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Chapter 1

Lattice modeling and particle
coordinates

The modeling of lattice and beam particles used in Xsuite is largely based on the
experience of the MAD [1, 2] and Sixtrack [3] programs.

More details on the derivation of the tracking maps and the Hamiltonian formalism
can be found in the references [4, 5, 6,7, 8,9, 10, 11].

1.1 Local reference system

This section is adapted from [1].

actual
orbit
s
............... »
reference
orbit
p
.-"/"'
e centre of
P curvature
S

Figure 1.1: Local Reference System

The beam line or ring to be studied is described as a sequence of beam elements placed
sequentially along a reference trajectory.
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The reference trajectory consists of a series of straight line segments and circular arcs.
The accompanying tripod, as shown in Fig. 1.1, spans a local curvilinear right-
handed coordinate system (x,y,s). The local s-axis is the tangent to the reference
orbit and x and y are perpendicular to s. Typically, x is horizontal and y vertical.

We call p the local radius of curvature of the reference trajectory and / the local cur-
vature defined as:

h= (1.1)

1
o
1.2 Global reference system

This section is adapted from [1].

The local reference system (x,y, s) may thus be referred to a global Cartesian coordi-
nate system (X, Y, Z) as shown in Fig. 1.2.

Y A

reference
orbit

/X

projection of s
onto ZX-plane

Figure 1.2: Global Reference System showing the global Cartesian system (X, Y, Z) in
black and the local reference system (x,y, s) in red with the translation (X;, Y;, Z;) and
rotation (6;, ¢;, ;) relating the two.

The positions between beam elements are indexed with i = 0,...,n. The local ref-
erence system (x;,y;,5;) at position i, i.e. the displacement and direction of the ref-
erence orbit with respect to the system (X, Y, Z) are defined by three displacements
(Xi,Yi, Z;) and three angles (6;, ¢;, ;).

The above quantities are defined more precisely as follows:
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¢ X Displacement of the local origin in X-direction.
* Y Displacement of the local origin in Y-direction.
* 7 Displacement of the local origin in Z-direction.

* 0 is the angle of rotation (azimuth) about the global Y-axis, between the global
Z-axis and the projection of the reference orbit onto the (Z, X)-plane. A positive
angle 6 forms a right-hand screw with the Y-axis.

* ¢ is the elevation angle, i.e. the angle between the reference orbit and its pro-
jection onto the (Z, X)-plane. A positive angle ¢ corresponds to increasing Y.

If only horizontal bends are present, the reference orbit remains in the (Z, X)-
plane and ¢ is always zero.

* ¢ is theroll angle about the local s-axis, i.e. the angle between the line defined by
the intersection of the (x, y)-plane and (Z, X)-plane on one hand, and the local
x-axis on the other hand. A positive angle 1 forms a right-hand screw with the
s-axis.

Note that the angles (6, ¢, ) do not follow the usual definition of Euler angles. The
reference orbit starts at the origin and points by default in the direction of the positive
Z-axis.

Internally the displacement is described by a vector V and the orientation by a unitary
matrix W. The column vectors of W are the unit vectors spanning the local coordinate
axes in the order (x,y,s). V. and W have the values:

X
V=|Y]|, W = OPY (1.2)
Z
where
cos6 0 sinf 1 0 0 cosyp —sinyp 0O
0= 0 1 0|, =1|0 cos¢ sing|, ¥=|sinyg cosyp 0O
—sinf 0 cos6 0 —sin¢g cos¢ 0 0 1
(1.3)

When advancing through a beam element, Xsuite (like MAD) computes V; and W; by
the recurrence relations

Vi=Wi_1Ri+ Vi, Wi = W;_15; (1.4)

The vector R; is the displacement and the matrix S; is the rotation of the local reference
system introduced by the element i with respect to the entrance of the same element.
The values of R; and S; are listed below for different physical element types.
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In straight elements the local reference system is simply translated by the length of
the element along the local s-axis.
The corresponding R and S are

0 100
R= 0], S=101 0]. (1.5)
L 001

A rotation of the element about the s-axis has no effect on R and S, since the rotations
of the reference system before and after the element cancel.

Bending magnets have a curved reference orbit. For both rectangular and sector bend-
ing magnets, the R and S are expressed as functions of the bend angle «:

p(cosa —1) cosa 0 —sina
R = 0 , S= 0 1 0 (1.6)
psina sinae 0 cosa

where we have assumed that the bending occurs in the horizontal plane. A positive
bend angle represents a bend to the right, i.e. towards negative x values. For sector
bending magnets, the bend radius is given by p, and for rectangular bending magnets
it has the value p = L/(2sin(a/2)). If the magnet is rotated about the s-axis by an
angle ¢, R and S are transformed by

R=TR, S=TST ! (1.7)

where T is the orthogonal rotation matrix

cosyp —siny O
T=|siny cosyp O (1.8)
0 0 1

The special value i = 71/2 represents a bend down.

1.3 Reference particle

We introduce a reference particle with rest mass myg, charge qo, total energy Ep, mo-
mentum Py, and relativistic factors By, yo. These quantities satisfy

E3 = (Pyc)? + (moc?)?, (1.9)

Eo = moyoc?, (1.10)

Py = moBoyoc, (1.11)
P()C 1

Bo="L = [1-—, (1.12)
Ey 'y%
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1

’)’Ozﬁ-

The reference particle will be used to normalize momentum and energy variables
as well as electromagnetic fields and potentials. For this purpose we introduce the
corresponding reference beam rigidity as

(1.13)

. Py
rig, = —, 1.14
80 m ( )

which is the momentum per unit charge used, for example, to normalize multipole
strengths.

1.4 Electromagnetic potentials and fields

The electromagnetic fields E and B can be derived from the potentials ®(x, y, s, t) and
A(x,y,s,t), where

A(x,y,8t) = Ax(x,y,s,t)%(s) + Ay(x,y,5,1)7(s) + As(x,y,s,t)2(s) (1.15)
and for which:
A . . 1 5
dsAy \ dsAy — 0x(1 4+ hx)As ., 5
BZVXA:(ayAS_l-i—hx)x (S - 1J_C|_hx S)y+(axAy_ayAx)Z-
(1.17)
We use the reference particle properties to define normalized potentials:
a(x,y,s,t) = %A(x,y, s, t) (1.18)
0
q)(x’y/‘s/ t) = g_o (x/]/,sz t) (119)
oC

1.5 Convention for multipole expansion of magnetic fields

This section is adapted from [1].

1.5.1 Straight magnets (7 = 0)

Xsuite, like MAD, uses the following Taylor expansion for the magnetic field compo-
nents. Using a complex notation for the field (B, + iBy) and the position (x + iy) we
write:

. > (B, +iA
By +iBx =) ("_;—'")
n=0 :

(x + iy)" (1.20)
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where, assuming that the field is piece-wise constant along s and that the local curva-
ture h is zero, the coefficients B,, and A, are the on-axis derivatives of the transverse
tield components:

— a”By

0" B,
B, — _
" ox™

7 ATZ -
x=0, y=0 o0x"

(1.21)

x=0,y=0
The associated longitudinal vector potential for straight elements can be written as

As(x,y) = —R (iﬂ%(x + iy)““) , (1.22)

so that B, +iBy = —(dx — idy) A; yields the field expansion above.
We define the normal multipole coefficients K;, and the skew multipole coefficients
K, using the reference beam rigidity from Eq. (1.14):

By,

Ky = = (1.23)
rigy
and
K, = ’,4” (1.24)
I'lgo

Using these coefficients, the field expansion and the longitudinal vector potential can
be written as

® (K, +iK,)

B, +iBx =rig; ) T(x +iy)", (1.25)
n=0 :
. * (K, +iKy,) N
As(x,y) = —rig, R - nH 1.26
s(x,y) rigy (1;) (1) (x +iy) (1.26)

The normalized longitudinal potential a5 introduced in Sec. 1.4 is then

as(x,y) = Z—gAs(x,y) =R (i (Kiu +iKy)

o W(x - iy)”“) : (1.27)

In the special case where only Ky, Ky, and K3 are non-zero (all K,,>3 = 0 and K, = 0),
the normalized longitudinal potential reduces to

as(x,y) = — [Kox + % (x2 — y2> + % <x3 - 3xy2>] . (1.28)

1.5.2 Curved magnets (h # 0)

In the case of curved magnets (i # 0), multipole components are still defined as the
derivatives at the symmetry point of the magnet:

"B
_ Y
Bn = 5w

, (1.29)
x=0,y=0
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B,
ox™ | _o,y—0

Ay (1.30)

and the corresponding normalized multipole coefficients K, and K, are defined as
before:
B N A
Ky=—-, Ky=-"". (1.31)
rig,, rig,

The field and potential expansions are more complex than in the straight case as they
must satisfy 1.17 together with the definitions (1.29) and (1.30).

For the special case where only Ky, K, and K; are non-zero, a truncated expansion for
the normalized potential is:

— hx® Lo oy hs
as(x,y,s) = —Ko (x— m) - K (E(X —y°) - 6* )

h
— Kz (%<x3 = 3xy?) — o (x* = y4)) (1.32)

1.6 Particle coordinates

Xsuite uses as independent variable the position along the reference trajectory s. We
call t the time coordinate, i.e. the time at which the particle passes the position s.
Xsuite can track particles of different species within the same particle ensemble. We
call m and g the rest mass and charge of the individual particle and we introduce the
coefficient:

q Mo
- 170 1.33
X= o m (1.33)
In the "longitudinal plane", i.e. the space spanned by time and energy coordinates,
we can use any of the following pairs of conjugate variables:

é—sﬁ—ﬁct e g = s— Boct 0= w1 (1.34)
Bo Bo ’ Py '
P70 — Py 1 EZ0 —Ey 1 ET2 —E
b= =——n__ = —"—— (= Bct 1.35
Py Pr Bo Eo Pe BZ Eo B (1.35)
where variables in the same column are canonically conjugate.
These variables can be easily related to each other:
2 1
E =myc® = Pyc | pr + [3— , (1.36)
0
P =mpByc = Py(1+9) (1.37)
ﬁ:ﬁz 1L 1—i, (1.38)
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1
R 1+ 1.39
,)/ \/m ,)/0( ﬁOPT) ( )
c=sP 1—p=Fy (1.40)
Bo 0
5= [p a2l 112 pp PP (1.41)
Bo Bo
0= \/ﬁépé +2p;+1-1= BPop; + P ;050 (1.42)
P2 E2—mic*  E? 1\? 1
1462 == = 0 — — :(T+—> - (1.43)
(1+9) P2 P22 oz g2\ B 575
P = Pop¢ (1.44)
J1+B30(6+2) 1
pr = (1.45)
Bo
and the following derivatives:
90 _ prt 1/Bo o 1
ap.  1+6 B (1.46)
d (144 B
— =L 1.47
5 ok ) = (147

For small energy deviations (0 < 1, pr < 1, p; < 1), we can neglect the terms of
order 6, p2, p% and higher, hence the following approximations hold:

~ Pz
0~ B (1.48)
0~ pr (1.49)
B po+(1-Bg)pe (1.50)

In the transverse plane we use the coordinates x, px,y, py. The transverse canonical
momenta are defined as:

mo Py mo Py
— X = —== 1.51
px m PO’ P]/ m P()’ ( 5 )
where:
Py = myx 4+ qAy, Py = myy +qAy (1.52)

in which x and y are the time derivatives of x and y.
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1.7 Hamiltonian and equations of motion

The motion of a particle is described by one of the following Hamiltonian functions,
depending on the choice of longitudinal coordinates:

144 1+6 21 B o
H(s—m—(l"‘hx) (\/(T— (P> —m—(m xax)? — (py X”y)Z‘l'Xas)

(1.53)
He=E" — (14 hx) ( oo )Z_L* — xax)? = (py — xay)? + xa
T Bo Pt Bo X9 ,3%7% Px — X0x Py — Xy Xas
(1.54)
1 2
H; = p; — (1+ ) \/ (Bope+ 5 = 19) = gz = (b =002 (= 00,2+ 0
Bo 070
(1.55)
Using T and p- as longitudinal coordinates, the equations of motion are:
dpx  OJH:
T = o (1.56)
dpy oH<
- _ 1.57
ds ay (1.57)
dp:  OJH:
ds = ot (1.58)
dx O0H:
g 1.
ds  Jdpx (1.59)
dy JH:
as ~ apy (1.60)
dr JH;
— = 1.61
ds dp: (1.61)

The full derivation of the Hamiltonian and equations of motion can be found in Wol-
ski [12] (note the different notation, as the symbol ¢ in [12] denotes the quantity that
here we call p-).

1.8 Expanded magnet body hamiltonian

For a magnet with piece-wise constant multipole components and curvature /1, we
can set ay = 0 and a, = 0 in Eq. (1.54):

H, = H»  gmasn (1.62)

where

in 1 ’ 1
H :%—(1—1—}126)\/(}%4—%) —%_P%_Pﬁ (1.63)
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H™38" = —(1 + hx) xas (1.64)

1.8.1 Approximation of the kinetic part of the hamiltonian

Using 1.43, the kinetic part can be rewritten as follows:

Hkin — % — (1+hx) /(1402 = p2 — 3 (1.65)
:%_\/(1+5)2—p%—pﬁ—hx\/(lw)z—p%—z?% (1.66)

Neglecting high-order terms h?x?p2 and hzxzpi in the second square root, we can
approximate:

kin _ Pt 22 2
Hin = V(1482 =2 — p — hx(1+9) (1.67)
= Hp — hx(1+6) (1.68)
where
_ P _ 2_ 2 2
Hp = JA+02—p2 =13 (1.69)

is the Hamiltonian of a straight drift.
The hamiltonian for the drift can in turn be expanded as follows:

pi+py

2 2

Pt 1px+py
~ = —(140)+ = 1.71

Replacing Eq. (1.71) in Eq. (1.68) yields the following expression for the kinetic part
of the Hamiltonian:

2 2
Hkin:&—<1+5—1p" py)—hx(1+5) (1.72)

1.8.2 Approximation of the magnetic part of the hamiltonian

For the common case where only Ky, Kj, and K, are non-zero, inserting the curved-
magnet potential from Eq. (1.32) in H™?8" yields:

o (= )+ (30 67)

+ Ko (%(x3 — 3xy?) — 2h—4(x4 — y4)) ] : (1.73)

H™38" = (1+ hx)x




1.9. SYMPLECTIC INTEGRATORS AND MAGNET MODELS

Discarding all terms nonlinear in % (i.e., keeping only O(h)) yields

Hmagn ~ X

+ xh

1.9 Symplectic integrators and magnet models

X2 — 2
2

Kox + Ky + K>

1

x> — 3xy?

6

19

KO 2 3 1 2 1 4 1 2.2 1 4
m P e Ko (=at— 2 A | (174
2O T 1(3x M) TRagY TV T oY (1.74)

In Xsuite, magnets are modeled using symplectic integrators, splitting the Hamilto-
nian in a ‘propagation’ part and a ‘kick” part, for which closed-form solutions of the
equations of motion are available.
Hamiltonians for which closed-form solutions of the equations of motion exist and
are implemented in Xsuite are reported in Table 1.1. The corresponding maps are
reported in the following sections.

Different magnet models are available, which correspond to different ways of split-
ting the Hamiltonian. The available models are reported in Table 1.2 and the available
integration schemes are reported in Table 1.3.

Map Params. Description
D Drift exact Hp = % - \/(1 +0)? — p —p}

1 T )2r+
De Drift expanded Hp, = % —(1+9) %le +§S’
R h Curved drift Hg =kt — (14 hx)\/(l 52— p2 —p2
Br Ky Rectangular bend Hp, = Hp + xKox
B Koy, h Exact Bend Hp = Hr + xKox + )(th%z
KO Ky Dipole kick Hyo = xKox
K1 Ki Quadrupole kick Hyi = xKq ngyz
h h Curvature kick Hy, = —hx(1+9)
KOh Ky Weak focusing kick Hyon = XhKO%Z
Klh Ky, h Quad curv. correction Hgy, = XhKlﬁ;xyz

A . A 1 \n+1
Kn KK, Multipole Hyn = xR (Z,Z;]:O(Kn +iKy,) (x(:fi)!
M Ko, K1, h  Expanded bend-quad. Hp = Hp, — hx(1+6) + xKox + )(K1# + )(hKo%2
2 2

S K Solenoid Hg = % — \/(1 +0)? — (px — %y) - (py + %)

Table 1.1: Hamiltonians of the implemented maps.
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Model Propagation part  Kick part
rot-kick-rot-low-order [R] [KO KOh K1 K1h Kn]
rot-kick-rot [R, KO] - Yoshida 4 [KOh K1 K1h Kn]
rot-kick-rot-high-order [R, KO] - Yoshida 6 [KOh K1 K1h Kn]
bend-kick-bend [B] [K1 K1h Kn]
matrix-kick-matrix [M] [K1h Kn]
drift-kick-drift-exact [D] [h KO KOh K1 K1h Kn]
drift-kick-drift-expanded [De] [h KO KOh K1 K1h Kn]

Table 1.2: Available magnet models.

Integrator Description

uniform  Kicks uniformly distributed along the length of the element
teapot TEAPOT integration scheme [13, 14]
yoshida4  Fourth order Yoshida integrator [15]

Table 1.3: Available integration schemes.

1.10 Beam element maps

1.10.1 Drift

Implemented in the Drift element.

A drift is a straight, field-free region (h(x,y) = 0, V = 0 and A = 0). The exact and
expanded Hamiltonian for a drift space are

e pe 1p:+ 15
— FT_ 2 p2 2 o FT - _ _
Hf_l30 \/(1+5) R g S+ 515 (1.75)

The corresponding maps can be obtained by solving the equations of motion:

dp; oH dg; oH
ari _ a9 _ ot (1.76)
ds 9q; ds dp;

As there is no explicit dependency on the position coordinates in the Hamiltonian,
the momenta remain unchanged in a drift.

For the position coordinates, we get:

1 Px ~ Px
(x) = 0, 1+ (1.77)
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1 _ Py Py
_ Y 1.78
il (1.78)
, 1 1146 1 1 1P2+p?
T = ————_—— ] — — = — = (]..79)
Tk B R BB 2
pe=1/(1+02—pi—p} (1.80)
Hence, the map relative to the expanded Hamiltonian for a drift of length L is:
x, = 1’f: 5 (1.81)
v =15 (1.82)
X < x+xpL (1.83)
y<—y+ypl (1.84)
X2 4 12
T C+1 1P (1.85)
B 2
and the map relative to the exact Hamiltonian for a drift of length L is:
x x4+ XL (1.86)
Pz
yey+ L (1.87)
Pz
C<—€+L( —@H(S) (1.88)
B p:

1.10.2 Polar drift (sector curvature h)

Used in the implementation of Bend and RBend elements when model is “rot-kick-
rot”.
This map is ported from PTC and MAD-NG source codes.

The following map, corresponding to the motion of a particle in a field-free region in
a reference frame with horizontal curvature £, is generated by the Hamiltonian:

_ Pt 2 _ 2 _ 2
Hy = oo = (1+ 1) <\/(1 +0)> = p3— p}) (1.89)
We call:
or =146, rvv = v/c, s=1L.
Define the longitudinal momentum component
pz = /0% —pZ —pi. (1.90)

Define the curvature radius
(1.91)

BS)
Il
==
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and the trigonometric abbreviations

h
¢ = cos(hs), sa = sin(hs), S = sin(§> .
Introduce
1 _ _ 1
EEPZl, px’tE%, D =c—5,pxt, D 155.

Define also

ps=(x+p)sapz D"

Transverse map

X1 = [x +p <25L122 + 84 px,t>] D_lr
Px1 = CPx + Sq Pz,
Y1 =Y+ Pspy-
Path length / longitudinal map The quantity A¢ computed in the code is

(x + )50
e (1-22)

The longitudinal coordinate is updated as

51=C+(L—A—£),

A£:5+

rvv

and the reference longitudinal position as

Sref1 = Sref + L.

1.10.3 Curved exact bend

Implemented in the Bend element.

The generating Hamiltonian is:

For compactness, define

po =/ (1+8)* = pj,
p=(0) = /(146)2 = px(0)2 - 1},

(1.92)

(1.93)

(1.94)

(1.95)

(1.96)
(1.97)

(1.98)

(1.99)

(1.100)

(1.101)

(1.102)

(1.103)
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p=(s) = \/(1+6)2 = pa(s)2 = 1, (1.104)
Aa(s) = sin~! (p;—(wo)) —sin~! (p;—S)> . (1.105)
The corresponding map is adapted from [11]:
1 dpx

X(s) = e (hpz(S) 4 ds(s) - KoX) (1.106)

px(s) = px(0) cos(hs) + (pZ(O) — Kox (% + x(O))) sin(hs) (1.107)

y(s) =y + %y?( [hs + Aa(s)] (1.108)

py(s) = py (1.109)

5(s) = (1.110)

l(s) =L+ 1K——(|)_7(5 [hs + Aa(s)] (1.111)

Numerically stable horizontal update The direct evaluation of the horizontal coor-
dinate can involve the subtraction of large radius-like terms. In the implementation
we compute the horizontal increment

Ax(s) = x(s) — x(0), (1.112)

and then update the coordinate as x(s) = x(0) 4+ Ax(s). To derive a stable expression
for Ax(s), define

1
C = p2(0) — Kox (E + x(O)) . (1.113)
Then
px(s) = px(0) cos(hs) 4+ Csin(hs), (1.114)
and 14
Epdx—s(S) = Ccos(hs) — px(0) sin(hs). (1.115)
The horizontal map can therefore be written as
_ pa(s) = [Ceos(hs) — pa(0) sin(hs)] 1
x(s) = Kox = (1.116)

Using the definition of C, the initial coordinate satisfies
_ Pz
x(0) =2l = 2 (1.117)

Subtracting these two expressions gives the increment directly and avoids recon-
structing x(s) as a difference of large radius-like terms:

Apz(s) = pz(s) — pz(0), (1.118)
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AD(s) = Ccos(hs) — px(0) sin(hs) — C. (1.119)
Then
Ax(s) = 2P Z(S)K_XAD (5), (1.120)
0

The second term is evaluated as
AD(s) = C[cos(hs) — 1] — p(0) sin(hs). (1.121)

For small s, the difference cos(hs) — 1 is numerically inaccurate if evaluated directly.
We therefore use

cos(hs) —1 = —2sin? (%) , (1.122)
giving
AD(s) = —2C sin? (%) — px(0) sin(hs). (1.123)
The first term is also evaluated without subtracting two nearly equal square roots:
p=(s)* — pz(0)?
Ap;(s) = (1.124)
p=(s) pz(s) + p=(0)
px(0)% — px(s)®
= 1.125)
(5] F PO ‘
[Px( ) = Px(8)] [Px(0) + px(s)]
= . (1.126)
p=(s) + p=(0)

The implemented increment uses the expression above, with Ap,(s) and AD(s) eval-
uated by the stable expressions given here. The horizontal coordinate is then updated
as

x(s) = x(0) + Ax(s). (1.127)

Numerically stable vertical and longitudinal update The vertical and longitudi-
nal maps depend on the inverse-sine difference Aa(s). Directly subtracting the two
inverse sines can lose precision when their arguments are close. With

u=PO ) (1.128)
Pw Pw
we use
sin"!(u) — sin"!(v) = atan2 (u\/l — 02 —ovV1—u2, V1 —u2V1— 02+ uv> )
(1.129)
Since
V12 = _p;(O)’ V102 = —p;(s), (1.130)

the common factor 1/ p2, cancels, giving

Aa(s) = atan2 (px(0)pz(s) — px(s)p=(0), pz(0)pz(s) + px(0)px(s)) - (1.131)
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The numerator is evaluated without subtracting two nearly equal products. Define

Apx(s) = px(s) — px(0) = —2p,(0) sin? <%) + Csin(hs).
Then
Na(s) = px(0)pz(s) — px(s)p=(0)
= px(0)Apz(s) — pz(0)Apx(s),

and
Dq(s) = pz(0)pz(s) + px(0)px(s).

The implemented inverse-sine difference is therefore
Aa(s) = atan2 (Ny(s), Da(s))

Using
I(s) = hs ~|I—<A)?(s)
0

the vertical and longitudinal updates are

y(s) =y +pyl(s),
0(s) =L+ (140)I(s).

7

1.10.4 Straight exact bend

Implemented in the Bend and RBend elements for specific configurations.

The generating Hamiltonian is:

HBr— ,30 \/(1+5)2—p§—p§—l<ox

The corresponding map is adapted from [11]:

ML) = x+ g (/07 = pa(L = g = [ +07 = 2= 43)

(1.132)

(1.133)
(1.134)

(1.135)

(1.136)

(1.137)

(1.138)
(1.139)

(1.140)

(1.141)
(1.142)

= Py sin~! Px —sin~! px(L) .
o g ) e

(L) =¢+ 110 sin~! Px —sin~! px(L)
Kox (1+6)2—p2 (1+6)2 — p2

(1.144)
(1.145)

)

(1.146)
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L straight /2

L straight

out

Figure 1.3: Rectangular bend.

1.10.5 Rectangular bend - straight body

Implemented in the RBend element.

Xsuite supports rectangular bends with generic shifts and angles at the entrance and
exit faces as shown in Fig. 1.3. In this section we report relations among the quantities
defining the geometry of the magnet with respect to the reference trajectory.

The code takes as input the total bending angle « and the difference ay;¢ between the
angles at entrance and exit of the reference trajectory with respect to the magnet axis:

X = Kin + Xout (1.147)

Xdiff = Xout — Xin (1.148)
from which:

in = % (1.149)

fout = % (1.150)

In the reference frame of the magnet body, for an on-momentum particle on the refer-
ence trajectory we can write:

Px,in = sin(ain) (1.151)
Px,out = — Sin(&out) (1.152)
Using Eq. (1.142) we can write:

— sin(aout) = sin(ain) — thtraight (1.153)
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from which we can obtain the curvature of the reference trajectory:

_ sin(ajn) + sin(aout)

h (1.154)
Lstraight

Using Egs. (1.141) and (1.142) we can write:
Pxmid = Pxin — thtraight/2 (1-155)
Pxmid = Pxout + thtraight/z (1.156)

1
Xin = Ymid = 7 <\/ 1= P2 i — /1 - p‘?‘clin> (1.157)
1
Xout = Xmid T E (\/1 - pazc,out - \/1 - pazc,mid) (1.158)
Using Eq. (1.146) we can write:
1. I Kin + «

Leurvy = 7 (Sll’l 1(Px,out) — s 1(px,in)) = mTOUt 7 (1.159)

In the special case of a sector bend (agif = 0) we have, summing Egs. (1.155) and
(1.156):

n©
Xin = &out = ) (1.160)
Px,in = —Pxout = sin(oc/Z) (1.161)
Pxmid = 0 (1.162)
j, - 2sin(e/2) (1.163)
Lstraight
_x Lstraight
Loy = = Sinc(a/2) (1.164)
1
Xin = Yout = ¥mid ~ 7 (1 —cos(a/2)) (1.165)

The last gives the usual equation for the sagitta of a bending magnet.

1.10.6 Expanded Bend-Quadrupole (also used for Quadrupole)

Implemented in the Bend, RBend and Quadrupole elements, for “mat-kick-mat” model.
This map is ported from MAD-X source code.

The following map is generated by the Hamiltonian:

_pe 1PRHP Koha? | o=
~ By 2(1+9) 2 1"
We consider a particle with initial canonical coordinates

(x/ pX/ y/ Py/ g)/

relative momentum deviation J, velocity factor rvv = v/c, and charge/sign factor y.
The element has length L, curvature h, and (input) strengths Ky and Kj.

Hy (1.166)

+ (Ko — h)x +
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Definitions
Define
oL =149, (1.167)
/ Px / Py
— £ =4 1.1
S A (1.168)

We introduce the momentum-scaled (effective) strengths
_ K . K
X %o g,o— A

Ko = o, 1= (1.169)
and the corresponding focusing coefficients
Ky = K() h+ Kl/ (1170)
K, = —K;. (1.171)
Auxiliary quantities:
A=—-Kx—Ky+h, (1.172)
B =Y, (1.173)
C=-Ky, (1.174)
D=y. (1.175)
Transport Functions
For an element of length L, define
( in(y/KyL
(cos(\/KxL), %) , K, >0,
X
= inh(y/—KyL
(Cx, Sx) (cosh(\/——KxL),Sl ( = al )> , Ky <0,
vV — I\x
\ (]-/ L)/ KX — OI
( sin(/KyL)
(cos(w /Ky,L), Tj) , K, >0,
c,S,)) = sinh(,/—K,L
(Cy, Sy) cosh(,/=K,L), \(/_V_Kyy )> , Ky <0,
\( ’ L)/ Ky - O
Transverse Map
Positions
(KO — hI)<(CJC — 1)/ Kx ;é O/
x1 = xCyx + x'Sy + x (1.176)

v1=yCy+Y'Sy. (1.177)
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Momenta

Px1 = 04 (Asx + BCx) p
py1 = O+ (CSy + DCy) .

Path Length

Let Liot be the total path length travelled by the particle through the element.

Horizontal contribution For K, # 0:

h[(Cy —1)x" 4+ SxA + L(Kog — h)]

Liot =L —
tot Kx
+1 _ A2C,Sy N B?C,S, AL N B?L
2 2K, 2 2K, = 2
ABC2  AB
Ky Ky

For K, = O:

L . 1
Ltot =L+ % <3Lx/ + 6x — (Ko — h)L2> + EBZL

Vertical contribution For K, # 0:

1| C?c,s, D?*C,S, C2L DZ2L
L _ 1 Y2y Yoy
tot + 2 2Ky + ] + ZKy + )
CDC; cD
Ky Ky
For K, = 0:
Liot += Lp2p,
2
Longitudinal Map

The longitudinal coordinate update is

Liot
Vv

AL=L-

Final Map

(%, P2 Y, Py, ©) — (X1, Px1, Y1, Py1,  + AD), s—>s+L.

29

(1.178)
(1.179)

(1.180)

(1.181)

(1.182)

(1.183)

(1.184)

(1.185)
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1.10.7 Thin bend

Implemented in the Multipole element.

