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2 NS-SDN: Testing & Validation

2.1 Scope of this notebook

This notebook is a validation notebook, not a benchmark notebook. Its purpose is to verify that
the NS-SDN implementation behaves correctly on real data before moving to formal experiments
and application notebooks.

The goals here are:

confirm that the model trains stably on a real time series,

verify that loss declines under the current optimization setup,

inspect in-sample and holdout behavior,

distinguish conditional 1-step forecasting from fully recursive forecasting,
examine squared errors and internal spectral components,

perform a lightweight overfitting check using a validation split.

SR

Formal benchmark comparisons against ARIMA, VAR, MLP, LSTM, and related models are de-
ferred to the experiments notebook.

[1]: | import numpy as np
import pandas as pd
import torch
import torch.nn.functional as F
import matplotlib.pyplot as plt
import fedfred as fd

DEVICE = (
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torch.device("cpu")

torch.manual seed(1337)
np.random. seed (1337)

print ("DEVICE:", DEVICE)

DEVICE: cpu

[2]: Yrun design.ipynb
[3]: fred=fd.FredAPI(api_key="7ab121fb17773e187bb6508e83e411da")

[4] : SERIES_ID = "CBETHUSD"
START_DATE = "2017-01-01"
H = 365 # holdout horizon

df = fred.get_series_observations(series_id=SERIES_ID,
~observation_start=START_DATE, units="log")

df .index = pd.to_datetime(df.index)
df = df.sort_index()

df ["value"] = pd.to_numeric(df["value"], errors="coerce")
df = df.dropna(subset=["value"])

# daily grid; fill short gaps only

df = df.asfreq("D")

df ["value"] = df["value"].ffill(limit=7)
df = df.dropna(subset=["value"])

dates_all = df.index.to_numpy()

y_all_np = df["value"].to_numpy(dtype=np.float32) .reshape(-1, 1) # log(price)

print("N:", len(df))

df .head ()
N: 3361

[4]: realtime_start realtime_end value
date
2017-01-01 2026-03-16  2026-03-16 2.10169
2017-01-02 2026-03-16  2026-03-16 2.12585
2017-01-03 2026-03-16  2026-03-16 2.26072
2017-01-04 2026-03-16  2026-03-16 2.41323
2017-01-05 2026-03-16 2026-03-16 2.32532



[71:

R e tensors ———-———---—
y_all = torch.from_numpy(y_all_np).float()

t_all = make_time_grid(len(y_all), dt=1.0, start=0.0)

N = y_all.shape[0]
assert N > H + 1000, f"Not enough data. N={N}"

split = N - H

y_hist
y_fut

y_all[:splitl
y_all[split:]

t_hist = t_all[:split]
t_fut t_all[split:]

dates_hist = dates_all[:split]
dates_fut = dates_alll[split:]

print("Train:", y_hist.shape, "Holdout:", y_fut.shape)

Train: torch.Size([2996, 1]) Holdout: torch.Size([365, 1])

# scaling ————————--
y_scaler = MapMinMax.fit(y_hist, target_min=-1.0, target_max=1.0)

y_hist_s = y_scaler.transform(y_hist)
= y_scaler.transform(y_fut)
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# full eval sequence for 1-step alignment
y_eval = torch.cat([y_hist, y_fut]l, dim=0)
t_eval torch.cat([t_hist, t_fut], dim=0)
y_eval_s = y_scaler.transform(y_eval)

split_eval = y_hist.shape[0]
assert t_eval.shape[0] == y_eval_s.shape[0]

def compute_metrics(y_true: np.ndarray, y_pred: np.ndarray) -> dict[str, float]:

y_true = np.asarray(y_true, dtype=float).reshape(-1)
y_pred = np.asarray(y_pred, dtype=float).reshape(-1)

err = y_pred - y_true
rmse = float(np.sqrt(np.mean(err ** 2)))
mae = float(np.mean(np.abs(err)))

denom = np.where(np.abs(y_true) < le-12, np.nan, y_true)
mape = float(unp.nanmean(up.abs(err / denom)) * 100.0)



