0,1], 1])

D

>>> M_2 = module.Ideal_with_generator([

F.createElement([[2,0], 3]), F.createElement([[0,5], 3])

D

>>> print (M_1)

[BasicAlgNumber ([[1, 0], 2], [2, O, 11), BasicAlgNumber([[O, 1], 1], [2, 0, 11)]
>>> print(M_1 + M_2)

[BasicAlgNumber ([[1, 0], 21, [2, O, 1]), BasicAlgNumber([[O, 1], 11, [2, 0, 11),
BasicAlgNumber ([[2, 0], 3], [2, O, 1]), BasicAlgNumber([[0, 5], 3], [2, 0, 11)]
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>>> print(M_1 * M_2)

[BasicAlgNumber([[1, 0], 3], [2, O, 1]), BasicAlgNumber([[0, 5], 6], [2, 0, 11),
BasicAlgNumber ([[0, 2], 3], [2, 0, 1]), BasicAlgNumber([[-10, 0], 3], [2, 0, 11)]
>>> print(M_1 ** 2)

[BasicAlgNumber ([[1, 0], 41, [2, O, 1]), BasicAlgNumber([[O, 1], 2], [2, O, 11),
BasicAlgNumber ([[0, 1], 2], [2, O, 1]), BasicAlgNumber([[-2, 0], 1], [2, 0, 11)]
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Methods

4.9.5.1 copy - AE—%1ERk

copy(self) — Ideal with generator

self ® a2 ¥ —Z1EmK.

4.9.5.2 to_ HNFRepresentation - HNF o 7 7 JLICZ#

to  HNFRepresentation(self) — Ideal

self %4 7 7 WIZHIG U 7z HNF (Hermite IERTE) RILICEHA.

4.9.5.3 twoElementRepresentation - —DDEHRTRKRY

twoElementRepresentation(self) — Ideal with generator
self & A4 77 WS U 7z HNF (Hermite 1IERIfE) REUCZ#L

self TR A T 7V TRIFIUE, Z2DX Y v FIZRIRI 0.

4.9.5.4 smallest rational - BIEHE LD Z £t

smallest rational(self) — rational. Rational
INEE self & AFBURDIEE DD Z Lot 2K T

DAY v Fidto HNFRepresentation ZFE-0H{ S

4.9.5.5 inverse — ¥TT

inverse(self) — Ideal
self D4 772K T.

DAY v Fidto HNFRepresentation ZF:-0H{ 9.
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4.9.5.6 norm — /IJLL

norm(self) — rational. Rational
self D/ NV L%EIRT.

DAY v Fidto HNFRepresentation Z-0H{ 3.

4.9.5.7 intersect - @D

intersect(self, other: Ideal with generator) — Ideal
self ¥ other DHEH D &K T .

DAY v Fidto HNFRepresentation ZE-0H 3.

4.9.5.8 issubideal — B} T F7ILHESH

issubideal(self, other: Ideal with generator) — Ideal
self 2% other DFTA 77 NP E S DT

DAY v Fidto HNFRepresentation ZFE-0H{ S

4.9.5.9 issuperideal — E3 1 T 7IHESH

issuperideal(self, other: Ideal with generator) — Ideal

DAY v Fidto HNFRepresentation ZFE0H S

Examples

>>> M = module.Ideal_with_generator ([
F.createElement ([[2,0], 3]), F.createElement([[0,2], 3]), F.createElement([[1,0], 31)
D
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>>> print (M.to_HNFRepresentation())

(f2, o, o, -4, 1, ol+[o, 2, 2, 0, 0, 11, 3)

over

([1, 01+[0, 1], NumberField([2, 0, 1]1))

>>> print (M.twoElementRepresentation())

[BasicAlgNumber ([[1, 0], 3], [2, O, 11), BasicAlgNumber([[3, 2], 3], [2, 0, 11)]
>>> M.norm()

Rational(1, 9)
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4.10 permute — Bt (XIF5) B+

e Classes

— Permute
— ExPermute

— PermGroup

198



4.10.1 Permute — BHEDIT

Initialize (Constructor)

Permute(value: list/tuple, key: list/tuple) — Permute
Permute(val_key: dict) — Permute

Permute(value: list/tuple, key: int=None) — Permute
[kl dobncs I VRE (%

4 VAR RAFEED” HIETIER IS, $hbh, H2EE5D (AT v 2
2P 5fe) BTDOILD Y A M TH B key &, ETOERINTZICDOV A M TH
% value & AJ7.

BEE, FCREDY A M (FREETN) TH S value & key Z AT, T
LREDEKRTOD “value” DV X b TH 3 values(), “key” DY A M TH 5 keys()
PHEOfE val key E LTANT A Z e TES. £/ key DAINTIIMHERT
END 5

e HLkey D[, 2,...,N] %5 key & AN T 2REDR.

e B L key 23 [0, 1,...,N —1] &5 key £ LTO%ZAN.

o H L key S value HIEE LTESI L2 R b 2FLITHUEL &AL
o H L key 2 value ZFEIEY LTEFIL/2V R b eFELITIUE, 1 AT

Attributes

key :
key &7

data :
tvalue DA 7 v 7 A2 DERERT.
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Operations

operator explanation

A==B A D value £ B D value, # L TA Dkey £ BD key BFELWVWDRY S IRT.
AxB GRE (bbb, BEDEBROMHEE Ao B)

A/B FRE (ThbbH,AoBY

Ax*xB EE S

A.inverse() | WJC

Alc] key D ¢ XIS L 7= value DIT

A(1st) A T 1st ZEHE

Examples

>>> pl = permute.Permute([’b’,’c’,’d’,’a’,’e’], [’a’,’b’,’c’,’d’,’e’])
>>> print(pl)

[:a:, ’b’,

’C’, ’d’, :e7] -> [’b’, ’C’, ’d’, :a7’ :e7]

>>> p2 = permute.Permute([2, 3, 0, 1, 4], 0)
>>> print (p2)

o, 1, 2,

3, 4] > [2, 3, 0, 1, 4]

>>> p3 = permute.Permute([’c’,’a’,’b’,’e’,’d’], 1)
>>> print(p3)

[:a7, ’b’,

’C’, ’d’, :e7] -> [’C’, :a7, ’b’, :e>’ ’d’]

>>> print(pl * p3)

[)a)’ )b),

)C,, )d), )e)] -> [)d)’ )b), )C,, )e7, )a)]

>>> print(p3 * pl)

[)a), 7b),

,C’, 7d), Je7:| -> [7a), 7b), 7e), ,C,, 7d7:|

>>> print(pl ** 4)

[)a7, }b’, }C’, )d)’ )e7] -> [)a7, }b’, }C’, )d)’ )e7]
>>> pl[’d’]

Y

>>> p2([0, 1, 2, 3, 4])

(2, 3, 0, 1, 4]
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Methods

4.10.1.1 setKey — key % Zi
setKey (self, key: list/tuple) — Permute
D key Z3E.

key lZ key E[RILREDY R P EEEZ T AVTRIFUIR SR,

4.10.1.2 getValue — “value” Z1§3

getValue(self) — list

self @ (data T7 < )value ZiK7.

4.10.1.3 getGroup — PermGroup %153

getGroup(self) — PermGroup

self DFiJE 3 % PermGroup %K 3.

4.10.1.4 numbering - T>TYvIREEZX3

numbering(self) — int

B D selfl ITHZED D, (BVXY v F)

IR T B DO RTTIC X 2 Im I ERITIE > TED BN D.
(n—1) XTT LD |01, 02,...,0n_2, Opn_1] DESMNIZ LT IE, n XL LD
[017 02, "'70-n7230-n717n] @%%ﬁ'”@i ka if:n;kﬁto) [017 02y ...y 0pn—2, N, o’nfl]

DFEFMFHET b+ (n—1)!, 72 2725 . (Room of Points And Lines, part 2, section
15, paragraph 2 (Japanese))

4.10.1.5 order — FTTDN

order(self) — int

oL LToMzERT.
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DXV y Rig—fkoBtOZh &b R,

4.10.1.6 ToTranspose — HIRDFEL L TKRT

ToTranspose(self) — ExPermute
self Z A#ADFETHT.

H# (37205 ZKtiE) off e L7z ExPermute DIL%iRT. AU
7u 2o A THD, ToCyclic &Y HZ L ORENL 575 5.

4.10.1.7 ToCyclic — ExPermute O TTICXIGT S
ToCyclic(self) — ExPermute

KERBOFEE LT self KT .

ExPermute ODJTHIRT. 1 ZD XY v R self Z HEWIZRRKREIERLIC 7R
5. Ko TtehehoENIATE.

4.10.1.8 sgn — B#ES
sgn(self) — int

EEED LD BB 5 ZIR T .

b L self MBERL, 37205 self ZHRBMMEOEHOBELE LTEL I TES
BE 1 2R, I RFNUR, TROLFEHRDOEE -1 KT

4.10.1.9 types — XEIBEROFR

types(self) — list

ZNZNOKEIBHOTTOREZIC L > TER I WK EBERDOE 2R T .

4.10.1.10 ToMatrix — BHa1T5
ToMatrix(self) — Matrix
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BT 2R Y.

TEHNE key WAIBT 5. b U self G 23 Gla] = b Zifi7=EX, 175D (a, b) K
ME 1 2%, ZDITI 0.

Examples

>>> p = Permute([2,3,1,5,4])
>>> p.numbering()

28

>>> p.order()

6

>>> p.ToTranspose()
[(4,5)(1,3)(1,2)1(5)
>>> p.sgn()

-1

>>> p.ToCyclic()
[(1,2,3)(4,5)1(5)

>>> p.types(O)
’(2,3)type’

>>> print(p.ToMatrix())
000

O O OO
O O O O -
= O O O
O = O O

O O O -
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4.10.2 ExPermute — #[EIFRIF L L TOELREDTT

Initialize (Constructor)

ExPermute(dim: int, value: list, key: list=None) — ExPermute
B L WIBIREE D IT 2 (AR,

A Y AR Y ZF KRB FIETIERZI NS, TROB, &X FuhikEREZ
RITXTVDV R MTH 5 value & AN, BIZIZX, (01, 02, 03,...,0%) 1F 1 X1
E{g%7 01 +» 09, O+ 03,...,0 > O01.

dim FBRBTRIINIR SRV, TRDE int £721% Integer DA Y XA X >
A. key iZ dim L[ CREDVAMTHENEZTH 5. JuhH value & LTD key
WASTWERTNLDY A M2 AT key D3 [1, 2,...,N] EWVWHERRS key &
HET 2D TEDLZLICHER. Ehkey 2 [0, 1,...,N - 1] WS ERES
key ELTOZANTEZEDTES.

Attributes
dim :
dim £ 73.

key :
key &7

data :
1A YTy 7 2Dz value DIEREFK T

Operations

operator explanation

A==B A @ value £ B D value, Z L TA Dkey & BD key BFELWRY S IRT.
A*B HRE (DL, DB Ao B)
A/B FRE (3bb,Ao B

AxxB E-E S

A.inverse() | WIT

Alc] key @D c XSS % value DIT
A(lst) 1st % A ICET %

str(h) B2 RE . simplify Z AW 5.

repr (A) #*Kad
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Examples

>>> pl = permute.ExPermute(5, [(’a’, ’b’)], [’a’,’b’,’c’,’d’,’e’])
>>> print(pl)

[()a)’ )b))] <[7a)’ Ib)’ )C)’ )d)’ )e)]>

>>> p2 = permute.ExPermute(5, [(0, 2), (3, 4, 1)1, 0)

>>> print(p2)

[¢o, 2), (1, 3, 4] <[0, 1, 2, 3, 41>

>>> p3 = permute.ExPermute(5,[(°b’,’c’)],[’a’,’b?,’c’,’d’,’e’])
>>> print(pl * p3)

[()ai, 7b7), (IbJ, ICI)] <[7a7’ 7b” 7C’, 7d7, 7e}]>

>>> print(p3 * pl)

[(’b’, ’C’), (;a:, ;b:)] <[:a;’ ’b’, ’C’, 7d’, )e:]>

>>> pl[’c’]

JC)

>>> p2([0, 1, 2, 3, 4])

[2, 4, 0, 1, 3]
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Methods

4.10.2.1 setKey — key % Zi

setKey (self, key: list) — ExPermute
D key Z3E.

key I3 dim EFICRZ DY X P TRIFIUIR SR,

4.10.2.2 getValue — “value” Z1§3

getValue(self) — list

self @ (data T7 < )value ZiK7.

4.10.2.3 getGroup — PermGroup Z1§%

getGroup(self) — PermGroup

self ’FTE 3 % PermGroup %K 7.

4.10.2.4 order — JTDORIEK

order(self) — int
BHome LToiiziRT.

ZDOXYy Fig—fkoBoZzh b dEu.

4.10.2.5 ToNormal — EEDRIF

ToNormal(self) — Permute

self # Permute DA Y AX A LTHRT.
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4.10.2.6 simplify — BfliZ &% {EH

simplify (self) — ExPermute
BUREpAS EIE 327 kg =i

1 ZD XY v RliZ ToNormal ¥ ToCyclic % {# .

4.10.2.7 sgn — BREFS

sgn(self) — int
BB OO BT S 2R T

L self BEERL S, TbbH self WMEBEOEHROEE L TEL AT
256,10 2IRT. X, T hbbHEHRLS -1 BIRT.

Examples

>>> p = permute.ExPermute(5, [(1, 2, 3), (4, 5)1)

>>> p.order()

6

>>> print(p.ToNormal())

[1, 2, 3, 4, 5] => [2, 3, 1, 5, 4]

>>> p *p

[1, 2, 3), (4, 5, (1, 2, 3), (4, 5] <I[1, 2, 3, 4, 5]>
>>> (p * p).simplify()

[(1, 3, 201 <[1, 2, 3, 4, 51>
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4.10.3 PermGroup — B8

Initialize (Constructor)

PermGroup(key: int) — PermGroup
PermGroup(key: list/tuple) — PermGroup

H LW B2 (R

il key E LTYRMZAT]. S LDHIZBIHN ZANI L7z key i1, 2,...,N]
ELTRESNS.

Attributes

key :
key &7

Operations

operator | explanation

A==B A D value ¥ B®D value, ZLTA Dkey £ BD key BFELWVDOY S IR .
card(A) | grouporder &AL

str(A) | HREZRERED

repr(A) | i

Examples

>>> pl = permute.PermGroup([’a’,’b’,’c’,’d’,’e’])
>>> print(pl)

[Ja7’JbJ’JC),)d7’7eJ]

>>> card(pl)

120
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Methods

4.10.3.1 createElement — ¥— RFH5TZERK
createElement(self, seed: list/tuple/dict) — Permute

createElement(self, seed: list) — ExPermute
self DFT L WIT & VERL.
seed 1¥ Permute ¥ 7213 ExPermute @ “value” DJE TR IFIUIR S0V

4.10.3.2 identity — BfiI5T

identity(self) — Permute
EBEDFRBIT self DHNITLEIET .

KERBOGE identity c 2.

4.10.3.3 identity ¢ — XEIRHFD T

identity c(self) — ExPermute
KERE & U CEIREFO AT Z KT .

HEDORBLDS & identity &2 {EH.

4.10.3.4 grouporder — BN

grouporder(self) — int

B LTO self Ok #E1E.

4.10.3.5 randElement — EB{EAICTTZIERN

randElement(self) — Permute

USHDRIR L U THEIESISH LW self DILETERR.
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Examples

>>> p = permute.PermGroup(5)

>>> print(p.createElement([3, 4, 5, 1, 21))
[1, 2, 3, 4, 5] -> [3, 4, 5, 1, 2]

>>> print(p.createElement ([(1, 2), (3, 4)1))
[(1, 2), (3, 4)] <[1, 2, 3, 4, 51>

>>> print(p.identity())

[1, 2, 3, 4, 5] -> [1, 2, 3, 4, 5]

>>> print(p.identity_c())

[1 <M1, 2, 3, 4, 51>

>>> p.grouporder ()

120

>>> print(p.randElement())

[1, 2, 3, 4, 5] -> [3, 4, 5, 2, 1]
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4.11 rational — B BB

rational €Y 2 —/UZ 7 7 X Rational, 77 7 X Integer, 77 7 X RationalField, %
LT 27 7 X IntegerRing & U TR & HHEEZ 124

e Classes

— Integer

— IntegerRing
— Rational

— RationalField

ZDEY 2 —VEERUTOary 7y iR T 5.

thelntegerRing :
thelntegerRing | I A HEEHIR % K T . IntegerRing DA Y A X VX,

theRationalField :
theRationalField 3Gk % F 3. RationalField D4 Y A X > X,

211



4.11.1 Integer — B

Integer (3B D 7 7 X, int’ IFRBICB VW THBERRX R VWOT, HiLnws 7
AR T BREDRD - 7z
Z D7 7 X CommutativeRingElement ¢ int D% 77 5 X,

Initialize (Constructor)

Integer(integer: integer) — Integer

Integer & 7Y = 7 bR, b LylBDEBINTH, HIZ 0 &5,
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Methods

4.11.1.1 getRing —ring A7 xI %2155

getRing(self) — IntegerRing
IntegerRing 4+ 7Y = 7 h %iR 3.

4.11.1.2 actAdditive — 2 EDMNEHEDME

actAdditive(self, other: integer) — Integer

other IZHMEMNZIERA, 755, n i& other @ n BIDMEICHERINS. FEER
LT FERL:
return sum([+other for _ in range(self)])

L2L, 22T 2EDMMEEZES .

4.11.1.3 actMultiplicative — 2 EDNEHDFTEE

actMultiplicative(self, other: integer) — Integer

other ICTIEMNICER %, $72bH5, n 13 other D n FIOTEITILKINS . &
R LTEUTERL:
return reduce(lambda x,y: x*y, [+other for

LL, 22T 2EDINEEEHES .

in range(self)])
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4.11.2 IntegerRing — BIR

BHBHEFRIINT 27 7 .
Z D7 7 Ak CommutativeRing D¥ 77 J Z.

Initialize (Constructor)

IntegerRing() — IntegerRing
IntegerRing D4 > A & > A% EK. 3 TIZ thelntegerRing 23% 5 DT, 4 > X
R Y AN S 2RED TR VH D LRI,

Attributes

Z€ero :

MRDEALIT 0 2E T . (FiAAAEH)

one

REOHNTE 1 #ET. (754 2 ATEH)

Operations

operator | explanation

x in Z | TREBEATV R LI 2RT.
repr(Z) | repr X554 %2 K3

str(z) | str XFHNZIRT.
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Methods

4.11.2.1 createElement — Integer 772 1 FZ{ER

createElement(self, seed: integer) — Integer

seed IZMF % Integer 7Y = 7 b ZAERKL.
seed I int B ¥ 7213 rational.Integer TR UFAULTZ 5720,

4.11.2.2 gecd — BALKHEK

ged(self, n: integer, m: integer) — Integer

ERACY AW RSTOL::S - (O} T FNIN - &g 4

4.11.2.3 extged — 5k GCD

extged(self, n: integer, m: integer) — Integer

RIN (u,v,d) ZiRT; ZNHIEFEZ N0 n ¥ mn OFRKONE d
E,d=nu+mv &% % u, v.

4.11.2.4 lem — RNAFEH

lem(self, n: integer, m: integer) — Integer
BZoN"o0BBORNAERZERS. SLEALD 04856, T7—0

o3

4.11.2.5 getQuotientField - BEBHG&A TV %2153
getQuotientField(self) — RationalField

BHEUA (RationalField) %K 3.

4.11.2.6 issubring — HEHLE S HFHIE

issubring(self, other: Ring) — bool

DT OERMEAIRE L TREERE BA TV 2 0.
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% L other HEHIR S, HIE True. FOMDIFED S5 —HOELBIRD
issuperring X ¥ v K DB 5 FHHEITKTE.

4.11.2.7 issuperring - SATWBHESHHIE

issuperring(self, other: Ring) — bool

BEORD S 5 —HORZE I E LTEATWV 2 0.
% L other HBIIR S, B True. ZOMODEHED S5 —HOEEIRD
issubring X ¥V v R DB} 5 FEITMKIF.
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4.11.3 Rational — BIE#
BEEDY 7 X,

Initialize (Constructor)

Rational(numerator: numbers, denominator: numbers=1)
— Integer

BHENILDIT 2 & Ak
o B
e float

e Rational.

3 L toRational XV v R23HAUX, MDA T2 27 VBTN TES. X
% 72 < 1¥ TypeError 3 Z 5.
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Methods

4.11.3.1 getRing —ring A7 xU %2155

getRing(self) — RationalField
RationalField 7> = 7 b 2K 3.

4.11.3.2 decimalString — \{%E XY

decimalString(self, N: integer) — string

NGB NHTE L7 RS

4.11.3.3 expand - EHHIC K BRI

expand(self, base: integer, limit: integer) — string

% L base DSHARE I &, 5767 base DE 4 limit /- TH S b WVEHEY
b4
X RIX (ThDB, base=0), D E & Limit TH % i d L WEHEE IR
7.
base (ZEDEHTH > Tid S,
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4.11.4 RationalField — BIE#&

RationalField 2 EHEIAD 7 7 X, ZD 7 5 R theRationalField &\ M

—DA VAR AZRD.
Z D2 7 A% QuotientField D% 727 5 X,

Initialize (Constructor)

RationalField() — RationalField

RationalField D4 > 2 & > A% {EK. §TIZ theRationalField 2% % DT, £
VAR Y ARMENT BT RV L.