In a curvilinear reference system with a constant curvature / in the horizontal plane
a uniform magnetic field can be derived by the vector potential:

hx?
With the following normalization Ko = %OB]/ is the inverse of the bending radius of

the reference particle.
The exact and expanded Hamiltonian for a horizontal bending magnet is (eq. 2.12 in

[5])

2
_ P 222 o
H B, (1+hx)\/(1+5) pz — py + xKo <x+ 2) (1.187)
2 .2 2
NPT lpx—i_py_ hx
~ 5 ta13s (1+hx)(1+6) + xKo X+ - (1.188)

The map for a thin dipole kick (horizontal or vertical) from the expanded Hamiltonian
is (eq. 4.12 in [7]):

Px < px — XKoL + hL(1 4 5) — xKohxL (1.189)
T+ T— %L. (1.190)

1.10.8 Thin Multipole

Implemented in the Multipole element.

Multipolar components are defined according to the definition in Sec. 1.5.

A thin multipole models the effect of the field by taking the limit of the integration
length going to zero while keeping constant the integrated strength. The Hamiltonian
is:

1

= iR - \n+1
The corresponding map is:

_ . B O

prpr—XL-R| Y (K +iRy) (x +iy)" |, (1.192)
| n=0 """ i
- , B ]

py < py+xL-S ) — (K +iKy) (x +iy)" |, (1.193)
| n=0 """ i

where L is the length of the modelled multipole element.
The other coordinates (x, y, J, {) remain unchanged.
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1.10.9 Dipole fringe field

The dipole fringe field map used in Xsuite is based on [16]. Additional information
can be found in [17, 18].
The implemented map is the following:

_ 9 5
Xf=x + iayf
Px,f = Px
2y
Yr =
1+4+4/1— 28%]/
K
Puf = Pu =¥V = gFg(i 1 0)Y)
19y ,
bp=196
with:
P = Kp tan |arctan <x_’> —gKoF |1+ 55 Px 24+ — Py Ps (1.194)
1+y? P P
where Kj is the normalized magnetic field, g is the magnet gap and F is the fringe
tield integral:
+o00 b K —
_ / o b)) 4 (1.195)
K3

1.10.10 Dipole wedge

The following map is used to move the observation plane by an angle 6 around the y
axis in a uniform dipole field [11]:

xpy sin(26) 4+ sin? 6 <2x\/(1 +0)>—pt—pi— K0x2>

\/(1+5)2—px(9)2—p5—|— \/(1+5)2—p§—p§cos9—pxsin9
(1.196)

x(0) = xcosf +

px(6) = pxcost + <\/(1 +0)2 —pi—pi— K0x> sinf (1.197)

_ Pyvg o Py [ a1 Px _ sin—1 px(6)
y(0) y+K09+KO( ( Y py) ( (1+5)2P§)>

(1.198)
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py(0) = py (1.199)
5(0) =6 (1.200)
L0) =10+ (1+9) 0 + (1+9) sin~! Px —sin~! px(0)

fo o (14067~ p} (14067~ p}
(1.201)

where Kj is the normalized magnetic field.

1.10.11 Multipole fringe field

The fringe field effect for multipole magnets is implemented as described in [11].
We introduce the following auxiliary quantities:

cn(x +iy)" N+
4(n+1)(1+9) {xpx+ypy+l

_ Pxfx+i7yfy
14+6

fr~=FR

2 (xpy — ny)} (1.202)

where ¢, = K,, + iK,, is the complex multipole strength (see Sec. 1.5).
The functions f* and fY depend on position only. The characteristic function is chosen
so as to depend on the final momenta:

fex o o f ey
fy = x.pf _ PR TP
S(x,p/)=x-p 55 (1.203)
The following implicit solution is found:
X
xf =x— J; ; (1.204a)
f
_ f px(a f )+Py( xfy)
Px = Px 110 (1.204b)
foyo I
V=Yg 3 (1.204¢)
_p o PA@uf) + 0yf) (1.204d)
Py =Py 146 ’
sf—s (1.204e)
foex ]
_f pxf +pyf
b=+ = (1.204f)

It is solved by inverting Egs. (1.204b) and (1.204d) simultaneously to obtain the final
transverse momenta.
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1.10.12 Quadrupolar correction for wedge and Y rotation

If a dipole wedge or rotation around the y axis in a field-free region takes place in the
presence of a quadrupole field, the following correction is applied to the transverse
momenta:

2

pl = py — K320 + Kq %9 (1.205)
Pl = py + Kyixy6 (1.206)

This correction is a perturbation of the wedge or Y rotation, and can in theory be
applied using any integration scheme. It is currently implemented as a kick-drift
approximation.

Derivation

(derived by S. Van der Schueren based on the MAD-X/PTC [1] source code)
In a curved reference frame (dropping terms of order O(y*)):

x—|— yZ thx3 K1x2
2 _p2 _ 2
H, = ,30 — (1+hx) <\/(1+5) Px — Py — 1+h K0+K 2 3 +2(hx+1)
(1.207)

which we can split in perturbation theory in a drift-like part Hy and a kick-like part
Hli

Hy = ,B —(1+ hx)\/(l +0)? —pi—pi+ (x + gxz) Ky (1.208)
0
yZ X3 x2

The Hamiltonian Hy leads to the dipole wedge 1.10.10 (or a dynamical rotation 1.10.19.2
if by = 0) when taking the limit 1/h — 0, s — 0, sh — 6 . The Hamiltonian H; has
equations of motion:

ch == aaI;Icl = hKly— — hle — le (1210)
oH
py = —a—yl = (1+hx)Kyy (1.211)

which gives integrated equations:

2
px(s) = px + hKq y?s — hKyx%s — Kqxs (1.212)

py(s) = py + (14 hx)Kyys (1.213)

Taking the limit to 1/h — 0,5 — 0, sh — 6 as for the dipole wedge we find the
expressions for the quadrupole wedge.
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1.10.13 Accelerating Cavity

Implemented in the Cavity element.

The approximated energy gain of a particle passing through an electric field of fre-
quency f = zk—f[ for which:
/2
Vsin(g — kt) = / L E(0.0 ) ds. (1.214)
~1/2

An equivalent vector potential can be derived and normalized as

_ v _ o
As = » cos(¢p — k) V, = Poc (1.215)

from which one can derive the following map

pr < pr+ XVasin(¢p — k7). (1.216)

1.10.14 RF-Multipole
Implemented in the REMultipole and Crab Cavity elements.

The RF-multipole generalizes the interaction of a particle with an electromagnetic
field by assuming that

L/2
,T) = , 1.217
(xy,1)=4q ., /2 (x,y,t (1.217)

L/2
(x,y,7) = q/ y (x,y,t) + BcBy(x,y,t) ds (1.218)

2

L/2
APy(x,y,7) =q [ Eylx,y,t) ~ peBa(x,y, 1) ds. (1.219)

L/2

are harmonic in x, y and periodic in 7 of frequency f = m such that:
N ~ ~
as(x,y,7) =R [Z <kn cos(¢pn — k) + ik cos(Ppn — kT)) (x +iy)" (1.220)
n=1
The map then follows:
Ny L
Api=—) AR [(knCn + ik Co) (x + iy)<”—1)] , (1.221)
n:1 ’
X K - (n—1)
Apy = 2 S (knCn + ik, Cy) (x + iy) , (1.222)
n=1
N A

Apr = —xk Y R [(knSu +iknSn)(x +iy)"], (1.223)

n=1


https://xsuite.readthedocs.io/en/latest/apireference.html#cavity
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https://xsuite.readthedocs.io/en/latest/apireference.html#crabcavity
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where

Cn = cos(¢pn — wAt) Cy = cos(py — wAt) (1.224)
Sp = sin(¢, — wAt) Sy = sin(¢, — wAt). (1.225)

1.10.15 Solenoid

Implemented in the UniformSolenoid and VariableSolenoid elements.

The derivation largely follows one by Forest [11], while the final map can be verified
to be the same as the one by Wolski [12].
We can write the Hamiltonian for the solenoid as follows:

2 bz 2 bZ 2
H=p;—1[(1+6)" - (Px+ gy) - (Py— 3X> (1.226)

where we have defined the normalized quantities b, = BZ?J—E, Ay = Ax?,—g, ay = Ay%—g.

This can be obtained knowing the general Hamiltonian

H=p; - \/(1 +6)2 = (px — ax)? — (py — ay)? — az, (1.227)

we can extract the magnetic field potential and convince ourselves that H describes
a magnetic field with only the longitudinal component equal to B;, as expected of a
solenoid:

BZ aAz d0A
Ax —2Y oy BZy 0
_ _ B, _ _ | 0A, 0A, | —
A
A 0 o B L2

The Hamiltonian H can be simplified, by applying the following transformation,
which should be understood as the change of reference from the general coordinate
system X to a new Xpew:

1 1
—5 0 0 B
1
T = 01 1 i bZ 01
—5 0 0 5
L 0 1 _% bz 0 i
In particular, note that if
X —Xnew — Ynew
X = P = T_1Xnew = %(pX,new + py,new) )
4 E(px,new - p]/,new)
[Py ] | % (xnew - ynew) i
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then we can rewrite H in terms of Xnew (dropping the ‘new’ suffix, while keeping it
in mind) as

K= — /(14682 — p? — b2a2.

We can simplify H even further, rewriting it in terms of the following action-angle

variables:
X = w/%cos(cp) and py := 1/2|b;|]sin(¢). (1.229)

The new Hamiltonian with respect to | is the following:

K=—/(1+8)2—p2 —b2a2 =

2
J(Héﬂ(\/zbzum(@) — 02 cos(e)? =
2

- \/(1 +6)? - (\/Msin(q?))z - (Mcos((p)) =

— (62 20T,

Then, using Hamilton’s equations, we can solve for ¢:

dp 9K B 9K b, |
=G = 9@ =00 25 =p(0) -z

Let w := —b,/K. Keeping in mind that we are still in the realm of Xpew, we can
compute Xpew and ynew substituting the above into (1.229). Note that we can drop
the modulus on b, in both w and the equations below, as cos is an even function, and
while sin is an odd function and the signs of sin(wz) and b, will cancel out anyway.

X = \/%cos (qb(O) + <—z’b—£|>> =

%COS(])(O) cos(wz) — |2blz||bz| sin¢(0) sin (—z%) =
xg cos(wz) — % sin(wz)

Px = \/Msin (¢(0) + (—z%>> —

\/2|bz|] sin¢(0) cos(wz) + |b,| %COS $(0) sin (—z%) =

b |

Px,0 €Os(wz) + byxg sin(wz)
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These equations give us the map for the solenoid in Xpew. We can write this transfor-
mation in the form of a matrix

[ cos(wz) —Sinéjz) 0 0]
R b, sin(wz) cos(wz) 0 0
' 0 o 10|
0 0 0 1}
and therefore the whole solenoid map in X as follows (let S := sin(wz) and C :=
cos(wz)):
[ c1 s s 1C]
2 b, 2 b,
-5 ep MG g
M:=T 'RT =
_s C1 G4l S
2 b, 2 b,
b0-C) _s _bS Cil
T 1 2 4 2

In the tracking procedure of Xtrack (and MAD-X) the map is implemented with re-
spect to a different quantity sk, which we will denote with k, and which represents
half of magnetic field strength b,: k = 112_2 Lets := sin(%) = sin(“Z) and ¢ := cos(%Z);

then we can rewrite M using the trigonometric identities:

C+1 1-C
cos(20) =2cos’f —1=1-2sin’f —= % = ;_ andszzT,
sin(20) = 2cosfsinf — sc = 5
as the following transfer matrix
[ 2 S s %-
—kes ¢ —ks* cs
M= s2 2 e |’
—CS - c T
| ks*  —cs —kes 2

which, with relatively little effort, can be verified to correspond to the implementa-
tion of the tracking procedure. We have the following map (note the change in { is
analogous to the drift):

x < (xcos (0) +ysin(0)) cos (0) + b%(px cos (0) + py sin (0)) sin (6)

Py —% (xcos (0) + ysin (6))b,sin (0) + (px cos (0) + py sin (9)) cos (0)

y < (ycos (0) — xsin (0)) cos () + b%(py cos (0) — pxsin (0)) sin (6)
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py —% (y cos () — xsin (0))b sin (6) + (py cos (6) — pxsin (#)) cos (6)

)

@%CJrL(

2 2
where p, := \/((5 +1)% - (l’z—zx — py> — <Z’2—Zy + px) , 0= gz—pﬁ, and L is the length of
the thick solenoid.

1.10.15.1 Tilted solenoid

From solenoid frame (x’-z") to beam frame (x-z) we have the following transformation:

x = x' cosf — 7' sinf (1.230)
z = x"sin@ + z’ cos O (1.231)
The inverse transformation is:
x' = xcosf + zsinf (1.232)
7zl = —xsin@ +zcosd (1.233)

We write the potential for solenoid with longitudinal field dependent on z:

Ba (Z/) y/

Ba(Z')
Ay = X (1.235)
Ay =0 (1.236)
We compute the components in the beam frame:
Ay =cosf-Ay —sinf - Ay (1.237)
Ay =Ay (1.238)
A; =sinf-A, +cosf- Ay (1.239)
Replacing the coordinates x’, 1/, z’ we obtain:
Ay = — w 1y cosf (1.240)
Ay = wx cosf + Mz sin 6 (1.241)
B
A, = — M ysin® (1.242)
I do a change of gauge:
Apew = A+ VS (1.243)
with: 5 0
fo_Balz/c0s8)  Gno (1.244)

2
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obtaining:
B 0
Ay = —w ycos (1.245)
4, = Balz/cost) : ©036) 1 cos (1.246)
A, = —BA(z/Cosé))ysinQ—%ddi;zysiné) (1.247)
From this we compute the field B = V x A:
1d . 1d :
Bx(x,y,z) = 5z [Ba(z / cosf)] xcos® —By(z / cosf)sinf — 57 [Ba(z / cosB)] zsin®
(1.248)
1d
By(x,y,z) = 57 [Ba(z / cosB)] ycosb (1.249)
B:(x,y,z) = Ba(z / cos0) cos 6 (1.250)

We call

Bxo(z) = Bx(0,0,z) = —B4(z / cos ) sinf — %% [Ba(z / cosf)] zsinf|  (1.251)

B,o(z) = B;(0,0,z) = Ba(z / cosf) cosf (1.252)

We can use the above to express the field:

1dB
Bu(x,y,2) = 5~ 2+ Bu (2) (1.253)
~ 1dBy
By(x,y,z) = ~5 45 Y (1.254)
B.(x,y,z) = By(z) (1.255)
and to express the vector potential:
A, = _Bzoz(z) y (1.256)
Ay = BZOZ(Z) x (1.257)
Az = By (Z)y (1.258)

1.10.15.2 Generalization to arbitrary tilt and dipolar components

If the tilt is not in the x — z plane, and if additional dipolar components are present,
we can generalize the above obtaining the following vector potential:

Ay = — y (1.259)
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Ay::Bﬂgz)x (1.260)
Az = BxO(Z)]/ - ByO(Z)x (1.261)

The corresponding magnetic field is:

1dB.
Bﬂnyﬁ):—ith0x+Bm@) (1.262)
1dBag
By(x,y,z) = -5 d; v+ Byo(z) (1.263)
B, (X, %Z) = BZO(Z) (1-264)

1.10.16 Wire

Implemented in the Wire element.

For each part we define p, = /(14 6)2 — x’2 — yy2, using the current values for x’
and .
Step 1. Initial backwards drift of length L = <20,

~

x—+x—1L- *
Pz
y/
—y—L-=—
y—y p
Step 2.
x - sin(ty) . y'

TV s (arctan (2) — 1) VTF R

/
X —x- [Cos(tx) — sin(ty) - tan (arctan (;—) — tx)]
x! )
x' =4/ (146)2—y? - sin (arctan (P_) — tx)
y -sin(ty) x!

X —x— .

cos (arctan (Z—L) — ty> (1+6)2—x"2

/
Yy =/ (1+6)2 —x?sin <arctan (%) — ty)

Step 3. Drift part of length L = [in.

/

x—>x+L-x—
pz


https://xsuite.readthedocs.io/en/latest/apireference.html#wire
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/

y—y+L- L
Pz
Step4. Herex; = x —ryandy =y —ry.
cur10~7 .
Vo = B i 02— =7
i i
cur~1(')*7‘ .
y %y’—ﬁ [\/(lin+l)2+xi2+yi2— \/(lin—l)2+xi2+y?}
1 1
Step 5. Drift of length L = lef f — lin.
/
X — x4+ Lz
|2
/
y—y+ Ly
z
Step 6.
y - sin(—ty) x!

AT cos (arctan (g—;) + ty) . (1+6)2—x2

y—y- [COS(—ty) —sin(—t,) - tan <arCtan <y_’) + ty)]

Pz

!

Yy — 1/ (1+6)2—x2-sin (arctan (z—) + ty>
Z

/

B x - sin(—ty) _ y
vy Cos (arctan (;‘—5 + tx) (1+6)> -y

X — X [cos(—tx) —sin(—fy) - tan (arctan (x—/> + tx)]

Pz

/
x' =4/ (1+6)2—y?- sin <arctan (;—) + tx>
4

Step 7. Shift.

x — x + embl - tan(t,)
tan(t,

~—

y — y+embl-

cos(ty)

. . bl
Step 8. Negative drift of length L = 5=,

~

x—>x—1L-

~ N

‘Ns|< ‘r:|><

y—y—-L-
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1.10.17 Electron Lens

Implemented in the Elens element.

1.10.17.1 Hollow electron lens - uniform annular profile

For a uniform distribution of the electron beam between R; and R,, the radial kick
can be described by a shape function f(r) and a maximum kick strength Omax:

_ _f()
0(r) = RS Bimax (1.265)

with r = y/x2 + y? and Omax independent of r. The shape function f(r) is defined as

f(r)= %;) = 21—: /Or ro(r)dr (1.266)

where I is the total electron beam current, I(r) is the current enclosed in a radius r
and p(r) is the electron beam density distribution.
For a uniform profile one then obtains:

O , <Ry

2
Rz 1;2 , R <r<Rp (1.267)
1 s RZ S r

and

4reg (BP)p BePpc? R

where L is the length of the e-lens, It the total electron beam current, B,,, the rela-
tivistic B of electron/proton beam, Bp the magnetic rigidity, c the speed of light and
€0 the vacuum permittivity. The £-sign represents the two cases of the electron beam
traveling in the direction of the proton beam (+) or in the opposite direction (—).
For hollow electron beam collimation, electron and proton beam travel in the same
direction.

The kick in (x',3") can then be expressed as (note * = cos(¢), £ = sin(¢)):

Omax = G(RZ) = (1.268)

x' = x" — Omax - :—; f(r)-x (1.269)
r
Y =Y — Omax- r—i f(r)-y (1.270)

If the electron lens is offset by (Xofset, Yoftset), the coordinates (x,y) are simply trans-
ferred to:

= X + Xoffset (1.271)
g Y + Yoffset (1.272)
F=/%2+1? (1.273)
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and the kick is then given by:

r N
¥ =x" — Omax - ?—i f(F) - % (1.274)
r
Y =9 — Omax - r_; f(7) -7 (1.275)

1.10.18 Electron Cooler

Implemented in the ElectronCooler element.

The Parkhomchuk electron cooler in Xsuite applies a kick to the circulating ion based
on the following equation:

2t dv i
Fo wre 4V, (Pmax + Pmin *PL) , (1.276)
dr2egm, Vi, Pmin + OL

Where F is the friction force acting on the circulating particle, . is the electron density
(per unit volume), g is the charge of the circulating particle, e is the elementary charge,
m, is the electron mass, dV is the velocity difference between the circulating particle
and the local electron velocity. pmax and pmin are the maximum and minimum impact
parameters, respectively, and py, is Larmor radius of the electrons (also known as the
radius of gyration). Vi represents the total velocity difference between the electrons
and ion, which is given by:

Viet = \/dVZ + A2+ Agrers (1.277)

Where dV? = dV? +d Vy2 + dV? is the squared norm of the relative velocity difference
between the ion and electron. To prevent the cooling force from diverging as 4V — 0,
regularization terms are added. The most logical approach is to add the tempera-
tures as regularization terms because they provide the RMS velocity difference when
dV = 0. This is why A the longitudinal electron velocity spread associated with their
temperature is added to Equation (1.277). Lastly, Amagnet is the additional velocity
spread induced by imperfections in the magnetic field of the electron cooler solenoid,
which is given by:

B
Armagnet = cwyB—|L (1.278)

Where % is the ratio of the transverse component of the magnetic field with respect

to the longitudinal component. The transverse temperature is not included in Equa-
tion (1.277) because it is suppressed due to the gyration motion of the electrons in the
magnetic field. The transverse temperature indirectly plays a role in the Parkhom-
chuk model via the Larmor radius pr,, which is given by:

_ meAJ_

=g (1.279)

Where A is the transverse velocity due to the transverse electron temperature and B
is the magnetic field. The minimum impact parameter pmin is given by:

Ze?
4rtegm, V2

(1.280)

Pmin =


https://xsuite.readthedocs.io/en/latest/apireference.html#electroncooler
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The maximum impact parameter determines the maximum length scale at which a
Coulomb interaction takes place, which can be limited by various physical effects,
such as the Debye length and it is given by:

0d = —, (1.281)
Where the longitudinal velocity spread of the electrons A is given by:

kgT
me

A= (1.282)
The plasma frequency wy, represents the natural oscillation frequency of the electron
due to a perturbation in its charge distribution, which is given by:

[ nee?
wp = 1/ e (1.283)

The Debye radius is not the only limitation for the maximum interaction length. In
the case where the velocity difference between the ion and electron dV is sufficiently
larger than the velocity spread of the electron A, then the maximum shielding radius
ps is given by:

v

0s = (1.284)

@p
In principle, it is necessary to compute both p4 and ps and compare them to see which
one is the bottleneck and use that as the maximum impact parameter, which is given
by:
Pmax = min(pg, Ps)
However, in the code, the two shielding impact parameters are merged into a single
effective impact parameter, given by:

Vi
picta = " (1.285)

Here, Viot is the total velocity difference between the electron and ion from Equa-
tion 1.277. Combining these effects in one term ensures that the shielding parameter
reflects the combined influence of the ion’s motion and the internal velocity distribu-
tion of the electron beam, which is affected by the temperature of the electrons as well
as the imperfections in the magnetic field. An advantage of this formulation is that
it ensures that the impact parameter varies smoothly as a function of the relative ion
velocity dV, which changes continuously throughout the cooling process. By using
the combined expression for pghielq from Equation (1.285), the code avoids any abrupt
changes in the friction force that could arise from sharp transitions in the shielding
distance.

In addition to pgpielq, the maximum impact parameter can also be limited by the dis-
tance an ion travels inside the electron cooler. This distance-based limit is expressed
as:

Pinteraction = VtotT (1.286)
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Where T is ﬁ,
cooler. Finally, the maximum impact parameter in the Xsuite implementation is the
minimum of Pinteraction aNd Pshield, Which is given by:

which is the time it takes for the ion to pass through the electron

Pmax = min (40 shield, Pinteraction ) (1 .287)

1.10.18.1 Electron beam space charge

An additional effect of electron cooling that needs to be taken into consideration is
the space charge of the electron beam. Moreover, the electron beam will assume a
parabolic profile with respect to the radius, which is given by [19]:

2 2
AE(r) _ E’Y;“ 1 <1) ~ 12 % 10—413 ( ! ) (1.288)
Ep ec Bgr? \ro 0 \Te—beam

Equation 1.288 says that the electrons at the edge electron beam have a larger momen-
tum than the electrons at the center. This means that the ions at the edge of the beam
pipe will reach a larger equilibrium momentum than the ions at the core because the
ions will assume the momentum of the electrons.

The Xsuite electron cooler allows for the inclusion of an optional effect called "space
charge neutralization," which is determined by the parameter "space charge factor."
A value of 0 for this parameter indicates that there is no space charge in the electron
beam, while a value of 1 indicates that the electron beam will follow a parabolic profile
as described in Equation 1.288.

An additional effect due to space charge is the rotation of the electron beam around
the beam axis due to the magnetic field of the electron cooler. The angular velocity of
the rotation is given by [19]:

I
_FxB ! ~ 60 (1.289)

w = == ~
€7’|B|2 27T€0C7’g_ beam IB’)/ZBH 7%—beam IB’)/ZBH

This effect can also be disabled by setting "space charge factor" to zero. A value of 0
indicates that there is no rotation of the electron beam, while a value of 1 indicates
that the electron beam will rotate with the angular frequency described in Equation
1.289.

1.10.19 Rotations

We assume the conventions for the directions of rotation for compatibility with MAD-X,
as visualised in Fig. 1.4, and give the maps to convert the particle coordinates to the
reference frames rotated by ¢, 6, and ¢, respectively.
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Yy
A

2

X
Yo
> S

Figure 1.4: Rotation directions in the beam coordinate system (right-handed system).

The longitudinal momentum is

p= =/ (1+6) - P2 —p}.

1.10.19.1 X Rotation

We define a scaling factor « arising from the coordinate system being tilted by ¢ about
the x-axis:
1 tan¢ py

Pz

The coordinate updates can be described as follows:

K=

yem, Py ¢ pycos¢ + pzsing,
vy dprtane o ytang (14 fopr)
KPz Kpz

1.10.19.2 Y Rotation

We define a scaling factor x arising from the coordinate system being tilted by 6 about
the y-axis:

e 14 tan 6 px.

Pz

The coordinate updates can be described as follows (which can be verified with [11],
noting the opposite convention of the angle 6):

X — [— inf

K cosf’ Px P €OS pzSm o,

x p, tan @ tan@ (1 +
y<—y——py , C<—C+xa ( ﬁopr)'

K Pz KPz
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1.10.19.3 S Rotation

We perform a rotation in the x-y plane by an angle ¢:

X< xcosp+ysiny, y< —xsiny +ycosy,
Px < pxCosy + pysiny, py < —pysiny + py, cos .

1.11 Cavity time, energy errors and acceleration

A cavity kick depends on:
sin(2fT + ¢) (1.290)
where T is laboratory time.
For the most general case:
sin(27tfT + ¢) = sin <27rfsﬁ;c + 4)) (1.291)
0

Most codes drop the term 27tfs/(Boc) that is

sin(27fT 4 ¢) — sin (—ZHf% + 4)) (1.292)

to make sure that a particle that is synchronous to the reference trajectory is in phase
with the cavity.

1.11.1 Implementing energy errors

One can define

s=so+n(Ly—L)+nL
frev = Boc/L (1.293)
f =h f rev
where sg is the path length at the cavity turn at 0, Ly is the design circumference, 7 is
the turn number, / is the harmonic number, L is the new path length with an energy
error. Indeed one could write L = Lo(1 + #ds) where 7 is a constant property of the
lattice.

Multiple cavities can have their own defined L.
Using these definitions, then

sin(27fT + ¢) =sin (2nh Froy 2E ”(L; - D=C, <p) (1.294)
0
=sin (27rh freV”(LO /; I;) —¢ 4>’) (1.295)
0
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where ¢’ = % + ¢.

In MAD-X Twiss and MADS, the longitudinal coordinate is directly {’ = n(Lo— L) —
and the term n(Ly — L) is added smoothly in each thick element. This forces all the
cavities to share the same L or frey.

In SixTrack or MAD-X track, one could simply define a turn-dependent phase

¢ = ¢o + 27Thfrev7’l(LO - L) (1.296)

which is very general, or alternatively add a special element that performs at each
turn the following transformation:

gnew = (LO - L) - gold (1-297)

1.11.2 Acceleration

Acceleration can be achieved by renormalizing the relative variables using a new mo-
mentum reference. This has the side effect that the fields of the magnets (expressed
in normalized strength) follow the energy ramp and that the cavity frequency (if ex-
pressed in terms of the harmonic number; NB we should perhaps change this in the
Xtrack interface) is updated.

The re-normalization if done once at each turn is:

Po,old Poold
= - = : 1.298
Pxnew = Px,o0ld Ponew Pynew = Py,old Py new ( )
P Pyogc+E —E
Snew = (Ogiq +1) Oold _ 4 D new = P,0ld 10,01 0,0ld — EOnew
P 0new P 0,newC

(1.299)
Cnew = S,BO < ! ! ) — Cold Thew = S < ! ! ) — Toa  (1.300)

ﬁO,new ﬁO,old ﬁ 0,new ,B 0,0ld

(1.301)



Chapter 2

Misalignments

2.1 Definitions

For defining the misalignments, we use the MAD-like coordinate system, where s is
the axis tangent to the reference trajectory at the entrance to the element, and x and y
are the transverse beam coordinates.

A misalignment of an element is characterized by seven quantities, as illustrated in
Figs.2.1,2.2,and 2.3:

* A reference point (anchor) along the reference trajectory through the unper-
turbed element;

* 6 parameters specifying the shifts and rotations of the element with respect to
the reference frame defined at the anchor point.

In the derivation we omit A in the naming of shifts and drifts and we call

f _ ASazchor (2.1)

the relative position of the anchor along the element of length L.

Note that the rotation about the y axis does not follow the classical right-handed ap-
proach: a positive ¢ rotation is clockwise when viewed from positive x side, i.e., it
goes from the s to the y axis, as opposed to from y to s.

For our calculations, we will represent the reference frame transformations using 4 x 4
augmented matrices. We shall assume the following notation convention: each matrix
M consists of entries from My (top left corner), through Mys (top right corner), to M3
(bottom right corner). In particular, we distinguish 4 basic transformations:

(10 0 «f
010
T(x,y,s) := 4 (translation)
0 01 s
000 1]

49
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RO | >
As anchor y s
Figure 2.1: Misalignment in the s-x plane.
e
AS anchor

Figure 2.2: Misalignment in the s-y plane.

y)\

Ax 5 'Y Ay

N
=y

Figure 2.3: Misalignment in the x-y plane.
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1 0 0 0
0 i 0
Ry(¢p) := cos(¢)  sin(¢) (rotation around the x axis)
0 —sin(¢) cos(¢) 0
0 o 0 1]
[ cos(f) 0 sin(h) 0]
0 1 0 0 . .
R, (0) := (rotation around the y axis)
—sin(f) 0 cos(f) 0O
0 0 o0 1
—cos(tp) —sin(y) 0 0]
i 00
Rs(y) := sin(y) - cos(y) (rotation around the s axis)
0 0 10
0 0 01

We allow the notation T,(Ax) to mean T(Ax,0,0), and so on, for T;,(Ay) and Ts(As).