[8]:

return {

"rmse": rmse,

mae'": mae,

"mape_pct": mape,

def history_to_frame(*histories: tuplel[str, dict]) -> pd.DataFrame:
rows = []
for label, hist in histories:
for step, loss in hist["loss"]:
rows.append({"stage": label, "step": step, "loss": loss})
return pd.DataFrame(rows)

def plot_loss_history(*histories: tuplelstr, dict]) -> None:
df _hist = history_to_frame(*histories)
plt.figure(figsize=(10, 5))
for stage, g in df_hist.groupby("stage"):

plt.plot(g["step"], gl["loss"], label=stage)

plt.title("Training loss by stage")
plt.xlabel("step")
plt.ylabel("loss")
plt.legend()
plt.tight_layout ()
plt.show()

2.2 Main real-data fit

We train the baseline NS-SDN configuration in two stages. The first stage obtains a stable initial
fit; the second stage refines the solution at a lower learning rate with slightly stronger smoothness
regularization.

This is not intended to be the final experimental tuning procedure. It is a practical validation pass
to confirm that the architecture learns a usable representation on a real series.

model = NSSDNStateSpace(
y_dim=1,
x_dim=0,
h_dim=128,
k=16,
transition="gru",
positive_omega=True,
use_gating=True,

) .to (DEVICE)

print("Trainable params:",
sum(p.numel() for p in model.parameters() if p.requires_grad))



Trainable params: 58849

[9]: batch_tr = TimeSeriesBatch(t=t_hist, y=y_hist, x=None)

res_a = train_state_space_nssdn(
model=model,
batch=batch_tr,
y_scaler=y_scaler,
lr=1e-3,
steps=1200,
teacher_forcing=True,
use_nll=False,
lam_A=2e-4,
lam_omega=8e-4,
lam_theta2=0.0,
lam_psd=0.0,
device=DEVICE,

model = res_al["model"]

[10]: res_b = train_state_space_nssdn(
model=model,
batch=batch_tr,
y_scaler=y_scaler,
lr=4e-4,
steps=1800,
teacher_forcing=True,
use_nll=False,
lam_A=3e-4,
lam_omega=1.5e-3,
lam_theta2=0.0,
lam_psd=0.0,
device=DEVICE,

model = res_b["model"]
[11]: plot_loss_history(

("stage_a", res_a["history"]),
("stage_b", res_b["history"]),



[12]:

[12]:
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2.3 In-sample diagnostic

Before evaluating holdout behavior, we verify that the trained model can reproduce the historical
segment under teacher forcing. This is a fit diagnostic only; it is not an out-of-sample evaluation.

with torch.no_grad():
out_hist = model.forward_sequence(
t_hist.to(DEVICE),
y_hist_s.to(DEVICE),
teacher_forcing=True,

yhat_hist_s = out_hist["yhat"].detach().cpu()
hist_fit_lp = y_scaler.inverse_transform(yhat_hist_s) .numpy() .squeeze ()
hist_true_lp = y_hist.numpy() .squeeze()

hist_fit_p = np.exp(hist_fit_1p)
hist_true_p = np.exp(hist_true_lp)

train_metrics_log = compute_metrics(hist_true_lp, hist_fit_lp)
train_metrics_price = compute_metrics(hist_true_p, hist_fit_p)

pd.DataFrame(
[train_metrics_log, train_metrics_pricel,
index=["train_log_scale", "train_price_scale"],

rmse mae mape_pct
train_log_scale 0.001981 0.001331 0.024017



train_price_scale 2.669648 1.474127 0.133087

[13]: plt.figure(figsize=(12, 6))
plt.plot(dates_hist, hist_true_p, label="historical actual")
plt.plot(dates_hist, hist_fit_p, label="historical fitted")
plt.title("In-sample fit on training segment")
plt.legend ()
plt.tight_layout ()
plt.show()
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2.4 Conditional 1-step holdout evaluation

The next section evaluates conditional one-step-ahead forecasts over the holdout window. At each
step, the model advances using the realized observation from the previous step. This is therefore a
rolling conditional forecast path, not a pure recursive multi-step forecast.