Attributes

Z€ero :

IEDHAIIE 0 2K T, T7205 Rational(0, 1). (FiAAAEH)

one

SEEOMAITE | #%F, T7bb Rational(l, 1). (FEA5ALEH)

Operations

operator | explanation
x in Q | EOBENTVA0E IR,
str(Q) | str XFHNEIRT.

219



Methods

4.11.4.1 createElement — Rational 7 77 F %IRRT

createElement(self, numerator: integer or Rational, denominator: inte-
ger=1)
— Rational

Rational + 7' = 7 b Z1ERK.

4.11.4.2 classNumber — B %53

classNumber(self) — integer
HHEAORERIZ 1 2T, 1 KT,

4.11.4.3 getQuotientField - BEHEAA TSV b 2R
getQuotientField(self) — RationalField

BHEIAAL YRR A ZRT.

4.11.4.4 issubring — FREHE S HHIE

issubring(self, other: Ring) — bool

b O~ DOIRPEBNIRE U THEEAZ B ATV 2.
% L other & £ 7-FHEAR S, HIJ11E True. DFED 5 —7FF D issuperring
Ay FIZBIT 2 FEITRE.

4.11.4.5 issuperring - SATWAHE S HIE
issuperring(self, other: Ring) — bool
HHEBAED S 5 — T OREHIERE LTE2EA TV S0,

b U other d F-HHEAL S, H11E True. DFHED 5 —77 D issubring
Ay FIZBI 5 REITKT.
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4.12 real — real numbers and its functions

The module real provides arbitrary precision real numbers and their utilities.
The functions provided are corresponding to the math standard module.

e Classes

— RealField

— Real

— tConstant

— tExponentialPowerSeries
— tAbsoluteError

— tRelativeError
e Functions

— exp
— sqrt

— log

— loglpiter

— piGaussLegendre
— eContinuedFraction
— floor

— ceil

— tranc

— sin

— cos

— tan

— sinh

— cosh

— tanh

— asin

— acos

— atan

— atan2

— hypot

— pow

— degrees

— radians
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— fabs
— fmod
frexp

ldexp

— EulerTransform

This module also provides following constants:

This constant is obsolete (Ver 1.1.0).

pi:
This constant is obsolete (Ver 1.1.0).

Log?2 :
This constant is obsolete (Ver 1.1.0).

theRealField :
theRealField is the instance of RealField.
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4.12.1 RealField — field of real numbers

The class is for the field of real numbers. The class has the single instance
theRealField.
This class is a subclass of Field.

Initialize (Constructor)

RealField() — RealField

Create an instance of RealField. You may not want to create an instance,
since there is already theRealField.

Attributes

Z€ero :
It expresses the additive unit 0. (read only)

one :
It expresses the multiplicative unit 1. (read only)

Operations

operator | explanation

x in R | membership test; return whether an element is in or not.
repr(R) | return representation string.

str(R) return string.
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Methods

4.12.1.1 getCharacteristic — get characteristic

getCharacteristic(self) — integer
Return the characteristic, zero.

4.12.1.2 issubring — subring test

issubring(self, aRing: Ring) — bool

Report whether another ring contains the real field as subring.

4.12.1.3 issuperring — superring test

issuperring(self, aRing: Ring) — bool

Report whether the real field contains another ring as subring.

224



4.12.2 Real — a Real number

Real is a class of real number. This class is only for consistency for other Ring
object.

This class is a subclass of CommutativeRingElement.

All implemented operators in this class are delegated to Float type.

Initialize (Constructor)

Real(value: number) — Real

Construct a Real object.
value must be int, Float or Rational.
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Methods

4.12.2.1 getRing — get ring object
getRing(self) — RealField

Return the real field instance.
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4.12.3 Constant — real number with error correction

This class is obsolete (Ver 1.1.0).

4.12.4 ExponentialPowerSeries — exponential power series

This class is obsolete (Ver 1.1.0).

4.12.5 AbsoluteError — absolute error
This class is obsolete (Ver 1.1.0).

4.12.6 RelativeError — relative error

This class is obsolete (Ver 1.1.0).

4.12.7 exp(function) — exponential value

This function is obsolete (Ver 1.1.0).

4.12.8 sqrt(function) — square root

This function is obsolete (Ver 1.1.0).

4.12.9 log(function) — logarithm
This function is obsolete (Ver 1.1.0).

4.12.10 loglpiter(function) — iterator of log(1-+x)

loglpiter(xx: number) — iterator

Return iterator for log(1 + ).

4.12.11 piGaussLegendre(function) — pi by Gauss-Legendre
This function is obsolete (Ver 1.1.0).

4.12.12 eContinuedFraction(function) — Napier’s Constant
by continued fraction expansion

This function is obsolete (Ver 1.1.0).
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4.12.13 floor(function) — floor the number

floor(x: number) — integer

Return the biggest integer not more than x.

4.12.14 ceil(function) — ceil the number

ceil(x: number) — integer

Return the smallest integer not less than x.

4.12.15 tranc(function) — round-off the number

tranc(x: number) — integer

Return the number of rounded off x.

4.12.16 sin(function) — sine function

This function is obsolete (Ver 1.1.0).

4.12.17 cos(function) — cosine function

This function is obsolete (Ver 1.1.0).

4.12.18 tan(function) — tangent function

This function is obsolete (Ver 1.1.0).

4.12.19 sinh(function) — hyperbolic sine function
This function is obsolete (Ver 1.1.0).

4.12.20 cosh(function) — hyperbolic cosine function

This function is obsolete (Ver 1.1.0).

4.12.21 tanh(function) — hyperbolic tangent function
This function is obsolete (Ver 1.1.0).
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4.12.22 asin(function) — arc sine function

This function is obsolete (Ver 1.1.0).

4.12.23 acos(function) — arc cosine function

This function is obsolete (Ver 1.1.0).

4.12.24 atan(function) — arc tangent function

This function is obsolete (Ver 1.1.0).

4.12.25 atan2(function) — arc tangent function

This function is obsolete (Ver 1.1.0).

4.12.26 hypot(function) — Euclidean distance function
This function is obsolete (Ver 1.1.0).

4.12.27 pow(function) — power function

This function is obsolete (Ver 1.1.0).

4.12.28 degrees(function) — convert angle to degree

This function is obsolete (Ver 1.1.0).

4.12.29 radians(function) — convert angle to radian

This function is obsolete (Ver 1.1.0).

4.12.30 fabs(function) — absolute value

fabs(x: number) — number

Return absolute value of x

4.12.31 fmod(function) — modulo function over real

fmod(x: number, y: number) — number

Return = — ny, where n is the quotient of x / y, rounded towards zero to an
integer.
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4.12.32 frexp(function) — expression with base and binary
exponent

frexp(x: number) — (m,e)
Return a tuple (m,e), where x = m x 2, 1/2 < abs(m) < 1 and e is an
integer.

1This function is provided as the counter-part of math.frexp, but it might not
be useful.

4.12.33 ldexp(function) — construct number from base and
binary exponent

ldexp(x: number, i: number) — number

Return = x 2°.

4.12.34 EulerTransform(function) — iterator yields terms
of Euler transform

EulerTransform(iterator: iterator) — iterator

Return an iterator which yields terms of Euler transform of the given iterator.

230



4.13

ring — for ring object

e Classes

Ring
CommutativeRing
Field

QuotientField
RingElement
CommutativeRingElement
FieldElement
QuotientFieldElement
Ideal
ResidueClassRing
ResidueClass

CommutativeRingProperties

e Functions

getRingInstance
getRing
inverse

exact division
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4.13.1 {Ring — abstract ring

Ring is an abstract class which expresses that the derived classes are (in

mathematical meaning) rings.

Definition of ring (in mathematical meaning) is as follows: Ring is a structure
with addition and multiplication. It is an abelian group with addition, and a
monoid with multiplication. The multiplication obeys the distributive law.

This class is abstract and cannot be instantiated.

Attributes

zero additive unit

one multiplicative unit

Operations

operator

explanation

A==

Return whether M and N are equal or not.
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Methods

4.13.1.1 createElement — create an element

createElement(self, seed: (undefined)) — RingFElement
Return an element of the ring with seed.

This is an abstract method.

4.13.1.2 getCharacteristic — characteristic as ring
getCharacteristic(self) — integer

Return the characteristic of the ring.

The Characteristic of a ring is the smallest positive integer n s.t. na = 0 for

any element a of the ring, or 0 if there is no such natural number.
This is an abstract method.

4.13.1.3 issubring — check subring

issubring(self, other: RingElement) — True/False
Report whether another ring contains the ring as a subring.

This is an abstract method.

4.13.1.4 issuperring — check superring

issuperring(self, other: RingElement) — True/False
Report whether the ring is a superring of another ring.

This is an abstract method.
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4.13.1.5 getCommonSuperring — get common ring

getCommonSuperring(self, other: RingElement) — RingElement
Return common super ring of self and another ring.

This method uses issubring, issuperring.
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4.13.2 {CommutativeRing — abstract commutative ring

CommutativeRing is an abstract subclass of Ring whose multiplication is
commutative.

CommutativeRing is subclass of Ring.
There are some properties of commutative rings, algorithms should be chosen
accordingly. To express such properties, there is a class CommutativeRing-

Properties.

This class is abstract and cannot be instantiated.

Attributes

properties an instance of CommutativeRingProperties
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Methods

4.13.2.1 getQuotientField — create quotient field
getQuotientField(self) — QuotientField

Return the quotient field of the ring.

This is an abstract method.

If quotient field of self is not available, it should raise exception.

4.13.2.2 isdomain — check domain

isdomain(self) — True/False/None

Return True if the ring is actually a domain, False if not, or None if uncertain.

4.13.2.3 isnoetherian — check Noetherian domain

isnoetherian(self) — True/False/None

Return True if the ring is actually a Noetherian domain, False if not, or None
if uncertain.

4.13.2.4 isufd — check UFD
isufd(self) — True/False/None

Return True if the ring is actually a unique factorization domain (UFD), False
if not, or None if uncertain.

4.13.2.5 ispid — check PID
ispid(self) — True/False/None

Return True if the ring is actually a principal ideal domain (PID), False if
not, or None if uncertain.
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4.13.2.6 iseuclidean — check Euclidean domain

iseuclidean(self) — True/False/None

Return True if the ring is actually a Euclidean domain, False if not, or None
if uncertain.

4.13.2.7 isfield — check field
isfield(self) — True/False/None

Return True if the ring is actually a field, False if not, or None if uncertain.

4.13.2.8 registerModuleAction — register action as ring

registerModuleAction(self, action_ring: RingElement, action: func-
tion)
— (Nomne)

Register a ring action ring, which act on the ring through action so the ring
be an action ring module.

See hasaction, getaction.

4.13.2.9 hasaction — check if the action has

hasaction(self, action_ring: RingElement) — True/False
Return True if action ring is registered to provide action.

See registerModuleAction, getaction.

4.13.2.10 getaction — get the registered action

hasaction(self, action_ring: RingElement) — function

Return the registered action for action ring.
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See registerModuleAction, hasaction.
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4.13.3 {Field — abstract field

Field is an abstract class which expresses that the derived classes are (in
mathematical meaning) fields, i.e., a commutative ring whose multiplicative
monoid is a group.

Field is subclass of CommutativeRing. getQuotientField and isfield are
not abstract (trivial methods).

This class is abstract and cannot be instantiated.
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Methods

4.13.3.1 gcd — gecd
ged(self, a: FieldElement, b: FieldElement) — FieldElement
Return the greatest common divisor of a and b.
A field is trivially a UFD and should provide ged. If we can implement an

algorithm for computing ged in an Euclidean domain, we should provide the
method corresponding to the algorithm.
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4.13.4 {QuotientField — abstract quotient field

QuotientField is an abstract class which expresses that the derived classes are
(in mathematical meaning) quotient fields.

self is the quotient field of domain.
QuotientField is subclass of Field.
In the initialize step, it registers trivial action named as baseaction; i.e. it
expresses that an element of a domain acts an element of the quotient field by

using the multiplication in the domain.

This class is abstract and cannot be instantiated.

Attributes

basedomain domain which generates the quotient field self
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4.13.5 {RingElement — abstract element of ring

RingElement is an abstract class for elements of rings.

This class is abstract and cannot be instantiated.

Operations

operator | explanation
A==B equality (abstract)

242



Methods

4.13.5.1 getRing — getRing

getRing(self) — Ring
Return an object of a subclass of Ring, to which the element belongs.

This is an abstract method.
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4.13.6 {CommutativeRingElement — abstract element of
commutative ring

CommutativeRingElement is an abstract class for elements of commutative
rings.

This class is abstract and cannot be instantiated.
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Methods

4.13.6.1 mul module action — apply a module action

mul module action(self, other: RingElement) — (undefined)

Return the result of a module action. other must be in one of the action rings
of self’s ring.

This method uses getRing, CommutativeRinggetaction. We should con-
sider that the method is abstract.

4.13.6.2 exact division — division exactly

exact division(self, other: CommutativeRingElement)
— CommutativeRingElement

In UFD, if other divides self, return the quotient as a UFD element.
The main difference with / is that / may return the quotient as an element

of quotient field.
Simple cases:

e in a Euclidean domain, if remainder of euclidean division is zero, the
division // is exact.

e in a field, there’s no difference with /.

If other doesn’t divide self, raise ValueError. Though  divmod  can be

used automatically, we should consider that the method is abstract.
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4.13.7 {FieldElement — abstract element of field

FieldElement is an abstract class for elements of fields.

FieldElement is subclass of CommutativeRingElement. exact division
are not abstract (trivial methods).

This class is abstract and cannot be instantiated.
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4.13.8 fQuotientFieldElement — abstract element of quo-
tient field

QuotientFieldElement class is an abstract class to be used as a super class of
concrete quotient field element classes.

QuotientFieldElement is subclass of FieldElement.

_pumerator_ j, ¢he quotient field.

self expresses :
b denominator

This class is abstract and should not be instantiated.
denominator should not be 0.

Attributes

numerator numerator of self

denominator denominator of self

Operations
operator explanation
A+B addition
A-B subtraction
A*B multiplication
Ax*B powering
A/B division
-A sign reversion (additive inversion)
inverse(A) | multiplicative inversion
A== equality
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4.13.9 fldeal — abstract ideal

Ideal class is an abstract class to represent the finitely generated ideals.

tBecause the finitely-generatedness is not a restriction for Noetherian rings
and in the most cases only Noetherian rings are used, it is general enough.

This class is abstract and should not be instantiated.
generators must be an element of the aring or a list of elements of the aring.
If generators is an element of the aring, we consider self is the principal ideal
generated by generators.

Attributes
ring the ring belonged to by self

generators generators of the ideal self

Operations

operator | explanation

I+J addition {i +j |i€I, je J}
I*J multiplication IJ = {Zijij liel, jeJ}
I==J equality

e in I For e in the ring, to which the ideal I belongs.
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Methods

4.13.9.1 issubset — check subset
issubset(self, other: Ideal) — True/False

Report whether another ideal contains this ideal.

We should consider that the method is abstract.

4.13.9.2 issuperset — check superset

issuperset(self, other: Ideal) — True/False
Report whether this ideal contains another ideal.

We should consider that the method is abstract.

4.13.9.3 reduce — reduction with the ideal

issuperset (self, other: Ideal) — True/False
Reduce an element with the ideal to simpler representative.

This method is abstract.
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4.13.10 TResidueClassRing — abstract residue class ring

Initialize (Constructor)

ResidueClassRing(ring: CommutativeRing, ideal: Ideal)
— ResidueClassRing

A residue class ring R/I, where R is a commutative ring and I is its ideal.
ResidueClassRing is subclass of CommutativeRing.
one, zero are not abstract (trivial methods).
Because we assume that ring is Noetherian, so is ring.
This class is abstract and should not be instantiated.
ring should be an instance of CommutativeRing, and ideal must be an in-
stance of Ideal, whose ring attribute points the same ring with the given ring.

Attributes
ring the base ring R

ideal the ideal I

Operations

operator | explanation
A== equality
e in A | report whether e is in the residue ring self.
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4.13.11 TResidueClass — abstract an element of residue
class ring

Initialize (Constructor)

ResidueClass(x: CommutativeRingElement, ideal: Ideal)
— ResidueClass

Element of residue class ring « + I, where I is the modulus ideal and z is a
representative element.
ResidueClass is subclass of CommutativeRingElement.

This class is abstract and should not be instantiated.
ideal corresponds to the ideal I.

Operations
These operations uses reduce.

operator | explanation
x+y addition

X-y subtraction
X*y multiplication
A==B equality
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4.13.12 {TCommutativeRingProperties — properties for Com-
mutativeRingProperties

Initialize (Constructor)

CommutativeRingProperties((None)) — CommutativeRingProperties
Boolean properties of ring.

Each property can have one of three values; True, False, or None. Of course
True is true and Fualse is false, and None means that the property is not set
neither directly nor indirectly.

CommutativeRingProperties class treats

e Euclidean (Euclidean domain),
e PID (Principal Ideal Domain),
e UFD (Unique Factorization Domain),

e Noetherian (Noetherian ring (domain)),

field (Field)
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Methods

4.13.12.1 isfield — check field
isfield(self) — True/False/None

Return True/False according to the field flag value being set, otherwise return
None.

4.13.12.2 setlsfield — set field
isfield(self, value: True/False) — (None)

Set True/False value to the field flag.
Propagation:

e True — euclidean

4.13.12.3 iseuclidean — check euclidean

iseuclidean(self) — True/False/None

Return True/False according to the euclidean flag value being set, otherwise
return None.

4.13.12.4 setlIseuclidean — set euclidean

isfield (self, value: True/False) — (None)

Set True/False value to the euclidean flag.
Propagation:

e True — PID

e False — field
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4.13.12.5 ispid — check PID
ispid(self) — True/False/None

Return True/False according to the PID flag value being set, otherwise return
None.

4.13.12.6 setIspid — set PID
ispid(self, value: True/False) — (None)

Set True/False value to the euclidean flag.
Propagation:

e True — UFD, Noetherian

e False — euclidean

4.13.12.7 isufd — check UFD
isufd(self) — True/False/None

Return True/False according to the UFD flag value being set, otherwise return
None.

4.13.12.8 setIsufd — set UFD
isufd(self, value: True/False) — (None)

Set True/False value to the UFD flag.
Propagation:

e True — domain
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e False — PID

4.13.12.9 isnoetherian — check Noetherian
isnoetherian(self) — True/False/None

Return True/False according to the Noetherian flag value being set, otherwise
return None.

4.13.12.10 setIsnoetherian — set Noetherian

isnoetherian(self, value: True/False) — (None)

Set True/False value to the Noetherian flag.
Propagation:

e True — domain

e False — PID

4.13.12.11 isdomain — check domain
isdomain(self) — True/False/None

Return True/False according to the domain flag value being set, otherwise
return None.

4.13.12.12 setlIsdomain — set domain

isdomain(self, value: True/False) — (None)

Set True/False value to the domain flag.
Propagation:
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e False — UFD, Noetherian
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4.13.13 getRinglInstance(function)

getRingInstance(obj: RingFElement) — RingElement
Return a RingElement instance which equals obj.

Mainly for python built-in objects such as int or float.

4.13.14 getRing(function)
getRing(obj: RingElement) — Ring
Return a ring to which obj belongs.

Mainly for python built-in objects such as int or float.

4.13.15 inverse(function)

inverse(obj: CommutativeRingElement) — QuotientFieldElement

Return the inverse of obj. The inverse can be in the quotient field, if the obj
is an element of non-field domain.

Mainly for python built-in objects such as int or float.

4.13.16 exact division(function)

exact division(self: RingElement, other: RingElement)
— RingFElement

Return the division of self by other if the division is exact.
Mainly for python built-in objects such as int or float.

Examples

>>> print(ring.getRing(3))
Z
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>>> print(ring.exact_division(6, 3))
2
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4.14 vector — RV MILATS IV P EDFHE

e Classes
— Vector
e Functions

— innerProduct

CDEY 2—NEDHLZE5 7 5 22T 2

VectorSizeError : X7 bLOH A4 XPIEL L RV I & 2. (FITZDODR
7 FVOEEIZBNT.)
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4.14.1 Vector — RV MLV T X
Vector {ZR7 b LT 327 5 R,

Initialize (Constructor)

Vector (compo: list) — Vector

compo D HHLWVARY MLA 7Y 27 MRENK. compo I3FE E 7213 RingEle-
ment DA VARV ATHLERD Y A P TRINUIE SR,

Attributes

compo :

N7 MVORTERT.

Operations

BHEOMRTOEEDED, A VT v 72 1 BRI WD T EICEE.

operator explanation

utv X7 VDAL

u-v R7 MILDFE.

Axv THle X7 LD

a*v NZ MLDRS T —A1E.

v//a AH 7 —BRE.

v/n compo DEEFED n TOHIFR.

-v BEROFZEERD.

u==v FLWLD YIS .

ul=v FLLRWVLDE DD

v[i] RZ IAD i FEHDOKIT 2R

v[il = ¢ [ X7 MO IFHDOMTZ c ITEEMRZ 5.

len(v) compo DEXEIRT.

repr(v) | compo @ repr X7 %K 7.

str(v) compo D string XFH %K 7.
Examples

>>> A = vector.Vector([1, 2])

>>> A

Vector([1, 21)

>>> A.compo
(1, 2]
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>>> B = vector.Vector([2, 1])
>>> A + B

Vector([3, 3])

>>> A % 2

Vector([1, 0])

>>> A[1]

1

>>> len(B)

2
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Methods

4.14.1.1 copy - BEOIE—

copy(self) — Vector

self DA —%iR7.