X
Yo
> s

Figure 2.4: MAD-like coordinate system

2.2 Misalignment at arbitrary s without a tilt

We consider a potentially curved element misaligned with respect to an arbitrary po-
sition along its length.

oo
"B Bios

Figure 2.5: Transformations for a curved element misaligned at an arbitrary s.
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Assuming a curved element of length L that bends the reference frame by a (and

therefore a radius of curvature p = L/a), we can represent B as a combination of a
translation and a rotation, B := T(Ax,0,As)R,(—«), where

Ax = p(cos(a) — 1) = —Lsinc(a/2) sin(a/2),

As = psin(a) = Lsinc(a). 22)

Note, that the second formulations of Ax and As let us avoid division by zeroif &« = 0,
catering also to the case of a straight element for a truly general case.

Let us say that our element is misaligned at position AL along its length L. Then we
can decompose our reference-frame-bending transformation B into parts By and By
so that B = B¢B;_;. The respective bending angles of the two parts are simply fa
and (1 — f)a, where f := AL/L = AL/(pa) and p is the curvature. Knowing these
parameters, it is trivial to construct By and By analogously to B, as shown in eq. 2.2.
Then, we compute the following transformation, which will take us from the normal
to the misaligned element entry frame:

My = BfTB, ",
whereas for returning to the normal frame from the exit
B¢TBy_ My = B = B¢B; g,
My = (TByf) "By =BT 'By_r.

When evaluated, the matrix for the curved element in the general case is

[ cos (af) 0 —sin(af) p(cos(af)— 1)_
0 1 0 0
Bri=1_ .
sin(af) 0 cos(af) psin(af)
0 0 0 1 |
and so _ .
cos(af) O sin(af) p(cos(af)—1)
. 0 1 0 0
/ —sin(af) 0 cos(af)  —psin(af)
0 0 0 1 |
Note that Bfo3 = (B;l)()g = —Lfsinc(af/2)sin(af/2) and Bfp3 = —(B;1)23 =

Lfsinc(af).

Meanwhile, the misalignment matrix is (let sy := sin(¢), cy := cos(¢), etc., for space-

saving reasons)

CoSy

0

—SpSySe + CyCo

—CpSpSy — CySg

—CyS¢pSe — CoSy

CoCy

CpSe X

S¢

—CyCoS¢p + SySg  CyCo

0

0

y

s
1
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and its inverse, since T is a rigid affine transformation, can be computed with

. |RT —RTt| R t
T = , given =T.
0 1 0 1

For the conversion from My and M; to the basic tracking transformations, we can use

the decomposition, My = T (xo, yo,50) Ry (60) Rx(¢0)Rs(1po), for which the parameters
are as follows

6o = arctany (Mo 02, Mo22),

¢o = arctany (Mo 12, \/m )s

Yo = arctany (M 10, Mo11),

xo = Moy,03,
Yo = Mo 3,
so = Mop3,

and for the exit, My = T(x1,y1,51)Ry(61)Rx (1) Rs(¢P1),

6, = arctany (M gp, M1 22),

¢$1 = arctany (M 12, \/m)’

1 = arctany (M 10, M111),

x1 = Mj 3,
y1 = Mj 3,
$1 = Mj 3.

Note that many decompositions are possible, and their order can lead to more or less
clean closed formulae for the parameters; in this case, however, we do not expect any
‘nice” closed-form solutions (as opposed to the case of the subsequent section!) The
above decomposition corresponds to the following tracking sequence:

* (Mp:) XYShift(xg, yo), SShift(sp), YRot(6p), XRot(¢p), SRot(y),
¢ (B:) Element(L, «),

o (M;:) XYShift(x;, y1), SShift(s), YRot(61), XRot(¢1), SRot(yy).

2.3 Misalignment at arbitrary s (the straight case)

Analogously to the previous section, we split D into D¢D;_
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Figure 2.6: A straight element misaligned at an arbitrary location.

We simply have that D¢ := T(0,0, fL) and D;_s := T(0,0, (1 — f)L). To get to the
misaligned entry frame we have

My = DfTDfl = To(fL) T Ts(—fL),

whereas for returning to the normal frame from the exit
My =Dy LT Dy g = To((f —1)L) T™! To((1 — f)L).

It is intuitively obvious, that due to lack of curvature, the entry and exit transforma-
tions should be possible to simplify. Specifically, we would want Mj to involve some
translation followed by rotations Ry (68)Rx(¢)Rs(¢), and M;, since it ‘undoes’ the ef-
fect of My, into rotations Rs(—1)Rx(—¢)R,(—0) followed by some other translation.
First we decompose the entry matrix My = T(xo, Yo, 50)Ry(60)Rx(¢o)Rs (o), i.e. with
the same method as in the previous section. After some algebra we observe that the
angles and shifts indeed simplify:

6 = arctany (Mo 2, Mop2) = 6,
¢o = arctany(Mo,12, \/ MG 1o + MG 1) = &,

o = arctana(Mo,10, Mo11) = ¢,

xg = Tpo3 = x — Lf cos(¢p) sin(6),

yo = Toas =y — Lf sin(¢),

so = Top3 = s — Lf(cos(¢) cos() —1).

Let us now decompose the matrix M; into Rs(1)Ry(¢p1)Ry(61)T(x1,y1,51). To this
end, let us write separately as M,,; and M;, the rotation and translation part of the
above decomposition, i.e. let M;o; = Rs(91)Rx(¢1)Ry(61) and let My, := T(x1,y1,51).
In such a decomposition, the rotation part of M, is the same as that of M;, and
so we can simply extract it from there. Afterwards, knowing M,,; we can compute
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My = Ml Mj to get the shifts. We indeed observe the angles and shifts simplifying:

rot
01 = — arctany (M 20, M122) = —0,
P1 = — arctanz(M1,21, Mim + M%,ll) = ¢

1 = arctany(My 01, M111) = —,

x1 = My 03 = (f — 1)L cos(¢) sin(0) — x,

y1 = Mp13 = (f —1)Lsin(¢) —y,

$1 = My 23 = (f —1)L(cos(¢) cos(f) — 1) —s.

This way, our tracking procedure can be significantly less computationally expensive,
compare to that of the preceding section, as no matrix operations are required:

o XYShift(x — Lf cos(¢p) sin(6), y — Lf sin(¢))
SShift(s — Lf (1 — cos(¢) cos(0)))
YRot(6), XRot(¢), SRot(y),

Element(L),

SRot(—1), XRot(—¢), YRot(—0),
SShift((f — 1)L(cos(¢) cos(f) — 1) —s),
XYShift((f — 1)L cos(¢) sin(6) — x, (f — 1)Lsin(¢) — y).

2.4 Misalignment at arbitrary s with a tilt

We consider a tilted curved element misaligned with respect to an arbitrary position
along its length.

Figure 2.7: A tilted curved element misaligned at an arbitrary location.

Compared with the earlier discussion of misaligned curved elements (see Section 2.2),
when considering a tilted element, we need to include the tilting in our transforma-
tion B (which, as before, is decomposed as B;B;_ s in Figure 2.7).
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In order to include this effect we need to realise that in the previous case the curva-
ture of the reference frame was only applied in the s—x plane, whereas in the case of
Figure 2.7, it will be applied in the plane obtained by tilting s—x by some angle «.
Therefore, taking Bsy as the earlier transformation, i.e.,

[ cos (o) 0 —sin(a) p(cos(a)— 1)-
0 1 0 0
Bgy := ,
sin(a) 0 cos(a) psin(a)
0 0 0 1 |

and taking s, = sin(a), ¢, = cos(a), etc. for space-saving reasons, we can express B
as R;(x) Bsy Rs(—x), which evaluates to

(ca —1)2+1  (cy—1)cksy —cxsa p(cu — 1)k
(co —D)exsxy  (ca—1)s2+1 —sus¢ p(ca — 1)s¢
CxSa SaSk Cu PSa

0 0 0 1

We can obtain the matrices By and B;_¢ by substituting fa and (1 — f)a for a in the
above. To obtain the tracking procedure in this case it suffices to follow the steps of
Section 2.2, substituting the new matrices.

2.5 Misalignment at arbitrary s with a tilt (straight case)

We can generalise the matrix of the above section to a straight case by recalling that
p(cos(a) —1) = —Lsinc(a/2)sin(a/2) and psin(a) = Lsinc(a). Then, we can see
that when a = 0, the matrix B of the preceding section simplifies to

(100 0
0100
001 L
000 1]

Blo—o = = T,(L) = D.

This means that the effect of the roll is disregarded in the calculation of the reference
frame change for the purposes of a misalignment, and, therefore, that we can apply
the exact procedure outlined in Section 2.3 also for tilted elements. This makes intu-
itive sense, as, in our setup, the tilt indeed only affects the direction of curvature of the
element: if the element is straight, there is no work to be done for the misalignment,
and the element map alone fully describes the effect of the tilt on the particles.

2.6 S Shift - correction

In the tracking procedures shown in the preceding sections, we use the tracking map
we refer to as an SShift, which we use to transport the particles in a straight line by a
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displacement in s. We can presume the SShift to be a variant of DriftExact, however
there are special considerations that we need to take here, with respect to the path
length s and the delay ¢ of our particles.

AX

y®

Figure 2.8: Visualisation of the s-coordinate transformations without correction.

In the visualization in Fig. 2.8 we can see the different s-coordinate updates taking
place when we track through a misalignment: in particular, we can see that the total
path of the particle travelled, should SShift be simply a drift, is As = Asg + L 4 Asj.
Clearly, Asy # —Asj, and so the path length changes between the aligned and mis-
aligned element. However, what we desire is the opposite, i.e. that the path length
does not change: it is inconvenient to have the length of our accelerator change due
to a misalignment. Therefore, the simplest correction we can make in this instance is
to disregard the update of the s coordinate in our drift/s-shift.

A further correction needs to be made with respect to the { coordinate. Since ( is
related to the path length by { = s — Boct, and since, in our setup, the synchronous
particle arrival time is not expected to change between the normal and misaligned
entry to the element we expect that Al = As between those two points. However, as
we have already established for our correction of s, we expect the s coordinate to be
unchanged, so we can adjust { in exactly the same fashion as we do s:

SShift(As) := (DriftExact(As), s <+ s—As, { <« {—As).
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Chapter 3

Linear optics

We define z as the vector of 2k coordinates,

2= (21, 226)" = (X = X0, px = P20, ¥ — Y0, Py — Py, C — L0, Pz — P0)’ (B.1)

one can define linear transfer maps (e.g. Rj_,, that propagates coordinates between
two points s1, sp) and the one-turn map (e.g. R; that combines the effects for one turn
starting from s;):

z(s2) = Ri_pz(s1) z(C +s1) = Ryz(s1). (3.2)

In the following we will describe the optics calculation based on the Ripken formalism
described in [20]. A good summary is also given in the MADS physics manual [2].

3.1 Linear normal form

Since the matrices derive from symplectic maps, the eigenvalue spectrum of the one-
turn map R consists of 2k distinct eigenvalues and linearly independent eigenvectors.
In addition, for the motion to be stable the eigenvalues Alf with eigenvectors vki have
to be complex [20]:

Rv; = Ao, k=1,...,3 (3.3)
of =), A=) Af]=1 (3.4)

As the eigenvectors are linearly independent R can be diagonalized with
R=VAV7, (3.5)
where V consists of the eigenvectors and A of the eigenvalues:

+ J— —
911 Y11 " U3 _
M

_|_ — —
U1p D10 "7 U3p (3.6)
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+

Pl

The same calculation can be carried out with real numbers by the following defini-
tions:

for which vii]. is the component j of eigenvector v

vki = ap + iby, Aki = COS Jj £ 1sin g, Ui, Ak, by € R (3.7)
such that:
R =WRyotW ™ (3.8)
with
Ccospy  sinjy
—sinpy cos g
Rrot = Rrot(px) = , (3.9)

Cosyz sinpuj

—sinpz cosu3

a1 big - az1 b3a
ap bip -+ azp bap

wo| B2 e (3.10)
e bie -+ aze bz

Equation 3.8 is called the linear normal form of the one-turn map R. The matrix Ryot
describes a rotation in the 3 planes by angles .

Usually py is written as yy = 27mQy, where Qy is then the tune of the mode k. By
convention, the eigenvectors and values are normalized, sorted and rotated so that
the following three conditions are fulfilled:

1. Plane 1 is associated with the horizontal, plane 2 with the vertical and plane 3
with the longitudinal plane. This is achieved by first normalizing the eigenvec-
tors v,f and then sorting them so that:

|v;’2]._1| = |U]~_’2]-_1| = kgl&)% i j=1,...,3 (3.11)

2. The eigenvectors are then rotated with a phase term 1y
v — vexp(ipy) (3.12)
such that
angle(v,, ;) =0 < ¢ = —angle(v, ;) (3.13)
In real space, Eqn. 3.11 and 3.13 then become equivalent to:

‘a]',Zj,l‘ = k]_':]f]_laz)(3 ‘ak,]'|/ b]'/2]'71 = 0, ] = 1, “e ,3 (314)

This has the effect that a particle with x = 0 is transformed to % in the normal-
ized phase space.
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3. The sign of by ; is fixed by the symplectic condition on W

WIsSWw = (3.15)
with S defined as
01 0 0 0 0
-10 0 0 0 0
0 0 01 0 0
S = (3.16)
0 0-10 0 0
000 0 0 1
00 0 0 —-10
which is equivalent to:
al -S-by=1, bl-S-a=-1, fork =1
al -S-b; =0, fork #1 (3.17)
al -S-a;=0, bl-S-b=0, ki1=1,...,3

Eqn. 3.17 yields that in phase space 4 is thus obtained by an anticlockwise rota-

tion of by by 71/2 and a scaling of its length with |a;| = |1—k|

We will show in the following that in the normalized phase space the propagation of
particle coordinates z(s) from s; to s, is just a rotation by an angle ¢ inthek =1,...,3
planes, while the amplitude I; and initial phase ¢y stay constant, explicitly z(s) is
then given by:

3
z(s) = Y /2L (ax(s) cos (¢ + i (s)) — be(s) sin (¢ro + Pi(s))) (3.18)
k=1

and

2(52) = W(s2) Reot(¢) W (51) 2(51), (3.19)
with ¢ = ¢r(s2) — Pr(s1)

This implies that one turn is simply a rotation by ¢ = 271Q) where Qy is the tune
of the mode k. In the transverse plane the tune (Q; ) is usually positive and the
particles rotate clockwise, while in the longitudinal plane the tune (Qj;j) is negative
above 7yt leading to an anticlockwise rotation.

For the derivation the following steps are needed:

1. The effect of one turn on the normalized variable Z(s) = W~1(s)z(s) is a rota-
tion:

5(C+s) = Wlz(s+C) Y WoIWwR W l2(s) = Riiz(s),  (3.20)



CHAPTER 3. LINEAR OPTICS

As R and Ryt are symplectic also W is symplectic, and its inverse is thus given
by STIWTS, explicitly:

bip —bi1 by —biz by —bis
—aipz 411 —a4 a3 —Aaie 415
byy —by by —bx by —bxs
Wl = (3.21)
—dyp dp1 —Aap4 423 —dp 025

bzp —b31 by —bzz by —D3s

—azp dA31 —Aasz4 asz3 —aze 435

2. The one-turn map and W-matrix can be propagated from s; to s; by
Ry = RioRiR 2, W2 = R12W, (3.22)

As Eqn. 3.20 represents a similarity transformation, the eigenvalues are thus in-
dependent of the position s and as the rotation matrix Ry, consists of the eigen-
values of R, the angle of the rotation y; = 27Qy is thus also independent of
S.

3. As Eqn. 3.8 represents a basis transformation from the standard IR? basis to the
eigenvector basis, the vectors a; and by are projected onto (Eqn. 3.17):

i, = Wlay = —SWTSa,
= —S(a1Say, b1Say, ..., b38a;)T = (1,0,...,0)
by = Wb, = —SWTsh,
— —S(a1Sby,b1Sby, ..., b3Sb))T = (0,1,...,0) (3.23)

by = Wby = —SWTSb;,
— —S(a1Sbs, b1Sbs, ..., b3Sb3)T = (0,0,...,1)
in the normalized phase space.

4. From Eqn. 3.20 it follows that the amplitude [; and initial phase ¢y of Z =
Wz = (24, 2b,, - -, Zy)

k=1,...,3 (3.24)

Zp,
tan ¢y = ~7 (3.25)

ak

are constants of the motion. The initial phase is defined with a minus sign in
view of the definition of the Twiss parameters, where the initial phase is then
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added (and not subtracted) to the phase advance. The components of Z are then

explicitly given by:
3
Zak = Z bk,2jz2j—1 — bk,zj_lzzj, k = 1,...,3 (3.26)
j=1
3
Zbk = Z ak,zj_lzzj — Elk,szz]‘_l, k= 1,...,3. (3.27)
j=1

An arbitrary vector z(s) can thus be written in the following form:

k=1
3 5 5 Egn. 3.23 3 - -
= 2 ZaW(s)ax + 2, W(s)by = Z Za ax + Zp, br
k=1 k=1
3
Eqns. 3.24,3.25 i
e Y V21 (ag cos pro — by sin o) (3.28)

3.2 Twiss parameters

In the following the parameter k will always be used for the mode k and the parameter
j =1,2,3 for the horizontal (x, py), vertical (v, py) and longitudinal plane (¢, pg) in the
phase space. zp;_1 then stands for the coordinates (x,y, {) and zy; for (pxy, p7)-

The Twiss parameters can be introduced by writing the components of the eigenvector

basis (a(s),bi(s)) as the product of two envelope functions \/,Bk,j(s), \/'yk,j(s) and

phase functions ¢ ;(s), Px,j(s) = ¢x,j(s) — arctan(1/ay ;), also called Twiss parameters
or lattice functions, with

ax2j-1(5) = 1/ Br,;i(s) cos Py ;(s),

br2j—1(8) = \/Bkj(s)singyi(s), k,j=1,...,3, (3.29)
axi(s) = \/Vk,j(s) cos Py j(s),
broj(s) = \/vk(s) singy(s), k,j=1,...,3 (3.30)

where By i(s), ax(s), 7kj(s) represent the projection of the ellipse of mode k on the
plane of coordinates zp;_1 — zok.

Using Eqns. 3.18, 3.29, 3.30 and cos(x + y) = cos x cosy — sin x siny, the coordinates
z(s) can be expressed by:

3
22j-1(s) = kz \/ 21kBrj(s) cos (¢x,i(s) + Pro) (3.31)
=1
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3
21(8) = L/ 217/(5) €08 (s ) + o)y =13

Conversely the lattice functions can also be expressed by a; and by with

Brj(s) = axoj—1(s)* + broj-1(5)?
g i(s) = —ag2j—1(8)ar2j(s) — brpj—1(s)bx2;(s)
Tij(5) = arp;i(s)? + bioj(s)?

The well known relations between the lattice functions
3
/
Y Brjdr; =1
=1

(P T “k]
ﬁk,j
1
= —552,]'

can then be derived with the help of the normalization condition (Eqn. 3.17)

Yk, i With

a;{Sbk =1
by the following steps:

1. Asx’ = ﬁ’; Ly = ds ? the following relations hold also for a; and by:

d
(ak 2j— 1)

“(bioj1), kj=1,...,3

0
Ak2j = Agpj—1 =

ds
d
braj = bipj1 = s

2. The normalization condition Eqn. 3.17 can then be written as

ﬂ;szk = ik / Bk,j cOS Pij (\/,Bk,j singbk,].)/
]:
— ({/Bjcos ‘PU)I \/ Prj sin g

3
/
j=1

=1

(3.32)

(3.33)
(3.34)
(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

Note that Eqn. 3.42 yields the following relation between the phase advance ¢

and B in 2D:

s 1
0)—|—/S0 Mds

(3.43)
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3. Using the abbreviation ay ; := — 1B kj, one finds for each mode k and plane j
VKOS Prj = A = ap5i 1 = (4/PBrjcos Py )’ (1)
ki singy; = bioj = bioi g = (y/Br;singx,)’ (2)
2 42 4 2
(142 kPt %
’)/k,] = %/ k/] - 1/ oo /3 (344)
/]

which simplifies in the 2D case to:

Eqn. 342 1+ a2

3.45
B (3.45)

3.3 Transformation to normalized coordinates

The W matrix can be used to transform normalized coordinates into physical coordi-
nates relative to the closed orbit and vice versa:

X — X0 by VExX
Px — Px0 f’x \/aﬁx
LR S B e (3.46)
Py = Pyo Py VEyPy
=% 4 Vel
P¢ = Peo be VEPe
where the subscript 0 denotes the closed orbit at the observation point, and
(x o970 C ) (3.47)

are normalized coordinates in sigmas and ¢y, ¢, and ¢; are the geometric emittances.

3.4 Covariance matrix

The beam covariance matrix is defined from the central second moments of the phase-
space coordinates

T
Z=<x Px Yy py C pg) (3.48)
as

2= ((z—(2) (z—(2N)"). (3.49)

The subtraction of the centroid makes X independent of the closed-orbit offset of the
distribution.
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3.41 Normal-mode emittances
Let
A . NT
be the normalized coordinates appearing in Eq. 3.46, so that z — zg = WZ, where z
is the closed orbit. We define AZ = 2 — (£) and group the normalized coordinates by

mode as
A AR A Y A AL
AzZy = A , AZy = - , AZp = N . (3.51)
Apx Apy Apg

For a beam matched to the linear optics, the particles are distributed in each normal-
mode plane with no preferred betatron phase. We write the centroid-subtracted coor-
dinates of mode k as

Aﬁk = Ak COS (Pk, Aﬁk = —Ak sin ¢k1 (352)
where (Ady, Apy) stands for (A%, Apx), (A9, Apy), or (AL, Ap;). If the phase distribu-
tion is uniform and independent of the amplitude, then

<cos2 <pk> = <sin2 gbk> = %, (sin ¢ cos ) =0, (3.53)
and the covariance block of mode k is

Cp = <A2kA2,Z >

B (AZ cos? ) — (A2 sin ¢y cos ¢y )
— (AZ sin ¢y cos ¢y ) (A% sin? ¢y )

2
<g_k>(;g). 658

Defining ¢ = (A?) /2, each normal-mode block is Cy = gl. If the normal-mode
variables are statistically independent, then the cross-covariances between different
modes vanish:

<A2]A2,{> =0, j#k (3.55)
It follows that the covariance of the normalized coordinates is
<A2A2T> —E, (3.56)
with
e 00 0 0 O
0 &6 0O 0O O O
0 0 g O 0 O
E = (3.57)
0 0 0 ¢ 0 O
0 0 0 0 ¢ O
0 0 0 0 0 ¢
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Since W is a linear transformation, Eq. 3.46 gives
z—(z) =W (£—-(2)). (3.58)

Substituting this expression in Eq. 3.49 gives

= WEWT. (3.59)
Since W is symplectic,
WTISW =5, (3.60)
and therefore
WTs =sw—L (3.61)

Multiplying Eq. 3.59 by S on the right gives
¥S = WEW'S = WESW ™1, (3.62)

Thus XS is obtained from ES by a change of basis with matrix W. This implies that the
two matrices have the same eigenvalues: if 4 is an eigenvector of ES with eigenvalue
A, then

Y.SWq = WESW 'Wg = WESq = AWg. (3.63)

Therefore Wq is an eigenvector of 2.5 with the same eigenvalue A. Combining Egs. 3.57
and 3.16 gives

0 & 0 0 0 0
—e 0 0 0 0 0
0 0 0 & 0 0
ES = , (3.64)
0 0 —& 0 0 0
0 0 0 0 0 g

0 0 0 0 —g O

( 0 8") (3.65)
— &k 0

for each normal mode k = x,y, {. Each block has eigenvalues +iej. The eigenvalues
of ES in normalized coordinates, and equivalently of .S in physical coordinates, are
therefore

AE(ES) = AF(ES) = gy (3.66)

The quantities ¢ are called normal-mode emittances. Their relation to the action
variables is discussed in the following section.
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3.4.2 Eigenvectors of the covariance matrix

The eigenvectors of %S are the same eigenvectors as those of the one-turn matrix R.
This can be seen mode by mode. First work in normalized coordinates, where both
Rrot and ES are block diagonal. Let g} be the vector whose only non-zero normal-

mode block is
1
( | ) 66
i

in plane k. In this plane, the corresponding block of Ryt is

COS My sin (3.68)
—sin g €os yg '
and

COS g sin 1 _ COS py + 1sin p — expliny) 1 (3.69)
—sinpg Ccos i i — sin py + i cos i i

Therefore Rrotq;” = exp(ipk)q; . The corresponding block of ES is

( 0 €k )
, (3.70)
—&f 0
—&k 0 i —&k i

Therefore ESq;" = igxq; . Hence g, is an eigenvector of both Ry and ES, with differ-
ent eigenvalues.
Using

R=WRW™!, =5=WESW, (3.72)

define v;” = Wg;". Then
Ru} = WRyotW ™ 'Wg
= T/\/Rro’cqzr
= Wexp(ipe) e
= exp(iug) vy, (3.73)
and, in the same way,
+ _ A7+
YSv,” = WESW™ Wy,
= WESq;
= Wiﬁkql—{’_



3.5. ACTION, AMPLITUDE AND EMITTANCE 69

= iggv (3.74)

Thus the same physical vector v is an eigenvector of both R and £S. The W matrix

can therefore be obtained from the eigenvectors of XS by applying the same sorting,
phase, and symplectic-normalization conventions described in Section 3.1. Once this
W is known, the Twiss parameters and dispersions are obtained from the expressions
in Sections 3.2 and 3.6.

3.5 Action, amplitude and emittance

We define the action associated to the three modes:

24 p2 P+ P2 &+ pz
The corresponding amplitudes are defined such that:
Ay = /824 P2 = /2], (3.76)
Ay = /9> + P57 = /2y (3.77)

Ag=\/C+p2=/2]; (3.78)

A Gaussian distribution is defined such that the density with respect to each action
can be written as:
f(Jx) = Ke™J/& (3.79)

The parameter ¢, is the same emittance defined from the eigenvalues of XS in Eq. 3.66.
This can be seen from the covariance in normalized coordinates. Let A% = £ — (£) and
Apy = px — (Px). The x-mode block of Eq. 3.56 is

<(AA;)<A9? Apx>><5(;c 80), (3.80)

Reading the entries of this matrix gives
<A9?2> = ey, <A;a§> ey, (ARAPy) =0 (3.81)

Therefore

AP ap (M%) + (a)
2 2

= ¢y (3.82)

For a distribution centered on the closed orbit, this is simply (Jy) = &,. If the beam

centroid is offset, the emittance is obtained from the centroid-subtracted action above,

while the raw average action also contains the coherent centroid contribution. Equiv-
alently, for the exponential action density above,

ex = () = [ Jf () (3.83)

The same argument applies to the other two normal modes.
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3.6 Dispersion and crab dispersion

A

For a particle having no betatron amplitude (£ = px = § = p, = 0) we can write:

x = Wis{ + Wigpy (3.84)
¢ = Wiss{ + Wsef; (3.85)
p; = Wesl + WesP; (3.86)
3.6.1 Dispersion
The dispersion is:
dx
Dyt =~ for{= 87
¥ = g or { (3.87)

By imposing { = 0 in Eq. 3.85 we obtain:

[ = —= 3.88
C= “We? (3.88)
We replace in Eq. 3.86:
- WesWse ) -
= | Wes — 3.89
Pe ( 66 Wee e (3.89)
From Eq. 3.88 we obtain:
s Wse ( W65W56) -
= —— | W, 3.90
4 e \ Ve Wes Z (3.90)
Replacing the last two into Eq. 3.84 we obtain:
Wl 5 W56 W65 W56 !
= | Wig——— ) | Weg — ——— 391
x ( 16 Wes ) ( 66 Wes > pe (3.91)
which gives the dispersion:
Wis W WesWse \ !
pFe — _ TN57H56 ) (g — 1657Y56 3.92
x (Wl6 Wes 66 Wes (3.92)

A similar type of calculation can be done for the other planes, and for the transverse
momentum dispersion, obtaining ngf: which gives the dispersion:

WasWhse WesWse \ "
px ( 26 Wes ) < 66 Wes ) (3.93)
WasW: WesWsg \
e = [ Wag — —2 28 ) [ Weg — —22 26 3.94
D, ( 36 Wes )( 66 Wes ) (3.94)

Wis Wi WesWsg \
Dpy = (W46_ > 556) (W66 AL 56) (3.95)
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3.6.2 Crab dispersion
The crab dispersion is:
dx

Dg = for pr =0 (3.96)

By imposing p; = 0 in Eq. 3.86 we obtain:

pr=—v— (3.97)

We replace in Eq. 3.85:

Ws6Wes '\
¢ = (W55 15:] 65) (3.98)
66
From Eq.3.97 we obtain:
R Wes ( W56W65) !
=—— | Wss — ——— 3.99
P¢ Weg \ V55 Wee ¢ (3.99)
Replacing the last two into Eq. 3.84 we obtain:
Wi6Wes WssWes )
= Wi ——— ) (Wss — —— 3.100
X ( 15T T ) ( 55 Wee ) 4 (3.100)
which gives the crab dispersion:
Wi6Wes WssWes \ '
DS = (W5 — 2875 ) ((Wgs — 287765 3.101
§ ( P Wee ) ( » Wes ) (3101

A similar type of calculation can be done for the other planes, and for transverse
momentum crab dispersion obtaining:

Woe W, WseWigs \ ~*

Dgx = (W25 - ;36665) (W55 - ;;6665> (3.102)
Was W, WagWes \

pj = (v =5 (s - 5500%) (3109

W46W65) ( w56w65>1
D¢ = (w _ TH67760 ) (s — 267160 3.104
45 Wee 55 Wee ( )
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Chapter 4

Resonance Driving Terms

This chapter follows the formulation in [21, 22].

4.1 Courant-Snyder normalized coordinates

We work in Courant-Snyder normalized transverse coordinates (i, f,) with u €
{x,y}, obtained from (u, p,) via

il ‘3;1/2 0 u
Pu N “uﬁ;1/2 11/2 Pu , @

where the Twiss parameters (a,, B,) are evaluated at the observation point s.

4.2 Complex Courant-Snyder coordinates

For g € {x,y} we introduce the complex Courant-Snyder coordinates

hgt =G+ ipy = /21, eTWat¥e0), (4.2)

where I; is the action and ¢, the betatron phase advance (with initial phase ;).
From § and f; we recover

~2+ ~2
L="2 43)
g = — g0 —atan2(fg, §) . (4.4)

4.3 Motion expressed through resonance driving terms

The transverse motion written in terms of resonance driving terms (RDTs) reads

p+q—-1 rtt
2

2 (21y)

e, (5, N) = V2L dCTON ) 2 Y~ p £0), (21,)
pqrt

73
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% ei[(l—p+q)(ZanN+lps,x,o)+(t—r)(ZnQyN+¢s,y,o)] (4.5)
hy, (s,N) = /Zly o (2MQyN+s0) _ o; Y. rf;SZ)rt (le)pT(ZI ) -1
pqrt
¢l [(3=P) QT QuN 4y c0)+(1=r+1) (27Qy N-+psy0) | (4.6)

where N is the turn number, Qy, the tunes, I, the invariants and ¢ v, ¥sy,0 the
initial phases at the observation point s.