[14]: with torch.no_grad():
out = model.forward_sequence(
t_eval.to(DEVICE),
y_eval_s.to(DEVICE),
teacher_forcing=True

yhat_eval_s = out["yhat"].detach() .cpu()
# 1-step ahead over holdout

yhat_1lstep_s = yhat_eval_s[split_eval-1:-1]
ytrue_hold_s = y_eval_s[split_eval:]



assert yhat_lstep_s.shape == ytrue_hold_s.shape

[15]: # inverse scaling (still log-price)
hist_lp = y_scaler.inverse_transform(y_eval_s[:split_evall) .numpy() .squeeze()
fut_lp = y_scaler.inverse_transform(ytrue_hold_s) .numpy() .squeeze()
y_scaler.inverse_transform(yhat_1lstep_s) .numpy() . squeeze ()

one_lp

# convert log—-price to price
hist_p = np.exp(hist_lp)
fut_p np.exp(fut_lp)
one_p np.exp(one_lp)

[16]: plt.figure(figsize=(12,6))
plt.plot(dates_hist, hist_p, label="historical (train)")
plt.plot(dates_fut, fut_p, label="actual (holdout)")
plt.plot(dates_fut, one_p, label="1-step ahead (TF)")
plt.axvline(dates_fut[0], linestyle="--")
plt.title("CBETHUSD - historical vs actual vs 1l-step")
plt.legend()
plt.tight_layout ()
plt.show()
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[17]: metrics_scaled = compute_metrics(
ytrue_hold_s.numpy() .squeeze(),
yhat_1step_s.numpy() .squeeze(),

metrics_log = compute_metrics(fut_lp, one_lp)



metrics_price = compute_metrics(fut_p, one_p)

metrics_df = pd.DataFrame (
[metrics_scaled, metrics_log, metrics_price],
index=["holdout_1lstep_scaled", "holdout_1step_log", "holdout_lstep_price"],

)
metrics_df

[17]: rmse mae mape_pct
holdout_1step_scaled 0.011864 0.008255 1.004512
holdout_1step_log 0.037823 0.026318 0.331623

holdout_1step_price 114.530135 78.062924 2.625007

2.5 Conditional 1-step error diagnostics

Scalar summary metrics can hide localized failure. We therefore inspect the squared forecast error
through time across the holdout window.

[18]: se_1step
ae_1lstep

(one_p - fut_p) ** 2
np.abs(one_p - fut_p)

err_df = pd.DataFrame(

{
"date": pd.to_datetime(dates_fut),
"actual_price": fut_p,
"pred_price_1step": one_p,
"squared_error_1lstep": se_lstep,
"abs_error_1step": ae_1step,

3

err_df .head()

[18]: date actual_price pred_price_lstep squared_error_lstep \
0 2025-03-16  1926.289062 1889.249268 1371.946411
1 2025-03-17  1931.244507 1926.967041 18.296715
2 2025-03-18  2057.054199 1932.480713 15518.553711
3 2025-03-19  1982.671143 2055.683350 5330.782227
4 2025-03-20  1964.986206 1985.223511 409.548492

abs_error_1step

0 37.039795
1 4.277466
2 124 .573486
3 73.012207
4 20.237305



[19]: plt.figure(figsize=(12, 5))
plt.plot(err_df["date"], err_df["squared_error_istep"])
plt.title("Conditional 1-step squared error over holdout")
plt.tight_layout ()
plt.show()

Conditional 1-step squared error over holdout
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[20]: def recursive_forecast_from_history(

model: NSSDNStateSpace,

t_hist: torch.Tensor,

y_hist_s: torch.Tensor,

t_fut: torch.Tensor,

device: torch.device,

) —-> torch.Tensor:
model .eval()

t_hist = ensure_2d(t_hist.to(device), "t hist")
y_hist_s = ensure_2d(y_hist_s.to(device), "y_hist_s")
t_fut = ensure_2d(t_fut.to(device), "t _fut")

with torch.no_grad(Q):
h_prev = model.hO0.view(l, -1).to(device)
theta_prev = model.thetal.view(l, -1).to(device)

for n in range(t_hist.shape[0]):
if n ==
dt_n
else:
dt_n

torch.zeros(l, 1, device=device, dtype=t_hist.dtype)

t_hist[n:n+1] - t_hist[n-1:n]

y_in = y_hist_s[n:n+1]