4.14.1.2 set — 1M compo ZFRE

set(self, compo: list) — (None)

self @ compo Z#H L\ compo TEXH#1Z 5.

4.14.1.3 indexOfNoneZero — 0 THWRIIDMIE

indexOfNoneZero(self) — integer
self.compo @D 0 TRWVWRTDERHIDA > T v 7 A %RT.

tcompo DETDIT D 0 DIGFE, ValueError 25 Z 5.

4.14.1.4 toMatrix — Matrix 772 ¥ MK

toMatrix(self, as_column: bool=False) — Matrix
createMatrix B2 i\ Matrix A 72 =7 bR,

% L as_column 2% True 72 5 self Z#X7 P E AR LUTATHIZIRS. HR
i self ZRANRT P L e B LTATHIRIET.

Examples

>>> A = vector.Vector([0, 4, 5])
>>> A.index0fNoneZero ()

2

>>> print (A.toMatrix())

045

>>> print(A.toMatrix())
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4.14.2 innerProduct(function) — A&

innerProduct(bra: Vector, ket: Vector) — RingElement
bra & ket DNFEZ KT .
Z ORBIERBA Lot 2 2L I — FABEB I R— T 5.

IR XN 2T DBRNCHRAES 5 Z L ITIER.

Examples

>>> A = vector.Vector([1, 2, 3])

>>> B = vector.Vector([2, 1, 0])

>>> vector.innerProduct (A, B)

4

>>> C = vector.Vector([1+1], 2+2j, 3+3j])
>>> vector.innerProduct(C, C)

(28+03)
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4.15 factor.ecm — ECM factorization

This module has curve type constants:

S : aka SUYAMA. Suyama’s parameter selection strategy.

B : aka BERNSTEIN. Bernstein’s parameter selection strategy.

A1l : aka ASUNCIONI. Asuncion’s parameter selection strategy variant 1.
A2 : aka ASUNCION2. ditto 2.

A3 : aka ASUNCIONS. ditto 3.

A4 : aka ASUNCION4. ditto 4.

A5 : aka ASUNCIONS. ditto 5.

See J.S.Asuncion’s master thesis [11] for details of each family.

4.15.1 ecm — elliptic curve method

ecm(n: integer, curve_type: curvetype=Al, incs: integer=3, trials:
integer—=20, verbose: bool=False)
— integer

EMAHiREEH > Tn DBEZREZET,
n OIEFAREZELE O 61T UE 1 23RS,

curve_type I& curvetype ®H2 53FEL,

incs specifies a number of changes of bounds. The function repeats factor-
ization trials several times changing curves with a fixed bounds.

Optional argument trials can control how quickly move on to the next higher
bounds.

verbose toggles verbosity.
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4.16 factor.find — find a factor

CDEY 2= NVDIIRFG Ao NBBICH L T—20EEZIRY, JEEIKR
BRWERT D TERVWESIE 1 2ET, L2AL1DERTHEIEBE
7% <5

verbose boolean flag can be specified for verbose reports. ZDX vt —I%
TS 72, logger ZHEH L TL 72& W (logging Z, )

4.16.1 trialDivision — trial division

trialDivision(n: integer, **options ) — integer
AREIDFICK 5 TH 2 n DEREZIRT,

options {ZLA T D EH &
1. start & stop JHEHIFH T X —&, X 5IT& step HFIATA],
2. iterator IIFRHBDA T L — X,

options 2352 HNR WIS, ZOBBIIIEARRERN A DD S £ Tn T HH 2
PO DFEFTOTEH|>TWL, verbose boolean flag can be specified for
verbose reports.

4.16.2 pmom — p — 1 method
pmom (n: integer, **options ) — integer

p— 1IEEEN n OBEREIRT,

OB [13] D7 LY X4 8.8.2 (p— 1 first stage) Zffi->T n DIEHA
BREREET X 5HAZ,

n=2 DFE. ZOBERBNL—TIcBBbWE, HAEICI->TIOHERZHE
BAREZLRI RV S LKW,

verbose Boolean flag can be specified for verbose reports, though it is not so
verbose indeed.

4.16.3 rhomethod — p method

rhomethod(n: integer, **options ) — integer

Pollard @ p £ & D n DELRZIRT,
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COELEL (10| OFAICENRT 5, . HARKIZ X o THRBIZEHZRER L
BRI WD LRV,

verbose Boolean flag can be specified for verbose reports.

Examples

>>> factor.find.trialDivision(1001)

7

>>> factor.find.trialDivision(1001, start=10, stop=32)
11

>>> factor.find.pmom(1001)

91

>>> import logging

>>> logging.basicConfig()

>>> factor.find.rhomethod (1001, verbose=True)
INFO:nzmath.factor.find:887 748

13
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4.17 factor.methods — factoring methods

It uses methods of factor.find module or some heavier methods of related
modules to find a factor. Also, classes of factor.util module is used to track
the factorization process. options are normally passed to the underlying function
without modification.

This module uses the following type:

factorlist :
factorlist is a list which consists of pairs (base, index). Each pair means
base’™@®  The product of these terms expresses prime factorization.

4.17.1 factor — easiest way to factor

factor(n: integer, method: string='default’, **options )
— factorlist

Factor the given positive integer n.
By default, use several methods internally.

The optional argument method can be:
e ’ecm’: use elliptic curve method.
e ’mpgs’: use MPQS method.
e ’pmom’: use p — 1 method.
e ’rhomethod’: use Pollard’s p method.
e ’trialDivision’: use trial division.

(fIn fact, the initial letter of method name suffices to specify.)

4.17.2 ecm — elliptic curve method

ecm(n: integer, **options ) — factorlist
Factor the given integer n by elliptic curve method.

(See ecm of factor.ecm module.)
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4.17.3 mpqgs — multi-polynomial quadratic sieve method

mpqs(n: integer, **options ) — factorlist
Factor the given integer n by multi-polynomial quadratic sieve method.

(See mpgsfind of factor.mpqs module.)

4.17.4 pmom — p — 1 method

pmom(n: integer, **options ) — factorlist
Factor the given integer n by p — 1 method.

The method may fail unless n has an appropriate factor for the method.
(See pmom of factor.find module.)

4.17.5 rhomethod — p method

k%

rhomethod(n: integer, **options ) — factorlist

Factor the given integer n by Pollard’s p method.

The method is a probabilistic method, possibly fails in factorizations.
(See rhomethod of factor.find module.)

4.17.6 trialDivision — trial division

trialDivision(n: integer, **options ) — factorlist

Factor the given integer n by trial division.

options for the trial sequence can be either:

1. start and stop as range parameters.

2. iterator as an iterator of primes.

3. eratosthenes as an upper bound to make prime sequence by sieve.

If none of the options above are given, the function divides n by primes from 2
to the floor of the square root of n until a non-trivial factor is found.
(See trialDivision of factor.find module.)
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Examples

>>> factor.methods.factor(10001)
[(73, 1), (137, 1]

>>> factor.methods.ecm(1000001)
[(101, 1), (9901, 1)]
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4.18 factor.misc — miscellaneous functions related
factoring

e Functions

— allDivisors

— primeDivisors
— primePowerTest
— squarePart

— countDivisors

— sumDivisors
e Classes

— FactoredInteger

4.18.1 allDivisors — all divisors
allDivisors(n: integer) — list
nZE 52 TONEEY A LTERT,
The integer n and factors are all positive. In order to decide factors, Fac-

toredInteger is applied.

4.18.2 primeDivisors — prime divisors
primeDivisors(n: integer) — list
nZH 2 ETORMZY A+ LTET,
The integer n is positive. In order to decide prime factors, FactoredInteger

is applied.

4.18.3 primePowerTest — prime power test

primePowerTest(n: integer) — (integer, integer)

Judge whether n is of the form p* with a prime p and a positive integer k or

not. ¥ LIELWVDZS (p k) ZIEL. EHRTNUI (n,0) 2K,
Z DRAEUZ Algo. 1.7.5 in [13] IZHEDWT W3,

The integer n is positive.
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4.18.4 squarePart — square part

squarePart(n: integer, asfactored: bool=False) — integer

ZDFVIT03n 2 E D U2 R DER KT,
If an optional argument asfactored is True, then the result is also a Fac-
toredInteger object. (default is False)

The integer n is positive. In order to decide the square part, FactoredInte-
ger is applied.

4.18.5 countDivisors — the number of positive divisors

countDivisors(a: integer) — integer
ED a DR DR Z KT
This function is usually known as 7-function. It is the same as sigma(0, a).

The integer a is positive. The result is by FactoredInteger.

4.18.6 sumDivisors — the sum of positive divisors

sumDivisors(a: integer) — integer
D a DRI DIRMZIR T .
This function is usually known as o-function. It is the same as sigma(1, a).

The integer a is positive. The result is by FactoredInteger.

Examples

>>> factor.misc.allDivisors(1001)
[1, 7, 11, 13, 77, 91, 143, 1001]
>>> factor.misc.primeDivisors(100)
[2, 5]

>>> factor.misc.primePowerTest (128)
2, n

>>> factor.misc.squarePart (128)

8
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4.18.7 FactoredInteger — integer with its factorization

Initialize (Constructor)

FactoredInteger(integer: integer, factors: dict={})
— FactoredInteger

Integer with its factorization information.
If factors is given, it is a dict of type prime:exponent and the product of

primefTPonent is equal to the integer. Otherwise, factorization is carried out in
initialization.
from partial factorization(cls, integer: integer, partial: dict)
— FactoredInteger

A class method to create a new FactoredInteger object from partial factor-
ization information partial.

Operations
operator | explanation
F *xG multiplication (other operand can be an int)
F %% n powering
F ==G | equal
F!=G not equal
FhG remainder (the result is an int)
F // G | same as exact division method
str(F) string
int(F) | convert to Python integer (forgetting factorization)
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Methods

4.18.7.1 is_divisible by

is_ divisible by(self, other: integer/FactoredInteger)
— bool

other 78 self E| D Y] - 72D 72 & True £iRT,

4.18.7.2 exact_division

exact division(self, other: integer/FactoredInteger)
— FactoredInteger

other TH|2 ¥ &, other \Z self THITEIDHYIS,

4.18.7.3 divisors

divisors(self) — list

TRTOBRBZEY R M LTRT,

4.18.7.4 proper_divisors
proper _divisors(self) — list
1 & self
ZEEROVTIRTOREZ YA M LTERY,

4.18.7.5 prime_divisors

prime_divisors(self) — list

FTRTCOEROBREEV A b2 LTRT,

4.18.7.6 square part

square part(self, asfactored: bool=False) — integer/FactoredInteger object

self ZH| 3 R DOBBOMEZIE T,
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If an optional argument asfactored is true, then the result is also a Factored-
Integer object. (default is False)

4.18.7.7 squarefree part

squarefree part(self, asfactored: bool=False) — integer/FactoredInteger object
self ZEID, ZRICROLBRVERKOBHOMEZIRT,

If an optional argument asfactored is true, then the result is also a Factored-
Integer object object. (default is False)

4.18.7.8 copy

copy(self) — FactoredInteger object

HrHBZav—LHEziRd,

4.19 factor.mpqgs — MPQS

4.19.1 mpgsfind
mpasfind(n: integer, s: integer=0, f: integer=0, m: integer=0, verbose:

bool=False )
— integer

n OERZBRZIHKX RS2 WIKIZ & - TR,

BRZIHK ZRE D WIRGER 22 A S 2 BHCHETH %,

s IZSVOHPFATH 2, £ IZHFOHT, ml3FH ZhohBHLLTRN
K. ZOBIE n 2 SHEHIT 2,

4.19.2 mpgqs

mpgqs(n: integer, s: integer=0, f: integer=0, m: integer=0 )
— factorlist

BREZHEX RS2 WK XD n 2REBIHS 5,

mpgqsfind & FETH 3,
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4.19.3 eratosthenes

eratosthenes(n: integer) — list

n X CTORBEINET 5,
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4.20 factor.util — utilities for factorization

e Classes

— FactoringInteger

— FactoringMethod

This module uses following type:

factorlist :
factorlist is a list which consists of pairs (base, index). Each pair means
base’™@® The product of those terms expresses whole prime factorization.
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4.20.1 Factoringlnteger — keeping track of factorization

Initialize (Constructor)

FactoringInteger (number: integer) — FactoringInteger
This is the base class for factoring integers.

number is stored in the attribute number. The factors will be stored in
the attribute factors, and primality of factors will be tracked in the attribute
primality.

The given number must be a composite number.

Attributes

number :
The composite number.

factors :
Factors known at the time being referred.

primality :
A dictionary of primality information of known factors. True if the factor
is prime, False composite, or None undetermined.
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Methods

4.20.1.1 getNextTarget — next target

getNextTarget(self, cond: function=None) — integer
Return the next target which meets cond.

If cond is not specified, then the next target is a composite (or undetermined)
factor of number.

cond should be a binary predicate whose arguments are base and index.

If there is no target factor, LookupError will be raised.

4.20.1.2 getResult — result of factorization

getResult(self) — factors

number ORI EE T 5,

4.20.1.3 register — register a new factor

register(self, divisor: integer, isprime: bool=None)
%

divisor D3RI H 2 xE| % ¥ &, number O divisor ZFCET %,
Z DI divisor IZ X D ATRERR D E S 5,

isprime tells the primality of the divisor (default to undetermined).

4.20.1.4 sortFactors — sort factors

sortFactors(self) —
ROV R+ 2ANRD,

Z DEAEIZ getResult IZEER L TW3,

Examples

>>> A = factor.util.FactoringInteger (100)
>>> A.getNextTarget ()

279


http://docs.python.org/library/exceptions#exceptions.LookupError

100

>>> A.getResult()
[(100, 1)]

>>> A.register(5, True)
>>> A.getResult ()
[(5, 2), (4, D]

>>> A.sortFactors()
>>> A.getResult ()
[(4, 1), (5, 2)

>>> A.primality

{4: None, 5: True}
>>> A.getNextTarget ()
4
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4.20.2 FactoringMethod — method of factorization

Initialize (Constructor)

FactoringMethod() — FactoringMethod
Base class of factoring methods.

FTARTD I factor.methods TER I N TV, implemented as derived
classes of this class. ZDJ7iEl factor ¥ FERZ 2 b H B, D IEX
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Methods

4.20.2.1 factor — do factorization

factor(self, number: integer, return_type: str=’list’, need_sort:
bool=False )
— factorlist

5.2 5172 IEDOEE number DR EZIT 0
TEIT D E X factorlist iR,
A keyword option return type can be as the following:

1. ’1ist’ for default type (factorlist).
2. ’tracker’ for FactoringInteger.

Another keyword option need _sort is Boolean: True to sort the result. This
should be specified with return_type=’1list’.

4.20.2.2 fcontinue factor — continue factorization
continue factor(self, tracker: FactoringInteger, return_type:

str:’traa(er’, primeq: func=primeq )
— FactoringInteger

Continue factoring of the given tracker and return the result of factorization.
The default returned type is FactoringInteger, but if return_type is speci-

fied as ’1ist’ then it returns factorlist. The primality is judged by a function
specified in primeq optional keyword argument, which default is primeq.

4.20.2.3 ifind — find a factor

find(self, target: integer, **options ) — integer
target 20 6 BR RS,

ZOHFERFBHREINEZRETH S, F/-1F factor £d

4.20.2.4 tgenerate — generate prime factors

generate(self, target: integer, **options ) — integer

Generate prime factors of the target number with their valuations.
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ZOREED (1, 1) ZIRULESKBARIIATERTH S Z ¥ 2R, to indicate
the factorization is incomplete.
This method has to be overridden, or factor method should be overridden not
to call this method.
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4.21 poly.factor — ZIEXDE LS 2

factor £ ¥ 2 — IR —EHBZTHR DR RO =D D H D
ZDEY 2 — VL TIOR TR R {#H:

polynomial :
polynomial /& poly.uniutil.polynomial 12 & - THK X 117-ZTHK.

4.21.1 brute force search — 847D TERR D EZIRT

brute force search(f: poly.uniutil.IntegerPolynomial, fp_factors:
list, q: integer)
— [factors]

fp_factors E TV OhDEOMAEGHLETH 2REEHT ZLi2kD £ OR
Bz Ro0%. COMAGOERRLYLD THREINS.
5% fp_factors & poly.uniutil. FinitePrimeFieldPolynomial ® V) A » TF.

4.21.2 divisibility test — AJRRIET X ~

divisibility _test(f: polynomial, g: polynomial) — bool

ZIHATBWT £ 2 g THID YN S22 S 52, Boolean HZ KT .

4.21.3 minimum _absolute injection — {R#%z ExHER/ TR
WICET

minimum _absolute injection(f: polynomial) — F

BARE MR NRIUCTE S Z/pZ (FREZTH £ OHSNC & O BRI IH
AF %2iRY.

5.z o 7-Z2TER £ OFREIRIE IntegerResidueClassRing % 721% FinitePrime-
Field TR IR S0,

4.21.4 padic_factorization — p 5%

padic_ factorization(f: polynomial) — p, factors

FHp b, 5RO VPR TZE TR WEBEGRBZIEN £ @ p EDREZIET.
FiRTDH % factors FEHBREZ 5 F, 226 2 Ot fER/NRBUCEFE ATV
5.

TEBIILT D X5 I1TEIINS:
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1. £ mod p TH AR FZHF72720,
2. FEOBUIRDZR B Z T80
5.z 51722 TE7 £ 1X poly.uniutil.IntegerPolynomial T 34U & 220,

4.21.5 upper bound of coefficient -Landau-Mignotte M
RED LR

upper _bound of coefficient(f: polynomial) — int
TEI G 2 67z £ ORBDOFY5 bR R WK E X TH S Landau-Mignotte D

KB DR D LR 2.
5z 672K £ ZBHRBEZIEA TR TNRER S 0.

4.21.6 zassenhaus — Zassenhaus jEIC &K 3 FHEFD 4 VLEE
Rz ER O R iR

zassenhaus(f: polynomial) — list of factors f

Berlekamp-Zassenhaus 12 & 2 F AR D 72 WEBRE DO ZHA £ DR

4.21.7 integerpolynomialfactorization — BHZIE DR 5

integerpolynomialfactorization(f: polynomial) — factor
Berlekamp-Zassenhaus {12 & D BRI IHA £ 2 KET R

KEE (factor, index) L WHTERD X I DY X b DEATHHEN .
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4.22 poly.formalsum — FZTUF

e Classes

— tFormalSumContainerInterface
— DictFormalSum

— fListFormalSum

A 2 BN RTEOE R T, HIE = >DET» SR 5: RE e HE. B
A TOLTORBIIFEORICE L, —H TREEIMEE.

TODOERANIKITRT HIETEEI NS, b LEMDPHETH 2HN DL,
ZFNLRAETCEREMZ b FREEFROFILVWHICE DN 5.

REWIFHB LD BIRT 2 2B TE S, b LREOEBDIEAAICEH WG
&, FuE null 2R3

fHH b terminit ¥ L TR%ESHE:

terminit :

terminit (& dict OFHHL OB D —2 2 BR T 5. 20U X D KX -5
EIZEBD SRBANDEBJRE L TEZILNS.

Note for beginner DictFormalSum DAffS Z & BRBEL 208 LIV
WS, A Y R—=T 2 =R (RTDORXY v FOAHT L BHMT) 132 DONTERIN
TW3®DT FormalSumContainerInterface O % 7 F 727 UX 7 S 720 e
H LR,
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4.22.1 FormalSumContainerInterface — 1 X —7 x—2X7
7R
Initialize (Constructor)

AR =T 2 —RFMRNIL T T AKDT, 4 VAR RZES W,

AR =7 2 —RZHERA 1AL VD e RERLTWVWS. JREZ S X2
B TICRTHEEL XY v FEER LRI S 20,

Operations
operator explanation
f+g ]
f-g 7=
-f HEDEHE
+f FLwar—
f*xa,axf| ABF7—afl%
=g FLWDEYIIRT
fl=g FLLA RO E I IR
£ [b] BB 0 1SR U 7R BRIk
b in f EHo P £ ICEENTVE0E S 0KRT
len(f) THDO
hash(f) ANy Ta
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Methods

4.22.1.1 construct with default — JE—%Z1m

construct with default(self, maindata: terminit) — FormalSumContainerInterface

maindata D A5 2 SNz (BER S self 23FOfEHZ ) self LFRIL 27 7 X
DHT L WERM 2 ER.

4.22.1.2 iterterms — BHOD1TL—4

iterterms(self) — iterator

JHOA T L —&R%IRT.
ATV =X X OEREINZZNZNDIEX (base, coefficient) ¥ WS HH.

4.22.1.3 itercoefficients — REO1TL —4%

itercoefficients(self) — iterator

FEDA T L =& %IRT.

4.22.1.4 iterbases - E¥D1TFL —4

iterbases(self) — iterator

BREDA T L -2 %IRRT

4.22.1.5 terms — IBDOU Xk

terms(self) — list

HOVY R M &iRT.
BRENBYVZANDENFNDIEIL (base, coefficient) ¥\ 5 iH.

4.22.1.6 coefficients — BREDU X +

coefficients(self) — list

ROV R+ ZKT.

288



4.22.1.7 bases — ¥ D) X+

bases(self) — list

HE¥DY 2 %R T.