4.4 Expression of RDTs from first-order perturbation the-
ory
The coefficients f,q+ at the element j are computed from first-order perturbation the-
ory obtaining;:
M
Z mpqrte P Q)A‘me]""(r t)A‘Pym]]

i o , 4.7
frart(j) = 1 — 27 (p=a)Qu+(r—1)Qy] 0

where the numerator runs over the M elements of the ring and where

Kpn1Q(r+t)+iKy, 1Q(r+t+1) . ptg rit
hm,i%]” = ——= plg!r!t! 2;:1+Z+r+t it (,Bmx) 2 (ﬁm y) 2, (498

withn = p 4+ q +r 4+t and where K, ,_; and Km,n_l are the normal and skew multi-
pole strengths of order n — 1 in element m. The parity selector is

1, ifiiseven

Qi) = / 49
(1) {0, if i is odd. (49)

The phase advances between element m and observation point j follow

(Px m] CPx] (Px,m, 47x,j > 47x,m/ (4'10)
(Px,] Gxm + 271Qy, (Px,j < Px,m,

’ i > My
By = § v~ P Pyj > Py (4.11)
Py — Pym +21Qy, Py < Pym.

Note that /1, pgr¢ in Eq. (4.8) is a Hamiltonian coefficient and shall not be confused
with the complex Courant-Snyder coordinates /1, , appearing in Eqgs. (4.5)-(4.6).
4.5 Feed-down and misalignments

When evaluating RDTs, the multipole strengths must be taken on the closed orbit
and corrected for magnet tilts and transverse shifts. Using the complex transverse
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coordinate z = x + iy (lab frame), the normalized longitudinal potential is

as(z) = —

i Mzﬂﬂ (4.12)
= (n+1)! !

where K, and K, are the normal and skew multipole coefficients of order n (dipole
n = 0, quadrupole n = 1, etc.) in the magnet reference frame. We consider a magnet
whose center is transversely shifted by A = Ax + iAy and tilted by an angle ¢ around
the longitudinal axis (positive ¢ rotates the magnet frame counter-clockwise relative
to the lab frame).

4.5.1 Coordinate transformation

From the lab coordinate z, the coordinate in the magnet frame is obtained by first
translating by —A and then rotating by —1:

Zmag = € ¥ (2= A). (4.13)
Substituting (4.13) into (4.12) gives

[ee]

as(z) = =R | ) Kn 1K pitnryy (z— A)”H] : (4.14)

(n+1)!

n=0

4.5.2 Feed-down expansion

Expanding the shifted power with the binomial theorem,

n+1
+1 _
z— A" = (” )zm“ —A)", 415
AP W I B (4.15)
and re-collecting terms proportional to z" 1, we write
[ee] K/ _|_ ZK/
a5(z) = —R —m _ mpml) 4.16

with effective (feed-down) multipole coefficients

” = K, +iK

n=m

(=AY i)y, (4.17)

Expressing the transverse shift in the magnet frame, A = ¢e='¥A, and using n = m + p
gives

K +iK! = imt1)y y Kintp + 1K p

. ol (—=A)P. (4.18)
= !
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4.5.3 Expansion around a closed orbit x, 1o

Let zg = xo + iyo denote the closed orbit in the lab frame and write z = zy + u, where
u is the small transverse excursion. The magnet-frame coordinate becomes

Zmag =€ W (zog—A+u)=b+e Vu, with b=e ¥ (z—A). (4.19)

Expanding the potential in powers of u as in (4.16) yields effective multipoles around
the closed orbit:

R . © K Kintp
K,(;rb) n iK,(;rb) _ p—i(m+1)y Z m+p -;'1 m+p (B). (4.20)
p=0 '

This is the same feed-down structure as (4.18), with A replaced by the orbit-corrected
offset b = e ¥ (z9 — A). For zg = 0 the result reduces to (4.18); for a centered magnet
(A = 0), b captures the intrinsic feed-down from the closed-orbit displacement.



Chapter 5

Linear coupling

5.1 Scope and conventions

We restrict the discussion to the transverse canonical phase-space vector

z = (x/ Px;y/ Py)T/ (51)

with symplectic matrix

S = diag(J, J) J 01 (5.2)
= dia ,d), = . .
& -1 0

The one-turn map is assumed stable and symplectic. Mode 1 is labeled horizontal-like
and mode 2 vertical-like. A superscript * denotes complex conjugation. Following the
notation of the Xsuite physics manual, for a real 2 X 2 matrix A we write

=—JATJ (5.3)

for its symplectic conjugate; the overbar must not be confused with complex conjuga-
tion.

The exact matrix relations below apply to a purely transverse 4 x 4 symplectic prob-
lem. Longitudinal coupling, radiation damping, non-symplectic maps, and the dis-
tinction between canonical momentum and geometric slope require additional terms.
The complex-variable and RDT signs follow the convention introduced in chapter 4.

5.2 Turn-by-turn motion in the Mais—Ripken formalism

5.2.1 Linear normal form and the W matrix

At observation point s, let R(s) be the one-turn map. Its real linear normal form is
written as

R(s) = W(s) Rrot(p1, 12) W (s), (54)

77
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where

Ccos sin
Rrot(p1, p2) = diag(Ra(p1), Ra(p2)),  Ra(p) = ( , : V) , (5.5)
—siny cos

and
WISW = s. (5.6)

The normal-mode phases at turn N are
(I)](N) = 27TQ]'N + (P]'o, j=1,2. (5.7)

Using actions J;, the normalized mode coordinates are chosen as

V2]1 cos @4
—/2]1 sin ®q
/2], cos D,
—/2],sin ®,

Define the complex eigenvectors

2(N) = 2(N) = WE(N). (5.8)

’U]' = W:,2];1 + iW:,Zj. (59)

Then the complete turn-by-turn orbit is

2(N) = ]é \/27] Re [v]-e@f(N)] . (5.10)

This form is independent of the phase gauge used for each eigenvector, provided the
same gauge is used consistently in W and in ®;.

5.2.2 Mais—Ripken lattice functions from W
Partition W into 2 x 2 blocks by physical plane and normal mode,

Wy W
w= | T T (5.11)
Wyl WyZ
Forg € {x,y} and j € {1,2}, define the projected mode matrix
. _a .
T = WyiW,; = Pa 7. (5.12)
—%j Ve

E}?uivalently, if the two columns of W;; are denoted by (w21, wy,2j) and (wpqlzj_l, wpq,zj)/
then

By = 1+ 5 613
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Qg = —Wq2j 1Wp, 2j-1 — Wy,2iWp, 2j, (5.14)
2 2
’)/q] = wpqlzjfl + wpqlzj. (515)

Unlike an uncoupled Courant-Snyder triplet, an individual projected triplet need not
satisfy By —a?> = 1. These projected functions are the Mais-Ripken lattice func-
tions [23, 24].
Writing

vgj = Wyoj-1 + iWq,Zj =4/ [queixqj, (5.16)
the position and canonical-momentum signals are

2
q(N) =Y _ 1/2]iBgjcos(P®; + xqj) » (5.17)
j=1

2

pa(N) = Y 1/2Jj79i 08 (@) + xp,) (5.18)

j=1
where Xpyj = arg(qulzj_l + inq,Zj)- To avoid confusion with the ET normalizing

matrices Ay, let A, (Q;) denote the amplitude of the Fourier line at tune Q; in a signal
u(N). The position and canonical-momentum line amplitudes are therefore

Ag(Qj) = \/2]iBgjr  Ap,(Qj) = 1/2]j74j- (5.19)

5.2.3 Closest-tune-approach indicator

A commonly used global coupling indicator can be obtained from the relative ampli-
tudes and phases of the two tune lines [25, 26]. For the horizontal-like and vertical-like
modes, respectively, define

_A(Q) B _A(Q)  [Ba
n= Ax(Ql) = ﬁxll 2 = Ay(Qz) = ,Byzl (5.20)

and the cross-plane phase differences

Apr=Xxy1 — Xx1, B2 = Xx2 — Xi2- (5.21)
The closest-tune-approach magnitude is then [26]
2 _
c-| = 212 Q1 = Qaf (5.22)
1471
Together with x(s) = A¢1(s), this defines the local complex quantity
C(s) = |C |0, (5.23)

Only its phase depends on the observation point s. In first-order perturbation theory
it is related to the skew-quadrupole distribution by

— 1 L i/ —D,—27TAs/L
C :E/o BBy kel O Pu—2ms/1 4 (5.24)

where A is the difference of the uncoupled fractional tunes. For a more robust scalar
estimate, equation (5.22) can be evaluated at every observation point and averaged
around the ring [27].
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5.3 Edwards-Teng decoupling and modal Twiss param-
eters

5.3.1 Decoupled modal maps

The Edwards-Teng construction decouples the physical four-dimensional map into
two stable two-dimensional modal maps [28, 29, 30]. Following the notation used
throughout this manual, partition the one-turn map as

R = , (5.25)
C D

and denote the horizontal-like and vertical-like decoupled maps by E and F, respec-
tively. The purpose of the Edwards—Teng transformation is to find a symplectic matrix
Tgt such that

Ter RTer = £ O , (5.26)
0 F
or, equivalently,
E 0
R = Tgr Ter- (5.27)
0 F

Thus E and F are the diagonal blocks of the transformed, decoupled map; in a coupled
lattice they are not the physical diagonal blocks A and D of R.

Here and below,
10
I, = (5.28)
01

denotes the 2 x 2 identity matrix. In the Edwards-Teng convention used here [28],
the decoupling matrix is parametrized as

Tr—g| 2 Rer g=— 1 59 (5.29)
ET = ’ = . .
—Rgr Db v 1+ det Rgt

We now derive Rgr from the physical map. Extend the symplectic conjugate to the
tull four-dimensional map. Since R is symplectic,

R=-SRTS =RL (5.30)
For any real 2 x 2 matrix Z,
Z+7Z=(trZ2), 77 =77 = (det2)1,. (5.31)

The reason for considering R + Ris that it exposes the ET modal planes. Indeed, using
equation (5.27) and R = R~! gives

- E+E! 0
R+R = Tgr | Ter (5.32)
0 F+F
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Because E and F are 2 x 2 symplectic matrices, equation (5.31) implies
E+El'=(trE),, F+F!=(trF)L. (5.33)

Consequently, provided tr E # tr F, the two eigenspaces of R + R are precisely the two
ET modal planes. The first block column of equation (5.29) shows that every vector in
the horizontal-like plane has the form

Ter (m) —g ( v ) . (5.34)
0 —RETZB

Thus, if an eigenvector of R + R in this plane is written as (x,y)’, its two blocks
satisfy
y = —Rgrz. (5.35)

We can therefore obtain Rgr by calculating the same eigenspace directly from the
physical blocks of R and comparing its y and  components.
Therefore, on defining

a=trA, d=trD, X=C+B, (5.36)
one obtains
_ A+A B+C al, X
R+R= [4T4 PHE _[92 : (5.37)
C+B D+D X dl

Let A be an eigenvalue of R + R and write a corresponding two-block eigenvector as
(x,y)". Equation (5.37) gives

(a—AN)xz+Xy=0, (5.38)
Xz + (d— A)y = 0. (5.39)

For A # d, the second equation gives

. (5.40)

Substitution into the first equation, together with XX = (det X)I,, yields the scalar
characteristic equation
(a—A)(d—A)—detX =0. (5.41)

Expanding the product makes this an ordinary quadratic equation in A:
A% — (a+d)A+ad —detX = 0. (5.42)

The quadratic formula therefore gives

_a+dE/(a+d)?—4(ad — det X)
B 2

Ay



82 CHAPTER 5. LINEAR COUPLING

:”;diﬂ, Azi(a—d)z—kdetX, (5.43)
where the second line follows because
(a+d)* —4(ad — detX) = (a —d)> +4det X = 4A. (5.44)

The horizontal-like root must approach a = tr A when the coupling block X tends to
zero. In that limit det X — 0 and hence

VA — @. (5.45)

Consequently, the sign that selects the horizontal-like root depends on the ordering
of a and d:

a>d: Ay —a, Ao —d,
(5.46)
a<d: A —a, AL —d.
Both cases are encoded by sign(a — d). Thus, for a # d,
A = CH_d—l—sign(a—d)\/K, Al—d:u—l—sign(a—d)\/g,
a+d d E a (547)
Ny = —sign(a—d)VA, Ay—a= —5 sign(a — d)V/A.

The first modal subspace in Tt consists of vectors (¢, —Rgrx) T Comparing this with
equation (5.40) for A = A; therefore gives

-1
Rgr = — B (tr A—trD) +sign(tr A—trD)VA| (C+B). (5.48)

This eigenvector construction also proves the block diagonalization. Indeed, R com-
mutes with R + R™!, so each nondegenerate eigenspace of R + R~ is invariant under
R. Writing K = Rgr, invariance of the first subspace gives

R = E, E = A —BK, (5.49)
—-K —-K

whose lower block is the matrix Riccati equation
C+KA — DK — KBK = 0. (5.50)

The second modal eigenspace similarly gives

K K _
R = F, F=D+CK=D+KB. (5.51)
b L

The equality CK = KB follows from K = —X /(A —d) and det B = detC. The latter
is itself an immediate consequence of the symplectic block identities AA + BB = I, =
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AA + CC and equation (5.31). The two block columns in these equations are precisely
the two block columns of Tgt/ g, so together they imply equation (5.26). Moreover,

T
(E) s (E) — (1+detK) S, (5.52)
8 8

which explains the normalization ¢ = (1 + detK)~'/? in equation (5.29). At a de-
generacy the separation into the two modal subspaces is not unique, and the branch
must instead be selected by continuity from a neighboring lattice point. By construc-
tion, Tgr maps modal coordinates zgt to physical coordinates z:

z = TETzET- (553)
Write the two stable modal maps as
E=ARy(m)A;",  F=AR(12)A,", (5.54)
where R, is the rotation matrix defined above and
\/ 0
Ay = P . (5.55)
—aq/\/Bg 1/+/Bq
Forgq € {x,y},sety, = (1+ (xé) / B4- The entries of the horizontal-like map are then
E— E11 E12 _ COos U1 + lféx sin M1 ﬁx sin Vl. . (556)
Ery Ex —YxSin g COS 1 — Ky SIN 1

Consequently, its phase advance and Twiss parameters can be recovered directly from
E:

1
cos py = 5 trE, (5.57)
: : En— En\’

sin p1 = sign(E12)4{/ —E12Exn — — ) (5.58)

E E Ey; —E
,Bx: .12/ ’)’x:_.21; lxlel.—zz-

sin jq sin 2sin g

(5.59)

The vertical-like quantities follow from the same equations with E — F, (B, &y, vx) —
(By, &y, vy), and py — pio.

Following the propagation subsection of the Xsuite physics manual, the Edwards—
Teng Twiss parameters are denoted by (B, ax) for the horizontal-like mode and (B, a;)
for the vertical-like mode. They are not the projected Mais—Ripken functions (1, ®1)

and ( By2, zxyz).
—-1/2
1_ | P 0
Aq ( -1/2 1/2) (5.60)

Its inverse is
g Pq q
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and maps physical modal coordinates in plane g to Edwards-Teng normalized coor-

dinates:
T=ar| 7). (5.61)
Pq Pq

In the uncoupled limit, these modal Twiss parameters reduce to the usual horizontal
and vertical Courant-Snyder Twiss parameters.

5.3.2 Relation between W and the Edwards-Teng transformation

The matrix A;l maps modal coordinates to normalized coordinates, whereas A, per-
forms the inverse operation. Throughout this subsection and all that follows, we
assume that the phases of the two transverse eigenvectors of W have already been
chosen such that vy , and v, are real and positive. With

v =W +iW,, vy =Wj3z+iWy, (5.62)
this means explicitly
Im(v1,) =0, Re(v1 ) >0, Im(v,,) =0, Re(vy,) > 0. (5.63)

This is the Edwards-Teng phase gauge used in the implementation.
We shall now prove that this phase choice makes the normalized coordinates associ-
ated with W and with the ET construction identical. Initially denote them separately

by
Zw =W 'z, Zpr =diag(Ay, A, )Tt 2. (5.64)

Define
A = diag(Ax, Ay), U= TgrA. (5.65)

The second definition in equation (5.64) is then equivalent to
z = U,/ZS\ET. (5.66)

Both U and W reduce the physical map to the same block rotation. To see this ex-
plicitly, use U~ = A_ngTl and substitute the ET block-diagonalization from equa-
tion (5.26):
U 'RU = A Tg; RTgr A

= A~ diag(E, F)A

= diag(A;'EA,, A, 'FA,)

= diag(Ra(p1), R2(2))

= Rrot (111, p12)- (5.67)

The penultimate equality follows directly from E = ARy (1) Ay and F = AyRy(p2) A,
in equation (5.54). Likewise, equation (5.4) gives

W™IRW = Riot (i1, ia)- (5.68)
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Define the change of normalized basis
D=U"'w (5.69)

so that W = UD. Substituting this relation into the preceding normal-form equation
gives
Rrot (111, H2) = W-IRW
= (UD)"'R(UD)
=D YU 'RU)D
= D_erot(l/lll VZ)D (5.70)

Multiplication from the left by D therefore shows explicitly that D commutes with the
block rotation:

DRrot(,ulr ]/‘2) = Rrot(,ulr VZ)D (5.71)

For distinct, nondegenerate tunes and a fixed ordering of the two modes, a symplectic
matrix with this property consists of an independent phase rotation in each mode:

D= diag(R2(51), Rz(éz)) . (5.72)
It follows from W = UD that the two normalized vectors are related by
Zer = D3y (5.73)

It remains to use the phase convention in equation (5.63) to determine D.

Substituting the explicit form of Ty from equation (5.29) into the definition of U in
equation (5.65) shows that its upper-left and lower-right blocks are gA, and gA,, re-
spectively. Because the first row of each Ay is (1/Bg,0), the corresponding complex

position components of U are the positive real numbers ¢/Bx and g/By. Right mul-
tiplication of a real column pair by R;(J) multiplies its associated complex vector by
€“. Since W = UD, it follows that

U1x = 8V Bx eiélr 02,y = &1/ ﬁy el2, (5.74)

The factors g/Bx and g,/By are positive. Since the left-hand sides are also real and
positive by equation (5.63),

e =2 =1, D =diag(h, ). (5.75)

Therefore W = UD = U, and equation (5.73) gives

Zer = 2w = 2| (5.76)

Finally, W = U and equation (5.65) give

W = Tgrdiag(Ay, Ay). (5.77)
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All equations below that involve the individual columns or blocks of W use this ex-
plicitly rephased matrix. Substituting the explicit ET matrix from equation (5.29) into
equation (5.77) first gives

I R Ay O
W = q 2 ET x
“Rgr b 0 Ay
] (5.78)
_ gAx gREgTAy
— gRETAx gAy
To factor the modal normalizers Ay and Ay from the left, define the ET-normalized
coupling matrix

C = gA;'RerA,. (5.79)
The upper-right block in equation (5.78) is consequently
AxC = gRgrAy. (5.80)
For the lower-left block, use
PQ=QP, Rer=Rgr, A;=A4.", (5.81)

where the last identity follows because A, is symplectic. Taking the symplectic con-
jugate of equation (5.79) gives

C = gA;lRETAy
= gA,'RetAy, (5.82)

and therefore

Using these two block identities, equation (5.78) becomes

Ay 0 L ¢
T 8§72 . (5.84)

g% +detC =1. (5.85)
Equivalently, if W is partitioned as in equation (5.84), its phase-gauged blocks obey

Symplecticity requires

AWa=gh,  A;Ww=C  A;/'Wy=-C  A/'Wpu=gh.| (586)

For later use, define

det Rgt 5
— =1-g". 5.87
1+ det RET 8 ( )

For the ordinary trigonometric ET branch, u = sin? ¢ and g> = cos? ¢, where ¢ is the
Teng rotation angle.

u =detC =
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5.3.3 Relation between Edwards-Teng and Mais—Ripken functions

Using the definition ¥, = ijWqu from equation (5.12) and substituting the four
blocks of W from equation (5.84) gives

Yo = gPAAL Y. = ACCTAT, (5.88)
21 = A,C(C) A, Sy = §PAYA,. (5.89)
The principal Mais—Ripken functions are therefore
5)(1 - gZ,Bx/ ‘Xxl = gleXI ')/xl = gZ’Yx/ (590)
By2 = 82,33// ky2 = gzay, Y2 = ngyy. (5.91)

The determinant of either principal projected block is therefore

Bx1vx1 — “?cl = By2ry2 — “52 = g4. (5.92)

Consequently, g is obtained directly from the principal Mais—-Ripken functions:

gz Y. Bx17x1 — “chl =\/By2ry2 — “52- (5.93)

The ET modal Twiss parameters then follow by division by gz:

‘B 1 Kyl ﬁyZ Xy2
Bx = g_xZ’ x = g_xz, By = ?; Ky = ? (5.94)

To make the remaining Mais—Ripken functions equally explicit, write

c
c— [ 2. (5.95)
C21 C22

Then
Br2 = Bx(ciy + c1a), (5.96)
0y = Ky (C%l + C%Z) — (C11C21 + C12C22), (5.97)
ey = (c21 — axenn)? + (e — ‘chlz)z’ (5.98)
Bx
and, since
_ —c c
c=| " "2 (5.99)
€1 —C11
one also has
By = By(ch + c1a), (5.100)

a1 = ay(c3y + cd) + o102 + c11012, (5.101)



88 CHAPTER 5. LINEAR COUPLING

(co1 + Déyczz)z + (c11 + fxyclz)z

Ty = (5.102)

By

The cross-plane projected determinants satisfy
B — & = By — &y (5.103)

= (1-g¢%%

5.3.4 Propagation of Edwards-Teng parameters

Let the transfer map from location a to location b be partitioned as

b Aab Bab
R = . (5.104)
Cab Dab

Given the ET quantities E, F?, and Ry at a4, define the two effective modal transfer
matrices

E® = A% — B™RE,, (5.105)
F = D% 4 C"RE,. (5.106)

The decoupled one-turn maps and the ET coupling matrix at b are then

EY = E"E®E ) det E®, (5.107)
rb = pobpapab / Qet P2, (5.108)
Rip = — (C — DREy) B/ det E™. (5.109)

The factors E*°/ det E® and F*/ det F** are simply (E**)~! and (F*’)~1, respectively.
Writing Efjb for the entries of E*, the horizontal ET Twiss parameters and phase prop-
agate according to

(EsbBe — Efbat)” + (E%)

b
_ ) 5.110
& det(E™) pa (5.110)

1
W = S E B | (E3iBs — Eghas) (ESBS - Efhat) + EBES|, (611D
yﬁ’ =ui+ operatornameataﬂ(Eg, Ei’l{ — Eféaﬁ’c) , (5.112)
1+ (ab)?
b= # (5.113)
B

The vertical formulas follow by replacing E? with F*’, x with y, and mode 1 with
mode 2.
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5.4 Turn-by-turn motion in the RDT formalism

54.1 Complex Courant-Snyder coordinates

Using the Edwards-Teng normalized coordinates defined in equation (5.61), the com-
plex Courant-Snyder variables are

hg+ = §£ipg = /21,7 . (5.114)
Thus h; - = g —ip,; and

The normal-form generating function is expanded as

F=Y" fiamh, H5 hy  hy' . (5.116)
jklm

To first order in the RDTs, the turn-by-turn motion is

(5, N) = v2Ie® =21 Y jfis) (2L IH1D/2 (21, ) m)/2

jklm
x ell(1=j )@t (m=1)@,] (5.117)
hy,—(s,N) = | /2Lye'® —2i ; lfj(ksl% (21) U722, o =1)/2
JKim
w eil(k=))@x+(1=1+m)®,] (5.118)

Here @, = 27tQxN + 95 s 0 and similarly for y.
At first order in lattice perturbation theory, the local RDT at observation point s can

be written as o
5 8180

_w
fjklm (S) - 1— ezni[(]._k)Qx‘F(l_m)Qy} (5119)

The coefficient hy, jx1;, is the corresponding Hamiltonian coefficient of source w. For a
thin skew quadrupole, h, 1001 and /iy, 1010 have the same local strength factor, propor-

tional to
Kls,w A/ ,Bx,wﬁy,w /4}

their different global behavior comes from their phase factors and resonance denom-
inators in equation (4.7).
In particular,

o =)

f1001 (S) - 1— e2”i(Qfoy) ! (5120)
Z h.u)’lOlOei(A()bX,w%s +A¢y,w‘>5)
. w
howle) = 1 — 27m(Qx+Qy) (5.121)



90 CHAPTER 5. LINEAR COUPLING

5.4.2 The four linear-coupling monomials

Reality of the Hamiltonian implies

Fikim = fijm- (5.122)

Hence

fori0 = fioorr  foro1 = fio1o- (5.123)

In the reversed local reference frame used by Xtrack, x — —x, px — px, v — y, and
py — —py- Reversal conjugates the phase factors in equations (5.120) and (5.121); at
the same time the skew-quadrupole strength changes sign, Ki¢ = —Kj,. This sec-
ond sign cancels the minus sign arising from the conjugated resonance denominator.
Therefore

1001 = fiom1 = for1o, 1010 = fio10 = foto1,
fotlo = fio01, foio1 = fio10-

Only terms with j > 0 enter hy, ., whereas only terms with [ > 0 enter hy,—. Equa-
tions (5.117) and (5.118) give

(5.124)

hy = /2L —2i, /21, ( Froo1e® + floloe—@y) (5.125)
hy— = (/21 = 20V2L (o™ + froroe ™) . (5.126)

The difference-resonance term fj99; produces the opposite-plane line with the same
sign of frequency; the sum-resonance term f1910 produces the negative-frequency con-
tribution. In a real position signal these two contributions interfere at the same ob-
served tune line.

5.5 Observable position and momentum amplitudes

5.5.1 Normalized-coordinate signals

Using g = Rehy,— and p; = —Imhy ., the horizontal signal becomes
(N) = v/2I, cos Dy + 2, /21, Im[( Froo1 — ffom)e@y} , (5.127)
5x(N) Y ZIX Sin q)x + 2 ZIy Re [(flOOl + ffOIO)eiq)y:| . (5128)
Similarly,
Y(N) = /21y cos @y +2+/21; Im [(f1*001 - ffmo)eiq)"] , (5.129)
py(N) = = /2L, sin @, + 2v/2L; Re(fion + fiono)e' ™| (5.130)

The four basic combinations are summarized in table 5.1.
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Observable Cross-mode complex coefficient

x frommode 2 fio01 — fi10
px frommode 2 fi001 + f1p10
yfrommodel  (fip01 — fi010)*
py frommode 1 (fio01 + fi010)*

Table 5.1: RDT combinations controlling the cross-plane mode projection.

For a particle carrying both mode actions, the measured position-line ratios are there-
fore

A0 VL | fr001 — fiotols (5.131)
A X
Aigg;; =2 % | f1001 — f1010]- (5.132)

Az (Q I .

ﬁ =2 ﬁ | f1001 + frotols (5.133)
A=~

% =2 % | fi001 + fio10]- (5.134)

5.5.2 Mais—-Ripken and RDT amplitude identities

Ax(QZ) _ ]_2 @

A(Q1) \/;\/ Bx1’ (5139
_ I [Bn

A,(Q) ~ \ﬁ \ B (5136)

Identifying J; = I and J> = I, to the working order gives

1 x .
T = 54 f % = | f1001 — fio1ol (5.137)
ry = %\/ [;_ﬁ = | f1001 — f1o10/- (5.138)

From equation (5.19),
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These are exact identities for the matrix-equivalent RDTs defined in section 5.6; for
the source-summed perturbative RDTs they hold to first order in the coupling.
The normalized momentum in plane g is

_ xgq + Bgp
qu 9P

5.139)
q B (
V Fq
Using the Mais—Ripken projection matrices, define
1 2 ) 2
Th = 5\/ P “’f "1“’“2 e (5.140)
X
=5 P = 2yPutn + By (5.141)
Py — o ,Byz . .
Then
"5, = |.fioor + flotol, (5.142)
"5, = |fi001 + frotol- (5.143)

Thus the position projection selects the difference of the two complex coupling terms,
while the normalized-momentum projection selects their sum.
The interference structure is explicit:

7z = | fioor|* + | fror0* — 2 Re(f1001 f1010), (5.144)
7%, = | fioor|* + | froro[* + 2 Re(fio01 fi010). (5.145)
ry = |faoo1 > + | fior0* — 2 Re(fr001 fiono), (5.146)
5, = froo1|* + [ frotol* +2Re(froo1 fiono)- (5.147)

Consequently, even a relatively small f919 produces a first-order modulation of a
Mais-Ripken position ratio around | f1g01]-

5.5.3 Physical canonical-momentum ratios

The Mais—Ripken functions give directly

Apx (QZ) ]2 Yx2

A N N sy 5.148
p«(Q1) JiV s (5.148)

Ap,(Q) 1 [ (5.149)
py (Q2) J2\/ 12

Because p; = (pg — «4q)/+/By, the pure RDT combinations are mixed by &,. The
corresponding lattice ratios are

1 [yx _ !f1001 + flowo T ix (1001 —f1*010)| (5.150)
2V ra \/1—|—IXJZC

PN

NP
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1 /1 | fio01 + fro10 — iay (fro01 — f1010)] (5.151)
'7y2 . '

2 N

At an ET waist, where a; = 0, the physical and normalized momentum ratios coin-
cide.

5.6 Exact matrix-equivalent RDTs from W

5.6.1 Definition from the normalized coupling matrix

The Edwards-Teng construction in section 5.3 provides ¢ and the normalized cou-
pling matrix C directly from W, before any RDT is introduced. In the Xsuite RDT
convention, the corresponding exact matrix-equivalent linear coupling RDTs are

from = 212 Z;(CH ten) (5.152)
fio0 = 2 o Z;(CH — sz). (5.153)

Relative to the convention used in the original matrix-Hamiltonian formulas of Calaga,
Tomads, and Franchi [31], the Xsuite convention applies an overall minus complex con-
jugation to each of these two RDTs.