X_in y_in

10



[21]:

h_n = model.trans(h_prev, x_in, dt_n)
params = model.emit(h_n)
theta_n = theta_prev + params["omega"] * dt_n

h_prev = h_n
theta_prev = theta_n
y_prev = y_in

preds = []
for n in range(t_fut.shape[0]):
if n ==
dt n = t_fut[n:n+1] - t_hist[-1:]
else:

dt n = t_futln:n+1] - t_fut[n-1:n]

X_in = y_prev

h_n = model.trans(h_prev, x_in, dt_n)

params = model.emit(h_n)

theta_n = theta_prev + params["omega"] * dt_n

s = torch.sin(theta_n + params["phi"])
osc = model.mix(params["A"] * s)
y_n = params["B"] + osc

preds.append(y_n.detach() .cpu())

h_prev = h_n
theta_prev = theta_n
y_prev = y_n

return torch.cat(preds, dim=0)

2.6 Fully recursive holdout forecast

We now generate a true multi-step holdout forecast. The model is warmed up on the historical
segment, and the entire holdout horizon is then forecast recursively without feeding future realized
values back into the state update. This is the stricter forecasting test.

yhat_rec_s = recursive_forecast_from_history(
model=model,
t_hist=t_hist,
y_hist_s=y_hist_s,
t_fut=t_fut,
device=DEVICE,

11



[21]:

[22]:

[23]:

rec_lp = y_scaler.inverse_transform(yhat_rec_s) .numpy() .squeeze()
rec_p = np.exp(rec_lp)

metrics_recursive_log = compute_metrics(fut_lp, rec_lp)

metrics_recursive_price = compute_metrics(fut_p, rec_p)

pd.DataFrame(
[metrics_recursive_log, metrics_recursive_price],
index=["holdout_recursive_log", "holdout_recursive_price"],

holdout_recursive_log
holdout_recursive_price

plt.

figure(figsize=(12, 6))

rmse
0.463100
1324 .663233

0.386396

mae mape_pct

4.743695

1048.390622 30.104618

plt.plot(dates_fut, fut_p, label="actual (holdout)")
plt.plot(dates_fut, one_p, label="conditional 1-step")
plt.plot(dates_fut, rec_p, label="recursive multi-step")
plt.title("Holdout comparison: conditional 1-step vs recursive forecast")
plt.legend ()
plt.tight_layout ()
plt.show()
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se_rec = (rec_p - fut_p) *x 2

plt.figure(figsize=(12, 5))
plt.plot(dates_fut, se_lstep, label="conditional 1-step SE")
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[24] :

[25] :

plt.plot(dates_fut, se_rec, label="recursive SE")
plt.title("Squared error comparison across holdout")
plt.legend ()

plt.tight_layout ()

plt.show()
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2.7 Internal component diagnostics

The NS-SDN architecture is intended to produce interpretable internal objects rather than only
point forecasts. We therefore inspect the learned trend, amplitudes, frequencies, and gating behav-
ior on the full evaluation sequence.

with torch.no_grad():
out_eval = model.forward_sequence(
t_eval.to(DEVICE),
y_eval_s.to(DEVICE),
teacher_forcing=True,

)
B_eval = out_eval["B"].detach().cpu() .numpy() .squeeze ()
A_eval = out_eval["A"].detach().cpu() .numpy()

omega_eval = out_eval["omega"].detach().cpu() .numpy ()
theta_eval = out_eval["theta"].detach().cpu() .numpy()

gate_eval = None
if "gate" in out_eval:
gate_eval = out_eval["gate"].detach().cpu() .numpy()

plt.figure(figsize=(12, 5))

plt.plot(dates_all, B_eval)
plt.axvline(dates_fut[0], linestyle="--")
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plt.title("Learned trend component B_t")
plt.tight_layout ()
plt.show()

Learned trend component B_t

1.00

0.75 4

0.50 1

0.25 1

0.00 4

=0.25 4

—0.50 4

=0.75 4

—1.00 A

T T T T T T T T T T
2017 2018 2019 2020 2021 2022 2023 2024 2025 2026

[26]: plt.figure(figsize=(12, 5))
for k_idx in range(min(4, A_eval.shape[1])):
plt.plot(dates_all, A_evall:, k_idx], label=f"A[{k_idx}]")

plt.axvline(dates_fut[0], linestyle="--")
plt.title("Selected amplitude paths")
plt.legend()
plt.tight_layout ()
plt.show()
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[27]:

[28]:

plt.

for

plt.
plt.
.legend ()
plt.
plt.

plt

figure(figsize=(12, 5))
k_idx in range(min(4, omega_eval.shape[1])):

plt

.plot(dates_all, omega_evall:, k_idx], label=f"omegal[{k_idx}]")

axvline(dates_fut[0], linestyle="--")
title("Selected instantaneous frequency paths")

tight_layout ()
show ()
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if gate_eval is not None:

plt.

for

plt.
plt.

plt

plt.
plt.

figure(figsize=(12, 5))

k_idx in range(min(4, gate_eval.shape[1])):

plt.plot(dates_all, gate_evall:, k_idx], label=f"gate[{k_idx}]")
axvline(dates_fut[0], linestyle="--")

title("Selected gating paths")

.legend ()

tight_layout ()

show ()
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2.7.1 Interpretation

If validation performance is only moderately worse than fit performance, then the current NS-SDN
configuration is not obviously memorizing the historical segment. That would support moving to
the experiments notebook for formal benchmark comparisons.

If the validation error is dramatically worse than the fit error, then the current configuration is
likely too flexible for the series or too dependent on local training structure. In that case, the
experiments notebook should include stronger regularization, smaller model capacity, alternative
targets such as returns or differences, or a more robust recursive-training procedure.

[29] : | import copy
recursive_model = copy.deepcopy(model) .to(DEVICE)

[30]: res_rec_a = train_state_space_nssdn(
model=recursive_model,
batch=batch_tr,
y_scaler=y_scaler,
1lr=2e-4,
steps=1500,
teacher_forcing=False,
use_nll=False,
lam_A=6e-4,
lam_omega=2.0e-3,
lam_theta2=0.0,
lam_psd=0.0,
device=DEVICE,

recursive model = res rec_al["model"]
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[31]: res_rec_b = train_state_space_nssdn(
model=recursive_model,
batch=batch_tr,
y_scaler=y_scaler,
1lr=1e-4,
steps=1500,
teacher_forcing=False,
use_nll=False,
lam_A=8e-4,
lam_omega=2.5e-3,
lam_theta2=0.0,
lam_psd=0.0,
device=DEVICE,

recursive_model = res_rec_b["model"]

2.7.2 Loss history under recursive fine-tuning

Because free-running optimization is stricter than teacher-forced optimization, we inspect the loss
history separately. A stable decline here would indicate that the model can continue adapting even
when it is forced to consume its own predicted values rather than realized observations.

[32]: plot_loss_history(
("recursive_stage_a", res_rec_a["history"]),
("recursive_stage_b", res_rec_b["history"]),
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[33]:

[34]:

[34]:

[35]:

2.7.3 Recursive forecast after free-running fine-tuning

We now evaluate the fine-tuned model using the same strict recursive holdout procedure as before.
This permits a direct comparison between:

1. the original teacher-forced baseline evaluated recursively, and
2. the recursively fine-tuned model evaluated recursively.

If the fine-tuned model exhibits less drift and preserves more local structure, then the earlier
recursive failure is best interpreted as an exposure-bias problem induced by the teacher-forced
training regime.

yhat_rec_ft_s = recursive_forecast_from_history(
model=recursive_model,
t_hist=t_hist,
y_hist_s=y_hist_s,
t_fut=t_fut,
device=DEVICE,

rec_ft_lp = y_scaler.inverse_transform(yhat_rec_ft_s) .numpy() .squeeze()
rec_ft_p = np.exp(rec_ft_1p)

metrics_recursive_ft_log = compute_metrics(fut_lp, rec_ft_lp)
metrics_recursive_ft_price = compute_metrics(fut_p, rec_ft_p)

pd.DataFrame(
[metrics_recursive_ft_log, metrics_recursive_ft_price],
index=["holdout_recursive_finetuned_log",
~"holdout_recursive_finetuned_price"],

)

rmse mae mape_pct
holdout_recursive_finetuned_log 0.386978 0.327413 4.040832
holdout_recursive_finetuned_price 1158.870284 923.181378 27.648974

2.7.4 Comparison of forecasting regimes
The figure below compares four distinct forecast objects:

1. the actual holdout path,

2. the conditional one-step forecast from the teacher-forced baseline,
3. the fully recursive forecast from the teacher-forced baseline, and
4. the fully recursive forecast from the recursively fine-tuned model.