4.22.1.8 terms map — HICEREHT

terms_map(self, func: function) — FormalSumContainerInterface

JHICEBEHT, Thbb, ZNFHOIEIC func ZEAT2 22X hFiLL
T A% VERK.

funcbase ¥ coefficient W5 ZDODNRTIX—X%E L 5RITNIR ST, #
DEF L WIHDOMHZIRT.

4.22.1.9 coefficients _map — REICERZRT

coefficients _map(self, func: function) — FormalSumContainerInterface

FRBICER 2 S, T7005, FAREIC fune ZHBHT 5 Z LI XD H LWER
7z fERK.

funcld coefficient £V H —DDNRTF X —&X%E L D ZOHRH L WMREEIRT.

4.22.1.10 bases map — BHICERZKY

bases map(self, func: function) — FormalSumContainerInterface

BROCE R 2T, $2bb, FEBUC fune ZEH T2 Z 2 ITX DHLWER
Mz e

func X base LS —DOD T X —XE LD, FOEBHLWEHEIRT.
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4.22.2 DictFormalSum — FETEEIN-FRXM
dict ZFIZHEE xR

Z D7 7 A% FormalSumContainerInterface Zff&K. £ VX —7 21— XD
ETOXY v RiFFEEXINS.

Initialize (Constructor)

DictFormalSum (args: terminit, defaultvalue: RingElement=None)
— DictFormalSum

args DHNZDOWTIE terminit ZSM. B D S HRBADEBRZIES.
EE5 1L defaultvalue 1&__getitem__~DOHIHAREME, $hbE, b LIEEDH

BB S 2IED D o 12 SRR B A defaultvalue 2R T . it o TEAUIMDIREL
DB L TWARERDOILTH 3.

4.22.3 ListFormalSum — U X b TEEINT-FXH
U 2 b EEGCEE XN

FormalSumContainerInterface Zff&K. /> X —T7 2 —XDETDAY v
RizsREXN 3.

Initialize (Constructor)

ListFormalSum(args: terminit, defaultvalue: RingFElement=None)
— ListFormalSum

args DI OWTIE terminit 258, BD 5 RBANOFERZ21F 5.
EESIEX defaultvalue 13 __getitem__~\OYIHREME, $hbE, b LIEEDH

BUCH T 3IED e o 72 5, R B A defaultvalue IR T . it o TEHIIM DR
BHFE L TVWAREROITLTH 3.

290



4.23 poly.groebner — J L7 F+—HE
groebner €Y 2 — VIEZZZBZIHAA T 7MW T2 7L 7 F—HEZFHEAET 2
7eHDHD.

CDEY 2 —MILL MRS R 2 fEH:

polynomial :
polynomial ZBE#{ polynomial {Z & - TAHEAH XN 7=ZIEFA.

order :
order IXZTHADIHIEFF.

4.23.1 buchberger — J L7 F+—EEZT3-HOZRME7ILT
1) X Ly

buchberger(generating: list, order: order) — [polynomials]

order IZOWTDEZSNZEXOERESITIVEREINDEA TTLDT L
T —HERIKRT.

ZOEBFIEFICEN R DD WD Z RITHR.

5# generating 1% Polynomial ® Y & +; 5144 order {ZIEIEFF.

4.23.2 normal_ strategy — J L7 F—EEZETIEEOT7IL]
) X Ls
normal strategy(generating: list, order: order) — [polynomials]

order IZOWVWTODE X LNI-ZHEXDERESICIDERINZAL FTTLDI L
TF—HEKERIRT.

Z OREENT EE DR .

5% generating 1% Polynomial ® Y & b; 5134 order {ZIEIEFF.

4.23.3 reduce groebner — )7 L 7+ —HE

reduce groebner(gbasis: list, order: order ) — [polynomials]
TV T F—HEN LIS NN T KRR R
HOE LT 272 3

e Ib(f) X 1b(g) ZENDYIZ = g BEHN L 7 F—EETIERWV.
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o = v 7ZIEK.

518 gbasis IZZHAD Y R FCT(BICEREATDH 2721 TRL) L7 -4
JEE.

4.23.4 s_polynomial — S-polynomial

s_polynomial(f: polynomial, g: polynomial, order: order)
— [polynomials]

order IZDOWTD f & g D S-ZIHARIRT.

S(f,9) = (c(g) * T/Ib(f)) * f = (e(f) * T/1b(g)) * g,
T = lem(Ib(f), 1b(g)).

Examples

>>> f = multiutil.polynomial({(1,0):2, (1,1):1},rational.theRationalField, 2)
>>> g = multiutil.polynomial({(0,1):-2, (1,1):1},rational.theRationalField, 2)
>>> lex = termorder.lexicographic_order
>>> groebner.s_polynomial(f, g, lex)
UniqueFactorizationDomainPolynomial ({(1, 0): 2, (0, 1): 2})
>>> gb = groebner.normal_strategy([f, g], lex)
>>> for gb_poly in gb:
print (gb_poly)

UniqueFactorizationDomainPolynomial ({(1, 1): 1, (1, 0): 2})
UniqueFactorizationDomainPolynomial ({(1, 1): 1, (0, 1): -2})
UniqueFactorizationDomainPolynomial({(1, 0): 2, (0, 1): 2})
UniqueFactorizationDomainPolynomial ({(0, 2): -2, (0, 1): -4.0})
>>> gb_red = groebner.reduce_groebner(gb, lex)
>>> for gb_poly in gb_red:

print (gb_poly)

UniqueFactorizationDomainPolynomial ({(1, 0): Rational(l, 1), (0, 1): Rational(l, 1)})
UniqueFactorizationDomainPolynomial ({(0, 2): Rational(l, 1), (0, 1): 2.0})

4.24 poly.hensel - AVEJLU T

e Classes

— tHenselLiftPair
— tHenselLiftMulti
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— tHenselLiftSimultaneously
e Functions
— lift _upto

ZDEY 22—V KF 2 XY AT, polynomial \TEERUIREZ TER & HIk.
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4.24.1 HenselLiftPair — N>t L 7 D4
Initialize (Constructor)
HenselLiftPair(f: polynomial, al: polynomial, a2: polynomial, ul: poly-

nomial, u2: polynomial, p: integer, q: integer=p)
— HenselLiftPair

CDATI 2l FPEANVELOREIZ X o T5E EIFo T < BEIRBZIHE
Nz R17.
FIRUE LT ORHRSAF Z il 7z S 7213 AUX72 5 780

o f,al L Ca2ldE=v 7ZHEHRA

e f == al*a2 (mod q)

e alxul + a2*u2 == 1 (mod p)
plkqZEIOYID, ¥H 5 b HARK

from factors(f: polynomial, al: polynomial, a2: polynomial, p: integer)
— HenselLiftPair

Z X HenselLiftPair DA Y ARV AREHR LIRTZ A XY v F. #IHARE
ED/zdizul & u2 ZFHELETHEEERY, 205305 [#r s AR I 5.

SIBUILLT ORMHREMN 27 T NETH %:
e £ al & a2iFE=v 7 ZIHEK

e f == al*a2 (mod p)

o plIFEH

Attributes

point :
YR+ LTORE al,a2.
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Methods

4.24.1.1 lift — —ERE5IZ EIF3
lift (self) —

WhW 3 “RXGBRIKIC XD ZEHA 25 % LT 5.

4.24.1.2 lift factors — a1l & a2 Z5|Z kI3

lift factors(self) —

BRRBEZEA A 125 25 & EF 5 2 22 & ) BB B
e f == A1 *x A2 (mod p * q)
e Ai == ai (mod q) (i=1,2)

EHIT,qldp * qICHEHEINS.
T ROUTHRSEMZ HEIHICH /- X N 5.

e f == al*a2 (mod q)
e al*ul + a2*u2 == 1 (mod p)
e pldqZEIDYI3

4.24.1.3 lift ladder — ut ¥ u2 Z5|F LIF3

lift ladder(self) —

ul ¥ u2 % UL & U2 ICEH:
e alxUl + a2+U2 == 1 (mod p**2)
e Ui == ui (mod p) (i=1,2)

Z LT, p% px*x2 ITHEH.
T ROFTHESRMZHBIRICH /- N 5!

e al*ul + a2*u2 == 1 (mod p)

4.24.2 HenselLiftMulti — #8ZERICHITEAEILD Tk
Initialize (Constructor)
HenselLiftMulti(f: polynomial, factors: list, ladder: tuple, p: integer,

q: integer=p)
— HenselLiftMulti
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CDF TV 27 MEANVEILDMBEIZ X - THl&E EIF S T < BEIREZTERN
DR ZERF. b LRBOEN D% & HenselLift Pair 25 XX ThH 5.

factors [IZHRDV X b; ZALDZHNIEIZODY A b sis & tis DR S
NTH5 al, a2, ... ladder & LTKL, iV X MIZEHKADLSHMS. s1, s2, ...
YL TsisDZHEAERL, t1,12, ... L LT tis DZHEAERT. I5I1Tbi &
i<jTH5ajebOEe LTEE. 5IBUIAT ORHESRG 2723

o £ X RTD factors IFE=v 7 ZIHK

e f == al*...*ar (mod q)

e ai*si + bi*ti == 1 (mod p) (i=1,2,...,7)
e pldqZHLYID, Y55 HARK

from factors(f: polynomial, factors: list, p: integer)
— HenselLiftMulti

Z AU HenselLiftMulti DA Y ARV AREMR LIRTT-DD T 5 AX Y w K.
WA D 7212 1adder ZFHE LE TREITR WV 2o 3 thos[Euz k- TH

Hans.

SIBUIHHRS M-I RETH 5!
o £ ¥ ETD factors IFE= v 7 ZIHR
e f == al*...*xar (mod q)

o p lIFH

Attributes

point :

V2 bELTORE ai 725
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Methods

4.24.2.1 lift — —EREE5IZ EIFS
lift (self) —

Whw s “XGBENKIC I D ZHAZT E LT 5.

4.24.2.2 lift factors — A %5 T LIF3

lift factors(self) —

BRRHZER AL 72525 % BT 5 Z ik b REE F3:
e f == Alx...*Ar (mod p * q)
e Ai == ai (mod @) (i=1,...,r)

EHIT,qldp * q ITHEH.
T ROHHRSEMT HENICH - S 5:

e f == alx...*ar (mod q)
e ai*si + bixti == 1 (mod p) (i=1,...,7)

e pldqZHILYIS

4.24.2.3 lift_ladder — ul & w2 Z5|E LIF3
lift ladder(self) —
siZzb¥ tieb® Silkby Ti =HICHEH:
e al*Si + bi*Ti == 1 (mod p**2)
e Si ==si (mod p) (i=1,...,7)
e Ti == ti (mod p) (i=1,...,7)

Z L T,p % pk*2 [ZHHT.
T ROHTHESRMZ HBIRICH /- S N 5.

e ai*si + bixti == 1 (mod p) (i=1,...,7)
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4.24.3 HenselLiftSimultaneously

ZOXY oy R[] THEER TV 3.
t UFOFRLERK 21717

e ai /oH,pi & gi LBIEFITANTE= Y V7 ZIHA
o f == glx...*gr (mod p)

o f == d0 + dixp + d2xp**2 +...+ dk*p**k
e hi == g(i+1)*...*gr

e 1 == gi*si + hi*ti (mod p) (i=1,...,7)

deg(si) < deg(hi), deg(ti) < deg(gi) (: =1,...,7)
pldqZEIDY25

e f == 11*...x1r (mod q/p)
e f == alx...*ar (mod q)
e ui == ai*yi + bi*zi (mod p) (i=1,...,7)

Initialize (Constructor)

HenselLiftSimultaneously(target: polynomial, factors: list, cofactors:
list, bases: list, p: integer)
— HenselLiftSimultaneously

DX T 27 PEAANVELOREIC L > TH = FiFshTun  EEREEIE
ROREE RIT.

f = target, gi in factors, his in cofactors and sis and tis are in bases.
from factors(target: polynomial, factors: list, p: integer, ubound: in-
teger=sys.maxint)

— HenselLiftSimultaneously

Z AU, KEH Hensel LiftMulti i2 X o CT5| % _EIF 5472 HenselLiftSimultaneously
DA VARV ABNER LIRS T2DD Y 7 A XY v RT,HenselLiftMulti 3% L
sys.maxint & D/PEFAUX ubound & —H L, B 7% <L sys.maxint & —ET
5. VIINER E /B 2 ZHEA LR LETHEIRV; Ths i3 Mios 8z X -
THEZN 3.

f = target, gis in factors.
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Methods

4.24.3.1 lift — —EREE5IZ EIFS
lift (self) —

GIZEETFRAY Y F.ZDOXY Y ROARIHTANE.

4.24.3.2 first lift - RO Tv S

first lift(self) —

51 & B 2B,
f == 11%12%...x1r (mod p**2)
di 72bui 2b,yi 2BZ L Tzi 2500HE. ai 252 i 2B 2 EH. £ L
T,q % p**2 I[ZHHT.
4.24.3.3 general lift - RDXT v/

general _lift(self) —

gl EFZHil) 5.
f == al*a2x...*ar (mod p*q)

ai 7zHubi 72B,yi 2B Z LT zi 2520k, 2L T,q% p*xq. ICEH

4.24.4 lift upto — main B§#,

lift upto(self, target: polynomial, factors: list, p: integer, bound: in-
teger)
— tuple

bound % T target ® factors mod p Z\Y ¥V 7 b [K factors mod q &
the g ZNHE ZIRT.
PUT O#iifRSEMIIm SN E2RETDH 5:

e target X E=v 7 ZIHA.

e target == product(factors) mod p
FEER (factors, q) W ILLT ORiIRSH 223

e i s.t. q == p¥*k >= bound 723 k DFE(E

e target == product(factors) mod q
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4.25 poly.multiutil - ZEHZERICH TS 1—T«
Akt

e Classes

RingPolynomial

DomainPolynomial

— UniqueFactorizationDomainPolynomial
— OrderProvider

— NestProvider

PseudoDivisionProvider
GcedProvider
RingElementProvider

e Functions

— polynomial
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4.25.1 RingPolynomial
AR R Fo— D ZIEA.

Initialize (Constructor)

RingPolynomial(coefficients: terminit, **keywords: dict)
— RingPolynomzial

keywords [ XA T %2 & R ITIUIR S W
coeffring FJ#UR (CommutativeRing)
number of variables ZE D (integer)
order HHJIEFF ( TermOrder)

Z D7 7 A BasicPolynomial, OrderProvider, NestProvider and RingEle-
mentProvider &5 3.

Attributes

order :
TEIE .
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Methods

4.25.1.1 getRing
getRing(self) — Ring
ZIEADNES 5 Ring DYV 77 FJADF 7Y =7 M 2IKT.
(ZD XY v Rl RingElementProvider NDEFK%E 4+ — =54 K3 3)
4.25.1.2 getCoefficientRing

getCoefficientRing(self) — Ring

FTRTOBREDFIET % Ring DY 77 FADA T 27 b RiRT.
(ZD XY v FiX RingElementProvider NDEHREZ I — =5 14 K3 3)

4.25.1.3 leading variable

leading variable(self) — integer

FEH (2TOEXED 1 DHOFTOFIHE) OfERIRT.
FIHFIFERE UTHERICZLT 2. HIEFIZEN order ICX o THES NS,
(ZDRAY v FiX NestProvider 7> H KX 415)

4.25.1.4 nest

nest(self, outer: integer, coeffring: CommutativeRing)
— polynomial

BN EDOE R outer 5| EHFTZICI D ZBHEHAEZ A .
(ZDRY v Fid NestProvider 2» HiftkK X415
4.25.1.5 unnest

nest(self, q: polynomial, outer: integer, coeffring: CommutativeRing)
— polynomsial

HZ 5NMBEOE outer ZIHAT LI 2ICED AR MINLZHN q %27
YAAFLET.
(ZDRAY v FiZ NestProvider 22 HRf K E £ F)

4.25.2 DomainPolynomial
B o RE e Fio ZIHA.
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Initialize (Constructor)

DomainPolynomial(coefficients: terminit, **keywords: dict)
— DomainPolynomaal

keywords {FA T 2 & F 21T AU 720
coeffring "B’ (CommutativeRing)
number of variables ZE D (integer)
order HHJEF (TermOrder)
Z ®D 2 7 A% RingPolynomial ¥ PseudoDivisionProvider Z#&3 5.

Operations

operator | explanation

f/¢g RE (RESTEHEBR)
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Methods

4.25.2.1 pseudo_divmod

pseudo divmod(self, other: polynomial) — polynomial

UTeksZ2EAQ, R 2iKT:
ddeg(self)7deg(othe7‘)+lsel‘f — other X Q +R

EEE L LC other DERKTH 3 d.

R U CERBIIHDOBREBICED 5. HIEFIZEN order Lo THRES M
5.
(ZDRY v Fld PseudoDivisionProvider 2> H5fkE 415 )

4.25.2.2 pseudo_floordiv

pseudo_ floordiv(self, other: polynomial) — polynomial

DT eiss2HEAQ iKY
ddeg(self)—deg(othe’r’)—i—lself — other X Q +R

EEMEY LT other DFRE d ¥ ZIEA R.

fiR e UCERBUIEIERFICZED 5. HIEFIZJEME order ICX o THIES L
3.
(ZD R v FiZ PseudoDivisionProvider 2> SR X415 )

4.25.2.3 pseudo_mod

pseudo_mod(self, other: polynomial) — polynomial
UTeksZHEAR 2KT:

ddeg(self)fdeg(other)+1 % self — other X Q +R

d 1% other D ERET Q 1ZZIHFA.

fERE U TERBIIHOAMENCZED % . HIEFI3EM order ITX o THREZ 1L
5.
(2D XY v Fi& PseudoDivisionProvider 2> Hi#fK X415 .)

4.25.2.4 exact division

exact _division(self, other: polynomial) — polynomial

(EbtIhd e 20h) RETHEHZIET.
(ZD R v FiZ PseudoDivisionProvider 2> SR X415 )

304



4.25.3 UniqueFactorizationDomainPolynomial
— B RER (UFD) f280% R0 2 1H.

Initialize (Constructor)

UniqueFactorizationDomainPolynomial(coefficients: terminit,
**keywords: dict)
— UniqueFactorizationDomainPolynomial

keywords XA T %2 & R ITIUIR S W
coeffring FJ#UR (CommutativeRing)
number of variables ZE D (integer)
order HHJIEFF ( TermOrder)
Z D2 7 A DomainPolynomial ¥ GcedProvider ##t#&3 3.
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Methods

4.25.3.1 gcd

ged(self, other: polynomial) — polynomial
ged IR T A A P INZIHRKOD ged DIEDONS.
(ZDRAY v FiZ GedProvider 2 bR S 41 5.)

4.25.3.2 resultant

resultant(self, other: polynomial, var: integer) — polynomial
ZDHE var IZX o TIREE I NZEBUIZOWTD, AR LEDZHO>DZIHEAD
LS PN e

4.25.4 polynomial - TEIFHZBIERICHT ST 77 ~UBEEK

polynomial(coefficients: terminit, coeffring: CommutativeRing,
number_of_variables: integer=None)
— polynomzial

ZIHNEIRT.
T BEIEDIMEEN B HNCROBE R T2 Z 22 & D, (REER D> 5 ZIHA DA 238 R

kA —N"—54 FTE 5:
special_ring_table[coeffring_type] = polynomial_type

4.25.5 prepare indeterminates — RETTEILEE

prepare indeterminates(names: string, ctx: dict, coeffring: Coeffi-
cientRing=None)

— None
ARETLH names 12 X o T SN0 6, AETLERTER > AET 5. 1
FIEEE ctx a5,

ZRFTCICHESINERETH S, SHRKIEHESLER DAV T AN
AREZES LIRELSE 2755,

b LIEEGIED coeffring 35 2 517213 AUE, NETTIRBERBZHEA L LT
e E .

Examples

>>> prepare_indeterminates("X Y Z", globals())
>>> Y
UniqueFactorizationDomainPolynomial ({(0, 1, 0): 1})
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4.26 poly.multivar — ZEHZIAT

e Classes

— tPolynomiallnterface
— tBasicPolynomial

— TermlIndices
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4.26.1 Polynomiallnterface - @ TDZEHZIERNDEEY T X
A VR=T 2= ADPHRT FRABRDTA VAR Y RFMES TR,

4.26.2 BasicPolynomial — ZIEXXOE RN LREE
HARN R ZHAD 7 — 2 A,

4.26.3 TermlIndices — ZEHZIERDIEDA VTV I R
RINDESI AT b

Initialize (Constructor)

TermlIndices(indices: tuple) — TermlIndices

VAT 7 RIBEMESCIEANRED A Ty 7 ADIEL S 220,

Operations
operator explanation
t ==u FLWLhE DD
t !=u FLLABRVDREY S
t+u (componentwise) Al
t -u (componentwise) 7=
t % a (componentwise) A A7 —IZ Xk 378 a
t<=u, t<u, t>u, t>u]| Vi
t [k] kFHOA VT v 7R
len(t) R
iter(t) AT7L—=X
hash(t) Ny Ta
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Methods

4.26.3.1 pop

pop(self, pos: integer) — (integer, TermIndices)

pos ICBIIFBA VT v 7 AL pos DA VT v 7 ZA%ERWEH LW TermIndices
FTT =2l b RIRT.
4.26.3.2 gcd
ged(self, other: TermIndices) — TermlIndices

ZODA VT v I AD “ged” BIRT .