Conversely,
I + R —
¢ -2 m(fio01 + fro10)  Re(fro10 = froon) | | (5.154)
Re(f1001 + fio10) Im(f1001 — fio10)
Its complex row combinations are
c11 +1ic1p = —Zig(f1001 — fl*OIO)’ (5.155)
(85} + iC22 = 2g(f1001 + f1*010)/ (5.156)
(—C_)ll + i(—c_)lz = —2ig(flo01 — fio10)/ (5.157)
(—=C)a1 +i(—=C)22 = 28(f1o01 + f1010)- (5.158)
These four identities are the matrix counterpart of equations (5.127) to (5.130).
Equation (5.85) becomes
detC = 4¢° (|f1001|2 - |f1010\2) , g = 12 AT (5.159)
1+ 4(] fi001|> — | fio10/%)

Thus g = 1+ O(f2y01, f7o10), €xplaining why it is absent in the first-order orbit for-
mulas while canceling exactly from the amplitude ratios. Combining equations (5.88)
and (5.89) with equations (5.155) to (5.158) immediately yields the exact amplitude
identities in equations (5.137), (5.138), (5.142) and (5.143).
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5.6.2 Direct extraction of the coupling RDTs from the normal-form
matrix

The matrix-equivalent RDTs can be obtained directly from W without first recon-
structing all four real entries of C. Assume the coordinate order (x, px, v, py) and that
columns 3 and 4 of W belong to the vertical-like mode 2. As stated in equation (5.63),
W is already assumed to be in the ET phase gauge.

The complex mode-2 eigenvector is therefore

vy = W;/g + iW;,4z U2y > 0, (5.160)

with a real, positive physical ¥ component. The mode-1 phase does not enter the
following calculation because its Mais—Ripken functions are phase invariant.

Next obtain g from the principal horizontal Mais-Ripken functions and recover the
horizontal ET Twiss parameters:

gz =/ Bx1vx1 — [XJZCl/ 8= ng (5.161)

By = %, ty = %. (5.162)

The quantities By, ay1, and v, are obtained from the first two columns of W through

equation (5.15).
Apply the inverse horizontal ET normalizer to the horizontal components of v;:

Mo ) _opct P2 ) 2 v2:/ /P . (5.163)
Up, Y \vay, (ax02,x + Bx02,p. )/ /B

By equation (5.86), A; Wy, = C, so these two complex numbers are
Uy = c11 +1icqy, Up, = C21 + icoo. (5.164)

Substitution into equations (5.152) and (5.153) finally gives

 Up, 1y
fro01 = ig (5.165)

_ (up, —iux)”
fro10 = i (5.166)

This is the direct route used by an implementation based on the complex mode-2
eigenvector of W.



Chapter 6

Synchrotron motion

We collect here some relevant properties and quantities of the longitudinal particle
motion.

The momentum compaction factor is defined as:

Ko = %/C (6.1)

where C is the closed orbit path length. The slip factor is defined as (positive above
transition):

_Af(s/fo L 6.2)

The slippage over a single turn is given by:

A7 = —BocAT = —Boc(T — Ty) = —Poc (% — %0) (6.3)
The kick in energy from an RF cavity is given by:
AE = qVggsin (27thgr fot + ¢rE) (6.5)
— gVgesin (—27thpg + ¢RF> (6.6)
= qVRpsin (_27TfRF% + <PRF) (6.7)
from which:
Ap; = % = Z‘ggz sin <—27(pr% + (PRF) (6.8)

95
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6.1 Linearized motion

We expand around the synchronous fixed point at longitudinal position {y, where the
RF frequency is fRF = hRFfO = hRF‘BOC/C:

Ap; ~ TVEE gin (—ZNfRF& + (PRF) - M(C — o) cos (—Zﬂfmrﬁ + 4)1{1—“)

BiEo Poc B3Eoc Boc
(6.9)
We define the synchronous phase as
Ps = —27TfRFQ + ¢rE (6.10)
Poc
and the longitudinal displacement as
{=0-0o (6.11)
obtaining:
V] 2 VRE =
Ap; =~ quF sin ¢ps — wgcos ¢s (6.12)
BoEo PoEoc
We assume that the energy deviation of the stable fixed point is zero, giving
2 1% _
Ap; =~ —m Cos Ps{ (6.13)

ﬁ%EQC

6.2 Smooth approximation

In the smooth approximation we smear the RF kicks and the slippage uniformly along
the ring. The equations of motion become:

dp;  Apg -
4 - ¢ K (6.14)
i Ay

s~ C — pe (6.15)

where we have used the approximation from Eq. 1.49:
0L 1=0~p; (6.16)
and we have defined the smooth-approximation longitudinal focusing factor:

_ 21mqVRefrr

= 6.17
’ ,B%CE()C 0 4)5 ( )

We derive the second equation and replace the first:

2L
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The motion is stable if
nKs >0 < ncosps <0 (6.19)
In that case the solution is harmonic:
’(s) = Cacos (ﬂs) + Bsin (%s)

= {4 cos (271Qss/C) + Bsin (2rQss/C) (6.20)

where {4 = {(0) and p;, = p;(0) denote the initial conditions. The synchrotron tune
is

g1 freCVre
21
Qs = /1K 527_[ \/ Znﬁ%Eoc E cos s (6.21)
We replace
frRF = hrepoc (6.22)
C
obtaining:
gnhreVRrE
=,/ ———— 6.23
Qs \/ 272 Eo Cos s (6.23)
Replacing Eq. 6.20 in Eq. 6.15:
2mQs , 5 .
pr=— 7C (—asin (271Qss/C) + Bcos (2Qss/C)) (6.24)

Replacing s = 0:

271Qs
= — 2
from which:
17C
= Ton.Pe T —BcPias (6.26)
where we have defined:
nC
= 27
B 0. (6.27)

Replacing

C(s) = {acos (2nQ%) — p¢,Besin (27IQS%) (6.28)
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_ la . 5 5
pe(s) = ﬁ_g sin <27‘(QSE> + p¢, cos (27‘(QSE> (6.29)

These expressions can be recast in Courant-Snyder form:

{(s) = y/Bges cos (ZHQS% + <I>S,g—) (6.30)
pr(s) = \/;:SC cos (2an% - <I>s,pg) (6.31)

with the longitudinal emittance and phases determined by the initial conditions {a=
¢(0) and pg, = p;(0):

. Ber: 6.32)
‘Bé Ca

®,; = atan2(Brpg,, Ca) (6.33)

D5y, = atan2(—a/Bg, pi,) (6.34)

The two phase offsets differ by 71/2 (modulo 27), consistently with the sine/cosine
quadrature between coordinate and momentum in a simple harmonic oscillator.

In the longitudinal plane we can take the Twiss parameter a; = 0, since the longitudi-
nal focusing is weak compared to the revolution scale and can be treated as constant
around the ring.

For a matched bunch with longitudinal emittance ¢;, the rms beam sizes read

0z = /B¢ s (6.35)
Oy = ;—2 (6.36)
so that
070p, = & (6.37)
and equivalently
B = % (6.38)
Op;

and the longitudinal envelope rotates in phase space with tune Q.

6.3 Kick-drift model

For the kick-drift mode we want to rewrite the Eq. 6.13:

Ap; = CKsZ (6.39)
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6.4 Hamiltonian of the synchrotron motion

In this section we use the time in the laboratory frame as independent variable as
done in the PYHEADTAIL longitudinal treatment. In this section we also include the
effect of a reference momentum change of AP, per turn.

We assume small energy deviations, hence we can consider the coordinates (, ) to
be canonically conjugate (6 < 1 =6 ~ p; - see Eq. 1.49).

The longitudinal motion can be described by the following Hamiltonian:

2, PocARy,  qo 1 o &
H(Z,6) = 2;7;3 '+ 5 B POZZ thos( Znhlc+qb1 (6.40)

This can be proven using Hamilton’s equations:

g oH

_dt 85 = —;7‘30(;(5 (6.41)
ds  OH _ PocAPRy | qo y C

dat 8_6 C P +POC i Visin ~2rhic +(Pl 04

The coordinate change over one revolution is:

_dg C
_ 4
_ds C APO 4
STy R 5ocpo 2 Visin < amhic "’1) (64

which are consistent with those found in Sec. 6.

6.4.1 Fixed points

The fixed points can be found by imposing Al = 0 and A = 0. If only a single
harmonic is present a closed solution can be found:

APQ q0
— +
Bocko
We want to get an exphc1t expression for (:

Apoﬁoc
qoVRr

Vi sin <—2nthg + q>i> =0 (6.45)

= sin (—271’]’11{1:% + (PZ) (6.46)
There are two families of solutions:

AP,
arcsin (ﬂ> +2nmw = —ZnhRF 4 + PR (6.47)
9o VRE

Apoﬁoc

7T — arcsin
( qo VRE

> +2nm = —27T7’IRF 4 + ¢rE (6.48)

where 7 is an integer number. Depending on the sign of # only one family of fixed
points is stable.
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We solve for (:
C . APO,BOC) )
— —arcsin | —— | +2nrn 6.49
4 27ThRE ((PRF ( QOVRF ( :
e . [ APyBoc
¢= T <<PRF + 7T + arcsin ( Vs ) + 2n7r> (6.50)

It is possible to set ¢rr to place a fixed point of either family in = 0:

¢re = arcsin (%) (6.51)
¢RE = 7T — arcsin (Aqf(‘fg) (6.52)

It can be shown that, to have a stable fixed point in { = 0, one needs to use Eq.6.51
when 17 < 0 (below transition) and Eq. 6.52 when 17 > 0 (above transition).

6.5 RF-frequency change modeled as a shift in {

The standard cavity map is synchronized with the reference particle on every turn.
Consequently, changing the frequency in this map changes the variation of the RF
phase within the bunch, but does not by itself introduce the turn-by-turn phase slip
associated with an RF-frequency change. This phase slip can be represented by a shift
in .

Let m be the turn number and let

To = % = 1;0' (6.53)
At a cavity located at s = srr, the definition
¢ =s— PBoc (t —mTp) (6.54)
gives
- SRZOZ C L mT, (6.55)
The energy kick from a cavity with frequency frr can therefore be written as
AE = qVgpsin (271fret + PrF) (6.56)
= qVRFsin <_27TfRF% + 2nm% + (PRF) , (6.57)
where the phase at the cavity location has been absorbed into
Orr = PR + 277 frr L (6.58)

Boc’
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For frr = hgrrfo, with integer hrr, the turn-dependent term in Eq. 6.57 is an integer
multiple of 27t and the standard cavity map is recovered:

AE = qVgrrsin (—ZﬂfRF% + ¢RF> . (6.59)

Consider instead the frequency change

frE = hrefo+ Afrr. (6.60)
Substituting this expression into Eq. 6.57 gives

h A
AE = qVRF sin (—ZﬂfRF% + ZHmW + (PRF) (6.61)
— AVersi 4 AfrF
= gVRpsin —Zﬂpr@ + 2mtmhgr + 27tm 3 + ¢rF (6.62)
A
= qVgFsin (—ZNfRF% + 2nm% + ¢RF> . (6.63)

where the third line follows from m, hgr € Z and the 27t-periodicity of the sine. We
define

Boc Afrr Afrr
A =2 =C ) 6.64
CRF o far For (6.64)
Replacing Eq. 6.64 in Eq. 6.63 gives
AE = qVgpsin [—m fRFC_;?# + ¢RF} . (6.65)
0

We therefore find that the RF phase slip accumulated over m turns is equivalent to
applying the following transformation once per turn, immediately before a cavity
using the standard relative-time map:

0 +— T —Algr] (6.66)

In Xtrack, the TimeDelay element implements this transformation. Its shift_zeta
parameter is set to ARr.
For a small frequency change,

Afrr
hrefo
Since the RF frequency and revolution frequency have the same fractional change, the
definition of the slip factor gives

Afre _ Af _ —1é. (6.68)
fre. fo
The corresponding equilibrium momentum offset is therefore
1A
§=—= fRF, (6.69)
1 frF

and Eq. 6.64 can equivalently be written as
Alrpr = —1Co. (6.70)
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Chapter 7

Counter-rotating beams

In machines having counter-rotating beams, such as the LHC, it is useful to be able
to express beam coordinates for one of the beams in the reference frame of the other.
Furthermore it is also useful to be able to define the two sequences using the same
orientation. For the LHC, for example, the sequence of the LHC beam 2 is defined fol-
lowing the orientation of the LHC beam 1. In this case the properties of the elements
are specified in such a way that the built sequence is able to backtrack the physical
beam and the sequence required to track the physical beam (usually called Beam 4
sequence) can be obtained with suitable transformations.

7.1 Reversed reference frame

The reference frames for beam 4 and beam 2 are related by the following transforma-
tions:

XI=—x (7.1)
y=y (7.2)
§=—s (7.3)
F=—t (7.4)
{=-C (7.5)
Px = Px (7.6)
Py = —Py (7.7)
Pz = p¢ (7.8)
) (7.9)

where the tilde indicates the coordinates in the reversed reference frame.

7.2 Transformation of beam elements

The elements are transformed in such a way that the map implements the backtrack
of the physical beam as seen in the reversed reference frame.
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7.2.1 Horizontal deflecting cavity

In the case of a horizontal deflecting cavity we can proceed as follows.
For Beam 4 we can write:
Apyx = Vysin(¢ — wt) (7.10)

and for Beam 2 we can write:
Apy = Vysin(¢p — wi), (7.11)
Since we define the element as backtracking we can write:
APy = — Aps (7.12)

where the minus sign comes from the backtracking and no additional sign change
comes from the reference frame transformation (see Eq.7.6).
Combining the equations above we obtain:

Vysin(¢ — wi) = — Vysin(¢ — wt) (7.13)
Using Eq. 7.4 we can write:
Vysin(¢ + wt) = — Vysin(¢ — wt) (7.14)

We choose to reverse the voltage definition since also the electric field is expressed in
the reversed reference frame:

Ve =—V, (7.15)

obtaining:
sin(¢ + wt) = sin(¢p — wt) (7.16)

Using trigonometric properties we can write:

—sin(—¢ — wt) = sin(¢p — wt) (7.17)
and then:
sin(mr — ¢ — wt) = sin(¢p — wt) (7.18)
From this we obtain:
d=m—¢ (7.19)

7.2.2 Vertical deflecting cavity

The case of a vertical deflecting cavity is similar but not identical.
For Beam 4 we can write:

and for Beam 2 we can write:

Apy = Vysin(p — wi), (7.21)
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Since we define the element as backtracking we can write:

Apy = —(=Apy) (7.22)

where one minus sign comes from the backtracking and an additional sign change
comes from the reference frame transformation (see Eq.7.7).
Combining the equations above we obtain:

Vy sin(¢ — wf) = Vy sin(¢ — wt) (7.23)
Using Eq.7.4 we can write:
V, sin(¢ + wt) = —Vy sin(¢ — wt) (7.24)

We do not reverse the voltage definition as the vertical component of the electric field
does not change sign due to the reference frame transformation:

IEEIE (7.25)

sin(¢ + wt) = sin(¢p — wt) (7.26)

Hence we obtain:

Using trigonometric properties we can write:
—sin(—¢ — wt) = sin(¢p — wt) (7.27)

and then:
sin(7t — ¢ — wt) = sin(¢p — wt) (7.28)

From this we obtain:

f=m—0 (7.29)




106 CHAPTER 7. COUNTER-ROTATING BEAMS



Chapter 8

Synchrotron radiation

We collect here some relevant properties of synchrotron radiation [32]:
We assume B = |B | |.
Classical particle radius:

ro = Q?/ <4m—:0moc2> (8.1)
Curvature, rigidity, field:
1_QoB_ 08 82
PP mochy
Emitted power:
B 21’0C3Q2‘32’)/2B2
P = 32 (8.3)
Critical frequency:
_ 308%/°B
We = 2o (8.4)
Critical energy:
3QnB**B
E'yc = hw, = W (8.5)

Number of photons per unit time:

. 15V/3 P 60v3rcQB

p — 8.6
) 8 En 72 R (8.6)
Average photon energy:
_8V3_  8/3Qnp*y’B
(Er) =5 Bre = T5 = o0 (8.7)
Photon energy variance:
11 11 Q*h*B4*B2
2\ _ 2 2
<E7> ST N mg (58)
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<r‘zsA(52>:<ﬁSE%> 11 1 QW2A*B260vV3cQB Q2

== 8.9
E3 12 m3ct3 m3 72  h 4megmoc? 89)

The algorithm to generate photon energies with the appropriate distribution is de-
scribed in [33].
8.1 Damping from synchrotron radiation

The damping constants from synchrotron radiation can be easily obtained from mag-
nitude of the eigenvalues of the one-turn matrix:

ay = —log(|Ax|) (8.10)
ay = —log(|Ayl) (8.11)
g = —log(|A¢]) (8.12)
The damping acts such that:
1 dAy  ay
a1 (8.13)
where Tj is the revolution period. From Eq.3.76 we obtain:
dJy 20y
Tx_ T 14

By averaging over the beam distribution we obtain:

dex 2wy

8.2 Equilibrium emittance

This section is based on the approach described in [34].

To account for the kicks experienced by the particles due to quantum excitation we
note that the transverse momentum change due to an energy kick in the direction of
the particle motion can be written as:

Pl’leW

_ 1d
Pry" = Py pold (8.16)
From this:
pnew __ Pold

prew — pold — peld (T) 8.17)

Dividing by Py:
P?;W _ PJ?,Iyd B p)?}; pnew __ pold Dy (8 18)

Py R 2 pold '
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Using the accelerator coordinates definitions (Eqgs. 1.34 and 1.35), we obtain:

Px,
Apry =7 jry 500 (8.19)

The corresponding change in normalized coordinates can be computed from Eq. 3.46:

A% , 0
X
Apx 146
A7 0
Yol =w (8.20)
AT 0
Apg AS
Using the Eq.3.21 we obtain:
AX = KyAS (8.21)
Apy = K, A6 (8.22)
A = KyAo (8.23)
Apy = Kp,Ad (8.24)
AL = K7AS (8.25)
Apr = Kp, A6 (8.26)
where:
a + 413
Ky = % T a15> (8.27)
bi1px + biapy
ICPx — T + b15 (828)
a1 Px + A23py
,Cy = T + a25> (829)
b + by
Kp, = —2117; iy Py 4 bz5> (8.30)
a31Px + asspy
b31px + b3spy
/Cpé = T + b35 (832)

The change in action (see Eq. 3.75) associated to the first mode, due to the emission of
a photon can be written as:

1
Ax = 5 [(24 A2 + (px + Apx)* — 2 — (8.33)
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1
= [Aan + AP+ 28A% + 2ﬁxApx} (8.34)

Averaging over all particles in the beam we obtain:

1 . R
Bex = (M) = 5 ((8%2) + (Ap3)) (8.35)
Using Egs. 8.21 and 8.22 we obtain:
L2 2 2
Bex = (BJx) = 5 (/cx + ICPX> (A5?) (8.36)

Assuming that the kicks are uncorrelated we can obtain the emittance growth rate
from quantum excitation integrating over a full turn:

d 1 fC .
(%) o /0 (K2+K2,) (Na) ds (8.37)
quant

where N is the photon emission rate (number of photons per unit time), Ty is the
revolution period, C is the circumference.
By summing Egs. 8.15 and 8.37 we obtain the total instantaneous growth rate:

dey  [(dey dey 20y 1 Croa 2 A 52
i (@) o () ™ oot ame |y (51405) 006

(8.38)

By imposing the derivative to be zero we obtain the value of the equilibrium emit-
tance:

o 1
Y 4agc

C
/0 (K2 +K2,) (Nag) ds (8.39)

In the ultra-relativistic approximation:

(NAS?) = —<N(%E)2> (8.40)
8.3 Radiation integrals
Xsuite can compute the following radiation integrals:
I = ¢ (ho:Dx +ho,Dy) ds (8.41)
L — jf Ih|? ds (8.42)
I = j'{ Ih]? ds (8.43)

Iy, = 7{ (|h[2h0x +2hxk1> D, ds (8.44)
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Iy = 7{ (112hoy — 201yks ) Dy dis
I = L+ Iy = § (261 (1aDx = 1yDy) + 12 (hoxDs + oy Dy) | s
lse = § 1M ds
Isy = § B3y ds
The following quantities are used in the calculation.

¢ Horizontal and curvature of the particle trajectory:

B
e = 49
mocy
B
hy - _ xQ
mocy

* Total transverse curvature and relation to the transverse magnetic field:

h=JiE i

which is related to the transverse magnetic field by:

B=/B:+B2= hmoécv

e “Curly H” functions:

Hy = y2D? + 20, DD, + B D
H, = ny§ + 2a, D, Dy, + /.%yD;z

111

(8.45)
(8.46)
(8.47)

(8.48)

(8.49)

(8.50)

(8.51)

(8.52)

(8.53)
(8.54)

* The derivative of the dispersion D}, can be obtained from the transverse mo-

mentum dispersion D), using the relation:

dD dx’ d p
r_ vy _ax _ d Py _ B B
Dx,y - dS - d5 d5 1 + 5 (1 5)Dpx,y px,y

(8.55)

* hoy and hoy are the curvatures of the reference trajectory. The path length on the
particle trajectory is related to the path length on the reference trajectory by:

ds’ = (1 + hoxx + hoyy) ds

(8.56)

The radiation integrals can be used to compute the following quantities (where Cy
is the ring circumference, r is the classical particle radius, 7 is the reduced Planck’s

constant) :
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¢ Momentum compaction factor (unitless):

ne = h
c CO
* Energy loss per turn:
2
Us = 3rokor 2
¢ Damping partition numbers:
Lyy
— 1 _ =
=1-7
I
—1- 2
=1~
Iy
—24 2
=247
which satisfy Robinson’s theorem:
Jx + ]y +J.=4
e Longitudinal damping rate in [s~!]:
fe = Cr073(21 1)
€ 3C, 2 4
e Transverse damping rates in [s']:
3
croy
= L —1
Xy 3C, (I2 — lgy)
3
croy
= — (L -1
"= 3, 2 )

¢ Energy spread (unitless):

,  55V3hy? I

Os =

¢ Transverse equilibrium emittances in [m rad]:

_55v3ny* I

96 moc2l, + I4

Y96 mocIp — Iy
_ 55V3hy Iy

Gy N 96 mpcC 12 — I4y

(8.57)

(8.58)

(8.59)
(8.60)

(8.61)

(8.62)

(8.63)

(8.64)

(8.65)

(8.66)

(8.67)

(8.68)
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8.3.1 Derivations
8.3.1.1 Energy Loss and Second Radiation Integral

From the instantaneous radiated power,

2c3r0Q%*E?B? 2 31912
Pi=-—"=_—"—" = ZcroEy’|h 8.69

The energy loss per turn is obtained by integration around one turn.

U, — /Ps(t) dt ~ %fps(s’) ds’ = %roE’y3 }{ 1|2 ds’ (8.70)
We can assume (hg,x + hoyy) < 1, obtaining;:

2
Us = §r0E7312 (8.71)

where we have defined the second radiation integral:

I = ]é Ih[? ds (8.72)

8.3.1.2 Longitudinal Damping Rate and Fourth Radiation Integral

Following Hofmann’s analysis, the longitudinal damping rate can be written as [32]:

1 1 dus
T 2T, dE (579)
We calculate:
dus 1d N g 1d
= = cap PP A5 = o R (U ocx () + oy (E)) ds (8.74)
Using the dispersion to express x(E) and y(E):
du. d1
54! 7{ P, (1 + hoy Dy + hoyDy6) ds (8.75)
The derivative w.r.t. E is related to the derivative w.r.t. § by:
d _déd _d (E-E\d_14d (8.76)
dE dEdé dE Eo dé Epdd

Writing out the derivative then gives:

du 1 rdP P, d
dES = dES (1 + hoxDx6 + hoyDyd) + E_ZEU + hox D8 + hgyDyd) ds
1 rdPs

P,
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The derivative of P; w.r.t. E can be rewritten as:

drs 1 o0Bdx oBdy
a8 25 {E 3 (ax dE Ty dE)} (8.78)

The derivatives of the positions w.r.t. E are related to the dispersions through Eq. 8.76
dx 1dx 1

dy 1dy 1
dE  Egdé Eo '/ (8.50)
Using the fact that B = | /B% + B, the derivatives of B w.r.t. x and y are:
0B _ BydBy  BydBy
ax B ox ' B ax (8.81)
0B By0dBy  BydB,
The magnetic field gradients are defined as:
0B, 9B, . yomoc
0By 9By . yomoc

Here, k1 is the normalised normal quadrupole strength and Kj is the normalised skew
quadrupole strength, both in units of 1/m?. In the following we neglect the skew
quadrupole component and we assume that for the closed orbit we can assume 7y ~
Yo, obtaining:

dPs 1 1 ymoc kq
=2P | = B,D B,D .
=2 5 g O (B,Ds + BD) (8.85)
The curvatures in Egs. (8.49), (8.50) and (8.52) can be substituted, which gives:
dPS PS ]. 1 kl
9F ~2F lE e (hxDx — hyDy) (8.86)
Substituting Eq. (8.69) gives:
dp, 4 5 [|h)?
d—g = croEy [ : —k1 (hxDx — hyDy) (8.87)

Substituting this expression back in Eq. (8.74) gives:

dus 2 croE'y
dE ~ 3

n? k
{ 2% 1 4 gy + hogy) + 2 (heDx = Iy Dy) (1-+ o + hoyy)

2
+ u(hOXDx + hoyDy)} ds (8.88)
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The first term can be identified as I, again we assume that ho,x + hoyy < 1 and, as
stated above on the closed orbit we assume E/Ejy ~ 1. Hence, we can write:
dus 2

dE 251”0")/3 {212 —|—j{ {Zkl (hxDx — hyDy) + ‘h‘z(hOxDx + hOyDy)} ds} (889)

The last integral is identified as the fourth radiation integral, I4, given by:

Iy = 7{ {2k1 (hxDx — hyDy) + \h\z(hOXDx + hoyDy)} ds (8.90)
Hence we can write:
du.
dES 251’073(212—1—[4) (8.91)

The longitudinal damping rate is obtained by substituting this expression in Eq. (8.73):

1 3
fe = 110y
3 Trev

(212 + 14) (8.92)

8.3.1.3 Energy Spread and Third Radiation Integral

From Hofmann, the variance in the amplitude of a damped oscillator that is excited
by a short pulse ad(t) is given by [32]:

2\ _ 1 {a?)
<x > - (8.93)
Here, x is the deflection of the oscillator, 71 is the average rate at which excitation
occurs, a is the amplitude of the excitation and « is the damping rate of the oscillator.
For quantum excitation of the longitudinal emittance, we identify x as the RMS energy
dE, n1 as the average rate of photon emission, a as the photon energy and « as a., the
longitudinal damping rate. The normalised variance is then:

(de2) _1(E)
EZ  4a.E2 (8.94)

The rate of photon emission is given by:

o _ 60v/31ocQB

7R (8.95)
The variance in the photon energy is given by:
11 Q2?4 B2
2 = —_——
()= 52 w50

and the longitudinal damping rate is given by Eq. (8.92): Combining all these terms
leads to
(dE?) ~ 60v3113r0cQB Q°W*y*B* Cp 1
E2 72 124 h m3EZ  croy® 2 + 1y

(8.97)
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This simplifies to
(dE?)  55\3Q%myB3Cy 1 (8.98)
E2 96 miEZ 2L+ '
The curvature / can be substituted for B, which gives
(dE?)  55+/3hmgy*c*Cy KB (8.99)
E2 9% B2 2L+ '
Now averaging over the entire circumference of the ring gives
(dE?)\  55VBmy2Coc; 1 ds’ 553 hn? § 3 ds £.100)
E2 /9 myc 2L+I 96 moc2L+14 '
ring
The integral in the numerator can be defined as
I = 7{ h®ds’ = ]f |1]?(1 + hoxx + hoyy) ds (8.101)

This is the third radiation integral. This way, the energy spread becomes

2
<<dE >> _55V3hy? I (8.102)
ring

E% 96 moc2, + Iy

8.3.1.4 Transverse Damping Rates

The derivation in this section is valid for either x or y. To this end, u will be used
as a substitute for either x or y. The goal is to find the rate at which the transverse
emittance, €,, decreases. The emittance is given by

€, = ’yuu% + Zauuﬁul’g + ,Buu;sz (8.103)

Here, subscript B indicates that the betatron component of the coordinate value. The
total coordinates, u and u’ are a combination of the to betatron and an energy devia-
tion ¢ parts, that is

u=ug+us (8.104)
u = u;s + us (8.105)

When a photon is emitted, the coordinate does not change. This means that
du = dug +dus =0 (8.106)
The change in position due to an energy deviation is related to the dispersion through

dE dE
duy = D,dé = Dy— = —D,—2 (8.107)
Eo Eo
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Therefore
dE,

—

Eg
where dE, is the energy of the emitted photon. The angle is allowed to change due to
the photon emission, that is

duﬁ = —du5 = (8.108)

du’ = du;g + duj (8.109)

We want to express du’ in terms of the photon energy. To this end, assume that the
particle before photon emission is on-momentum, such that

uy = ug (8.110)
Following Hoffman we can write [32]:

dE
ups — g = dug = — (ufs — D') = (8.111)

Note that the emittance only depends on ug and ”;3- The change in emittance is:
de, =2 (fyuuﬁ dug + a, (ug du;s + u;g dug) + 'yuu% du%) (8.112)

Substituting Equations (8.108) and (8.111) gives

B dE, , dE, dE, ~ dE,
deu—Z{'yuuﬁDuE—oJrocu(—uﬁ (uﬁ_D)E_O+ ﬁD ) [Su ( _D>E_o
(8.113)
dE, ,
— —ZE— [((xuuﬁu’ﬁ + ﬁw%) — ('yuDuuﬁ + ocx(Duuk + Dyug) + ﬁMD;u’ﬁ)}
(8.114)

The instantaneous power radiated by a particle undergoing betatron oscillations can

be expressed as:
dP;

du

Using the chain rule for the derivative gives:

Py = Ps +

g (8.115)

dp; dP,dB P ( dB 9B, dB 9B, P, (. 9By 3B,
du  dBdu B <dBw ou ' dB, 8u) B? (Bw T ) (8.116)

Here, w denotes the other component from u. That is, if u is chosen to be x, then
w = y and vice versa. As has been done in Section 8.3.1.2, % represents the skew

quadrupole gradients, whereas aaB . The
following step is similar as deriving Eq. 8.86, which results in

dP; P; 9By hy

Py —Buw—— » =2P— ki ~k1 (8.117)
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The radiated power then becomes
hy
Py = Ps [1 + 2h2 kluﬁ} (8.118)

The energy radiated in a time interval ds’/c is then given by

Ty
dEv_Ps/de P

2 kluﬁ} dS

1+ 2—”k1u5] (1 + hOuuﬁ) ds

ol ol r\|v’§

Here, only the u-component of /1y was used, because we study betatron oscillations
only in the selected place. Furthermore, terms of second order in ug were neglected.
This result can be substituted back in Eq. 8.114, which gives

P, h,
dew = -2, { <h°“ +2h2k1> ”‘*}
[ (g + Buri?) — (ruDut + ae(Dury + Dlug) + BuDlts )| s

(8.120)

Using the same reasoning as before, the odd terms average to zero. This means only
the even terms need to be kept. This results in

. DB / ”
de, = _ZE [ (auuﬁuﬁ + ,Buu/3>

hy,
a <h0u + 2h2 kl) (’)’uDuu% + ax(D”uﬁu% + D;u%) + ﬁuD;uﬁu:L;) ] ds

(8.121)
The averages of the squared terms are
< > - —eu,Bu (8.122)
<u/;uﬁ> = —%eu(xu (8.123)
<uﬁ> = 1eu'yu (8.124)

Substituting these averages gives

P; 1 1
deu = — E |: (—Eﬁéieu + Eﬁu')’ueu)

h, 1 1 1 1
(hOu + 2h2 kl) (§7u;3u€uDu + @y (_E“u€uDu + E,BueuD;) - E“u,Bu€uDil) } ds

(8.125)
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Note that B,7, — Dé%l = 1 and that the cross terms between «,, 8, cancel. This way, the
expression simplifies to

P h
de, = _G”E_; [1 - (ho“ +2h—gk1) Du] ds (8.126)

To arrive at the change in emittance per unit time, we divide by Trey

T Aoncx {1 <h0u +2ﬁk1) Du] ds (8.127)

Finally, Eq. 8.69 may be substituted, which results in

de, 2 croy?