The key question is whether free-running fine-tuning reduces long-horizon drift and preserves more
of the local cyclical and level behavior of the holdout series

plt.figure(figsize=(12, 6))
plt.plot(dates_fut, fut_p, label="actual (holdout)")
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plt.plot(dates_fut, one_p, label="conditional 1-step (TF baseline)")
plt.plot(dates_fut, rec_p, label="recursive (TF baseline)")
plt.plot(dates_fut, rec_ft_p, label="recursive (free-run fine-tuned)")
plt.title("Holdout comparison: baseline vs recursively fine-tuned NS-SDN")
plt.legend()

plt.tight_layout ()

plt.show()
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[36]: se_rec_ft = (rec_ft_p - fut_p) ** 2

plt.figure(figsize=(12, 5))

plt.plot(dates_fut, se_rec, label="recursive SE (TF baseline)")
plt.plot(dates_fut, se_rec_ft, label="recursive SE (free-run fine-tuned)")
plt.title("Recursive squared error: baseline vs recursively fine-tuned NS-SDN")
plt.legend()

plt.tight_layout ()

plt.show()
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[37]:

[37]:

166 Recursive squared error: baseline vs recursively fine-tuned NS-SDN
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comparison_df = pd.DataFrame(

L
compute_metrics(fut_p, one_p),
compute_metrics(fut_p, rec_p),
compute_metrics(fut_p, rec_ft_p),
e
index=[
"conditional_lstep_tf_baseline",
"recursive_tf_baseline",
"recursive_finetuned",
g
)
comparison_df
rmse mae mape_pct
conditional_1lstep_tf_baseline 114.530135 78.062924 2.625007
recursive_tf_baseline 1324.663233 1048.390622 30.104618
recursive_finetuned 1158.870284 923.181378 27.648974

2.7.5 Interpretation

If the recursively fine-tuned model improves materially over the original teacher-forced baseline
in free-running mode, then the earlier recursive collapse is best interpreted as an exposure-bias
problem. In that case, the architecture is capable of representing the series, but its transition
dynamics must be trained under conditions that resemble recursive deployment.

If recursive performance improves only slightly, then the remaining error likely reflects a deeper
modeling issue. The most plausible explanations are:

the price-level target is too nonstationary for stable free-running prediction,

the transition dynamics remain too contractive and collapse toward the trend component,
oscillator amplitudes decay too quickly during rollout, or

the current objective still prioritizes local fit more strongly than horizon stability.

=
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Either outcome is informative for the experiments notebook, because it clarifies whether recursive
weakness is primarily a training-regime issue or a broader architectural limitation.

2.8 Lightweight overfitting check

To test whether the architecture is merely memorizing the training segment, we reserve the final
portion of the historical sample as a validation block. A new NS-SDN model is then fit only on the
earlier portion of the historical data, and its performance is compared on:

1. the reduced fit segment, and
2. the held-out validation segment.

This is not the final model-selection procedure. It is a diagnostic check intended to reveal whether
the current configuration exhibits a large train—validation gap before moving to formal benchmark
experiments.

[38]: VAL_FRAC = 0.10
n_train_full = y_hist.shape[0]

n_val = max(30, int(n_train_full * VAL_FRAC))
n_fit n_train_full - n_val

if n_fit <= O:
raise ValueError("Validation split is too large for the available training,
<history.")

y_fit = y_hist[:n_fit]
t_fit = t_hist[:n_fit]
dates_fit = dates_hist[:n_fit]

y_val = y_hist[n_fit:]
t val = t_hist[n_fit:]
dates_val = dates_hist[n_fit:]

print("Full historical length:", n_train_full)
print("Fit segment length:", n_fit)
print("Validation segment length:", n_val)

Full historical length: 2996
Fit segment length: 2697
Validation segment length: 299