4.26.3.3 lcm

lem(self, other: TermlIndices) — TermlIndices
ZOoDA YTy 7 AD “lem” ZIRT .
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4.27 poly.ratfunc — HIEEH

e Classes

— RationalFunction

GBI 2DZERD, 7B LTET330.
CODED a—NAHBRICID LR LERWI . EEZEROBRE D -8 o fElf
arvrrEEHfTss0.
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4.27.1 RationalFunction — BIEE#I 5 X

Initialize (Constructor)

RationalFunction(numerator: polynomial, denominator: polynomial=1)

— RationalFPunction

5.2 572 numerator ¥ denominator Z RO BB EZES. B L numerator
A3 RationalFunction DA ¥ A X ¥ A T,denominator 235 -2 ST ULa B —
#1E%. B L numerator B3Z AN 5 numerator 2352 SN - HHEKEES.
X 51T, B L denominator 253 TIZH X 6N TWi2 5, pRHEZ DIETIRGE X,

72 IXTEHI L

Attributes

numerator :
E255W

denominator :
ZIEA.

Operations

operator | explanation

A==B A BDOFELLAY HKT.
str(A) | HART VXTI ZIRT.
repr(A) | A DWEERBICFH|ZIRT.
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Methods

4.27.1.1 getRing — BIEEHKE%1ES
getRing(self) — RationalFunctionField

AHBARADFTR S 2 AEBERAZ IR T .
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4.28 poly.ring — ZIERER

e Classes

— PolynomialRing
— RationalFunctionField
— Polynomialldeal
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4.28.1 PolynomialRing — ZIENIR

uni- /multivariate polynomial rings D7z ® 27 7 . CommutativeRing D7z
DOV T TR,

Initialize (Constructor)

PolynomialRing(coeffring: CommutativeRing, number_of_variables:
integer=1)

— PolynomialRing

coeffring I3fREER. number of variables I3ZOE. d LZDfEH 1 L DK
FUMUE, ZORBZBEBZHEAXITH T 5D 0.

Attributes

Zero :

REDO.

one :
BREo 1.
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Methods

4.28.1.1 getlnstance — 73 XAXYw R

getInstance(coeffring: CommutativeRing, number_of _variables: inte-

ger)
— PolynomialRing

TREUR coeffring & B D number _of variables ZFDOZIHAIRD A > A &
Y AZIRT.

4.28.1.2 getCoefficientRing

getCoefficientRing() — CommutativeRing

4.28.1.3 getQuotientField
getQuotientField() — Field

4.28.1.4 issubring

issubring(other: Ring) — bool

4.28.1.5 issuperring

issuperring(other: Ring) — bool

4.28.1.6 getCharacteristic

getCharacteristic() — integer

4.28.1.7 createElement

createElement(seed) — polynomial
ZIHAZIRT. seed FZIHK, FRETRDTT, 73— 28/ ZEBZHA DR
DFBUTEL 7D F—XTHH G2

4.28.1.8 gcd

ged(a, b) — polynomial
(AIHE7 513) 52 o N ZHHROBRRN 2R Y. ZIHANIZIHARICA -
TVWRFUIR SRV, b LRBERD R 51, ZoRRIEE= v 7 ZIHA
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4.28.1.9 isdomain

4.28.1.10 iseuclidean

4.28.1.11 isnoetherian

4.28.1.12 ispid

4.28.1.13 isufd
CommutativeRing 7 5 k&K X 7=,

4.28.2 RationalFunctionField — HIEEHE

Initialize (Constructor)

RationalFunctionField(field: Field, number_of_variables: integer)
— RationalFunctionField

HHRRARAICES S 5 7 5 2. QuotientField D% 77 5 X.

field % Field DA 7Y = 7 b TH B NETH 2 REE. number of variables
BEBOH.

Attributes

Zero :

wEoo.

one

.%L®L
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Methods

4.28.2.1 getlnstance — 73 XAXYw R

getInstance(coefffield: Field, number_of_variables: integer)
— RationalFunctionField

{REUR coefffield & ZH D number of variables Z#$fD> RationalFunctionField
DA YARY AZIRT.

4.28.2.2 createElement

createElement (*seedarg: list, **seedkwd: dict) — RationalFunction

4.28.2.3 getQuotientField
getQuotientField() — Field

4.28.2.4 issubring

issubring(other: Ring) — bool

4.28.2.5 issuperring

issuperring(other: Ring) — bool

4.28.2.6 unnest

unnest() — RationalFunctionField

% L self 25 RationalFunctionField IZ% A IR TW= 56, Thbb ZDi%k
#UA D F7- RationalFunctionField 25, XV v FIF—ERE 7 V2 X & iz
RationalFunctionField %#3R 7.

Bl 213

Examples

>>> RationalFunctionField(RationalFunctionField(Q, 1), 1).unnest()
RationalFunctionField(Q, 2)

4.28.2.7 gcd

ged(a: RationalFunction, b: RationalFunction) — RationalFunction

Field 22 A& Z 5.
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4.28.2.8 isdomain

4.28.2.9 iseuclidean

4.28.2.10 isnoetherian

4.28.2.11 ispid

4.28.2.12 isufd
CommutativeRing 7> HifEK X 5.

4.28.3 Polynomialldeal — ZIBRED1 T 7 /L
ZHAIRDA T 7N % £ T Ideal DY 77 5 .

Initialize (Constructor)

Polynomialldeal(generators: list, polyring: PolynomialRing)
— Polynomzialldeal

generators 12 & o TER SN 2 ZIHAB polyring DA 77 V2R THF LWL T
VES AR (55

Operations
operator | explanation
in BENTWVWEHLDT AL
== FCAT 7T
1= BIEBATTNIP?
+ il
* FH
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Methods

4.28.3.1 reduce

reduce(element: polynomial) — polynomial
AT T7NEHEE T 5 element DRR.

4.28.3.2 issubset

issubset(other: set) — bool

4.28.3.3 issuperset

issuperset(other: set) — bool
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4.29 poly.termorder — IHIERF

e Classes

— tTermOrderlInterface
— tUnivarTermOrder

— MultivarTermOrder
e Functions

— weight order
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4.29.1 TermOrderInterface — BIEFDA >R —T7 1 —2X

Initialize (Constructor)

TermOrderInterface(comparator: function) — TermOrderInterface

THIERF IS =D DI (F 723 HIER) OBSEIER %2 RE 3 2 B B5EIEfc
Ih, 2 TCOEIERTTSNS.

X D IEREIZE 5 ¥ Python DR T, HIEFIZBEE TO_ODRXR I L%EL D,
ZDENTNDR T MITEDONEIEHERT. £ L THAIABEBD cmp D & 5
1272720, 1 £721F -1 iR,

A TermOrder 7Y = 7 MIMBRIEN BIEZ 1 T <, REC R B 580
AN, ZHEHAD 7 + —~< v F INTXFINERT XY v R b,

comparator X TD_DODRXRTIND LI KR AT v b, ZNFND
RTMITEDNEIEHERT. 2 L THAAABEE cmp D X 51272720, 1 £721%
-1 2R

D7 FRFHRI FRATA VARV ADPMELNEZRETIZRW. kDAY v F
BT A—N—=F 4 FENRTIUIZR ST,
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Methods
4.29.1.1 cmp
cmp(self, left: tuple, right: tuple) — integer
TODA VT v 7 AR T IV Lleft ¥ right & LU UBICIEN & IRE.

4.29.1.2 format

format(self, polynom: polynomial, **keywords: dict)
— string

ZJHK polynom D 7 + —< v b TN FHN IR T
4.29.1.3 leading coefficient
leading coefficient(self, polynom: polynomial) — CommutativeRingElement
Z A polynom DIENEFIZOWT D EREZ KT
4.29.1.4 leading term

leading term(self, polynom: polynomial) — tuple

ZTERA polynom O EIEHZHEFIZDOWTD X 7L (degree index, coefficient)
¥ L TRY.

4.29.2 UnivarTermOrder — —Z#Z BRI 3 IEIEF

Initialize (Constructor)

UnivarTermOrder(comparator: function) — UnivarTermOrder

—ZREZHEARTH LTI —BENREEFELH 5. e LTHLAT WS,

—EBDOGENDFRR Z 2 1d, NEBUI X T A TR, BR2BHTHs b
WHZETHDB. ZDIehnH, XY v K signatures d F 7z TermOrderInterface
NDEFED LEET 2 REDH 503, ZHUTES 5 7- DT AN,

comparator (Z DD E Y D cmp DX HIT772 0,1 £72iF -1 2RI
WHHENE S, ThbE, b LENLN 0 2RT, &flid 1 KhREW, ZLTX
H72 E -1, BER_LIXHARE T & 2 BRI cmp BAE D 4.

Z D7 F A& TermOrderInterface &3 5.
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Methods

4.29.2.1 format

format(self, polynom: polynomial, varname: string='X’, reverse:
bool=False)
— string

ZJH polynom D 7 + —< v b SN FHN#IRT.

e polynom [F—ZHZIHX TR ITUIR S0
e varname (ZZEHHDORENTZ 5.

o reverse X True £ False DEBHB LI NIGS. B LEFND True 125, IH
W () IE BN S.

4.29.2.2 degree

degree(self, polynom: polynomial) — integer
% TER polynom DXE# KT .

4.29.2.3 tail degree

tail degree(self, polynom: polynomial) — integer
polynom O TOIHDOHFTOR/NKE ZIRT.
ZDRAY v Nl experimental T .

4.29.3 MultivarTermOrder — ZZHZIER X B IHERF

Initialize (Constructor)

MultivarTermOrder(comparator: function) — Multivar TermOrder

Z D7 5 A& TermOrderInterface Z &3 5.
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Methods

4.29.3.1 format

format(self, polynom: polynomsial, varname: tuple=None, reverse:
bool=False, **kuds: dict)
— string

ZJH polynom D 7 + —< v b SN FHN#IRT.

BINOBIRTH % varnames IIBHLBNE Y X b.

e polynom ZZEHZIHATT.
o varnames [FZEH DFI.

e reverse 1 True ¥ False DE¥HE LN NIES. b LZEND True, JHITW
(k%) IETHN 5.

4.29.4 weight order — EAfI EERFTIT

weight order(weight: sequence, tie_breaker: function=None)
— function

weight 12 & 2 AN ZNEF O LB Z R T .

w % weight Z LE 7. EANZIEFMFI58 2 & y ITXoTERSH, £h
SIEMTZHEZT. dblw-rs<w-yRZbrs<y THY, Frw-z==w-y»
D tie breaker Dz <y LHIL7H 2 <y

* 7 a v tie_breaker i, b LEHANMNERT LD Ry MEMNGH tie L
WEERHMEDNS D D5 —DDERE. & LZDF 7> a »53 None (HIHIFRE)
T, 52 605182 IEFT$ %729 tie breaker A Y IZWAEEIR &, TypeError
MR 5.

Examples

>>> w = termorder.MultivarTermOrder(
termorder.weight_order((6, 3, 1), cmp))
>>> W.Cmp((i, O, 0)’ (0) 1, 2))

1
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4.30 poly.uniutil - —ZHZIBERDO-HDI—FT 1 1)
TA
e Classes
— RingPolynomial
— DomainPolynomial
— UniqueFactorizationDomainPolynomial
— IntegerPolynomial
— FieldPolynomial
— FinitePrimeFieldPolynomial
— OrderProvider
— DivisionProvider
— PseudoDivisionProvider
— ContentProvider
— SubresultantGedProvider
— PrimeCharacteristicFunctionsProvider
— VariableProvider

— RingElementProvider
e Functions

— polynomial
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4.30.1 RingPolynomial — AJ#3z FDZIET

Initialize (Constructor)

RingPolynomial(coefficients: terminit, coeffring: CommutativeR-
ing, **keywords: dict)
— RingPolynomial object

ZIHAZ 5 2 & N fRBUR coeffring THIHATL.

Z D2 7 A% SortedPolynomial, OrderProvider # L T RingElement-
Provider 20 5 k7K.

coefficients DA terminit. coeffring ¥ CommutativeRing D% 727 5 X
DA VARV,
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Methods

4.30.1.1 getRing

getRing(self) — Ring

ZHAXDOMEST 2 Ring DV 77 FADATI =7 M 2iRT.
(ZD XY v FiZ RingElementProvider NDEFHZE + —N—F 4 K5 3)

4.30.1.2 getCoefficientRing

getCoefficientRing(self) — Ring

ETORBDFES 2 Ring V77 7 ADF 7Y =7 P %IRRT,
(ZD XY v FiX RingElementProvider NDEFHE 4 —N—F 4 R§3)

4.30.1.3 shift degree to

shift degree to(self, degree: integer) — polynomial

THDG Z BTz degree TH 2 ZHAZIRT. KOIEM, f(X)=ao+... +
ap,X™ 3 5L, f.shift_degree_to(m) FLL T %R :

o b L IBRZEALS, BEZLHAZIEKT
® ap_m+ ... +a, X™, (0<m<n)
o apX™ "+ ...+ a, X™, (m>n)
(2D XY v Rl OrderProvider 2> HikK X415
4.30.1.4 split_at
split _at(self, degree: integer) — polynomial
HBZ NI THElsh 202D X IV 2RT. 52 5N D

HIZ, b LIFET 245, TOXBDZHAOMHNIET 5.
(ZDRAY v FiZ OrderProvider 2> Hi#f KX 413)

4.30.2 DomainPolynomial — i3 FDZIE

Initialize (Constructor)

DomainPolynomial(coefficients: terminit, coeffring: Commuta-
tiveRing, **keywords: dict)
— DomainPolynomial object
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5.2 50728838, coeffring 120 LZTER Z @,
AR ZHAOEHEITI A, ZEHFRE 2+,
Z ®D 72 7 A% RingPolynomial ¥ PseudoDivisionProvider % .

coefficients DHYIE terminit. coeffring I¥ coeffring.isdomain() % {ifi/z 3
CommutativeRing D% 77 7 XD Y AKXV R,
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Methods

4.30.2.1 pseudo divmod
pseudo_ divmod(self, other: polynomial) — tuple
MFok5%%2HA Q, RDXTL @, R) ZiKT:

ddeg(f)—deg(other)+1f — other X Q +R,

d 13 other O EREL.
(ZD XY v Fi& PseudoDivisionProvider 22 Hif K X415

4.30.2.2 pseudo floordiv
pseudo_ floordiv(self, other: polynomial) — polynomial
UTo &5 7%2HA Q 2183
ddeg(f)fdeg(other)Jrlf — other X Q + R,

d 1 other ® EfREL.
(ZD R Y v FiZ PseudoDivisionProvider 7* Hk& X413 )

4.30.2.3 pseudo_mod
pseudo mod(self, other: polynomial) — polynomial
DTFD X552 R ZiRT:
ddeg(f)fdeg(other)Jrlf — other X Q + R,

d 1% other ® FEfREL.
(ZD R Y v FiZ PseudoDivisionProvider 7> Hk K X415 )

4.30.2.4 exact_division
exact _division(self, other: polynomial) — polynomial

(EIvvIhs e z) REORZIKT.
(ZD XY v Fid PseudoDivisionProvider 2> Hff K X 415

4.30.2.5 scalar exact division

scalar _exact division(self, scale: CommutativeRingElement)
— polynomial

BARBEEI DY) S scale ICX A ZIRT.
(ZD R v Rl PseudoDivisionProvider 2> SR X413
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4.30.2.6 discriminant

discriminant(self) — CommutativeRingElement
ZHADHHINZER T

4.30.2.7 to_field polynomial

to field polynomial(self) — FieldPolynomial

B D LoZHEARE D OBiAANHEDIAT Z 12K D555 FieldPolynomial
Tz bERT.

4.30.3 UniqueFactorizationDomainPolynomial — UFD E
DEZIERN

Initialize (Constructor)

UniqueFactorizationDomainPolynomial(coefficients: terminit,
coeffring: CommutativeRing, **keywords: dict)
— UniqueFactorizationDomainPolynomsial object

5.2 5072 UFD coeffring 128 W TZIEA 2 #H L.

Z D7 7 Xid DomainPolynomial, SubresultantGcecdProvider Z LT Con-
tentProvider 2> 5K S 5.

coefficients DB terminit. coeffring i coeffring.isufd() %ifi/z 3 Com-
mutativeRing D% 77 5 2ADA Y AKX VR,

4.30.3.1 content

content(self) — CommutativeRingElement

ZIHADONEZIRT.
(ZD XY v Fi& ContentProvider 2> Sk X 3)

4.30.3.2 primitive part

primitive part(self) — UniqueFactorizationDomainPolynomial

Z I D JFIBRIER 77 2R 3.
(ZD R Y v FiZ ContentProvider 20 SRS 41 3)
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4.30.3.3 subresultant gcd

subresultant gcd(self, other: polynomial) — UniqueFactorizationDomainPolynomial

52 o 7ZHADBRANHEZIRT. ZASIEZHEATICA o TR IFIUR
%573, FDFREERIE UFD TRIFAUIR S0,
(ZD XY v Fid SubresultantGedProvider 2> Hk K X 415)
Reference: [13]Algorithm 3.3.1

4.30.3.4 subresultant extgcd

subresultant _extgcd(self, other: polynomial) — tuple

A x self + B x other = P T®% (A, B, P) ®iRF. P I¥5 2 6N7=ZHK
DERIFIE. ZHIZTHERIRICA > TWRITUEER ST, 2 DFRERIZ UFD T
RFIUITZ 570,

5% [21]p.18
(2D XY v Fl& SubresultantGedProvider 2> 5 X 415

4.30.3.5 resultant

resultant(self, other: polynomial) — polynomial

self & other DFAER 2K T
(ZDRY v FiZ SubresultantGedProvider 22 HifkK X415

4.30.4 IntegerPolynomial — HIEEHIIZ FOZIER

Initialize (Constructor)

IntegerPolynomial(coefficients: terminit, coeffring: CommutativeR-
ing, **keywords: dict)
— IntegerPolynomial object

5.z 5 7=A[#3R coeffring 128 W TZIEFE WAL,

HHAAAD int NREH R GIELA X N 2F UL SR VWD T, 2D Y 5 RITHE
rEh3.

Z ®D 2 7 A% UniqueFactorizationDomainPolynomial 7> & kK.

coefficients DX terminit. coeffring 1% IntegerRing DA ¥ A X > X, JT
EREDWCERZ 20, AHEBEHIR Y 52 2 0 ENH 5.

331



4.30.5 FieldPolynomial — {A_EDZIER

Initialize (Constructor)

FieldPolynomial(coefficients: terminit, coeffring: Field, **keywords:
dict)
— FieldPolynomial object

5.2 507248 coeffring 1I2B W TZHERZ @,
R EDZHEAIREILI—7 ) v FEBELZOT, REMRHEINS.

Z D7 7 X RingPolynomial, DivisionProvider Z L T ContentProvider
B K.

coefficients DX terminit. coeffring & Field D% 727 52D A4 VARV X,

Operations
operator explanation
t// g U1 fECRE DR
fheg ENU)
divmod(f, g) | i RD
f/g HABI R LT DRRR
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Methods

4.30.5.1 content

content(self) — FieldElement

ZIHKOWNEZIRT.
(ZD XY v Fid ContentProvider 2> Hk#EK X 13)

4.30.5.2 primitive part

primitive part(self) — polynomial

ZIHA DT D 2R T .
(ZD XY v Fi& ContentProvider 2> H k& X 3)

4.30.5.3 mod
mod(self, dividend: polynomial) — polynomial

dividend mod sel f Z1R T .
(ZD R Y v FiZ DivisionProvider 7 H & X415 )

4.30.5.4 scalar exact division

scalar exact division(self, scale: FieldElement) — polynomial

BB EI DY) S scale ICX 2% IKT.
(ZD XY v Fi& DivisionProvider 2> H k& X 3)

4.30.5.5 ged
gcd(self, other: polynomial) — polynomial
self & other DFRANKIEZIRT.

BENZZHAZTTICE=y 7 ZHATT.
(ZD XY v Fi& DivisionProvider 2> H & X 3)

4.30.5.6 extged
extged(self, other: polynomial) — tuple
RTN (u, v, d) ZiRT; ZDODZIEA self ¥ other DI KRN d 2 LT &

Bbu, v ThHs
d = self x u+ other x v
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extged S,
(ZD XY v FiZ DivisionProvider 2> 5K Zh 3)

4.30.6 FinitePrimeFieldPolynomial — HREZE&X L DZIER

Initialize (Constructor)

FinitePrimeFieldPolynomial(coefficients: termainit, coeffring:
FinitePrimeField, **keywords: dict)
— FinitePrimeFieldPolynomaial object

5.2 N2 AIHEER coeffring 12 B W TEZIEA 2wk,

Z D7 7 A& FieldPolynomial & PrimeCharacteristicFunctionsProvider
D OHHKKT 5.

coefficients DL terminit. coeffring | FinitePrimeField ¥ 72 5 XD
AVARVR,
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Methods

4.30.6.1 mod pow — EVaOYNRTE

mod _pow(self, polynom: polynomial, index: integer)
— polynomial

polynom™4e® mod sel f %K.

self ik LTW5% Z LITHER.
(ZD XY v Fi& PrimeCharacteristicFunctionsProvider 2> Hif K X413

4.30.6.2 pthroot

pthroot(self) — polynomial

XP % X WCETZeEDBoNsZHAZIRT. p 3438  LZIHAD p
FXNZIED AL 2T AU, FERIERE R
(ZD XY v Fi& PrimeCharacteristicFunctionsProvider 2» Hi#f& X413

4.30.6.3 squarefree decomposition

squarefree decomposition(self) — dict
FHRFZEERWEHASRZIRT.