37 g,

[h2 _ (hzhOM n 2h,,k1> Du} ds (8.128)

Here, the second radiation integral is identified. Furthermore, the u-component of the
fourth radiation integral is found to be

Ly — ?{ <h2h0u n Zhukl) D, ds (8.129)
Thus,
de, 2 croy?
= —e o (L1 1
at €u3 Co (I2 — l) (8.130)
This is a first-order ODE, with a damping rate given by
2crgy
= Ih—1 131
3 G, ( 2 4u) (8.131)

Since the betatron amplitude is proportional to /€,, the 2 in the numerator disap-
pears. This leads to the damping constant

3
. Ccroy
S ToN

(I — L) (8.132)

8.3.1.5 Transverse Equilibrium Emittances and the Fifth Radiation Integral

The derivation in this section is valid for either x or y. To this end, u will be used as a
substitute for either x or y. The change in betatron position and angle when a photon
is emitted, denoted by ug and u% respectively, are given by

OEy
dug = Dy E; (8.133)
OEy
Suy = Dj,—— 8.134
p “"Eo ( )
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Here, JE is the energy carried away by the photon. The emittance before the emission
of the photon, €,, is given by

eulzzyuu%—kZauuﬁu%%—ﬁuug (8.135)

After the emission of the photon, the emittance has increased. The resulting emit-
tance, €, is

€wz = Yu(up + Sup)® + 2ay (up + Sug) (up + Su) + Pu(uf + up)?
=€, +2 (’yuuﬁéuﬁ + au(uﬁéu;3 + u%duﬁ) + ﬁuukdu%)
+ 'yuéu% + Zauéuﬁéu% + [3u5u/23 (8.136)

The change in the emittance is then

de, =€p—€,1 =2 (’yuuﬁduﬁ + ocu(u/;du;g + u:gduﬁ) + ,Buufgdu'ﬁ)
%—7udu%—kZauduﬁdu%%—ﬁuduE (8.137)

Equations (8.133) and (8.134) can now be substituted, which results in

dE,\?
deu = (’)/uDﬁ + ZIXMDMD; + ‘BuDLZ) (E—O’}/)

r (8.138)

+2 ('YuuﬁDx + ay, (uﬁD; + u’ﬁDx> + ﬁuu;gD;c)

The terms that are linear in ug and ”;3 will average to zero over many photon emis-
sions. Hence:

(dE2)
(deu) = (7uD} + 20D D, + Bu D7) P (8.139)
To this end, we define H,, as
H, = yuD? +2a,D, D!, + B, D/ (8.140)
Thus, the expectation on the change in emittance is

<dE§>
(dey) = My P2 (8.141)

Now, Eq. 8.94 can be used, on the transverse coordinate [32]:

(dE?)

=?gﬁ@%> (8.142)
Ej

d —
(deu) = Hu 40, E2

This gives a result very similar to Eq. 8.99

55v/3 hy? W3H,
= .14
(dew) 96 moc Ir — Iy, (8.143)
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Integrating over the entire ring gives

55v3hy% 1 3 ,
_ W3, d
) = 56 e b — L. f{ Hau ds

_55V3hy?r 1
96 moc Iy — Iy,

f BH, (14 hoyu) ds (8.144)

Again we assume hg,u << 1. We can then define the fifth radiation integral, I5,, as
follows:

Is, = jf 137, ds (8.145)

The expectation value of the emittance can be written as:

_ 55V3hy? I,

= 8.146
<€u> 96 mopc 12 — I4u ( )
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Chapter 9

Spin tracking and polarization

9.1 Spin tracking

This section is based on [35, 36].
The spin precession for a particle traveling in a magnetic field B can be written in
terms of the precession angular velocity:

QBMT = — [(1 + Cl’)/)BJ_ + (1 + ﬂ)B||:| (91)

Bppart
where 4 is the anomalous magnetic moment and B| and B are referred to the veloc-
ity of the particle.

The precession angle for a particle traveling a path length / is given by:

¢ =[Ol (9.2)

We call: Q
w=-— (9.3)

1Qf

and we define:

to = cos <£) (9.4)
2
fx = wy sin <§) (9.5)
—wosin(?
ty = wysin <2 (9.6)
ts = w; sin (%) 9.7)
The spin vector of the particle is transformed by the following rotation matrix:
(5 +t3) — (55 + 1) 2(tyty — tots) 2(tyts + toty)
M= 2(txty + tots) (F+1) — (5+1£) 2(tsty — toty) (9.8)
2(txts — toty) 2(tsty + totx) (+15) — (5 +17)
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9.2 Linear transport matrix including spin

The coordinate vector including the spin is defined as:

X
Px
X
Y
Px
Py Sx
2=l z| Weaallzgw=|"Y |, zpm=|s 9.9)
Py
) Sz
s 4
¥ )
Sy
Sz

The corresponding 9D transport matrix can be written as

(Rorb 0)
R= 9.10)
D A

We call ey, . . ., eg the eigenvectors and Ay, ..., A9 the eigenvalues so that
Rei = Aiei (911)

From the definition of eigenvectors (doing the matrix product in blocks), we can write:

Rorb €iorb = /\iei,orb (9-12)
D €iorb 1 A €i,spin = Aiei,spin (9-13)
From this:
D €jorb = (/\iI - A) €i,spin (9-14)
€ispin = ()\iI - A)_l D € orb (9.15)

9.3 Invariant Spin Field - first order computation

This section is based on [37].
We expand the Invariant Spin Field [35] function to first order

n(zop) =no+ N (zorb — z&%) (9.16)

In the following we drop all the constant terms so we simply write n(2zop) = N2zgp.
We now call zipm the ISF at zi’rb, ie.

2P = NP (9.17)
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We call z; the coordinate after one revolution. By definition of the ISF, the spin part
of z; is the ISF at zgrb, ie.

2P = Nzg™ (9.18)

We know from the structure of the one-turn matrix:
25 = Ropp2y™ 9.19)
2P = D20 4 AP 9.20)

Combining, Egs. 9.18, 9.19 and 9.20, we obtain:
NRop2{™ = D20 + AN20™ (9.21)
We specialize it for the case zfrb = ei’rb obtaining;:
AMNeS™ = Def™ + ANeS™ (9.22)

From Eq.9.12, we obtain:
De?rb = Aleipm — Aeiloln (9.23)
Replacing into Eq.9.12, we obtain:

(MI— A)NeS™ = (A1 — A)eP™ (9.24)
If (\I — A) is not singular:
Neg™ = e (9.25)
Combining this result for the six orbital eigenvectors:
(Nefl)rb ... Negrb) — (eipi“ c. eZPin) (9.26)
In matrix form: .
NEorb — Espin = N= Espin (Eorb> B (9.27)

We note that the last column of the matrix IN provides the derivative ‘é—’g which is
relevant for the computation of equilibrium polarization.

9.4 Equilibrium polarization and polarization time

This section is based on [37, 38, 39, 36, 40, 41].
In the presence of photon emission, the polarization of the beam evolves following

the equation:
t

P(t) = P(0)e i + Poq (1—¢ ) 9.28)
The equilibrium polarization and the buildup time can be computed as:

8 w_

Pog= —m— .
=5 Ba. (9.29)
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1 5V3rhy?
ot = Tg M,

ay (9.30)

where, truncating to the first order the dependence of the ISF on the phase space
coordinates, we have:

Sl g 1 on|*
TTC S 6P N FY

1 d A 0
-~z 7{ L‘?(ﬁ {zB “(ng — a—?)] (9.32)

The buildup time can be decomposed in two terms:

] (9.31)

TtO’fl pol + Tdepol (9.33)
where:
_ 5\/§r rehy® 1 ds 2 .
1 e 2
- = . 9.34
= e e (1m0 39

1 5\/51’6?1')/51 ds |11 |9n 2
Tdepol = T8 Ty, C lo(s)]® | 18 | 96

] (9.35)

9.5 Monte Carlo method for equilibrium polarization
This section is based on [39, 42].

We can define: ; X
8  $ip is- ()],

Py = 5 (9.36)
V3§ e 1= 30 &),
The equilibrium polarization and the buildup rate can be written as follows:
1
Peq = P T (9.37)
Tdepol
Tiot = Tool + Taepol (9.38)

The term Tyepo) can be evaluated using particle tracking, accounting for quantum exci-
tation from synchrotron radiation. Unlike the approach used in the previous section,
this method accounts for the nonlinear dependence of the ISF on the phase space co-
ordinates. Using Tdepol We can get from Egs. 9.37 and 9.38 estimates for Peq and Tiot
that include nonlinear effects.



Chapter 10

Coasting beams

In coasting beams, different particles have different revolution frequencies depending
on their momentum, so they perform a different number of turns over a given time.
If in the line we have collective elements which need to measure the beam distribution
at a certain location s and at a given time f, we need to ensure that all particles present
at s at the instant t are present at the element.

We define for each particle and for any couple of positions s; < sy:

52 — 851

A 1
,8) = ——— 10.1
Blsrs2) = iy =iy (10-1)
We choose an auxiliary value Bgin, such that at all times:
B(s1,52) < Bsim for all particles and any sy, s, (10.2)
) 5sim .
B(s1,s2) > > for all particles and any sy, s» (10.3)
From Bsim we define an auxiliary time interval AT as:
L
AT = (10.4)
,Bsimc

At each “turn” n we want to simulate at any collective element the time frame F;(s)
given by:

AT AT
Fu(s) = | Tu(s) — - Tu(s) + - (10.5)
where: S
Tu(s) = nAT + (10.6)
,Bsimc

We can see that intervals are contiguous; hence at any location over N turns we are
simulating a time interval of length NAT.

From Eq. 10.6 we can simply derive the following relations, which will be useful in
the following:

Tuy1(s) — Tu(s) = AT (10.7)
Ta(s2) = Tulsy) = 5— (10.8)
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We also note that the condition ¢(s) € F,(s) can be rewritten as:

AT AT
B AT S 2
2 ﬁsimc 2

We can prove the following propositions (see Sec. 10.3):

(10.9)

Proposition 1: If the time #;(s1) defining the k-th arrival of a particle at location s;
falls in the frame F,(s1), then the particle arrives at location s, > s; either in the frame
Fu(s2) or in the following frame F,;1(s7). In symbols:

tk(Sl) € Fn(Sl) = fk(Sz) S Fn(Sz) UF, 11 (Sz) forany sy < s (10.10)

Proposition 2: If the time #(s;) defining the k-th arrival of a particle at location s,
falls in the frame F,(s2), then the time of (k + 1)-th arrival at any location s; < s, falls
in the frame F,;;1(s1) or in the following frame F,;1(s1). In symbols:

tr(s2) € Fu(s2) = tka1(s1) € Fuy1(s1) U Fyaa(s1) forany s; < sp (10.11)

Proposition 3: If the time t;(L) defining the k-th arrival of a particle at the end of the
line falls in the frame F, (L), than the time t;,1(0) = t¢(L) of the (k + 1)-th arrival of
the particle at s = 0 falls in the interval F,;1(0). In symbols:

te(L) € Fu(L) = t511(0) € Fu41(0) (10.12)

10.1  definition and update
For the tracking of coasting beams we define the longitudinal coordinate ( as:
¢ =s— Boc(t —nAT) (10.13)

where s is the distance from the start of the line for the present turn, t is the absolute
time since the start of the simulation, n is the index of the present simulated time
frame.

We can write t in terms of { as:

S & AT (10.14)

" Boc  Boc

With this definition the { coordinate needs to be updated each time the particle passes
at the start of the line since across the s = 0 we can write:

{~ =L — Boc(t —nAT) (10.15)
T =0—Boc(t— (n+1)AT) (10.16)

where t is the time at which the particle passes zero (which is the same in both equa-
tions).
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Combining the two equations we can write:
It =0 — (L— BocAT) (10.17)

In standard simulations for bunched beams the simulated frame is AT = L/(Boc) ,
hence the { coordinate is continuous.

For coasting beams AT is given by Eq.10.4, hence the { needs to be updated at each
turn using;:

(t=¢-1L (1 — ﬁfzn) (10.18)

We want to translate the condition Eq.10.9 into a condition on . Replacing Eq. 10.14
into Eq. 10.9 we obtain:

AT s ¢ ) s AT
——— < | — — == +nAT | — nAT — < — 10.19
2 (ﬁOC ,BOC ,Bsimc 2 ( )
We change signs:
AT s 4 s AT
—_— > — 4+ 4 > —— 10.20
2 ﬁQC ‘Boc ﬁsimc 2 ( )
We rearrange:
AT 5 4 5 AT
—_—— < =4 =+ < — 10.21
2 IB()C [BOC ,BSimc 2 ( )
AT Bo ) AT
—Bopc— < (—s|1-— < Boc— 10.22
Bo > ¢ ( Boim Bo > ( )
from which we can write:
A A
teFu(s) < ——C<§—s(1— ﬁ0><—g (10.23)
2 ;Bsim 2
where we have defined:
AL = BocAT = Po | (10.24)
,Bsim

10.2 Handling particles jumping to the following frame

From Proposition 1 we know that during tracking particles will either stay in the
present frame or “jump” to the following one.
From Egs. 10.5 and 10.23, we know that the jump occurs when:

t>Tn(s)+% & §<—%+s(1—ﬁ"l) (10.25)

When this condition is met, the particle tracking needs to be paused for the remain-
der of the frame n (based on Proposition 1 it cannot go back to frame 1) and, based
on Proposition 2, its tracking needs to be resumed from the same location where the
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tracking was paused when tracking the following frame. As the frame index is in-

creased, ¢ needs to be updated to preserve the time of arrival:

gbefore jump = S — ,B()C (t — nAT)
gafterjump =s— Boc (t — (TZ + 1)AT)

from which we obtain:

gafterjump - gbefore jump + ﬁOCAT - Cbefore jump + AC

10.3 Proofs

We notice that from Eqgs. 10.2 and 10.3 we can write

%>ﬁim ~ (%_ﬁim)>o

1

25 %<ﬁim ~ (%_ﬁ:im>

Combining the two we obtain

0< (%_ﬁim) <

Proof of proposition 1

By definition of ,3 we can write:

b (s2) = t(s1) + Szﬁfcsl
By the hypothesis:
be(s1) > Tu(sy) — %
hence:
B(s2) > To(s1) — % + 52/;651

Using Eq.10.8 we can write:

sz—sl_£+sz—sl

te(s2) > Tu(s2) — bome 2 e

Rearranging:

<
,B sim

tk(Sz) > TH(SZ) - — 4+

AT S2 — 851 1 1
2 c

B(s) ﬁsim>

(10.26)
(10.27)

(10.28)

(10.29)

(10.30)

(10.31)

(10.32)

(10.33)

(10.34)

(10.35)

(10.36)
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Using Eq.10.31 and the fact that by hypotheses that s, > 51, we know that the last

term is positive. Therefore we can write:

AT

tk(Sz) > Tn(Sz) — 7

Similarly from the hypothesis we know:

AT
tk(Sl) < Tn(Sl) + 7

From Eq. 10.32 we can write:

AT s, —3s
Be

Again, using Eq. 10.8 we obtain:

t(s2) < Tu(s2) —

,Bsimc 2

Rearranging:

AT sy —sq 1

S2 — 51 AT S» — 51

1

te(s2) < Tyu(s2) + B3 + c <E

Using Eq. 10.31 we obtain:

AT sy —s1
te(sp) < Ty(sp) + — +
(s2) < Taloa) + 5+

Using the fact that s — s; < L and Eq. 10.4 we can write:

S2 — 851 L

= AT
ﬁsimc ﬁsimc

Replacing in Eq. 10.42 we obtain:

AT
tk(Sz) < Tn(Sz) + b3 + AT

Using Eq. 10.7 we obtain:

AT
i’k(Sz) < Tn+1(32) + 7

Combining Eq. 10.37 and 10.37 we obtain:

which is what we wanted to prove.

(S) - ﬁsim

AT AT
Tn(Sz) - < tk(Sz) < Tn+1(52) + —
2

)

(10.37)

(10.38)

(10.39)

(10.40)

(10.41)

(10.42)

(10.43)

(10.44)

(10.45)

(10.46)
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Proof of proposition 2

From the hypothesis:
AT
ti(s2) > Tu(s2) — b3
As L > sy, using Proposition 1 we can write:
AT
k(L) > Tu(L) — >
Using Proposition 3 we can write:
AT
tk1(0) > Ty1(0) — >

Using the fact that s1 > 0, we can apply again Proposition 1, obtaining:

AT

i1 (s1) > T (1) = —-

which is what we wanted to prove.

Proof of proposition 3

By definition:
te1(0) = (L)
We know that t;(L) € F,(L) hence, from Eq. 10.5 we can write:

AT
41 (0) > Tu(L) = —-
From Eq. 10.6 we obtain:
AT L
tk+1(0) > nAT — 7 + IB —
sim
from Eq.10.4 we get:
AT
and from Eq.10.6 (with s = 0) we obtain:
AT
te1(0) > Ty11(0) — 5

which is what we wanted to prove.

(10.47)

(10.48)

(10.49)

(10.50)

(10.51)

(10.52)

(10.53)

(10.54)

(10.55)
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Aperture Modelling and Calculation

11.1 Overview and definitions

11.1.1 Aperture model

The aperture module in xtrack/aperture provides a geometric model of machine
acceptance along an accelerator and tools to compare this acceptance with a beam
envelope derived from Twiss data and a halo prescription. The model is built from:

* logical profile shapes such as ellipses, rectangles, racetracks, etc., with associated
tolerances;

* placements of these profiles inside a model of a pipe section, which can be either
straight or curved (an arc segment);

* placements of pipes, pipe positions, along the survey of the machine.

When placing a profile in a pipe, or the pipe in the survey, transformations can be
given. In particular, the aperture model stores:

e (Ax,Ay,As,¢,0,1) for each profile position within the pipe, where As is the
shift along the possibly curved frame of the pipe, and where the angles follow
the usual conventions (see Chapter 2 on misalignments);

* a4 x 4 homogeneous transformation matrix for each pipe position, which spec-
ifies the placement of the pipe instance relative to the relevant survey reference
point in the survey reference frame (X, Y, Z).

11.1.2 Aperture bounds

Once a model is defined, the first step necessary before any aperture-related query is
a pre-computation of so-called aperture bounds. This is a database associating every
installed aperture (a concrete instance of a profile in the model, i.e. a particular profile
position within a pipe installed at a particular pipe position in the line) with its location
along the survey. For every installed profile the survey s positions spanning it are
computed and memorised; this is illustrated in Figure 11.1. For the common case of an
aperture i orthogonal to the survey, the bound will simply be {s;}. Aperture bounds
are used for checking the validity of the model as well as for aperture interpolation.
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Sgtart,i \
1

>

Figure 11.1: Visualisation of an aperture bound for some installed aperture i.

11.1.3 Profile shapes

Each profile shape is converted once to a closed polygon with a fixed number of
points. This is done by sampling uniformly along the path length. This gives a com-
mon polygon representation for all subsequent operations such as interpolation, ray
intersection, and point-in-polygon checks.

Circle. Radius r.

Rectangle. Half-width w and half-height h.

h Ellipse. Half-major axis a and half-minor axis
b.

Rectellipse. Half-width w, half-height h, half-
major axis 4, and half-minor axis b.

Racetrack. Half-width w, half-height h, and
ellipse-corner half-axes 4, b.




11.1. OVERVIEW AND DEFINITIONS 135

h Octagon. Half-width w, half-height h, and
w half-diagonal gap d.

Polygon. Arbitrary polygon given by
an ordered list of vertices (vp,vy,...) =

((x0,v0), (x1,y1), - - .)-

() 02
01
11.1.4 Profiles
A profile is a shape together with three tolerances:
e tol_r: radial tolerance,
e tol_x: horizontal tolerance,
® tol_y: vertical tolerance.

These effectively form a tolerance racetrack with half-width of tol_x + tol_r, half-
height tol_y + tol_r, and a circular radius of tol_r.

11.1.5 Beam envelope
The beam-envelope calculation uses:
* local optics and closed orbit values,
* beam and tolerance parameters specified by the user,
e aperture tolerances of the local profile.
In particular, halo_params define the following beam parameters:
* emitx_norm (¢yn) and emity_norm (¢, ) — normalised emmittances (unitless),
® delta_rms (drms) — root-mean-square relative momentum spread (unitless),
® tol_co (7o) — closed orbit error (in metres),
* tol_disp (fp)— dispersion tolerance scaling factor (unitless),
* tol_disp_ref (D) — reference dispersion error (in metres),
* tol_disp_ref_beta (Bp ref) — reference beta for dispersion scaling (in metres),

* tol_beta_beating (fg) - beta beating tolerance scaling factor (unitless).
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halo_x halo_y halo_r .
[ J = == = ——7 = = — -
ha halo_primary”’ h]/ ‘" halo_primary’ and h; halo_primary reference horizon

tal, vertical, and radial size of the beam in the units of betatron sigma.

The optical beam sizes for a one-betatron sigma beam are given by

szw/ijgrﬁx'fﬁf oy = \/;fgrﬁy'fﬁ'

We model the beam as a racetrack of shape determined by the parameters hy, h,, and
h. To obtain the modelled n-sigma beam envelope in metres, the racetrack defined
by the above parameters is scaled by (10, noy):

n - beam_racetrack :=n

Separately, we can build a tolerance racetrack which includes:
¢ the individual aperture tolerances tol_x, tol_y, tol_r,

* uncorrelated (also referred to as spurious) dispersion orbit shift:

% - Orms, AyD,ﬁ = fﬁ “fD * Dret -
e

By

. 5rms/
ﬁD,ref

Axp,p = fg* fD* Dret

¢ and the closed-orbit tolerance r¢o.

This racetrack can be visualised as (where 4+ denotes convolution/Minkowski sum):

halo_racetrack :=

Since racetracks are closed under convolution, we can represent our beam envelope
at n-sigmas (without including correlated dispersion orbit shift yet) as:

envelope(n) := halo_racetrack + 1 - beam_racetrack.

Depending on the algorithm this representation will be converted to a polygon (beam
envelope generation functions, bisection method for computing the max aperture
sigma) or will be used directly for analytic calculations.

In aperture calculations we must further include the orbit shift error induced by cor-
related dispersion, also referred to as model dispersion. In the case of converting to a
polygon, we can further include the in the resulting shape by ‘stretching’ it. We can
convolve envelope(n) with the line segment segment [—Vp nodel, VD model |, Where

. Dy0rms
VD model ‘= ’
D yérms
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to obtain an n-sigma beam envelope including the error related to correlated disper-
sion, as well us uncorrelated dispersion error, aperture tolerance, and the close orbit
tolerance errors. In case of analytic methods, we will usually separately consider two
envelopes shifted by +vp ;,04e] instead.

11.2 Algorithms

11.2.1 Aperture bounds

For any installed profile let (where by pose we mean the position and orientation)
* Ms; be the pose of the pipe’s survey reference point in the survey frame,

e Mr be the pose of the pipe’s origin (x,y,s) = (0,0,0) relative to the survey
reference point,

* Mp be the pose representing the installed profile’s position within the pipe
frame.

Then, the Mp \orla = Ms Mt Mp represents the position and orientation of the in-
stalled profile in world coordinates (survey frame). In order to calculate the locations
of the installed profiles in the survey frame, we perform the intersection of the profile
plane (local s = 0 in the Mp o1q frame) with the survey curve. Each segment of the
survey is defined as either a line segment or an arc segment, and we work our way
outwards from the survey reference point testing for intersection, until a valid s is
found. The bounds sgtart and sqnq are computed by projecting each 3D polygon point
of a given installed profile onto the survey curve and taking the minimum, and the
maximum values.

As mentioned in this chapter’s introduction, aperture bounds are used for checking
the validity of the model as well as for aperture interpolation. Since s; (for some
aperture i) is calculated as an aperture-plane—survey-curve intersection, and sy, ; and
Smax, are aperture extremes projected onto the survey curve, if for any aperture s; ¢
[Smin i» Smax.i], We know the model is invalid as the aperture sits outside of the machine.
Additionally, we disallow models with overlapping aperture bounds.

11.2.2 Cross section interpolation

The module is capable of computing the aperture polygons in the plane orthogonal to
an arbitrary s-position along the survey. Aperture bounds are used to find the correct
installed apertures that need to be interpolated. If the s position for interpolation sits
outside of any bounds, we interpolate the profiles on either side of s. However, if the
s position sits within a bound of some aperture i, we need to partly interpolate i — 1
with i, and partly interpolate i with i 4 1. This is illustrated in Figures 11.2 and 11.3.
Aperture tolerances are also interpolated from the neighbouring profiles.

For a query at longitudinal position s, interpolation is performed in the cross-section
plane defined by the resampled survey pose at that s; in practice the plane is trans-
formed into the pipe frame (specifically the pipe containing s, or if s falls in a gap,
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"K

Figure 11.2: Visualisation of aperture interpolation at some s, outside of any aperture
bounds. The points P and Q are obtained by interpolating corresponding vertices of
profiles on either side of s;.

Y

Figure 11.3: If s, falls within bounds of an installed aperture, some of the vertices of
the new cross section need to be interpolated with the aperture to the left, such as
point P, while other ones with the aperture to the right, such as point Q.
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the earliest preceding one in s) and the neighbouring installed profiles and the target
plane are all brought to this frame. This is done to limit numerical noise that might
otherwise be present when mixing small local quantities with world coordinates.
The profiles are uniformly discretised into the same number of points and the first
step before actual interpolation is determining point correspondence between the
profiles. This is done after projecting the neighbouring polygons into the target cross-
section plane: a cyclic shift is chosen so that the projected point ordering minimises
the sum of distances between corresponding vertices. Interpolation then proceeds by
connecting corresponding 3D vertices from the two neighbouring installed profiles
and intersecting those line segments with the target plane.

The procedure is more complex for curved pipes, where the following approximation
is employed. Note that, for a curved pipe, Mp already includes the motion along
the curved reference axis, i.e. the profile is first advanced by the pipe curvature to
its local s-location and then given its local offsets/rotations. During interpolation,
the segment-plane intersection is handled after ‘straightening’ the curvilinear frame.
Given a Cartesian frame and a curvilinear frame with curvature i (or equivalently
radius R = h~!) whose origins coincide, a Cartesian point can be transformed into a
curvilinear point as follows:

x sgn(h)y/(X+R)2+272—R
y| = Y
s R -atan; (sgn(h)Z, sgn(h)(X + R))

We can transform a plane, which is represented as a (Cartesian) normal (v, vy, vz)
attached to a (curvilinear) point (x, y, s), like so:

Uy cos(hs) 0 sin(hs)| |vx
vy | = 0 1 0 Uy
o) Lot o o] Lo

Once the two polygon points together with the plane’s point and normal are trans-
formed, we can perform the intersection in the ‘straightened” frame with the usual
algorithm. The resulting point can be converted back to the Cartesian plane with:

X (R+ x) cos(hs) — R
Y| = y
Z (R + x) sin(hs)

11.2.3 Maximum beam sigma

There are three methods currently implemented for computing the maximum number
of sigmas for which the beam fits in a given cross section; this quantity is ofter referred
toasny:

ny :=sup {n | total_envelope(n) C cross_section}. (11.1)
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____________ —VD,model
total_envelope(n) := halo_rt + 1 - beam_rt + [—Vp models VD model)

Figure 11.4: The construction of the total_envelope used in the bisection method. The
x symbol marks the closed orbit. The envelope is repeatedly converted to a polygon
for different n, until a limiting value for containment within the aperture is found
through bisection.

The total_envelope corresponds to envelope with the correlated dispersion error
applied; the precise method of the application of this error, and the computation of
n1 is what distinguishes the three different algorithms implemented in Xtrack. These
algorithms are described below.

11.2.3.1 “‘Bisection’ method

The bisection method computes 1, as the largest beam scale factor for which the full
beam envelope polygon still fits inside the interpolated aperture polygon. In particu-
lar, the beam envelope is discretised to a polygon which includes the dispersive orbit
error as a ‘stretch” described in Section 11.1.5, and visualised in Fig. 11.4. At each s
a trial envelope is repeatedly built, the algorithm checks polygon containment, and
bisects until the limiting value is found. It is the most direct geometric implementa-
tion of Eq. 11.1, but also the most expensive at O(EAK), where E is the number of

. . . h
envelope points, A is the number of aperture points, and K = 10g, (e it

the number of bisection steps, currently K < 25.