[39]: y_fit_scaler = MapMinMax.fit(y_fit, target_min=-1.0, target_max=1.0)

y_fit_s = y_fit_scaler.transform(y_fit)
y_val_s = y_fit_scaler.transform(y_val)

# combined fit + walidation sequence for conditional 1-step alignment
y_fitval = torch.cat([y_fit, y_vall], dim=0)
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t_fitval = torch.cat([t_fit, t_vall, dim=0)
y_fitval_s = y_fit_scaler.transform(y_fitval)

split_fitval = y_fit.shapel[0]

assert t_fitval.shape[0] == y_fitval_s.shape[0]

2.8.1 Separate validation-check model

A separate NS-SDN model is fit on the reduced fit segment only. This avoids contaminating the
validation diagnostic with the full-sample training run used earlier in the notebook.

[40]: overfit_model = NSSDNStateSpace(

y_dim=1,
x_dim=0,
h_dim=128,
k=16,
transition="gru",
positive_omega=True,
use_gating=True,

) .to(DEVICE)

[41]: res_of_a = train_state_space_nssdn(
model=overfit_model,
batch=TimeSeriesBatch(t=t_fit, y=y_fit, x=None),
y_scaler=y_fit_scaler,
1lr=1e-3,
steps=1200,
teacher_forcing=True,
use_nll=False,
lam_A=2e-4,
lam_omega=8e-4,
lam_theta2=0.0,
lam_psd=0.0,
device=DEVICE,

overfit_model = res_of_al["model"]

[42] : res_of_b = train_state_space_nssdn(
model=overfit_model,
batch=TimeSeriesBatch(t=t_fit, y=y_fit, x=None),
y_scaler=y_fit_scaler,
1lr=4e-4,
steps=1200,
teacher_forcing=True,
use_nll=False,
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lam_A=3e-4,
lam_omega=1.5e-3,
lam_theta2=0.0,
lam_psd=0.0,
device=DEVICE,

overfit_model = res_of _b["model"]

2.8.2 Loss history for the validation-check model

We inspect the optimization path for the model trained on the reduced fit segment before comparing
fit and validation behavior.

[43]: plot_loss_history(
("overfit_stage_a", res_of_a["history"]),
("overfit_stage_b", res_of_b["history"]),
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[44]: with torch.no_grad():

# in-sample fit on reduced fit segment

out_fit = overfit_model.forward_sequence(
t_fit.to(DEVICE),
y_fit_s.to(DEVICE),
teacher_forcing=True,

)

y_fit_hat_s = out_fit["yhat"].detach() .cpu()
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# teacher-forced sequence over fit + walidation for conditional 1-step
<validation alignment
out_fitval = overfit_model.forward_sequence(
t_fitval.to(DEVICE),
y_fitval_s.to(DEVICE),
teacher_forcing=True,
)
y_fitval_hat_s = out_fitval["yhat"].detach().cpu()

# conditional 1-step predictions for the wvalidation block
y_val_hat_1step_s = y_fitval_hat_s[split_fitval - 1 : -1]
y_val_true_s = y_fitval_s[split_fitval:]

assert y_val_hat_lstep_s.shape == y_val_true_s.shape
assert y_val_hat_1istep_s.shape[0] == y_val.shape[0]

[45]: fit_lp_true = y_fit.numpy() .squeeze()
fit_lp_pred = y_fit_scaler.inverse_transform(y_fit_hat_s) .numpy() .squeeze()

val_lp_true = y_val.numpy() .squeeze()

val_lp_pred = y_fit_scaler.inverse_transform(y_val_hat_1istep_s) .numpy() .
~squeeze ()
fit_p_true = np.exp(fit_lp_true)

fit_p_pred = np.exp(fit_lp_pred)

np.exp(val_lp_true)
np.exp(val_lp_pred)

val_p_true
val_p_pred

[46]: overfit_metrics = pd.DataFrame (

[
compute_metrics(fit_lp_true, fit_lp_pred),
compute_metrics(val_lp_true, val_lp_pred),
compute_metrics(fit_p_true, fit_p_pred),
compute_metrics(val_p_true, val_p_pred),
e
index=[
"fit_log",
"validation_log",
"fit_price",
"validation_price",
e
)
overfit_metrics
[46] : rmse mae mape_pct
fit_log 0.007735 0.005473 0.093349
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validation_log 0.035436 0.025673 0.322186
fit_price 11.765951 6.119678 0.546659
validation_price 103.172166 75.728468 2.571679

2.8.3 Visual comparison: fit segment vs validation segment

The next two figures compare the model’s in-sample fit on the reduced fit segment and its conditional
one-step behavior on the validation block. A moderate degradation from fit to validation is normal.
A very large gap would suggest overfitting or excessive sensitivity to local training structure.