R XN B keys DIEERLT values D3XTIG L 72N ZEHFOHEE. Hl 21X, d L

Examples

>>> A = Al * A2%x2
>>> A.squarefree_decomposition()
{1: A1, 2: A2}.

(ZD XY v Fi& PrimeCharacteristicFunctionsProvider 2> A& X415

4.30.6.4 distinct degree decomposition
distinct degree decomposition(self) — dict
ZIHNZ IR 2 T TR L T2 H DZIRT .
R E N5 HIZ keys 2SFEELT values 23N IG L e KX D R DTET H 2 #FE. Hl X

X, bL A=Al x A2, T, ZL T Al OLTOEMRFBIE 1 2Hb, A2 D
BERIRI IR 2 2Fo, Z U TR {1: A1, 2: A2}
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52 o ZHNI AR T2 b 72720 b D TRIFNUIR S T, ZDRECR
FHRAETRITIUIIR S R0,
(ZD R Y v FiZ PrimeCharacteristicFunctionsProvider 2» Hf#f K X 415

4.30.6.5 split same degrees

split same degrees(self, degree: ) — list
ZHA DRI 72185

ZHAZE X 5N TBDOBHIR T ORI TR T IUITR 5720
(2D XY v Fi& PrimeCharacteristicFunctionsProvider 2> Hi##& X413
4.30.6.6 factor

factor(self) — list
ZIHN 2 RBUTRS 5.

RS NBEE, A DMANIHBTRORITZZDEEETHZ2XTNLDY R
FTT.
(ZD R Y v FiZ PrimeCharacteristicFunctionsProvider 2» Hf#f K X 415)

4.30.6.7 isirreducible

isirreducible(self) — bool

b LZIHADBIR S True 2R L, ¥R IX False iR T
(ZD R Y v FiZ PrimeCharacteristicFunctionsProvider 2» Hf## K X 15
4.30.7 polynomial — XS FAHZHERXICNT S 777 UEK

polynomial(coefficients: terminit, coeffring: CommutativeRing)
— polynomial
ZIHA 2K
T BECEMERENCLL T ZEET 2 Z 2 I & D, (REER D & ZTHA OB %32 57k

BA—N—FAFTHIENTES:
special_ring_table[coeffring type] = polynomial_type
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4.31 poly.univar - —ZHZIER

e Classes

— tPolynomiallnterface
— tBasicPolynomial

— SortedPolynomial
Z @ poly.univar [ZATOM 2> T\ 5!

polynomial :
polynomial (% Z D XARTIX Polynomiallnterface D% 727 5 2D 4 > A
xR,
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4.31.1 Polynomiallnterface — ® TD—ZEHZIER I TIE
=378 4

Initialize (Constructor)

HRTZ 5 RDTA VAR Y ZIMES .
Z D7 7 A& FormalSumContainerInterface 7> HiRAE X115,

Operations

operator | explanation
fx*xg PR
foax i | NEFR
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Methods

4.31.1.1 differentiate — Fe M9

differentiate(self) — polynomial
ZHEAX O AWM 2K 7.
4.31.1.2 downshift degree — ZIEX DX Z TIF3
downshift degree(self, slide: integer) — polynomial
K slide ZFFOLTOHEE FIcy 7 P LTHELNZHENAEIRT.
B TEDV N WIED slide & /X W = FERIZECANICIZZEA TR Y
CYIWIHER. TOEIRGAETH, TDOXY vy FIdfNIE Z X720,

Tf.downshift_degree(slide) {3 f.upshift degree(-slide) L[AFEDBH D
TY.

4.31.1.3 upshift degree — ZERXDRK%Z LIT3
upshift degree(self, slide: integer) — polynomial
T slide ZFORTOEHE LIy 7 P LTHRLNZHALIKT.

7f.upshift_degree(slide) & f.term_mul((slide, 1)) XHAFEDHDTH
3.

4.31.1.4 ring mul - REOFEE

ring mul(self, other: polynomial) — polynomial
ZIHI other ¥ OFREDFERZIRT .

4.31.1.5 scalar _mul - XA S —DFE

scalar mul(self, scale: scalar) — polynomial

A J1 7 — scale IT Xk 2 RIEDHRZIRT.

4.31.1.6 term mul — HOFE

term_mul(self, term: term) — polynomial

5z o7 term OFEDHERZIRT. term 13X 7V (degree, coeff) & LT
H.Z 5050 polynomial & LTHZXHN5.
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4.31.1.7 square — BE L DEE

square(self) — polynomial
ZOZEAXDF ZRT.

4.31.2 BasicPolynomial — ZIE{OEARHEE
EARN R ZEAOR, ZHARRD X 5 RBERIE R0,

Initialize (Constructor)

BasicPolynomial(coefficients: terminit, **keywords: dict)
— BasicPolynomaal

Z D7 7 A% Polynomiallnterface % k& L 522&.
coefficients DFX terminit.

4.31.3 SortedPolynomial — IEHD'Y — h TN X X OREICH
9 3%EN

Initialize (Constructor)

SortedPolynomial(coefficients: terminit, _sorted: bool=False,
**keywords: dict)
— SortedPolynomial
Z D 7 A% Polynomiallnterface 7 HIRAE X415,
coefficients DX terminit. LEIIC & LIRS TTICY — P XN 7ZTHD Y
R b7 6, _sorted & True 1272015 %.
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Methods
4.31.3.1 degree — X
degree(self) — integer
COZHADITBZIRT. & LEZHALS, JHE -1 725,
4.31.3.2 leading coefficient — FERH
leading coefficient(self) — object
S RBHEVEDIREER .
4.31.3.3 leading term — S|
leading term(self) — tuple
& 7 (degree, coefficient) ¥ L TEIH%IRT.
4.31.3.4 7ring mul karatsuba — Karatsuba jEICL 2R
ring mul karatsuba(self, other: polynomial) — polynomial
FUERETOZ2oDZIHADORE. FHHEIE Karatsuba TEIC K o THEITSN 5.

ZAUITE W WK 100 L LD ERCEIL A S . IIHHRETIXZ O HE
PHOTWERWDT, INE2ESRERD 25 BH THWS.

341



Bibliography

1
2]
3]
4]
5]
(6]
7]
18]
9]
[10]
[11]

[12]

[13]

[14]

[15]

[16]

IPython. http://ipython.scipy.org/.

KANT/KASH. http://www.math.tu-berlin.de/ kant/kash.html.
Magma. http://magma.maths.usyd.edu.au/magna/.

Maple. http://www.maplesoft.com/.

Mathematica. http://www.wolfram.com/products/mathematica/.
matplotlib. http://matplotlib.sourceforge.net/.

mpmath. http://code.google.com/p/mpmath/.

NZMATH. https://nzmath.sourceforge.io/.

PARI/GP. http://pari.math.u-bordeaux.fr/.

SIMATH. http://tnt.math.se.tmu.ac.jp/simath/ (closed site).

Janice S. Asuncion. Integer factorization using different parameterizations
of Montgomery’s curves. Master’s thesis, Tokyo Metropolitan University,
2006.

J. Brillhart and J. L. Selfridge. Some factorizations of 2™ + 1 and related
results. Math. Comp., Vol. 21, pp. 87-96, 1967.

Henri Cohen. A Course in Computational Algebraic Number Theory.
GTM138. Springer, 1st. edition, 1993.

G. E. Collins and M. J. Encarnacién. Improved techniques for factoring
univariate polynomials. Journal of Symbolic Computation, Vol. 21, pp.
313-327, 1996.

Richard Crandall and Carl Pomerance. Prime Numbers. Springer, 1st.
edition, 2001.

Ivan Bjerre Damgard and Gudmund Skovbjerg Frandsen. Efficient algo-
rithms for the ged and cubic residuosity in the ring of Eisenstein integers.
Journal of Symbolic Computation, Vol. 39, No. 6, pp. 643-652, 2005.

342


http://ipython.scipy.org/
http://www.math.tu-berlin.de/~kant/kash.html
http://magma.maths.usyd.edu.au/magma/
http://www.maplesoft.com/
http://www.wolfram.com/products/mathematica/
http://matplotlib.sourceforge.net/
http://code.google.com/p/mpmath/
https://nzmath.sourceforge.io/
http://pari.math.u-bordeaux.fr/
http://tnt.math.se.tmu.ac.jp/simath/

[17] D. H. Lehmer. Tests for primality by the converse of Fermat’s theorem.
Bull. Amer. Math. Soc., Vol. 33, pp. 327-340, 1927.

[18] H. W. Lenstra, Jr. Miller’s primality test. Information processing letters,
Vol. 8, No. 2, 1979.

[19] Lawrence C. Washington. FElliptic Curves: Number Theory and Cryptog-
raphy. DISCRETE MATHEMATICS AND ITS APPLICATIONS. CRC
Press, 1st. edition, 2003.

[20] André Weiler. (1 + i)-ary ged computation in Z[i] as an analogue to the
binary ged algorithm. Journal of Symbolic Computation, Vol. 30, No. 5,
pp. 605-617, 2000.

[21] Kida Yuuji. Integral basis and decomposition of primes in algebraic fields
(Japanese). http://www.rkmath.rikkyo.ac.jp/ kida/intbasis.pdf.

343


http://www.rkmath.rikkyo.ac.jp/~kida/intbasis.pdf

	1 Overview
	1.1 Introduction
	1.1.1 Philosophy – Advantages over Other Systems
	1.1.1.1 Open Source Software
	1.1.1.2 Speed of Development
	1.1.1.3 Bridging the Gap between Users And Developers
	1.1.1.4 Link with Other Softwares

	1.1.2 Information
	1.1.3 Installation
	1.1.3.1 Basic Installation
	1.1.3.2 Installation for Windows Users

	1.1.4 Tutorial
	1.1.4.1 Sample Session

	1.1.5 Note on the Document


	2 Basic Utilities
	2.1 config – setting features
	2.1.1 Default Settings
	2.1.1.1 Dependencies
	2.1.1.2 Plug-ins
	2.1.1.3 Assumptions
	2.1.1.4 Files

	2.1.2 Automatic Configuration
	2.1.2.1 Checks

	2.1.3 User Settings

	2.2 bigrandom – random numbers
	2.2.1 random – random number generator
	2.2.2 randrange – random integer generator

	2.3 bigrange – range-like generator functions
	2.3.1 count – count up
	2.3.2 arithmetic_progression – arithmetic progression iterator
	2.3.3 geometric_progression – geometric progression iterator
	2.3.4 multirange – multiple range iterator
	2.3.5 multirange_restrictions – multiple range iterator with restrictions

	2.4 compatibility – Keep compatibility between Python versions
	2.4.1 set, frozenset
	2.4.2 card(virtualset)


	3 Functions
	3.1 algorithm – basic number theoretic algorithms
	3.1.1 digital_method – univariate polynomial evaluation
	3.1.2 digital_method_func – function of univariate polynomial evaluation
	3.1.3 rl_binary_powering – right-left powering
	3.1.4 lr_binary_powering – left-right powering
	3.1.5 window_powering – window powering
	3.1.6 powering_func – function of powering

	3.2 arith1 - miscellaneous arithmetic functions
	3.2.1 floorsqrt – floor of square root
	3.2.2 floorpowerroot – floor of some power root
	3.2.3 legendre - Legendre(Jacobi) Symbol
	3.2.4 modsqrt – square root of a for modulo p
	3.2.5 expand – p-adic expansion
	3.2.6 inverse – inverse
	3.2.7 CRT – Chinese Reminder Theorem
	3.2.8 AGM – Arithmetic Geometric Mean
	3.2.9 vp – p-adic valuation
	3.2.10 issquare - Is it square?
	3.2.11 log – integer part of logarithm
	3.2.12 product – product of some numbers

	3.3 arygcd – binary-like gcd algorithms
	3.3.1 bit_num – the number of bits
	3.3.2 binarygcd – gcd by the binary algorithm
	3.3.3 arygcd_i – gcd over gauss-integer
	3.3.4 arygcd_w – gcd over Eisenstein-integer

	3.4 combinatorial – combinatorial functions
	3.4.1 binomial – binomial coefficient
	3.4.2 combinationIndexGenerator – iterator for combinations
	3.4.3 factorial – factorial
	3.4.4 permutationGenerator – iterator for permutation
	3.4.5 fallingfactorial – the falling factorial
	3.4.6 risingfactorial – the rising factorial
	3.4.7 multinomial – the multinomial coefficient
	3.4.8 bernoulli – the Bernoulli number
	3.4.9 catalan – the Catalan number
	3.4.10 dyck_word_generator – generator for Dyck words
	3.4.11 euler – the Euler number
	3.4.12 bell – the Bell number
	3.4.13 stirling1 – Stirling number of the first kind
	3.4.14 stirling2 – Stirling number of the second kind
	3.4.15 partition_number – the number of partitions
	3.4.16 partitionGenerator – iterator for partition
	3.4.17 partition_conjugate – the conjugate of partition

	3.5 cubic_root – cubic root, residue, and so on
	3.5.1 c_root_p – cubic root mod p
	3.5.2 c_residue – cubic residue mod p
	3.5.3 c_symbol – cubic residue symbol for Eisenstein-integers
	3.5.4 decomposite_p – decomposition to Eisenstein-integers
	3.5.5 cornacchia – solve x2+dy2=p

	3.6 ecpp – elliptic curve primality proving
	3.6.1 ecpp – elliptic curve primality proving
	3.6.2 hilbert – Hilbert class polynomial
	3.6.3 dedekind – Dedekind's eta function
	3.6.4 cmm – CM method
	3.6.5 cmm_order – CM method with order
	3.6.6 cornacchiamodify – Modified cornacchia algorithm

	3.7 equation – solving equations, congruences 
	3.7.1 e1 – solve equation with degree 1
	3.7.2 e1_ZnZ – solve congruent equation modulo n with degree 1
	3.7.3 e2 – solve equation with degree 2
	3.7.4 e2_Fp – solve congruent equation modulo p with degree 2
	3.7.5 e3 – solve equation with degree 3
	3.7.6 e3_Fp – solve congruent equation modulo p with degree 3
	3.7.7 Newton – solve equation using Newton's method
	3.7.8 SimMethod – find all roots simultaneously
	3.7.9 root_Fp – solve congruent equation modulo p
	3.7.10 allroots_Fp – solve congruent equation modulo p

	3.8 gcd – gcd algorithm
	3.8.1 gcd – the greatest common divisor
	3.8.2 binarygcd – binary gcd algorithm
	3.8.3 extgcd – extended gcd algorithm
	3.8.4 lcm – the least common multiple
	3.8.5 gcd_of_list – gcd of many integers
	3.8.6 extgcd_ – extended divmodl gcd for many integers
	3.8.7 divmodl – division of minimum absolute remainder
	3.8.8 extgcd_gen – general solution of linear diophantine equation
	3.8.9 gcd_ – the GCD of many integers by modl division
	3.8.10 modl – least absolute value remainder by division
	3.8.11 lcm_ – the LCM of integers by repeating gcd_
	3.8.12 coprime – coprime check
	3.8.13 pairwise_coprime – coprime check of many integers

	3.9 multiplicative – ¾èË¡Åª¿ôÏÀ´Ø¿ô
	3.9.1 euler – ¥ª¥¤¥é¡¼¤Î¥Õ¥¡¥¤´Ø¿ô
	3.9.2 moebius – ¥á¥Ó¥¦¥¹´Ø¿ô
	3.9.3 sigma – Ìó¿ô¤ÎÑÑ¤Î¹ç·×

	3.10 prime – ÁÇ¿ôÈ½Äê, ÁÇ¿ôÀ¸À®
	3.10.1 trialDivision – »î¤·³ä¤ê»»
	3.10.2 spsp – ¶¯µ¼ÁÇ¿ô¥Æ¥¹¥È
	3.10.3 smallSpsp – ¾®¤µ¤¤¿ô¤ËÂÐ¤¹¤ë¶¯µ¼ÁÇ¿ô¥Æ¥¹¥È
	3.10.4 miller – Miller¤ÎÁÇ¿ôÈ½Äê
	3.10.5 millerRabin – Miller-Rabin¤ÎÁÇ¿ôÈ½Äê
	3.10.6 lpsp – Lucas¥Æ¥¹¥È
	3.10.7 fpsp – Frobenius¥Æ¥¹¥È
	3.10.8 by_primitive_root – Lehmer's test
	3.10.9 full_euler – Brillhart & Selfridge's test
	3.10.10 apr – JacobiÏÂ¥Æ¥¹¥È
	3.10.11 aks – Cyclotomic Congruence test
	3.10.12 primeq – ¼«Æ°Åª¤ÊÁÇ¿ôÈ½Äê
	3.10.13 prime – nÈÖÌÜ¤ÎÁÇ¿ô
	3.10.14 nextPrime – ¼¡¤ÎÁÇ¿ô¤òÀ¸À®
	3.10.15 randPrime – ¥é¥ó¥À¥à¤ËÁÇ¿ô¤òÀ¸À®
	3.10.16 generator – ÁÇ¿ôÀ¸À®
	3.10.17 generator_eratosthenes – Eratosthenes¤ÎäÁ¤ò»È¤Ã¤Æ¤¤¤ëÁÇ¿ôÀ¸À®
	3.10.18 primonial – ÁÇ¿ô¤ÎÀÑ
	3.10.19 properDivisors – ¿¿¤ÎÌó¿ô
	3.10.20 primitive_root – ¸¶»Ïº¬
	3.10.21 Lucas_chain – Lucas¿ôÎó

	3.11 prime_decomp – ÁÇ¥¤¥Ç¥¢¥ëÊ¬²ò
	3.11.1 prime_decomp – ÁÇ¥¤¥Ç¥¢¥ëÊ¬²ò

	3.12 quad – µõÆó¼¡ÂÎ
	3.12.1 ReducedQuadraticForm – ´ÊÌóÆó¼¡·Á¼°¥¯¥é¥¹
	3.12.1.1 inverse
	3.12.1.2 disc

	3.12.2 ClassGroup – Îà·²¥¯¥é¥¹
	3.12.3 class_formula
	3.12.4 class_number
	3.12.5 class_group
	3.12.6 class_number_bsgs
	3.12.7 class_group_bsgs

	3.13 round2 – the round 2 method
	3.13.1 ModuleWithDenominator – bases of Z-module with denominator.
	3.13.1.1 get_rationals – get the bases as a list of rationals
	3.13.1.2 get_polynomials – get the bases as a list of polynomials
	3.13.1.3 determinant – determinant of the bases

	3.13.2 round2(function)
	3.13.3 Dedekind(function)

	3.14 squarefree – Squarefreeness tests
	3.14.1 Definition
	3.14.2 lenstra – Lenstra's condition
	3.14.3 trial_division – trial division
	3.14.4 trivial_test – trivial tests
	3.14.5 viafactor – via factorization
	3.14.6 viadecomposition – via partial factorization
	3.14.7 lenstra_ternary – Lenstra's condition, ternary version
	3.14.8 trivial_test_ternary – trivial tests, ternary version
	3.14.9 trial_division_ternary – trial division, ternary version
	3.14.10 viafactor_ternary – via factorization, ternary version


	4 Classes
	4.1 algfield – Algebraic Number Field
	4.1.1 NumberField – number field
	4.1.1.1 getConj – roots of polynomial
	4.1.1.2 disc – polynomial discriminant
	4.1.1.3 integer_ring – integer ring
	4.1.1.4 field_discriminant – discriminant
	4.1.1.5 basis – standard basis
	4.1.1.6 signature – signature
	4.1.1.7 POLRED – polynomial reduction
	4.1.1.8 isIntBasis – check integral basis
	4.1.1.9 isGaloisField – check Galois field
	4.1.1.10 isFieldElement – check field element
	4.1.1.11 getCharacteristic – characteristic
	4.1.1.12 createElement – create an element

	4.1.2 BasicAlgNumber – Algebraic Number Class by standard basis
	4.1.2.1 inverse – inverse
	4.1.2.2 getConj – roots of polynomial
	4.1.2.3 getApprox – approximate conjugates
	4.1.2.4 getCharPoly – characteristic polynomial
	4.1.2.5 getRing – the field
	4.1.2.6 trace – trace
	4.1.2.7 norm – norm
	4.1.2.8 isAlgInteger – check (algebraic) integer
	4.1.2.9 ch_matrix – obtain MatAlgNumber object

	4.1.3 MatAlgNumber – Algebraic Number Class by matrix representation
	4.1.3.1 inverse – inverse
	4.1.3.2 getRing – the field
	4.1.3.3 trace – trace
	4.1.3.4 norm – norm
	4.1.3.5 ch_basic – obtain BasicAlgNumber object

	4.1.4 changetype(function) – obtain BasicAlgNumber object
	4.1.5 disc(function) – discriminant
	4.1.6 fppoly(function) – polynomial over finite prime field
	4.1.7 qpoly(function) – polynomial over rational field
	4.1.8 zpoly(function) – polynomial over integer ring

	4.2 elliptic – elliptic class object
	4.2.1 ECGeneric – generic elliptic curve class
	4.2.1.1 simple – simplify the curve coefficient
	4.2.1.2 changeCurve – change the curve by coordinate change
	4.2.1.3 changePoint – change coordinate of point on the curve
	4.2.1.4 coordinateY – Y-coordinate from X-coordinate
	4.2.1.5 whetherOn – Check point is on curve 
	4.2.1.6 add – Point addition on the curve
	4.2.1.7 sub – Point subtraction on the curve
	4.2.1.8 mul – Scalar point multiplication on the curve
	4.2.1.9 divPoly – division polynomial