) is

11.2.3.2 ‘Rays’ method

The rays method approximates the same limit by sampling a finite set of angles 6.
For each ray direction 6, it computes the distances dphao, denvelope, aNd daper from the
closed orbit to the halo_racetrack, envelope(1), and aperture, respectively, as visu-
alised in Fig. 11.5. This calculation is analytical using a ray-at-6—racetrack intersection

. . . . Aaper—d .
formula. These are used to obtain a linear approximation of 11 &~ 7—2"—2°— which

envelope —dhalo

is then used to refine the result using Newton’s method. The dispersion-related or-
bit shift is included in the method by picking the more pessimistic of the two centroid
options when calculating the distances. The rays method is much faster than bisection
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VD model

halo_rt

halo_rt +1-beam_rt

cross_section

Figure 11.5: Let #(0,n) be the length of the ray at angle 6 intersecting envelope(n).
The rays method finds the value of 1y such that #(6, 111) — daper = 0 for each 6. Solving
this is a nonlinear problem (and in fact quartic), so we employ Newton’s method with

daper — dhalo

an initial linearly approximated guess 11 ~ . For each 0, two centroids are

envelope ™ dhalo

considered for each of the —vp model and Vp model (the x symbol marks the closed
orbit), and the smaller of the two values is taken, to include the dispersion-related
orbit shift error.

at O(number of rays), but its accuracy depends on the angular sampling density and
can be inaccurate for very flat beams, due to the fact that the sampling is done along
a single uniform direction 6.

11.2.3.3 “‘Exact’ method

The exact method is similar to rays in that it evaluates 17 using analytically obtained
distances. Instead of scanning a single set of rays, the search is performed along two
sets of rays, as visualised in Fig. 11.6. First, the beam centroids are computed along
one set of rays, using the halo_racetrack and including the dispersion-related orbit
shift. Then, for each centroid position, another set of rays is emitted to calculate daper,
the distance to aperture from that point, and denyelope, the distance to the boundary

of envelope(1). One the most pessimistic case is found, 1y := e This method

o d envelope

is slower than rays, as the complexity is O((number of rays)?), it is nevertheless more
performant than bisection.
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halo_rt
cross_section

daper

Figure 11.6: The exact method finds 7n; as the minimum value of across all

envelope

61, 62, and considering both —vp 0d4el and Vp moder closed orbit shifts (the x symbol
marks the closed orbit).



Chapter 12

Field expansion for s-dependent
magnetic field

The SplineBoris element reconstructs a three-dimensional static magnetic field from
the field components and their transverse derivatives on the reference axis. This chap-
ter describes the expansion used for that reconstruction. The derivation follows the
method presented in Ref. [43], specialized to the straight reference frame supported
by SplineBoris.

12.1 Scalar-potential representation

Inside a current-free aperture, a static magnetic field satisfies

Vx B =0, V-B=0.

Locally, the first equation allows the field to be written as the gradient of a scalar
potential. We use the sign convention employed by the symbolic field generator,

B =Vo. (12.1)

The opposite convention, B = —V®, is equivalent after changing the sign of ®. The
divergence equation then gives Laplace’s equation,

V2P = 0. (12.2)

The local coordinates (x,y,s) form a straight Cartesian frame, with s along the refer-
ence axis. Expand the potential in powers of y,

& n
Q(x,y,5) = ) (pn(x,s)%. (12.3)
n=0 '
Substitution into Eq. (12.2) gives

Pura(x,5) = — (32 +02) u(x,9). (12.4)
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Therefore only ¢ and ¢; are independent; every higher coefficient follows from the
recurrence. For example,

@ = go+ypr— 4 (32 +8) oL (B +8) puto - (125)

This form also makes clear that the even powers of y are determined by ¢y, while the
odd powers are determined by ¢;.

12.2 Independent longitudinal functions

The two independent functions are expanded in x as

¢o(x,5) = co(s) + ) am(s)%, (12.6)
m=1 ’
o m—1
¢1(x,8) = m; bm(s)h, (12.7)
where c{(s) = bs(s). Applying Eq. (12.1) on the plane y = 0 gives
o m—1
By(x,0,s) = m);l am (s)h, (12.8)
w m—1
B,(x,0,5) = m[_;l bm(s)h, (12.9)
Bs(0,0,s) = bs(s). (12.10)

Consequently, the longitudinal input functions have a direct interpretation:

amlex
— 2 X 12.11
am(s) T |,y ( )
0"~ 1B,
bu(s) = = , (12.12)
x=y=0
bs(s) = Bs(0,0,s). (12.13)

Thus, knowledge of Bs on axis and of the successive transverse derivatives of By and
By on axis is sufficient to reconstruct all three field components around the reference
axis. Since the reconstructed field is obtained from a harmonic scalar potential, it
satisfies both static Maxwell equations used above.



Chapter 13

Spatial Boris Integrator

This chapter describes the spatial Boris-like integration method implemented in the
Xsuite SplineBoris element. The method builds on the original Boris particle pusher [44],
its analyses in Refs. [45, 46], and spatial-stepping formulations in Refs. [47, 48]. It inte-
grates the relativistic Lorentz—force equations in a general, possibly nonuniform mag-
netic field, using the longitudinal coordinate z as the independent variable. Tracking

is performed in a straight reference frame; curved reference frames are not supported.
The algorithm has a symmetric drift-kick-rotation-kick—drift structure.

The magnetic-field representation supplied to the integrator is described in Chap. 12.
The method preserves the total momentum magnitude exactly. Its reduced map in the
variables (x,y, Py, P,), as well as its extension to the accelerator variables (x, y, P, Py, t, E),
preserves phase—-space volume exactly. For smooth magnetic fields away from P, = 0,
the fixed-length transfer map is reversible and second-order accurate in C!. Under
field-free entrance and exit conditions, its symplectic defect is of order O(Az?).

13.1 Lorentz-force equations in spatial form

For a charged particle in a static magnetic field B(r),

dP dr P
ar AW B g =v=n

v (2

In the absence of electric fields, the total momentum magnitude
P=|P|=,/P2+ P2+ P2
is constant in time.

Switching from time to the spatial coordinate z as the independent variable:

with relativistic factor

d d dP g dr P
E_UZ& — E—FZ(PXB), E—P—Z
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This reformulation is meaningful only on intervals where P, stays nonzero and does
not change sign, so that z can be used as a valid independent variable. In what follows
we restrict to the forward branch

P, >0,

so every occurrence of P, is understood as the positive root

P.=+,/P?—P2—P2.

For backward propagation one would instead keep the negative branch consistently
throughout.

13.2 Integration algorithm

Since v, = P,/ (7ym), the infinitesimal relation between t and z is

dt 1 ym E
B 13.1
dz o, P, c2P,’ (13.1)

where E = 7ymc? is constant in the magnetic-only case. For a finite step Az, the elapsed
time is approximated by a midpoint rule:

_oymlAz  EAz

At (13.2)

- 7
P z,mid 2P z,mid

where P, ;,,jq is the longitudinal momentum evaluated at the midpoint of the step
(after the first half-kick).
Writing B = (By, By, B;), the equations of motion are

dx_&

ax 13.
dZ PZI ( 3 3)
dy Py
&= B (13.4)
dt ym E
R T 1o
dP, q q
o = (BB~ P:B,) = L(PB.) By, (13.6)
dp
d—zy - Pi(PZBx — P,B.) = qB, — Pi(PxBZ), (13.7)
z z
dp

The constant-magnitude constraint

P, = +,/P2 — P2 — P2

is enforced algebraically at each sub-step on the forward branch.
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The motion is advanced over a spatial step Az by a symmetric Boris-type composi-
tion. More precisely, one first performs a half drift to the midpoint (xy, y;, z,), evalu-
ates the magnetic field there, and then keeps the resulting midpoint field B(xy, y5, z1)
fixed during the central kick-rotate—kick sequence. Thus, for general nonuniform
B(x,y,z), the implemented step is not literally the exact Strang splitting of the full
variable-coefficient operator D + K + R; rather, it is a symmetric midpoint-frozen ap-
proximation of that splitting. Here D denotes the drift in (x, y), K the transverse kicks

from By, By, and R the rotation generated by B..

13.2.1 Step 1: Half drift in (x,v)

o= x4+ Az Py
N
The magnetic field is evaluated at (xy, vy, z).

Az Py Az
2

13.2.2 Step 2: First half-kick from B,, B,

At this midpoint, compute

Pz,mid = \/Pz - (Px_)z - (py_)z'
Using Eq. (13.2), the elapsed time increment is

A
At = m Z.
Pz,mid

The total time is updated as ¢’ = t + At.

13.2.3 Step 3: Rotation from B,

]/h:]/‘f‘?F, Zp =2+ &
z

During this sub-step, By = B, = 0 and only B; acts. The transverse equations become

dPx:q_BZp ﬂ:_q_sz
dz p, Y dz P,

The exact solution over one step Az is a planar rotation with angle

_ gB;Az

0
P,

The Boris update replaces this with the Cayley-transform rotation

_ gB:Az g_ 2T 1-T17

T = , Y
2P, mid 1+ 12 1+ 12

(13.9)

(13.10)
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so that
P =CP; +SP,, (13.11)
P/ =—-SP  +CP,. (13.12)

Equivalently,
P'=P +P xt, P"=P +P*xs,

with¢t = (0,0,T) and s = (0,0, S). This is a planar rotation by the angle 2 arctan T, so
it preserves | P, | exactly while approximating the exact angle 6 to second order in Az.

13.2.4 Step 4: Second half-kick
Repeat the same transverse increments:

qAz
2

qAz

Pl —pi— =

B,  P,=Pf+1"B,.

13.2.5 Step 5: Recompute P, and second half-drift

\/P2 — (P2

Advance the positions by another half drift:

, Az P, Az P )
x:xh+7ﬁ, y—yh+2P,, z =z+ Az

13.2.6 Complete algorithm summary

Given (x,y,z, Py, Py, P, t) :

(i) P. = /P2 — P2 — P2,

(if) x =g 22k +AP =2+ 5,
h 2 PZ/ yh y 2 PZ h 2
e —_— AZ - AZ
(111) Px _ qz By’ P = Py + qz By,
P \2 ymAz

1 s = 2 _ )2 — )2 = .
(iv) pz,rmd \/P (Px ) (Py ) - 1 +<mc> , O Pz,mld’
() t' =t + At

gB.Az . 2T 1-T?

(vi) T = S

7 - IC:—/

2P, mid 14 T2 14 T?
P =CP; +SP,, P/ = -SP; +CP,,
qA
2
(viii) P, = /P2 — (PL)2 = (P2,

qAz

z p n
5 By, By=P +73

(vii) P, = P} —

BX/




13.3. PHASE-SPACE VOLUME PRESERVATION 149

x4 320 B2
607 =0+ T = o,

2P” 7 =z+4+ Az

13.3 Phase-space volume preservation

The spatial Boris step preserves volume exactly in both the reduced mechanical vari-
ables and in the extended accelerator variables:

det(D®) =1 for (x,y, Py, Py),
det(DY) =1 for (x,y, Py, Py, t,E).

The proof is given in the following subsections by decomposing the method into its
elementary substeps.
The continuous Lorentz flow in time preserves the six-dimensional Liouville volume
element

dxdydzdP,dP,dP;.

The spatial Boris algorithm studied here is a different object: after fixing the momen-
tum magnitude P and using z as the independent variable, the discrete dynamics is a
reduced map in the variables (x, y, Py, P,), with

P, = /P2 — P2 — P2

reconstructed algebraically. We first show that this reduced four-dimensional map
preserves the Euclidean volume element dx dy dP, dP, exactly, and then extend the
result to the accelerator variables (x,y, Py, Py, t,E).

13.3.1 Reduced four-dimensional map

Denote by D 1 the half drift in coordinates, by K ! the half kick from the transverse field
(Bx, By), and by R the rotation generated by BZ The full step is their composition:

Dy, = D% OK% oR OK% o D%, (13.13)

Since the determinant of the total Jacobian is the product of those of the individual
substeps, it is enough to show that each one has determinant one.

e (a) Half driftin (x,y):

Az P Az P,
X/ZX-I-TF;C, ]//:]/4‘?%, P;ICZPx; P;:Py-

Since P, depends only on (P, Py), the Jacobian has block form

I
D®p, = ,
2 0 I

det(D®p, ) = 1.
2

and therefore



150

CHAPTER 13. SPATIAL BORIS INTEGRATOR

* (b) Half kick from (By, B,): During the kick the coordinates are fixed,

Az Az
P, =P, — qTBy(x, Y,2n), P; =P, + qTBx(x,y,zh), X'=x9 =y,
so the Jacobian has block form
I 0
Doy, = ,
2 x 1

and hence
det(DCIDKl) =1.
2

(c) Rotation from B,: During this substep the midpoint coordinates (x, y, z;,) are
held fixed, so B, = B;(x,y, z;) is a frozen parameter of the rotation map. Write
the transverse momentum in polar coordinates,

Py =rcos¢, P, =rsing, P, = \/P?—r2

The Boris rotation preserves the transverse norm exactly, so

/

r=r, ¢ =¢—a(r;x,y,z),

where

IX(T‘; x,y,Zh) — zarctan(qu(xly,Zh)Az) .

2P,
For each fixed (x, y), the Jacobian in the momentum variables (7, ¢) is
1 0

D CI)R = s
) —o,a(r;x,y,2z) 1

whose determinant is 1. Since dPydP, = rdrd¢ and 1’ = r, the Cartesian area

element is also preserved:
dP;dP, = dPy dP,.

Because the rotation leaves the coordinates unchanged,

/ /
X =X, y =Y,

the full four-dimensional Jacobian has block lower-triangular form

I 0
Dor = (P, Py) | -
* _—
3(Py, Py)

where the lower-right block has determinant 1. Therefore

det(D®g) = 1.
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13.3.2 Composition of the substeps

Combining the three determinants gives

det(DCIDAZ) = det(D@Dl) det(DqDKl) det(DCIDR) det(DCIDKl) det(DCI)Dl) =1.
2 2 2 2

Therefore the full reduced map preserves the four-dimensional volume element ex-
actly:
dx'dy’ dP, dP, = dx dy dP, dP,.

13.3.3 Extension to accelerator variables

Introduce the extended variables
u - (x/y/PXIPy/t/E)/

where E = ymc? is constant in the magnetic-only problem. On the positive-energy
shell one may write

1
P(E)= VE —nm?ct, D= \/P(E)z ~ P2 P2,

so the reduced map depends smoothly on E away from P, = 0, and the arrival time
is updated by

t' =t+g(x,y,Px, Py, E),

with ¢ given by the midpoint rule in Eq. (13.2). The extended one-step map has the
form
Y(U) = (Paz(x,y, Py, PjE), t+g, E).

Its Jacobian matrix is block triangular:

0Dy, 0 0Dy,

d(x,y, Py, Py) oE

DY = 9g 1 %8
d(x,y, Py, Py) oE

0 0 1

This matrix is not block diagonal: the row associated with the time update may be full,
because the arrival-time increment ¢ depends on (x, y, Py, Py, E ). The determinant is
nevertheless unaffected by this row. Indeed, writing

a9z 08 38

X — (xly/PXIPy)/ A aX 7 aE 7 c= aX/ - aEI

one has
A 0 b

DY =|c¢c 1 d
0 01
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Expanding the determinant along the column associated with ¢, which has only one
nonzero entry, gives

Ab
det(DY) = det (O 1) = det(A).

Therefore

det(DY) = det( IPa: )

a(x,y, Py, Py)

Hence the extended map preserves the six-dimensional Euclidean volume element
dx dydP,dP,dtdE

exactly.

13.3.4 Interpretation

The precise statement proved here is a Jacobian statement:
det(D®,;) =1 for the reduced map, det(D¥) =1 for the extended map.

This establishes exact volume preservation in the chosen reduced and extended vari-
ables. It should not be confused with a proof of symplecticity.

13.4 Reversibility and second-order accuracy

It is possible to prove that one step is reversible,

O, =01

and that the full fixed-length transfer map is second-order accurate in C':

D) — g = O(h?),
D®F — Do = O(h?).

Second-order accuracy in C! means that both:
e the tracked particle coordinates converge with error O(h?); and

¢ the map’s first derivatives with respect to the initial coordinates—its Jacobian or
response matrix—also converge with error O (h?).

The asymptotic notation is defined first, while the proof of the statements above is
given in the following subsections.
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13.4.1 Asymptotic notation

All order estimates in this section are meant uniformly on the compact region of
phase space under consideration, for sufficiently small step size. For a family of maps
Rj,(U), the notation

Ry (U) = O(hP)

means that there are constants C > 0 and sy > 0, independent of U in that compact
region, such that
”Rh(u)” < Ch* for 0 < h < hy.

The notation
Rp(U) = O (hP)

means that both the map and its derivative with respect to the initial condition U
satisfy this bound:

IRy (W) < ChP,  |[DRy(U)]| < ChP.

Thus, if two maps differ by an Oc1(h”) remainder, then both the maps themselves
and their Jacobians differ by O(h”).

13.4.2 Extended mechanical system

Let
u - (x/y/PXIPy/t/E/Z)/

and let the exact spatial dynamics be the autonomous ODE

du
— = F(U),
P u)
with P, P, P P E
FU) = (2,2 ¢-YB, —gB,,qBy —qg—B,, ——,0,1),
( ) (Pz P, qu 2 Py 5 qPZ : CzPZ
where

1
P(E)= VB —nmct,  P:= V/P(E) — P — P2,

and the magnetic field is evaluated at (x,y,z). On compact sets where E > Ej > mc?
and P, > ¢g > 0, this vector field is smooth whenever B is smooth.

13.4.3 Smoothness of one step

Each substep of the algorithm is obtained from finitely many additions, multiplica-
tions, evaluations of B, the square root

P, = \/P(E)z — P2 P2,

and the rational functions defining the Cayley rotation. Since P, > ¢y > 0, all denom-
inators stay uniformly away from zero, so for |k| small enough the one-step map ¥,
isClin U, and in fact C2 in U and C3in I, uniformly on the compact region.



154 CHAPTER 13. SPATIAL BORIS INTEGRATOR

13.4.4 Proof of reversibility

For every step for which the construction is well defined, the spatial Boris step is
reversible:
O, =, (13.14)

The step is the symmetric composition
q)h == Dh OK;l ORhOKh ODh.
2 2 2 2

Starting from the final state and applying the same construction with step —h, the
tirst backward half drift returns exactly to the same midpoint (X, Y, z1,), so the same
magnetic field is used. The backward half kick undoes the last forward half kick, the
Cayley rotation with parameter —T is the inverse of the forward rotation, the second

backward half kick undoes the first forward half kick, and the final backward half
drift returns to the initial position. ]

13.4.5 Proof of second-order accuracy

Assume B € C® on a neighborhood of the compact region visited by the exact and
numerical trajectories, and assume P, > ¢y > 0 there. Then, for & sufficiently small,
one Boris step is a C! map of U. Moreover, if t = L/N with N € IN, the projected full
map over fixed length L in the six variables (x, y, Py, Pyt E ) is second-order accurate
in Cl:

DL — g, = O(?), DOL—Dg,=0(H?), (13.15)

uniformly on the region of interest, where ¢ denotes the exact transfer map of the
spatial Lorentz system over length L.

13.4.5.1 First-order consistency
Write p. P B
_ (= 2y _(_ _ 945z
dw = (G ), U= (B, @) =T

The first half drift gives

h h h
X :x+§dx(u), Yn :y+§dy(u), =245,

and therefore, by smoothness of B,
B(xhl Yhs Zh) = B(x' Y, Z) + O(h)

Equivalently,
k(xh,yh,zh) = k(U) + O(h),

where the O(h) term denotes the difference between the midpoint-evaluated kick
tield and the kick field at the initial state. The first half kick gives

(1) = (1) 2460w = () + 3000 w000,
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and smoothness of P, on the region P, > ¢( gives

1 1

Pz,mid:Pz+O(h)r 2 " - P
Z,mi z

Thus

_ hqBe(xp ynzn) _ h 2

and the Cayley coefficients satisfy

T

C=1+0(?), S=hw(l)+O(H).

The rotation step therefore yields

()= () w3 ) o

After the second half kick,

P, Py p.B: — 4B
() () () o
y y qu_quBz

Since Py — Py = O(h) and Py — P, = O(h), the second half drift gives

P,
x'=x+h5+0(h2), v =y+hL+ 0.
PZ PZ
Similarly,
! __ E 2 ! __ ! __
t_t+hC2PZ+(9(h ), E'=E, z =z+h.

Collecting all components,
@, (U) = U+ hF(U) + O(h?), (13.16)

uniformly on the compact region.

13.4.5.2 Second-order local defect

Because @y, is C? in U and C? in h, consistency gives an expansion
@, (U) = U+ hF(U) +HAU) + O (K2)
for some C! function A(U). Using the same expansion for ®_j, inserting
V =&,(U) =U+hFU) + O(h?),
and expanding F(V) and A(V) around U, one obtains
@ 5, (V) =U+ 1 (2AMU) — F(U)FU)) + O (h?).
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By reversibility, Eq. (13.14), this must equal U. Hence
1

A(l) = EF'(U)F(U),
and therefore )
Py(U1) = U+ hE(U) + P (U)E(W) + Oci (1), (13.17)

The exact flow ¢, of the ODE has the same Taylor expansion, as shown in Sec. 13.9, so
the difference between Egs. (13.17) and (13.24) is an O1 (k%) remainder. In particular,
both the maps and their Jacobians differ by order h>:

D, (U) — gu(U) = O(1®),  DPy(U) — Dy (U) = O(K), (13.18)

uniformly on the compact region.

13.4.5.3 Global state error over fixed length L
Let U, = ®}(Up) and V;, = @,,,(Up), withnh < L, and lete, = U, — V;,. The next-step

error is
ent1 = Un+1 — Vi1 = Pp(Un) — @ (V).
Add and subtract ®,(V;):
€pn+1 = ((Dh(un) - q)h(vn)) + (q)h(vn) - (Ph(vn))'
Taking norms gives
lentall < 1@ (Un) = @y (Vi) | + 1P (Vi) = @ (V).
The second term is the one-step local defect. By Eq. (13.18),
194 (V) = @n(Va)l| < CI.

For the first term, Eq. (13.16) implies

D®,(U) = I+ hF'(U) + O(K?),

uniformly on the compact region. Since F’ is bounded on the compact region, this
gives the operator-norm bound

ID®, (W) <1+ Ch

for all U in the region and all sufficiently small h. To compare @, (U,) and P, (V;),
write

@) (Uy) — (V) = /01 DDy (Vy + 5(Uy — V) (U — Vi) ds.
Taking norms and using the uniform bound on D®;, gives
[0 (Un) — B4(Vi) | < (1+Ch)[[ Uy — Vall = (1 4+ Ch) el
Combining the two bounds yields the recurrence
lewsall < (1+ Ch)lea] +CH.
Since ¢y = 0, the discrete Gronwall lemma in Sec. 13.10 gives

lea|| < Ch*  for0 < nh < L. (13.19)
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13.4.5.4 Global tangent-map error

Let
An = DCI)Z(U()), Bn = D(pnh(uO).

Thus A, is the Jacobian, with respect to the initial condition Uy, of the numerical
transfer map after n steps, while By, is the corresponding Jacobian of the exact transfer
map over the same distance nh. For the numerical map,

Uyy1 = O (Up) = Py(P)(Up)) .-

Differentiating with respect to the initial condition Uy and applying the chain rule
gives
DO (Uy) = Dy (P} (Up)) D} (Up).

Since @}/ (Up) = U, and A, = D®j}(Up), this becomes

Api1 = D®y(Uy) Ay
Similarly, for the exact flow,

Vi1 = @us1yn(Uo) = @n(@un(Uo)) -
Differentiating gives
D@ (us1)n(Uo) = Dop(@un(Uo)) Denn(Uo)-

Since ¢,;,(Uy) = V, and B, = D¢,;,(Up), we obtain

Byy1 = Dy(V) By
We next compare the one-step tangent maps evaluated at U, and V},. By the triangle

inequality,
1DP;,(Un) = Depp(Va) | < [|DPy(Un) — Dy (Un) |

+ [Den(Un) — Doy (V) |-
The first term is bounded by Eq. (13.18):

|D®y,(Uy) — Doy (Uy)|| < CH.

For the second term, set G,(U) = D¢y, (U). The mean-value theorem, applied now to
the map Gy, gives

1Gr(Un) = Gp(Va)|| < sup [[DGy(Vi +s(Un — Vi) || [[Un = Vaul.

0<s<1
Here DG, = D?@j,. From the Taylor expansion of the exact flow,
pu(U) = U +hE(U) + O (1),
we obtain, after differentiating twice with respect to U,

D?¢,(U) = hF"(U) + O(K?).



158 CHAPTER 13. SPATIAL BORIS INTEGRATOR

Since F” is bounded on the compact region under consideration, it follows that
ID?gu(U)|| < Ch.

Therefore
|Dgy(Uy) — Dop(Va)|| < Ch||Uy — Vi)

Using the state-error estimate (13.19), this gives
| Doy (Uy,) — Dey(Vyy)|| < ChCh* < CH.

Combining the two bounds, we obtain

IDD),(Un) — Doy (V)| < CH.
Since |[D®;,(Uy)|| < 1+ Chand ||B,|| < C uniformlyon 0 < nh <L,

1Ans1 = Bugall < (1+ Ch)|| Ay — Bul| + C°.
With Ag = By = I, another application of Sec. 13.10 yields
|A; — Ba|| < CH*  for0 < nh <L. (13.20)

Equations (13.19) and (13.20) prove Eq. (13.15) in the autonomous variables U =
(x,y, Py, Py, t, E,z). Because both the numerical and exact updates advance z exactly
by h, projecting after N = L/h steps onto the six variables (x,y, Py, Py, t, E) preserves
the same C! error order. 0

13.5 Global symplectic defect at field-free boundaries

The reduced mechanical variables used inside the algorithm are not canonical vari-
ables in the presence of a magnetic field, so there is no reason to expect the interior
slice-to-slice map to be exactly symplectic with respect to the constant canonical ma-
trix S. However, a different statement becomes available for the full transfer map
from entrance to exit when the two ends of the region are field-free. The statement in
this section is formulated entirely in the canonical entrance/exit variables and does
not rely on interpreting the interior slice-to-slice Boris map as symplectic. Under the
tield-free boundary assumptions made precise below, the Jacobian M of the full nu-
merical entrance-to-exit map satisfies

MTSM — S = O(h?)

over any fixed propagation length L. The mechanism behind the scaling is simple.
In canonical boundary coordinates, the exact full transfer map is symplectic. If the
numerical full transfer map and its tangent map both approximate the exact ones with
global error O(h?), then inserting M = T + O(h?) into M " SM — S immediately yields
an O(h?) symplectic defect for the full map. This is a statement about the entrance-
to-exit transfer map only; it does not assert symplecticity, or a canonical symplectic-
defect estimate, for the interior slice-to-slice Boris updates. The proof is given in the
following subsections by combining exact symplecticity of the continuous boundary
map with the C! accuracy estimate from Sec. 13.4.
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13.5.1 Additional boundary assumptions

In addition to the regularity and P, > ¢y > 0 assumptions of Sec. 13.4, assume that
the entrance and exit lie in field-free neighborhoods and choose a gauge such that
A = 0 in those neighborhoods. Then canonical and mechanical transverse momenta
coincide at the entrance and exit:

px:er Py:Py-

13.5.2 Boundary variables and symplectic matrix

Let
¢ = (x,px Y, Pyt —E)
be the canonical boundary state vector. At the entrance and exit, this is equivalently

g — (x,Px,y,Py, t,_E).

In this ordering, the canonical symplectic matrix is

01 0 0 0 O
-10 0 0 0 O
g 0 0 01 0 O
0O 0 -1 0 0 O
0 0 0 0 0 1
0 0 0 0 -10

To justify the exact symplecticity of the entrance-to-exit map, recall the standard spa-
tial Hamiltonian reduction for a static magnetic field. Let A(x, y,z) be a vector poten-
tial with V x A = B and ¢ = 0. The relativistic energy relation in canonical variables
is

E* = mPct + & [(Px —qA)? + (py — 9Ay)* + (p= — qAZ)Z} :

On the forward branch P, > 0, solving for p, gives

E2
pz = qAz + \/c_2 —m?c® — (px — qAx)* — (py — qAy)*.
Using z as the independent variable, the associated spatial Hamiltonian is

K(x,v,2,px, py, E) = — pz.

Then the exact dynamics of { = (x,px, ¥, py,t, —E) is governed by the canonical
Hamilton equations

d
d—g — SV:K(E,2).

Therefore, for every fixed propagation length L, the exact transfer map in the bound-
ary variables is symplectic.
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13.5.3 Exact and numerical maps

Let ¥! be the exact transfer map over a fixed length L, and let
T =DY*

be its Jacobian matrix in the boundary variables &. Since Y’ is the exact flow of the
spatial Hamiltonian system in canonical variables, its Jacobian satisfies

TTST = S. (13.21)
Let ®F be the full numerical map over the same fixed length L = N/, and let
M = Do}

be its Jacobian matrix in the boundary variables. By Eq. (13.15), and because canonical
and mechanical momenta coincide at the field-free boundaries,

M—T = O(K?). (13.22)

13.5.4 Proof of the main result

Under the assumptions stated above, for any fixed propagation length L,

M'SM—-S=0(?) ash—0. (13.23)
Write
M=T+E,  E=0(P).
Then
M'SM—S=(T+E)'S(T+E)-S.
Expanding gives

M'SM—-S=T"'ST—S+T'SE+E'ST+E'SE.

By Eq. (13.21), the first term vanishes. Since T = O(1) and E = O(h?), the remaining
terms are O(h?), O(h?), and O(h*), respectively. This proves Eq. (13.23). O

13.6 Volume preservation of the exact spatial flow

The volume-preservation result proved in Sec. 13.3 is a property of the discrete spatial
Boris map. The corresponding exact magnetic-only dynamics has the same volume-
preservation property, away from the singular set P, = 0. We use the standard im-
plication recalled in Sec. 13.7: a smooth vector field with zero divergence has a flow
with unit Jacobian determinant.