[47]: plt.figure(figsize=(12, 5))
plt.plot(dates_fit, fit_p_true, label="fit actual")
plt.plot(dates_fit, fit_p_pred, label="fit fitted")
plt.title("Reduced fit segment: actual vs fitted")
plt.legend ()
plt.tight_layout ()
plt.show()
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[48]: plt.figure(figsize=(12, 5))
plt.plot(dates_val, val_p_true, label="validation actual")
plt.plot(dates_val, val_p_pred, label="validation conditional 1-step")
plt.title("Validation segment: actual vs conditional 1-step forecast")
plt.legend ()
plt.tight_layout ()
plt.show()
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[49] :

[49] :

Validation segment: actual vs conditional 1-step forecast

— validation actual

w \r\/\A\ f\fr Vﬂp \ | validation conditional 1-step
"f“”'\A\ J»“\J | '\fu.f \

4000 -

Yi it

3000 + V

2500 1 'v'r\«"‘vf \q A . f ‘\”-W'JK
r “"\M/ \JJ \‘ \ PL’

W

2000 \
A

T T T T T T T T T T
2024-06 2024-07 2024-08 2024-09 2024-10 2024-11 2024-12 2025-01 2025-02 2025-03

gap_summary = pd.DataFrame(

{
"rmse_gap_price": [
overfit_metrics.loc["validation_price", "rmse"]
- overfit_metrics.loc["fit_price", "rmse"]
P
"mae_gap_price": [
overfit_metrics.loc["validation_price", "mae"]
- overfit_metrics.loc["fit_price", "mae"]
1
"mape_gap_price": [
overfit_metrics.loc["validation_price", "mape_pct"]
- overfit_metrics.loc["fit_price", "mape_pct"]
iF
I

index=["validation _minus_fit"],
)

gap_summary

rmse_gap_price mae_gap_price mape_gap_price
validation_minus_fit 91.406216 69.60879 2.02502

2.8.4 Interpretation

If validation performance is only moderately worse than fit performance, then the current NS-SDN
configuration is not obviously memorizing the historical segment. That would support moving to

the experiments notebook for formal benchmark comparisons.

If the validation error is dramatically worse than the fit error, then the current configuration is
likely too flexible for the series or too dependent on local training structure. In that case, the
experiments notebook should include stronger regularization, smaller model capacity, alternative

targets such as returns or differences, or a more robust recursive-training procedure.
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2.9 Conclusion

The tests in this notebook establish that the NS-SDN implementation:

1. trains stably on a real series,

produces a usable in-sample fit,

generates coherent conditional 1-step forecasts,

can also produce a fully recursive multi-step holdout forecast,

exposes interpretable internal component paths,

is suitable for formal benchmark comparison in the experiments notebook.

OOt N

The next notebook should therefore focus on benchmark models, rolling-origin evaluation, horizon-
specific metrics, and formal hypothesis testing.

[60]: checkpoint = {
"series_id": SERIES_ID,
"start_date": START_DATE,
"holdout_horizon": H,
"model_config": {

"y_dim": 1,

"x_dim": O,

"h_dim": 128,

nen . 16,
"transition": "gru",

"positive_omega": True,

"use_gating": True,
o
"state dict": model.state dict(),
"scaler_y_x_min": y_scaler.feature_min.cpu(),
"scaler_y_x_max": y_scaler.feature_max.cpu(),
"scaler_y_target_min": y_scaler.target_min,
"scaler_y_target_max": y_scaler.target_max,
"stage_a_history": res_a["history"],
"stage_b_history": res_b["history"],

torch.save(checkpoint, "nssdn_tests_checkpoint_cbethusd.pt")
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