	4.2.2 ECoverQ – elliptic curve over rational field
	4.2.2.1 point – obtain random point on curve

	4.2.3 ECoverGF – elliptic curve over finite field
	4.2.3.1 point – find random point on curve
	4.2.3.2 naive – Frobenius trace by naive method
	4.2.3.3 Shanks_Mestre – Frobenius trace by Shanks and Mestre method
	4.2.3.4 Schoof – Frobenius trace by Schoof's method
	4.2.3.5 trace – Frobenius trace
	4.2.3.6 order – order of group of rational points on the curve
	4.2.3.7 pointorder – order of point on the curve
	4.2.3.8 TatePairing – Tate Pairing
	4.2.3.9 TatePairing_Extend – Tate Pairing with final exponentiation
	4.2.3.10 WeilPairing – Weil Pairing 
	4.2.3.11 BSGS – point order by Baby-Step and Giant-Step
	4.2.3.12 DLP_BSGS – solve Discrete Logarithm Problem by Baby-Step and Giant-Step
	4.2.3.13 structure – structure of group of rational points
	4.2.3.14 issupersingular – check supersingular curve

	4.2.4 EC(function)

	4.3 finitefield – Finite Field
	4.3.1 FiniteField – finite field, abstract
	4.3.2 FiniteFieldElement – element in finite field, abstract
	4.3.3 FinitePrimeField – finite prime field
	4.3.3.1 createElement – create element of finite prime field
	4.3.3.2 getCharacteristic – get characteristic
	4.3.3.3 issubring – subring test
	4.3.3.4 issuperring – superring test

	4.3.4 FinitePrimeFieldElement – element of finite prime field
	4.3.4.1 getRing – get ring object
	4.3.4.2 order – order of multiplicative group

	4.3.5 ExtendedField – extended field of finite field
	4.3.5.1 createElement – create element of extended field
	4.3.5.2 getCharacteristic – get characteristic
	4.3.5.3 issubring – subring test
	4.3.5.4 issuperring – superring test
	4.3.5.5 primitive_element – generator of multiplicative group

	4.3.6 ExtendedFieldElement – element of finite field
	4.3.6.1 getRing – get ring object
	4.3.6.2 inverse – inverse element


	4.4 group – algorithms for finite groups
	4.4.1 Group – group structure
	4.4.1.1 setOperation – change operation
	4.4.1.2 createElement – generate a GroupElement instance
	4.4.1.3 identity – identity element
	4.4.1.4 grouporder – order of the group

	4.4.2 GroupElement – elements of group structure
	4.4.2.1 setOperation – change operation
	4.4.2.2 getGroup – generate a Group instance
	4.4.2.3 order – order by factorization method
	4.4.2.4 t_order – order by baby-step giant-step

	4.4.3 GenerateGroup – group structure with generator
	4.4.4 AbelianGenerate – abelian group structure with generator
	4.4.4.1 relationLattice – relation between generators
	4.4.4.2 computeStructure – abelian group structure


	4.5 imaginary – complex numbers and its functions
	4.5.1 ComplexField – field of complex numbers
	4.5.1.1 createElement – create Imaginary object
	4.5.1.2 getCharacteristic – get characteristic
	4.5.1.3 issubring – subring test
	4.5.1.4 issuperring – superring test

	4.5.2 Complex – a complex number
	4.5.2.1 getRing – get ring object
	4.5.2.2 arg – argument of complex
	4.5.2.3 conjugate – complex conjugate
	4.5.2.4 copy – copied number
	4.5.2.5 inverse – complex inverse

	4.5.3 ExponentialPowerSeries – exponential power series
	4.5.4 AbsoluteError – absolute error
	4.5.5 RelativeError – relative error
	4.5.6 exp(function) – exponential value
	4.5.7 expi(function) – imaginary exponential value
	4.5.8 log(function) – logarithm
	4.5.9 sin(function) – sine function
	4.5.10 cos(function) – cosine function
	4.5.11 tan(function) – tangent function
	4.5.12 sinh(function) – hyperbolic sine function
	4.5.13 cosh(function) – hyperbolic cosine function
	4.5.14 tanh(function) – hyperbolic tangent function
	4.5.15 atanh(function) – hyperbolic arc tangent function
	4.5.16 sqrt(function) – square root

	4.6 intresidue – integer residue
	4.6.1 IntegerResidueClass – integer residue class
	4.6.1.1 getRing – get ring object
	4.6.1.2 getResidue – get residue
	4.6.1.3 getModulus – get modulus
	4.6.1.4 inverse – inverse element
	4.6.1.5 minimumAbsolute – minimum absolute representative
	4.6.1.6 minimumNonNegative – smallest non-negative representative

	4.6.2 IntegerResidueClassRing – ring of integer residue
	4.6.2.1 createElement – create IntegerResidueClass object
	4.6.2.2 isfield – field test
	4.6.2.3 getInstance – get instance of IntegerResidueClassRing


	4.7 lattice – Lattice
	4.7.1 Lattice – lattice
	4.7.1.1 createElement – create element
	4.7.1.2 bilinearForm – bilinear form
	4.7.1.3 isCyclic – Check whether cyclic lattice or not
	4.7.1.4 isIdeal – Check whether ideal lattice or not

	4.7.2 LatticeElement – element of lattice
	4.7.2.1 getLattice – Find lattice belongs to

	4.7.3 LLL(function) – LLL reduction

	4.8 matrix – ¹ÔÎó
	4.8.1 Matrix – ¹ÔÎó
	4.8.1.1 map – ³ÆÀ®Ê¬¤Ë´Ø¿ô¤òÅ¬ÍÑ
	4.8.1.2 reduce – ·«¤êÊÖ¤·´Ø¿ô¤òÅ¬ÍÑ
	4.8.1.3 copy – ¥³¥Ô¡¼ºîÀ®
	4.8.1.4 set – À®Ê¬¤òÀßÄê
	4.8.1.5 setRow – m¹ÔÌÜ¤Ë¹Ô¥Ù¥¯¥È¥ë¤òÀßÄê
	4.8.1.6 setColumn – nÎóÌÜ¤ËÎó¥Ù¥¯¥È¥ë¤òÀßÄê
	4.8.1.7 getRow – i¹ÔÌÜ¤Î¹Ô¥Ù¥¯¥È¥ë¤òÊÖ¤¹
	4.8.1.8 getColumn – jÎóÌÜ¤ÎÎó¥Ù¥¯¥È¥ë¤òÊÖ¤¹
	4.8.1.9 swapRow – Æó¤Ä¤Î¹Ô¥Ù¥¯¥È¥ë¤ò¸ò´¹
	4.8.1.10 swapColumn – Æó¤Ä¤ÎÎó¥Ù¥¯¥È¥ë¤ò¸ò´¹
	4.8.1.11 insertRow – ¹Ô¥Ù¥¯¥È¥ë¤òÁÞÆþ
	4.8.1.12 insertColumn – Îó¥Ù¥¯¥È¥ëÁÞÆþ
	4.8.1.13 extendRow – ¹Ô¥Ù¥¯¥È¥ë¤ò¿�Ä¥
	4.8.1.14 extendColumn – Îó¥Ù¥¯¥È¥ë¤ò¿�Ä¥
	4.8.1.15 deleteRow – ¹Ô¥Ù¥¯¥È¥ë¤òºï½ü
	4.8.1.16 deleteColumn – Îó¥Ù¥¯¥È¥ë¤òºï½ü
	4.8.1.17 transpose – Å¾ÃÖ¹ÔÎó
	4.8.1.18 getBlock – ¥Ö¥í¥Ã¥¯¹ÔÎó
	4.8.1.19 subMatrix – ÉôÊ¬¹ÔÎó

	4.8.2 SquareMatrix – ÀµÊý¹ÔÎó
	4.8.2.1 isUpperTriangularMatrix – ¾å»°³Ñ¹ÔÎó¤«¤É¤¦¤«
	4.8.2.2 isLowerTriangularMatrix – ²¼»°³Ñ¹ÔÎó¤«¤É¤¦¤«
	4.8.2.3 isDiagonalMatrix – ÂÐ³Ñ¹ÔÎó¤«¤É¤¦¤«
	4.8.2.4 isScalarMatrix – ¥¹¥«¥é¡¼¹ÔÎó¤«¤É¤¦¤«
	4.8.2.5 isSymmetricMatrix – ÂÐ¾Î¹ÔÎó¤«¤É¤¦¤«

	4.8.3 RingMatrix – À®Ê¬¤¬´Ä¤ËÂ°¤¹¤ë¹ÔÎó
	4.8.3.1 getCoefficientRing – ·¸¿ô´Ä¤òÊÖ¤¹
	4.8.3.2 toFieldMatrix – ·¸¿ô´Ä¤È¤·¤ÆÂÎ¤òÀßÄê
	4.8.3.3 toSubspace – ¥Ù¥¯¥È¥ë¶õ´Ö¤È¤·¤Æ¤ß¤Ê¤¹
	4.8.3.4 hermiteNormalForm (HNF) – HermiteÀµµ¬·Á
	4.8.3.5 exthermiteNormalForm (extHNF) – ³ÈÄ¥HermiteÀµµ¬·Á¥¢¥ë¥´¥ê¥º¥à
	4.8.3.6 kernelAsModule – Z²Ã·²¤È¤·¤Æ¤Î³Ë

	4.8.4 RingSquareMatrix – ³ÆÀ®Ê¬¤¬´Ä¤ËÂ°¤¹¤ëÀµÊý¹ÔÎó
	4.8.4.1 getRing – ¹ÔÎó¤Î´Ä¤òÊÖ¤¹
	4.8.4.2 isOrthogonalMatrix – Ä¾¸ò¹ÔÎó¤«¤É¤¦¤«
	4.8.4.3 isAlternatingMatrix (isAntiSymmetricMatrix, isSkewSymmetricMatrix) – ¸òÂå¹ÔÎó¤«¤É¤¦¤«
	4.8.4.4 isSingular – ÆÃ°Û¹ÔÎó¤«¤É¤¦¤«
	4.8.4.5 trace – ¥È¥ì¡¼¥¹
	4.8.4.6 determinant – ¹ÔÎó¼°
	4.8.4.7 cofactor – Í¾°ø»Ò
	4.8.4.8 commutator – ¸ò´¹»Ò
	4.8.4.9 characteristicMatrix – ÆÃÀ�¹ÔÎó
	4.8.4.10 adjugateMatrix – ¿ïÈ¼¹ÔÎó
	4.8.4.11 cofactorMatrix (cofactors) – Í¾°ø»Ò¹ÔÎó
	4.8.4.12 smithNormalForm (SNF, elementary_divisor) – SmithÀµµ¬·Á(SNF)
	4.8.4.13 extsmithNormalForm (extSNF) – SmithÀµµ¬·Á(SNF)

	4.8.5 FieldMatrix – ³ÆÀ®Ê¬¤¬ÂÎ¤ËÂ°¤¹¤ë¹ÔÎó
	4.8.5.1 kernel – ³Ë
	4.8.5.2 image – Áü
	4.8.5.3 rank – ³¬¿ô
	4.8.5.4 inverseImage – µÕÁü:°ì¼¡ÊýÄø¼°¤Î´ðÄì²ò
	4.8.5.5 solve – °ì¼¡ÊýÄø¼°¤Î²ò
	4.8.5.6 columnEchelonForm – Îó³¬ÃÊ¹ÔÎó

	4.8.6 FieldSquareMatrix – ³ÆÀ®Ê¬¤¬ÂÎ¤ËÂ°¤¹¤ëÀµÊý¹ÔÎó
	4.8.6.1 triangulate - ¹Ô´ðËÜÊÑ·Á¤Ë¤è¤ë»°³Ñ²½
	4.8.6.2 inverse - µÕ¹ÔÎó
	4.8.6.3 hessenbergForm - Hessenberg¹ÔÎó
	4.8.6.4 LUDecomposition - LUÊ¬²ò

	4.8.7 MatrixRing – ¹ÔÎó¤Î´Ä
	4.8.7.1 unitMatrix - Ã±°Ì¹ÔÎó
	4.8.7.2 zeroMatrix - Îí¹ÔÎó
	4.8.7.3 getInstance(class function) - ¥�¥ã¥Ã¥·¥å¤µ¤ì¤¿¥¤¥ó¥¹¥¿¥ó¥¹¤òÊÖ¤¹

	4.8.8 Subspace – Í�¸Â¼¡¸µ¥Ù¥¯¥È¥ë¶õ´Ö¤ÎÉôÊ¬¶õ´Ö
	4.8.8.1 issubspace - ÉôÊ¬¶õ´Ö¤«¤É¤¦¤«
	4.8.8.2 toBasis - ´ðÄì¤òÁªÂò
	4.8.8.3 supplementBasis - ºÇÂç³¬¿ô¤Ë¤¹¤ë
	4.8.8.4 sumOfSubspaces - ÉôÊ¬¶õ´Ö¤ÎÏÂ
	4.8.8.5 intersectionOfSubspaces - ÉôÊ¬¶õ´Ö¤Î¶¦ÄÌÉôÊ¬
	4.8.8.6 fromMatrix(class function) - ÉôÊ¬¶õ´Ö¤òºîÀ®

	4.8.9 createMatrix[function] – ¥¤¥ó¥¹¥¿¥ó¥¹¤òºîÀ®
	4.8.10 identityMatrix(unitMatrix)[function] – Ã±°Ì¹ÔÎó
	4.8.11 zeroMatrix[function] – Îí¹ÔÎó

	4.9 module – HNF¤Ë¤è¤ë²Ã·²/¥¤¥Ç¥¢¥ë
	4.9.1 Submodule – ¹ÔÎóÉ½¸½¤È¤·¤Æ¤ÎÉôÊ¬²Ã·²
	4.9.1.1 getGenerators – ²Ã·²¤ÎÀ¸À®¸µ
	4.9.1.2 isSubmodule – ÉôÊ¬²Ã·²¤«¤É¤¦¤«
	4.9.1.3 isEqual – self¤Èother¤¬Æ±¤¸²Ã·²¤«¤É¤¦¤«
	4.9.1.4 isContain – other¤¬self¤Ë´Þ¤Þ¤ì¤Æ¤¤¤ë¤«¤É¤¦¤«
	4.9.1.5 toHNF - HNF¤ËÊÑ´¹
	4.9.1.6 sumOfSubmodules - ÉôÊ¬²Ã·²¤ÎÏÂ
	4.9.1.7 intersectionOfSubmodules - ÉôÊ¬²Ã·²¤Î¶¦ÄÌÉôÊ¬
	4.9.1.8 represent_element – °ì¼¡·ë¹ç¤È¤·¤ÆÀ®Ê¬¤òÉ½¤¹
	4.9.1.9 linear_combination – °ì¼¡·ë¹ç¤ò·×»»

	4.9.2 fromMatrix(class function) - ÉôÊ¬²Ã·²¤òºîÀ®
	4.9.3 Module - ¿ôÂÎ¾å¤Î²Ã·²
	4.9.3.1 toHNF - HermiteÀµµ¬·Á(HNF)¤ËÊÑ´¹
	4.9.3.2 copy - ¥³¥Ô¡¼¤òºîÀ®
	4.9.3.3 intersect - ¶¦ÄÌÉôÊ¬¤òÊÖ¤¹
	4.9.3.4 issubmodule - ÉôÊ¬²Ã·²¤«¤É¤¦¤«
	4.9.3.5 issupermodule - ÉôÊ¬²Ã·²¤«¤É¤¦¤«
	4.9.3.6 represent_element - °ì¼¡·ë¹ç¤È¤·¤ÆÉ½¤¹
	4.9.3.7 change_base_module - ´ðÄìÊÑ´¹
	4.9.3.8 index - ²Ã·²¤Î¥µ¥¤¥º
	4.9.3.9 smallest_rational - Í�Íý¿ôÂÎ¾å¤ÎZÀ¸À®¸µ

	4.9.4 Ideal - ¿ôÂÎ¾å¤Î¥¤¥Ç¥¢¥ë
	4.9.4.1 inverse – µÕ¸µ
	4.9.4.2 issubideal – ÉôÊ¬¥¤¥Ç¥¢¥ë¤«¤É¤¦¤«
	4.9.4.3 issuperideal – ÉôÊ¬²Ã·²¤«¤É¤¦¤«
	4.9.4.4 gcd – ºÇÂç¸øÌó¿ô
	4.9.4.5 lcm – ºÇ¾®¸øÇÜ¿ô
	4.9.4.6 norm – ¥Î¥ë¥à
	4.9.4.7 isIntegral – À°¥¤¥Ç¥¢¥ë¤«¤É¤¦¤«

	4.9.5 Ideal_with_generator - À¸À®¸µ¤Ë¤è¤ë¥¤¥Ç¥¢¥ë
	4.9.5.1 copy - ¥³¥Ô¡¼¤òºîÀ®
	4.9.5.2 to_HNFRepresentation - HNF¥¤¥Ç¥¢¥ë¤ËÊÑ´¹
	4.9.5.3 twoElementRepresentation - Æó¤Ä¤ÎÍ×ÁÇ¤ÇÉ½¤¹
	4.9.5.4 smallest_rational - Í�Íý¿ôÂÎ¾å¤ÎZÀ¸À®¸µ
	4.9.5.5 inverse – µÕ¸µ
	4.9.5.6 norm – ¥Î¥ë¥à
	4.9.5.7 intersect - ¶¦ÄÌÉôÊ¬
	4.9.5.8 issubideal – ÉôÊ¬¥¤¥Ç¥¢¥ë¤«¤É¤¦¤«
	4.9.5.9 issuperideal – ÉôÊ¬¥¤¥Ç¥¢¥ë¤«¤É¤¦¤«


	4.10 permute – ÃÖ´¹(ÂÐ¾Î)·²
	4.10.1 Permute – ÃÖ´¹·²¤Î¸µ
	4.10.1.1 setKey – key¤òÊÑ´¹
	4.10.1.2 getValue – ``value''¤òÆÀ¤ë
	4.10.1.3 getGroup – PermGroup¤òÆÀ¤ë
	4.10.1.4 numbering – ¥¤¥ó¥Ç¥Ã¥¯¥¹¤òÍ¿¤¨¤ë
	4.10.1.5 order – ¸µ¤Î°Ì¿ô
	4.10.1.6 ToTranspose – ¸ß´¹¤ÎÀÑ¤È¤·¤ÆÉ½¤¹
	4.10.1.7 ToCyclic – ExPermute¤Î¸µ¤ËÂÐ±þ¤¹¤ë
	4.10.1.8 sgn – ÃÖ´¹µ�¹æ
	4.10.1.9 types – ½ä²óÃÖ´¹¤Î·Á¼°
	4.10.1.10 ToMatrix – ÃÖ´¹¹ÔÎó

	4.10.2 ExPermute – ½ä²óÉ½¸½¤È¤·¤Æ¤ÎÃÖ´¹·²¤Î¸µ
	4.10.2.1 setKey – key¤òÊÑ´¹
	4.10.2.2 getValue – ``value''¤òÆÀ¤ë
	4.10.2.3 getGroup – PermGroup¤òÆÀ¤ë
	4.10.2.4 order – ¸µ¤Î°Ì¿ô
	4.10.2.5 ToNormal – ÉáÄÌ¤ÎÉ½¸½
	4.10.2.6 simplify – Ã±½ã¤ÊÃÍ¤ò»ÈÍÑ
	4.10.2.7 sgn – ÃÖ´¹Éä¹æ

	4.10.3 PermGroup – ÃÖ´¹·²
	4.10.3.1 createElement – ¥·¡¼¥É¤«¤é¸µ¤òºîÀ®
	4.10.3.2 identity – Ã±°Ì¸µ
	4.10.3.3 identity_c – ½ä²óÉ½¸½¤ÎÃ±°Ì¸µ
	4.10.3.4 grouporder – ·²¤Î°Ì¿ô
	4.10.3.5 randElement – Ìµºî°Ù¤Ë¸µ¤òÁª¤Ö


	4.11 rational – À°¿ô¤ÈÍ�Íý¿ô
	4.11.1 Integer – À°¿ô
	4.11.1.1 getRing – ring¥ª¥Ö¥¸¥§¥¯¥È¤òÆÀ¤ë
	4.11.1.2 actAdditive – 2¿Ê¤Î²ÃË¡º¿¤Î²ÃË¡
	4.11.1.3 actMultiplicative – 2¿Ê¤Î²ÃË¡º¿¤Î¾èË¡

	4.11.2 IntegerRing – À°¿ô´Ä
	4.11.2.1 createElement – Integer¥ª¥Ö¥¸¥§¥¯¥È¤òºîÀ®
	4.11.2.2 gcd – ºÇÂç¸øÌó¿ô
	4.11.2.3 extgcd – ³ÈÄ¥GCD
	4.11.2.4 lcm – ºÇ¾®¸øÇÜ¿ô
	4.11.2.5 getQuotientField – Í�Íý¿ôÂÎ¥ª¥Ö¥¸¥§¥¯¥È¤òÆÀ¤ë
	4.11.2.6 issubring – ÉôÊ¬´Ä¤«¤É¤¦¤«È½Äê
	4.11.2.7 issuperring – ´Þ¤ó¤Ç¤¤¤ë¤«¤É¤¦¤«È½Äê

	4.11.3 Rational – Í�Íý¿ô
	4.11.3.1 getRing – ring¥ª¥Ö¥¸¥§¥¯¥È¤òÆÀ¤ë
	4.11.3.2 decimalString – ¾®¿ô¤òÉ½¤¹
	4.11.3.3 expand – Ï¢Ê¬¿ô¤Ë¤è¤ëÉ½¸½

	4.11.4 RationalField – Í�Íý¿ôÂÎ
	4.11.4.1 createElement – Rational¥ª¥Ö¥¸¥§¥¯¥È¤òÊÖ¤¹
	4.11.4.2 classNumber – Îà¿ô¤òÆÀ¤ë
	4.11.4.3 getQuotientField – Í�Íý¿ôÂÎ¥ª¥Ö¥¸¥§¥¯¥È¤òÊÖ¤¹
	4.11.4.4 issubring – ÉôÊ¬´Ä¤«¤É¤¦¤«È½Äê
	4.11.4.5 issuperring – ´Þ¤ó¤Ç¤¤¤ë¤«¤É¤¦¤«È½Äê


	4.12 real – real numbers and its functions
	4.12.1 RealField – field of real numbers
	4.12.1.1 getCharacteristic – get characteristic
	4.12.1.2 issubring – subring test
	4.12.1.3 issuperring – superring test

	4.12.2 Real – a Real number
	4.12.2.1 getRing – get ring object

	4.12.3 Constant – real number with error correction
	4.12.4 ExponentialPowerSeries – exponential power series
	4.12.5 AbsoluteError – absolute error
	4.12.6 RelativeError – relative error
	4.12.7 exp(function) – exponential value
	4.12.8 sqrt(function) – square root
	4.12.9 log(function) – logarithm
	4.12.10 log1piter(function) – iterator of log(1+x)
	4.12.11 piGaussLegendre(function) – pi by Gauss-Legendre
	4.12.12 eContinuedFraction(function) – Napier's Constant by continued fraction expansion
	4.12.13 floor(function) – floor the number
	4.12.14 ceil(function) – ceil the number
	4.12.15 tranc(function) – round-off the number
	4.12.16 sin(function) – sine function
	4.12.17 cos(function) – cosine function
	4.12.18 tan(function) – tangent function
	4.12.19 sinh(function) – hyperbolic sine function
	4.12.20 cosh(function) – hyperbolic cosine function
	4.12.21 tanh(function) – hyperbolic tangent function
	4.12.22 asin(function) – arc sine function
	4.12.23 acos(function) – arc cosine function
	4.12.24 atan(function) – arc tangent function
	4.12.25 atan2(function) – arc tangent function
	4.12.26 hypot(function) – Euclidean distance function
	4.12.27 pow(function) – power function
	4.12.28 degrees(function) – convert angle to degree
	4.12.29 radians(function) – convert angle to radian
	4.12.30 fabs(function) – absolute value
	4.12.31 fmod(function) – modulo function over real
	4.12.32 frexp(function) – expression with base and binary exponent
	4.12.33 ldexp(function) – construct number from base and binary exponent
	4.12.34 EulerTransform(function) – iterator yields terms of Euler transform

	4.13 ring – for ring object
	4.13.1 Ring – abstract ring
	4.13.1.1 createElement – create an element
	4.13.1.2 getCharacteristic – characteristic as ring
	4.13.1.3 issubring – check subring
	4.13.1.4 issuperring – check superring
	4.13.1.5 getCommonSuperring – get common ring

	4.13.2 CommutativeRing – abstract commutative ring
	4.13.2.1 getQuotientField – create quotient field
	4.13.2.2 isdomain – check domain
	4.13.2.3 isnoetherian – check Noetherian domain
	4.13.2.4 isufd – check UFD
	4.13.2.5 ispid – check PID
	4.13.2.6 iseuclidean – check Euclidean domain
	4.13.2.7 isfield – check field
	4.13.2.8 registerModuleAction – register action as ring
	4.13.2.9 hasaction – check if the action has
	4.13.2.10 getaction – get the registered action 

	4.13.3 Field – abstract field
	4.13.3.1 gcd – gcd

	4.13.4 QuotientField – abstract quotient field
	4.13.5 RingElement – abstract element of ring
	4.13.5.1 getRing – getRing

	4.13.6 CommutativeRingElement – abstract element of commutative ring
	4.13.6.1 mul_module_action – apply a module action
	4.13.6.2 exact_division – division exactly

	4.13.7 FieldElement – abstract element of field
	4.13.8 QuotientFieldElement – abstract element of quotient field
	4.13.9 Ideal – abstract ideal
	4.13.9.1 issubset – check subset
	4.13.9.2 issuperset – check superset
	4.13.9.3 reduce – reduction with the ideal

	4.13.10 ResidueClassRing – abstract residue class ring
	4.13.11 ResidueClass – abstract an element of residue class ring
	4.13.12 CommutativeRingProperties – properties for CommutativeRingProperties
	4.13.12.1 isfield – check field
	4.13.12.2 setIsfield – set field
	4.13.12.3 iseuclidean – check euclidean
	4.13.12.4 setIseuclidean – set euclidean
	4.13.12.5 ispid – check PID
	4.13.12.6 setIspid – set PID
	4.13.12.7 isufd – check UFD
	4.13.12.8 setIsufd – set UFD
	4.13.12.9 isnoetherian – check Noetherian
	4.13.12.10 setIsnoetherian – set Noetherian
	4.13.12.11 isdomain – check domain
	4.13.12.12 setIsdomain – set domain

	4.13.13 getRingInstance(function)
	4.13.14 getRing(function)
	4.13.15 inverse(function)
	4.13.16 exact_division(function)

	4.14 vector – ¥Ù¥¯¥È¥ë¥ª¥Ö¥¸¥§¥¯¥È¤È¤½¤Î·×»»
	4.14.1 Vector – ¥Ù¥¯¥È¥ë¥¯¥é¥¹
	4.14.1.1 copy – ¼«¿È¤Î¥³¥Ô¡¼
	4.14.1.2 set – Â¾¤Îcompo¤òÀßÄê
	4.14.1.3 indexOfNoneZero – 0¤Ç¤Ê¤¤ºÇ½é¤Î°ÌÃÖ
	4.14.1.4 toMatrix – Matrix¥ª¥Ö¥¸¥§¥¯¥È¤ËÊÑ´¹

	4.14.2 innerProduct(function) – ÆâÀÑ

	4.15 factor.ecm – ECM factorization
	4.15.1 ecm – elliptic curve method

	4.16 factor.find – find a factor
	4.16.1 trialDivision – trial division
	4.16.2 pmom – p-1 method
	4.16.3 rhomethod –  method

	4.17 factor.methods – factoring methods
	4.17.1 factor – easiest way to factor
	4.17.2 ecm – elliptic curve method
	4.17.3 mpqs – multi-polynomial quadratic sieve method
	4.17.4 pmom – p-1 method
	4.17.5 rhomethod –  method
	4.17.6 trialDivision – trial division

	4.18 factor.misc – miscellaneous functions related factoring
	4.18.1 allDivisors – all divisors
	4.18.2 primeDivisors – prime divisors
	4.18.3 primePowerTest – prime power test
	4.18.4 squarePart – square part
	4.18.5 countDivisors – the number of positive divisors
	4.18.6 sumDivisors – the sum of positive divisors
	4.18.7 FactoredInteger – integer with its factorization
	4.18.7.1 is_divisible_by
	4.18.7.2 exact_division
	4.18.7.3 divisors
	4.18.7.4 proper_divisors
	4.18.7.5 prime_divisors
	4.18.7.6 square_part
	4.18.7.7 squarefree_part
	4.18.7.8 copy


	4.19 factor.mpqs – MPQS
	4.19.1 mpqsfind
	4.19.2 mpqs
	4.19.3 eratosthenes

	4.20 factor.util – utilities for factorization
	4.20.1 FactoringInteger – keeping track of factorization
	4.20.1.1 getNextTarget – next target
	4.20.1.2 getResult – result of factorization
	4.20.1.3 register – register a new factor
	4.20.1.4 sortFactors – sort factors

	4.20.2 FactoringMethod – method of factorization
	4.20.2.1 factor – do factorization
	4.20.2.2 continue_factor – continue factorization
	4.20.2.3 find – find a factor
	4.20.2.4 generate – generate prime factors


	4.21 poly.factor – Â¿¹à¼°¤Î°ø¿ôÊ¬²ò
	4.21.1 brute_force_search – ÁíÅö¤¿¤ê¤Ç°ø¿ôÊ¬²ò¤òÃµ¤¹
	4.21.2 divisibility_test – ²Ä½üÀ�¥Æ¥¹¥È
	4.21.3 minimum_absolute_injection – ·¸¿ô¤òÀäÂÐÃÍºÇ¾®É½¸½¤ËÅÏ¤¹
	4.21.4 padic_factorization – p¿ÊÊ¬²ò
	4.21.5 upper_bound_of_coefficient –Landau-Mignotte¤Î·¸¿ô¤Î¾å³¦
	4.21.6 zassenhaus – ZassenhausË¡¤Ë¤è¤ëÊ¿Êý°ø»Ò¤Î¤Ê¤¤À°¿ô·¸¿ôÂ¿¹à¼°¤Î°ø¿ôÊ¬²ò
	4.21.7 integerpolynomialfactorization – À°¿ôÂ¿¹à¼°¤Î°ø¿ôÊ¬²ò

	4.22 poly.formalsum – ·Á¼°ÏÂ
	4.22.1 FormalSumContainerInterface – ¥¤¥ó¥¿¡¼¥Õ¥§¡¼¥¹¥¯¥é¥¹
	4.22.1.1 construct_with_default – ¥³¥Ô¡¼¤ò¹½À®
	4.22.1.2 iterterms – ¹à¤Î¥¤¥Æ¥ì¡¼¥¿
	4.22.1.3 itercoefficients – ·¸¿ô¤Î¥¤¥Æ¥ì¡¼¥¿
	4.22.1.4 iterbases – ´ð¿ô¤Î¥¤¥Æ¥ì¡¼¥¿
	4.22.1.5 terms – ¹à¤Î¥ê¥¹¥È
	4.22.1.6 coefficients – ·¸¿ô¤Î¥ê¥¹¥È
	4.22.1.7 bases – ´ð¿ô¤Î¥ê¥¹¥È
	4.22.1.8 terms_map – ¹à¤Ë¼ÌÁü¤ò»Ü¤¹
	4.22.1.9 coefficients_map – ·¸¿ô¤Ë¼ÌÁü¤ò»Ü¤¹
	4.22.1.10 bases_map – ´ð¿ô¤Ë¼ÌÁü¤ò»Ü¤¹

	4.22.2 DictFormalSum – ¼�½ñ¤Ç¼ÂÁõ¤µ¤ì¤¿·Á¼°ÏÂ
	4.22.3 ListFormalSum – ¥ê¥¹¥È¤Ç¼ÂÁõ¤µ¤ì¤¿·Á¼°ÏÂ

	4.23 poly.groebner – ¥°¥ì¥Ö¥Ê¡¼´ðÄì
	4.23.1 buchberger – ¥°¥ì¥Ö¥Ê¡¼´ðÄì¤òÆÀ¤ë¤¿¤á¤ÎÁÇËÑ¤Ê¥¢¥ë¥´¥ê¥º¥à
	4.23.2 normal_strategy – ¥°¥ì¥Ö¥Ê¡¼´ðÄì¤òÆÀ¤ëÉáÄÌ¤Î¥¢¥ë¥´¥ê¥º¥à
	4.23.3 reduce_groebner – ´ÊÌó¥°¥ì¥Ö¥Ê¡¼´ðÄì
	4.23.4 s_polynomial – S-polynomial

	4.24 poly.hensel – ¥Ø¥ó¥¼¥ë¥ê¥Õ¥È
	4.24.1 HenselLiftPair – ¥Ø¥ó¥¼¥ë¥ê¥Õ¥È¤ÎÁÈ
	4.24.1.1 lift – °ìÃÊ³¬°ú¤�¾å¤²¤ë
	4.24.1.2 lift_factors – a1¤Èa2¤ò°ú¤�¾å¤²¤ë
	4.24.1.3 lift_ladder – u1¤Èu2¤ò°ú¤�¾å¤²¤ë

	4.24.2 HenselLiftMulti – Ê£¿ôÂ¿¹à¼°¤ËÂÐ¤¹¤ë¥Ø¥ó¥¼¥ë¥ê¥Õ¥È
	4.24.2.1 lift – °ìÃÊ³¬°ú¤�¾å¤²¤ë
	4.24.2.2 lift_factors – °ø¿ô¤ò°ú¤�¾å¤²¤ë
	4.24.2.3 lift_ladder – u1¤Èu2¤ò°ú¤�¾å¤²¤ë

	4.24.3 HenselLiftSimultaneously
	4.24.3.1 lift – °ìÃÊ³¬°ú¤�¾å¤²¤ë
	4.24.3.2 first_lift – ºÇ½é¤Î¥¹¥Æ¥Ã¥×
	4.24.3.3 general_lift – ¼¡¤Î¥¹¥Æ¥Ã¥×

	4.24.4 lift_upto – main´Ø¿ô

	4.25 poly.multiutil – Â¿ÊÑ¿ôÂ¿¹à¼°¤ËÂÐ¤¹¤ë¥æ¡¼¥Æ¥£¥ê¥Æ¥£
	4.25.1 RingPolynomial
	4.25.1.1 getRing
	4.25.1.2 getCoefficientRing
	4.25.1.3 leading_variable
	4.25.1.4 nest
	4.25.1.5 unnest

	4.25.2 DomainPolynomial
	4.25.2.1 pseudo_divmod
	4.25.2.2 pseudo_floordiv
	4.25.2.3 pseudo_mod
	4.25.2.4 exact_division

	4.25.3 UniqueFactorizationDomainPolynomial
	4.25.3.1 gcd
	4.25.3.2 resultant

	4.25.4 polynomial – ¤µ¤Þ¤¶¤Þ¤ÊÂ¿¹à¼°¤ËÂÐ¤¹¤ë¥Õ¥¡¥¯¥È¥ê´Ø¿ô
	4.25.5 prepare_indeterminates – ÉÔÄê¸µÏ¢Î©Àë¸À

	4.26 poly.multivar – Â¿ÊÑ¿ôÂ¿¹à¼°
	4.26.1 PolynomialInterface – Á´¤Æ¤ÎÂ¿ÊÑ¿ôÂ¿¹à¼°¤Î´ðÄì¥¯¥é¥¹
	4.26.2 BasicPolynomial – Â¿¹à¼°¤Î´ðËÜÅª¤Ê¼ÂÁõ
	4.26.3 TermIndices – Â¿ÊÑ¿ôÂ¿¹à¼°¤Î¹à¤Î¥¤¥ó¥Ç¥Ã¥¯¥¹
	4.26.3.1 pop
	4.26.3.2 gcd
	4.26.3.3 lcm


	4.27 poly.ratfunc – Í�Íý´Ø¿ô
	4.27.1 RationalFunction – Í�Íý´Ø¿ô¥¯¥é¥¹
	4.27.1.1 getRing – Í�Íý´Ø¿ôÂÎ¤òÆÀ¤ë


	4.28 poly.ring – Â¿¹à¼°´Ä
	4.28.1 PolynomialRing – Â¿¹à¼°´Ä
	4.28.1.1 getInstance – ¥¯¥é¥¹¥á¥½¥Ã¥É
	4.28.1.2 getCoefficientRing
	4.28.1.3 getQuotientField
	4.28.1.4 issubring
	4.28.1.5 issuperring
	4.28.1.6 getCharacteristic
	4.28.1.7 createElement
	4.28.1.8 gcd
	4.28.1.9 isdomain
	4.28.1.10 iseuclidean
	4.28.1.11 isnoetherian
	4.28.1.12 ispid
	4.28.1.13 isufd

	4.28.2 RationalFunctionField – Í�Íý´Ø¿ôÂÎ
	4.28.2.1 getInstance – ¥¯¥é¥¹¥á¥½¥Ã¥É
	4.28.2.2 createElement
	4.28.2.3 getQuotientField
	4.28.2.4 issubring
	4.28.2.5 issuperring
	4.28.2.6 unnest
	4.28.2.7 gcd
	4.28.2.8 isdomain
	4.28.2.9 iseuclidean
	4.28.2.10 isnoetherian
	4.28.2.11 ispid
	4.28.2.12 isufd

	4.28.3 PolynomialIdeal – Â¿¹à¼°´Ä¤Î¥¤¥Ç¥¢¥ë
	4.28.3.1 reduce
	4.28.3.2 issubset
	4.28.3.3 issuperset


	4.29 poly.termorder – ¹à½ç½ø
	4.29.1 TermOrderInterface – ¹à½ç½ø¤Î¥¤¥ó¥¿¡¼¥Õ¥§¡¼¥¹
	4.29.1.1 cmp
	4.29.1.2 format
	4.29.1.3 leading_coefficient
	4.29.1.4 leading_term

	4.29.2 UnivarTermOrder – °ìÊÑ¿ôÂ¿¹à¼°¤ËÂÐ¤¹¤ë¹à½ç½ø
	4.29.2.1 format
	4.29.2.2 degree
	4.29.2.3 tail_degree

	4.29.3 MultivarTermOrder – Â¿ÊÑ¿ôÂ¿¹à¼°¤ËÂÐ¤¹¤ë¹à½ç½ø
	4.29.3.1 format

	4.29.4 weight_order – ½Å¤ßÉÕ¤�½ç½øÉÕ¤±

	4.30 poly.uniutil – °ìÊÑ¿ôÂ¿¹à¼°¤Î¤¿¤á¤Î¥æ¡¼¥Æ¥£¥ê¥Æ¥£
	4.30.1 RingPolynomial – ²Ä´¹´Ä¾å¤ÎÂ¿¹à¼°
	4.30.1.1 getRing
	4.30.1.2 getCoefficientRing
	4.30.1.3 shift_degree_to
	4.30.1.4 split_at

	4.30.2 DomainPolynomial – À°°è¾å¤ÎÂ¿¹à¼°
	4.30.2.1 pseudo_divmod
	4.30.2.2 pseudo_floordiv
	4.30.2.3 pseudo_mod
	4.30.2.4 exact_division
	4.30.2.5 scalar_exact_division
	4.30.2.6 discriminant
	4.30.2.7 to_field_polynomial

	4.30.3 UniqueFactorizationDomainPolynomial – UFD¾å¤ÎÂ¿¹à¼°
	4.30.3.1 content
	4.30.3.2 primitive_part
	4.30.3.3 subresultant_gcd
	4.30.3.4 subresultant_extgcd
	4.30.3.5 resultant

	4.30.4 IntegerPolynomial – Í�ÍýÀ°¿ô´Ä¾å¤ÎÂ¿¹à¼°
	4.30.5 FieldPolynomial – ÂÎ¾å¤ÎÂ¿¹à¼°
	4.30.5.1 content
	4.30.5.2 primitive_part
	4.30.5.3 mod
	4.30.5.4 scalar_exact_division
	4.30.5.5 gcd
	4.30.5.6 extgcd

	4.30.6 FinitePrimeFieldPolynomial – Í�¸ÂÁÇÂÎ¾å¤ÎÂ¿¹à¼°
	4.30.6.1 mod_pow – ¥â¥¸¥å¥í¤È¤Ù¤�¾è
	4.30.6.2 pthroot
	4.30.6.3 squarefree_decomposition
	4.30.6.4 distinct_degree_decomposition
	4.30.6.5 split_same_degrees
	4.30.6.6 factor
	4.30.6.7 isirreducible

	4.30.7 polynomial – ¤µ¤Þ¤¶¤Þ¤ÊÂ¿¹à¼°¤ËÂÐ¤¹¤ë¥Õ¥¡¥¯¥È¥ê´Ø¿ô

	4.31 poly.univar – °ìÊÑ¿ôÂ¿¹à¼°
	4.31.1 PolynomialInterface – Á´¤Æ¤Î°ìÊÑ¿ôÂ¿¹à¼°¤ËÂÐ¤¹¤ë´ðÄì¥¯¥é¥¹
	4.31.1.1 differentiate – ·Á¼°ÈùÊ¬
	4.31.1.2 downshift_degree – Â¿¹à¼°¤Î¼¡¿ô¤ò²¼¤²¤ë
	4.31.1.3 upshift_degree – Â¿¹à¼°¤Î¼¡¿ô¤ò¾å¤²¤ë
	4.31.1.4 ring_mul – ´Ä¾å¤Î¾èË¡
	4.31.1.5 scalar_mul – ¥¹¥«¥é¡¼¤Î¾èË¡
	4.31.1.6 term_mul – ¹à¤Î¾èË¡
	4.31.1.7 square – ¼«¿È¤È¤Î¾èË¡

	4.31.2 BasicPolynomial – Â¿¹à¼°¤Î´ðËÜÅª¼ÂÁõ
	4.31.3 SortedPolynomial – ¹à¤¬¥½¡¼¥È¤µ¤ì¤¿¤Þ¤Þ¤Î¾õÂÖ¤Ë°Ý»ý¤¹¤ëÂ¿¹à¼°
	4.31.3.1 degree – ¼¡¿ô
	4.31.3.2 leading_coefficient – ¼ç·¸¿ô
	4.31.3.3 leading_term – ¼ç¹à
	4.31.3.4 ring_mul_karatsuba – KaratsubaË¡¤Ë¤è¤ë¾è»»