First, in the original time-parametrized Cartesian variables, the Lorentz equations
preserve the six-dimensional Liouville volume element

dxdydzdPydP,dP;.
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Indeed, writing
d P dP P
T, — =qg— x B(r),
dt  ym
the position part has zero divergence with respect to r, since P/ (ym) is independent
of position. The momentum part also has zero divergence. Explicitly, since B is

independent of P,
Vp- <q£x3) _ 1y, (lpr)
m m v
_ 1y, (1) . (PxB)+1Ve-(PxB)|.
m v Y
1 P
O

which is parallel to P, and hence orthogonal to P x B. The second term is also zero,
since

The first term is zero because

Vp- (P x B) =9dp,(P,B; — P.By) + apy(Psz — PyB;) +9p,(PxBy — PyBy) = 0.

This is consistent with the usual Hamiltonian statement in canonical variables. Let
A(r) be a vector potential, B = V x A, and define the canonical momentum

p=P+qA(r).

In the canonical variables (7, p), the magnetic-only motion is Hamiltonian, and there-
fore preserves the canonical phase-space volume element

dxdydzdp,dp,dp..

The change of variables from mechanical to canonical momentum has Jacobian

Jdr,p) I 0
or,P) gorA I ’

whose determinant is one. Hence

dxdydzdpydp,dp, = dxdydzdPydP,dP-.

Thus the canonical Liouville volume and the mechanical Cartesian volume used above
are the same volume element.
Now fix the energy, equivalently the momentum magnitude P, and use z as inde-
pendent variable on the branch P, > 0. The exact reduced spatial system in X =
(x,y, Py, Py) is

dx Py dy Py

dz P’/ dz:P_Z'
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dp, P, dp, P,
—q-YB, — 4B =Y 0By — g-XB
dz qPZ 2= 4Py dz 17 qPZ o

P, = /P2~ P2—F2,

and the magnetic field is evaluated at (x, y, z). Since P, depends only on (P, P;), and
B depends only on position, the divergence with respect to X is

P, P,

P P,
1 1
= qupy aPX FZ - qupx apy FZ .

o (2B 5 (L\_ &
P\p )~ P M\p, )~ P¥

the two remaining terms cancel, and therefore

where

Using

Vx-F=0.
By Sec. 13.7, the exact reduced spatial flow therefore preserves
dx dy dPy dP,.
Equivalently, at fixed z, one may introduce transverse canonical momenta
px = Pr +qAx(x,y,2), py = Py +qAy(x,y,2).
The transverse change of variables

(x,y, Px, Py) — (x/]// Pxs Py)

again has triangular Jacobian

X,y pxpy) (I 0
o(x,y, Px, Py) « 1]’
and determinant one. Therefore

dxdydpydp, = dxdy dP, dP,.

The reduced mechanical volume preserved by the spatial flow is therefore the same
volume as the corresponding transverse canonical volume.
The extended accelerator variables add

dt E dE

o=, SEoo
dz 2P, dz
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The corresponding vector field in (x, y, Py, Pyt E ) has divergence

E
vx-P+af(

CZP) +2£(0) = 0.

Again by Sec. 13.7, the exact magnetic-only spatial flow also preserves the extended
Euclidean volume element
dxdy dPy, dP,dtdE.

Since the change from (Py, P;) to (px, py) has unit Jacobian and leaves t and E un-
changed, this is equivalently the preservation of

dxdydpydp,dt dE.

The discrete result in Sec. 13.3 may therefore be viewed as exact preservation, by
the algorithm, of the same reduced and extended volume elements preserved by the
continuous spatial dynamics.

13.7 Divergence-free vector fields and volume preserva-
tion

For completeness we recall the standard argument connecting zero divergence with

volume preservation. Let

du
E—F(u)

be a smooth autonomous system in R", and let ¢, (Uy) be its flow. Define the Jacobian
matrix of the flow with respect to the initial condition,

J(z) = Do, (Uy).
Differentiating the flow with respect to Uy gives the variational equation

% = DF(¢g:(l0))J,  J(0) =1

By Jacobi’s formula for the derivative of a determinant,

d _ —1dJ
&det]—det]tr(] &) .

Substituting the variational equation gives

d

4 det] = det] tr(]*lDF(qoz(Uo))O :

Using cyclic invariance of the trace,

tr(]—lDP]> — tr(DF) = V - F.
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Therefore

% det D (Up) = (V- F)(9z(Uo)) det D (Uy).

If V.-F =0, then

d
e det D¢, (Up) = 0.

Since Dgo(Up) = I, one obtains
det Do, (Up) =1

tor all z for which the flow is defined. Thus the Euclidean volume element is pre-
served by the flow.

13.8 Consistency check for the parallel case

To verify the accuracy when the true Lorentz force vanishes, consider a uniform mag-
netic field B = (By, By, B;) and an initial momentum exactly parallel to it, P’=uB
with constant « > 0. Physically, P must remain constant:

dP _ q

- = — g 0
i~ pPxB) =0 Pi=P

13.8.1 Step 1: Half-kick

_ Az _ Az
Py =aB - 128, By =aB,+TZB.

13.8.2 Step 2: Rotation expanded
Let B2 := B2 + Bﬁ. From the half-kick we have

. Az _ Az
Py =uB— 2B, Py =aB,+ TZB.
Compute the transverse magnitude:
272
_ _ q°Az
(P )2+ (Py 2 = o283 + L5 B2,
Hence s
_ _ q°Az
Pzz,mid = P? - (P; )2 - (Py )2 = ‘Xng - TB%_
Expanding the square root,
2A72 B2
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Therefore

1 1 g* Az B3 .
=— 14 —=——= O(Az™).
P, mid «B, ( * 82 B% - ( - )

The exact spatial rotation angle is

_ gB;Az

6 = iAz+O(Az3),

P z,mid b4
whereas the Boris map rotates by

qB;:Az
2Pz,mid

0p = 2arctan( ) =0+ O(AZ%).
Using sin 0 = 05 + O(Az%) and cos 6 = 1 — 162 + O(Az*), we obtain

3 _ Az
P} = (1-363)P; +65P; = aBy+ 128, + 0(82),

Az
P} = —6pP; + (1 103)P, = aB, — ’72 B, + O(AZ).

13.8.3 Step 3: Second half-kick

A A
P=pf - 2B, =B, +0(a), Py =P; + 1B =B, +0(a7).

All O(Az) and O(Az?) terms cancel exactly. Therefore
P’ = PY+0(AZ%).

The local truncation error per step is O(Az?), leading to a global error O(Az?) over
a fixed distance. Hence even when P || B, the algorithm preserves the momentum
direction up to second order in Az, and any residual spurious kick decreases quadrat-
ically with step size.

13.9 Taylor expansion of the exact flow

Let ¢;,(U) be the exact flow of
au _
dz
Writing U(z) = ¢-(U), Taylor’s theorem gives

E(U).

U(h) = U(0) +hU'(0) + h;u”(O) + O(h®).

Since

we have



166 CHAPTER 13. SPATIAL BORIS INTEGRATOR

Differentiating once more gives
U”(z) = F/(U(z)) U'(z) = F'(U(z)) F(U(2)),

and therefore
LI”(O) = F’(U)F(U).

Thus the exact flow satisfies

on(U) = U+ hF(U) + h;F’(U)F(U) + Oa (). (13.24)

Here O1(h%) means that both the remainder and its derivative with respect to the
initial condition U are bounded by Ch?, uniformly on the compact region under con-
sideration. This C! version is the expansion used in Sec. 13.4.

13.10 Discrete Gronwall Lemma

For completeness we record the elementary discrete estimate used in the proof of the
C! global error bounds.

13.10.1 Lemma

Leth > 0,leta, > 0,let p > 1, and let {a, },,>0 be a nonnegative sequence satisfying
apt1 < (1+ah)a, + Bh?  foralln > 0. (13.25)

Then for every n > 0,

n—1 )
an < (1+ah)"ag+ ph? Y (1+ ah). (13.26)
j=0
In particular, if nh < L, then
a, < e*lag + g(ef’i Dt (a>0), (13.27)
while for « = 0 one has
a, < ag -+ BLhPL. (13.28)

13.10.2 Proof
Iterating Eq. (13.25) gives
n—1

an < (1+ah)"ag+ ph? Y (1+ ah)F,
k=0
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which is Eq. (13.26). If « > 0, then

n—1 n_ anh __ xl
Z(1+ah)k:(1+ah) 1§e 1§e 1,
= ah ah ah

which proves Eq. (13.27). If « = 0, Eq. (13.26) reduces to
an < ag+nph? < ag+ LIV,

which proves Eq. (13.28). ]

13.10.3 Corollary used in the main text

If ap =0, p = 3, and nh < L, then the lemma gives
a?’l S Chz/

where C depends only on «, , and L, but not on & or n.
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Chapter 14

Space charge and beam-beam forces

14.1 Fields generated by a bunch of particles
We assume that the bunch travels rigidly along s with velocity Boc:

p(x,y,5,t) = po (x,y,5 — Boct) (14.1)
J(x,,8,t) = Bocpo (x,y,5 — Poct) is (14.2)

We define an auxiliary variable { as the position along the bunch:

{ =s— Boct. (14.3)

We call K the lab reference frame in which we have defined all equations above, and
we introduce a boosted frame K’ moving rigidly with the reference particle. The co-
ordinates in the two systems are related by a Lorentz transformation [49]:

ct’ = 7o (ct — Bos) (14.4)
x' =x (14.5)
y' =y (14.6)
s' =70 (s — Boct) = 710G (14.7)

The corresponding inverse transformation is:

ct =g (ct’ + Bos’) (14.8)
x =x' (14.9)
y=1vy (14.10)
s =70 (s" + Boct’) (14.11)

The quantities (cp, Jxr Jys ]s) form a Lorentz 4-vector and therefore they are trans-
formed between K and K’ by relationships similar to the Eqs. 14.4-14.6 [49]:

co’ (', ') =yo[eo (x (v, '), t (', 1)) — BoJs (x (v/, '), £ (r',t))] (14.12)
Jo(, ) =y [Js (x (', ), t (', ) — Bocp (x (v', ') , £ (v, 1)) ] (14.13)

169
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where the transformations r (1’,t') and ¢ (¢’, #') are defined by Eqs. 14.8 and 14.11 re-
spectively. The transverse components ], and |, of the current vector are invariant for
our transformation, and are anyhow zero in our case.

Using Eq. 14.2 these become:

o (1) = %p (c (v, ), £ (£, 1)) (14.14)
Jo(r,t') =0 (14.15)

Using Eqs. 14.1 and 14.8-14.10, we obtain:
o (", y,s(s', 1), (s, 1)) = po (X', 1/, s(s", ') — Boct(s', 1)) (14.16)

From Eq. 14.7 we get:

/
s(s',t') — Boct(s',t') = i— (14.17)
0

where the coordinate ' has disappeared.
We can therefore write:

1 s
"(x' s ) = — (x', ’,—> 14.18
o' («,y', 8, t') o G (14.18)

The electric potential in the bunch frame is the solution of Poisson’s equation:

achl 824)/ achl p/(x/, y/’ S/)
32 + 8y’2 + 52 €0 (14.19)
From Eq. 14.18 we can write:
824)/ a2q>/ 824)/ 1 , , S/
= —— — 14.2
We now make the substitution: .
5
= — 14.21
4 - ( )

obtained from Eq. 14.7, which allows to rewrite Eq. 14.20 as:

824)/ 824)1 1 8247/ 1
ox2 ' oy? 'Y_% o2 —vogopo (x,y,0) (14.22)

il

Here we have dropped the
by the Lorentz boost.

sign from x and y as these coordinates are unaffected

The quantities (%, Ax, Ay, As> form a Lorentz 4-vector, so we can write:

¢ = 70 (¢ + BocAy) (14.23)

As =70 (A; + f%“’%) (14.24)
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In the bunch frame the charges are at rest therefore A} = A = A{ = 0 therefore:

¢ = 109’

As = 70,30% _bo

C

¢

Combining Eq. 14.25 with Eq. 14.22 we obtain the equation in ¢:

%9 P 1 09%¢ 1
axz + ayz + 7_%862 - —5,00 (x/ylg)

14.1.1 2.5D approximation

For large enough values of g, Eq. 14.22 can be approximated by:

02 92 1
7 %=—5P0(’CI%C)

oz

(14.25)

(14.26)

(14.27)

(14.28)

which means that we can solve a simple 2D problem for each beam slice (identified

by its coordinate ().

14.1.2 Modulated 2D

Often the beam distribution can be factorized as:

po(x,y,8) = qoro(§)pL(x,y)

where:

/m(x,y)dxdyzl

and Ag(z) is therefore the bunch line density.
For a bunched beam:

/Ao(z) dz=N

where N is the bunch population.
In this case the potential can be factorized as:

¢(x,y,0) = A 0)PL(x,y)

where ¢ (x,y) is the solution of the following 2D Poisson equation:

PP, o, 1
52 T 92 T (x,y)

(14.29)

(14.30)

(14.31)

(14.32)

(14.33)
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14.2 Lorentz force

We now compute the Lorentz force on the particles moving in the longitudinal direc-
tions, including particles of the bunch itself (space charge forces) and particles of a
colliding bunch moving in the opposite directions (beam-beam forces). The angles of
such test particles are neglected as done in the usual thin-lens approximation. There-
fore the velocity of a test particle can be written as:

v = Bcis (14.34)

The Lorentz force can be written as:

F:q(—V¢—a—A+ﬁci5x(VxA))

(14.35)
Bo 9¢
We compute the vector product:
_ [0As  0Ax)\: dA; 0Ay
X(VXA)_<8x_¥)1x+<8y 85)1
_ (9As _9Ax\ o | (04 9Ay\ ., (0As 04 .
S \ox  os )7 dy 0s )7 s o0s ) (14.36)
=0
oA
= VA — N
We replace:
o
F= ( Ve— o 50 15+[5/3 Ve — ﬁﬁoa—fis) (14.37)
Y0

The potentials will have the same form as the sources (this can be shown explicitly
using the Lorentz transformations):

P(x,y,5,t) =¢ (x y,t /300) (14.38)
For a function in this form we can write:
dp 0 1 9¢
e a—g _@E (14.39)
obtaining:
2 5
F=q < <P+ﬁ s+ﬁ/3 —%a—‘é’ ) (14.40)
Reorganizing:
_ 1 Bo(B — Bo) 9s
F=—q(1-BBo)Ve— N (14.41)
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Writing the dependencies explicitly:

Feloy, () = —q(1 ~ BBo) 22 (x,, (1) (14.2)
o9, 2(0) = —a(1 = Bpo) 3, 2(6) (14.49)
FE(x,y,¢(t) = —q <1 — BBo — w> g—qg(x,y,é(t)) (14.44)

where ((t) is the position of the particle within the bunch.

14.3 Space charge

Over the single interaction we neglect the particle slippage!:

B = Po (14.45)
() =¢ (14.46)
This gives the following simplification of Egs. (14.42) - (14.44):
0
R, 0) = =401 B3 (vy,0) (14.47)
0
R, = 01— )5 (v ,0) (14.48)
0
F,0) = (1= F) 52 (5 ,0) (14.49)

In this way the force over the single interaction becomes independent of time and
therefore we can compute the kicks simply as:

AP — L F (14.50)

Boc

where L is the portion of the machine on which we want to compute the e-cloud
interaction.
The kicks on the normalized momenta can be expressed as (recalling that Py = moB7yoc):

_ moAPy _ qL(1—pBg) 99
Apx = m Py mypBic? Ox (x,v,2) (14.51)

mg APy qL(1— B3) 9¢
APy=" g = o (Y, 14.52
p]/ m PO erO’B%CZ ay (X y g) ( )

In any case one would need to take into account also the dispersion in order to have the right
slippage.
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mo AP, qL(1—Bj) 9¢

A ~ Ap, = = -
Pz =~ P, myoB3c2 of

(x,v,0) (14.53)

If the beam includes particles of different species (tracking of fragments), note that
here q and m refer to the individual particle while mg is the mass of the reference
particle.

In the modulated 2D case (see Sec.14.1.2 and in particular Eq. 14.32), the kick can be
expressed as:

_ mo APy qqoL(1— Bj) o9,
AP =Ry 0P Ao(8) == () (14.54)
mo APy qq0L(1 — ) 0P|
My =R T T e ) 5y ) (1455)
o nn _ MoAP; _ qqoL(1—B7) dA
Ao Bpz =2 g = ol A 0)¢1 (x,y) (14.56)

In some cases, for example in the case of transversely Gaussian beams, an analytic
closed form exists for the quantities ¢L and (PL but not for the potential ¢, itself.

In those cases, in order to compute the longltudmal kick, it is possible to obtain a
function ¢, (x,y) generating the same transverse kicks by computing numerically the
integral:

_ 0Prs | 9912
¢1(x,y) = /(00) ( e U 5y ) - dr’ (14.57)

14.4 Beam-beam interaction (4D model)

We consider a test particle moving in the opposite direction with velocity:

viv = —Bowc i (14.58)
sw(t) = —Bowct (14.59)

Equations (14.42) - (14.44) become:
Felx,,Ew(t) = ~a(1+ Bowbus) o2 (x,, L (1)) (14.60)
Fy (%9, Gw () = —q(1 + BowPos) (5(’“ v, ow (D)) (14.61)
E(x,y,iw(t) = —q (1 + BowPBos — ﬁoswogj 505)) a‘é’(x v, Cw(t)  (14.62)

where we have used the subscript S (strong) for the bunch generating the fields, and
the subscript W (weak) for the test particle.
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Cw (t) is the position of the test particle within the bunch generating the fields:

Cw(t) = sw(t) — Bosct = —(Bow + Bos)ct (14.63)

In modulated-2D case (Eq. 14.32), Egs. (14.60) - (14.61) become:

Fe(x,y,lw(t)) = —qq0s(1 + 50W505))\05(§w(t))a$i(x ) (14.64)
Fy(x,y, Cw (1)) = —qqos(1+ 5owﬁosmos<gw<t>>;iy<x,y> (14.65)
Fo (3, (1) = ~os 1+ Powos — PP POs)) B0 1) (1,

" ‘ (14.66)

The change in momentum for the test particle is given by:

AP — /_ "R dt (14.67)

Therefore:
APx(x,y,Cw(t)) = —qq0sNs(1 +ﬁ0w{305) 9 (x y) " Aos(Cw(t)) dt (14.68)
APy(x,y,ow(t)) = —490sNs(1 + BowBos) ny (x,y) /; Aos(Tw (1)) dt (14.69)
AP;(x,y,lw(t)) = —qq0s (1 + BowPBos — ﬁOS(ﬁOVVVOjL ﬁOS)) ¢1(x,y) /OO d/\gs (Cw(t))dt
(14.70)

Using Eq. (14.63) and Eq. (14.31) we can write:

[ aest@wtenar= o [ es@dg = N aar
Lo OSIOW (Bow + Bos)c J—co (Bow + Bos)c '
Similarly, for a bunched beam:
+oo dAos 1 /+°° dAos Ags(+00) — Ags(—00)
/—oo g g Gwlt)dt ~ (Bow + Bos)c J-o 4T ¢ (Bow + Bos)c
(14.72)
From which we can write:
mo APy q90sNs (14 BowPos) 0 |
Ap, = — = — X, 14.73
Px = " Ry mPBowyowce? (Bow + Bos) 0x (x.y) ( )
mo AP, q90sNs (1 + BowPos) 0¢ 1
Ap, = — = — X, 14.74
Pv = py mBowyowe? (Bow + Bos) 9y (:) ( )
_ moAP; _
Ape = TIH= =0 (14.75)
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14.5 Longitudinal profiles

14.5.1 Gaussian profile

The profile is in the form:

A(z) = —e 22 (14.76)

14.5.2 g-Gaussian

The profile is in the form:

M(z) = Nc—\jﬁeq (—,B(z - 20)2) (14.77)

where e, is the g-exponential function:

eq(x) = [14 (1 —q)x]}” (14.78)

C, is a normalization factor dependent on g alone:

_ Y (a)

C, = (14.79)
q
e ()
The parameter beta defines the standard deviation of the distribution:
o= ! ! (14.80)

BG-3) — PTG 3

These expressions are valid for values of the parameter g in the range of interest:

5
1<g< 3 (14.81)
In general the g-Gaussian is defined outside this range, but for smaller values it has
limited support (not of interest) and for larger values it has an undefined standard
deviation.

14.6 Beam-beam interaction (6D model, Hirata method)

This chapter describes in detail the numerical method used for the simulation of
beam-beam interactions in the weak-strong framework using the “Synchro Beam Map-
ping” approach [50, 51]. This allows correctly modeling the coupling introduced by
beam-beam between the longitudinal and transverse planes. The goal of this doc-
ument is in particular to provide in a compact, complete and self-consistent manner,
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the set of equations that are needed for the implementation in a numerical code. Com-
plementary information can be found in [52], including graphical representations of
the procedure presented in this note and several validation tests.

The effect of a “crossing angle” in an arbitrary “crossing plane” with respect to the
assigned reference frame is taken into account with a suitable coordinate transforma-
tion following the approach described in [50, 9]. The employed description of the
strong beam allows the correct inclusion of the hour-glass effect as well as the linear
coupling at the interaction point, following the treatment presented in [9].

If not differently stated in an explicit way in the following, all coordinates are given in
the reference system defined by the closed orbit of the weak beam, which is traveling
with positive speed along the s direction. The Interaction Point (IP) is located at s=0
and the crossing plane is defined by as the angle that the strong beam forms with the
s-axis. In the presence of an offset between the beams (separation), the orientation of
the reference system is defined by the closed orbit of the weak beam and the system is
centered at the IP location as defined for the strong beam. Therefore the strong beam
passes always through the origin of the reference frame.

14.6.1 Direct Lorentz boost (for the weak beam)

We want to transform the coordinates by moving to a Lorentz boosted frame in which
the collision is head-on (i.e. px = py = 0 for the strong beam and for the reference
particle of the weak beam). We call ¢ the half crossing angle and « the angle that the
crossing plane makes with respect to the x — z plane. For this purpose, we perform a
transformation which actually includes four operations (more details can be found in
Appendix 14.6.6.1 and in [52, 9]):

¢ Transform the accelerator positions and momenta into Cartesian coordinates
(which can then be Lorentz boosted);

* Rotate particle coordinates to the “barycentric” reference frame;
e Perform the Lorentz boost;

e Dirift all the particles back to s = 0 (as not all particles with s = 0 are fixed points
of the transformation, and we are tracking with respect to s and not with respect
to time).

We name the original accelerator coordinates (as defined in the SixTrack Physics Man-
ual [53]):
(X, px Y, Py, 0, 0) (14.82)

and the transformed coordinates:
(x* v, py 0,6 (14.83)

We start by computing the drift Hamiltonian in the original coordinates (we are doing
a Lorentz transformation, therefore constants matter as we are assuming that / is the
total energy of the particle):

h=5+1-/(1+8)7—p2—p2 (14.84)
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We transform the momenta:

* Px tan(P
_ _Px 14.85
Px cos ¢ S ¢ ( )
% py . tal’l(f)
= —h 14.
Py = g p sina_— p (14.86)
6* =8 — pycosatand — pysinatang + htan? ¢ (14.87)

In order to calculate the angles in the transformed frame, we evaluate:

pi=\/(1+6°)7 — pi2 — p;? (14.88)

We can now evaluate the following derivatives of the transformed Hamiltonian (from
Hamilton’s equations it can be easily seen that these are the angles in the boosted
frame):

pe= I _ Px (14.89)
opr Pz
Iy = oh ] (14.90)
dIpy P
. Oh* 0" +1
h; = 5 1 r (14.91)
These can be used to build the following matrix:
(1+ hjcosasing) h sin a sin ¢ cos o tan ¢
L= hy cos asin ¢ (1 + hy sinasin 4)) sin« tan ¢ (14.92)
hj; cos asin ¢ h}; sin & sin ¢ COIS 5
which can then be used to transform the test-particle positions:
x* X
y | =L|y (14.93)
o o

14.6.2 Synchro-beam mapping

Following the approach introduced in [50], the strong beam is sliced along z. A com-
mon approach is to use constant-charge slices (see Appendix 14.6.6.2). For each parti-
cle in the weak beam and for each slice in the strong beam we perform the following.

We identify the position of the Collision Point (CP):

¥ — as*l
S = —5 (14.94)
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Here o™ is defined in the reference system of the weak beam ( ¢* > 0 for particles at
the head of the weak bunch) while ¢ is defined in the reference system of the strong
beam ( ¢} > 0 for particles at the head of the strong bunch). S is the coordinate of
the collision point in the reference system of the weak beam (from Eq. 14.94, we can
see that particles at the head of the weak bunch, collide with particles at the tail of the
strong bunch at S > 0).

N.B. Here we are making an approximation since we are assuming that particles are moving
at the speed of light along z independently on their angles. This means that the presented
approach works only for small particle angles. It is for this reason that we need to Lorentz
boost to get rid of the crossing angle and we cannot just move to the reference of the strong
beam using a rotation (in this case the weak beam would have large angles).

We now evaluate the transverse position of the particle at the CP, with respect to the
centroid of the slice, taking into account the particle angles :

X =x" 4 piS — (¥ — PiaS) (14.95)
vV =y +p,S— (Vg — PysS) (14.96)

Here x;‘l, y;kl, pj‘c’sl and p;,sl are defined in the coordinate system of the weak beam. The

momenta of the strong slice appear with a negative sign since in the weak frame the
strong slice is travelling "backwards".

14.6.3 Propagation of the strong beam to the collision point

The distribution of the strong beam in the transverse phase-space can be written using
the X-matrix [12]:

fln) = foe M= (14.97)
where:
X
7= ’;" (14.98)
Py

Points having same phase space density lie on hyper-elliptic manifolds defined by the
equation:
n'2 71y = const. (14.99)

Further considerations on the X-matrix can be found in Appendix 14.6.6.3.
We transform the X-matrix at the Interaction Point to take into account the Lorentz
Boost:

¥ =x) (14.100)
¥ =%,/ cos¢ (14.101)
¥ =30 (14.102)

i) =%%/cos¢ (14.103)
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Y55 = Xpp/ cos’ ¢
Y39 = %9,/ cos ¢
Z24 = %5,/ cos’ ¢
Z - Z(3)3

T35 = 134/ cos¢
¥ =%,/ cos’ ¢

(14.104)
(14.105)
(14.106)
(14.107)
(14.108)

(14.109)
(14.110)

We transport the position part of the boosted X-matrix to the CP (here we are taking

into account hourglass effect, assuming that we are in a drift space):

Z11

Z

9423105 + 35952

Yiy = 230 4+ 25395 4 31052
T = Ii3 + <214 + Z23) § +X545”

The X-matrix is given in the reference system of the weak beam.

For singular cases we will also need to transport the other terms:

We introduce the following three auxiliary quantities:

i =294+ 2398
i =X 4+ 2308
5, = X3
Y =230 4 2398
Y5 =250
¥i =204 539
Z44:244

R (S) = Zikl - 253
W(S) =%7; + X3

T (S) = R? 445357

The following derivatives will be needed in the following;:

oR
S
ow
S
0],
aS
oT

as

=2(z8, - x8,) +25 (=%

_v0
_214

=2R—

+ X35 + 255,

OR oz,
55 T8

x)

=2 (8, +28,) +28 (Th + =4, )

(14.111)
(14.112)

(14.113)

(14.114)
(14.115)
(14.116)
(14.117)
(14.118)
(14.119)
(14.120)

(14.121)
(14.122)

(14.123)

(14.124)
(14.125)
(14.126)

(14.127)
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We will now compute, at the location of the CP, the coupling angle 0, defining a ref-
erence frame in which the beam is decoupled. We will call £ and § the coordinates in

the decoupled frame and £}, £%, the corresponding squared beam sizes. The angle 6

is defined as the angle between the £-axis and the x-axis.

These quantities can be found by diagonalizing the x — y block of the X-matrix. We
will make determination choices (Eqs. 14.130, 14.133 and 14.137) so that the set (6, %3, 2%;)
is uniquely defined and the coupling angle 8 lies in the interval:

T T
—— << — 14.128
1 <f< 1 ( )

Different cases need to be treated separately:

Case T>0, |Zi‘3}>0

We evaluate the coupling angle at the position of the CP in the boosted frame:

* *
Z‘11 — Z‘33

cos 20 = sgn (X} — X33) - (14.129)
* * * 2
\/(211 —X3)" + 450
Or more synthetically:
R
cos 20 = sgn(R) —= 14.130
In the following we will need also the derivative of this quantity:
0 oR 1 R oT
— [cos260] = sgn(R) | == - Y (14.131)
aS S /T 5 ( ﬁ) aS
It can be proved that [9]:
1
cosf = \/E (14 cos20) (14.132)
sinf = sgn(R)sgn(ZT3)\/% (1 — cos20) (14.133)
The corresponding derivatives are given by:
= cosf = ! i cos 26 (14.134)
aS "~ 4cos60S '
: 1 0
35 sinf = — 1sin03S cos 20 (14.135)

The squared beam sizes in the rotated (un-coupled) boosted frame are given by:

. 1 * " 2
Xy = > (Z7q +Z33) +sgn (X7 — X33) \/(Zﬁ — T4y) " + 455, (14.136)
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S 1 * 2
£y = 5 | (B + 25 —sn (%) - Z) (24 - Zp) 1 and 413

Equation 14.137 can be written in a compact form as:

(W + sgn(R)\/T) (14.138)

(W _ sgn(R)\/T> (14.139)

9 w.. 1 [/OW 1 aT
3 e 1[OW 1 aT

Case T>0, |ZT3}=0:

The treatment of the previous case is still applicable with the exception of Eq. 14.135
in which the denominator becomes zero. This happens when X7,=0, which implies
VT = |R| and therefore cos20 = 1. The case T = 0 will be treated separately later,
therefore here we can assume |R| > 0. We can expand with respect to £j;/R obtain-

mg:

DI 2
c0s20 = R| = 1 ~ 12* _~1-2 15 (14.142)
2 * 2
VR +4xi, \/1+4ZRl—g 1+2%
Replacing these result in Eq. 14.133 we obtain:
Z* Z*
sinf = sgn(R)sgn(Z}},)M =13 (14.143)

Rl R
We call Sy the location at which %], = 0. At this location we define the auxiliary
quantities:

d =53, (14.145)

We introduce AS = S — Sp and we can write using Eqs. 14.111-14.113:
Y5 = cAS + dAS? (14.146)

By taking the derivative of Eq. 14.143 and using Eq. 14.146 we obtain:

o . 1 R 5
5 sin0 = o | (c+24AS)R — =2 (cAs +dAS )} (14.147)
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In the implementation we need only the value for AS=0, which is simply given by:

0 c
—sinf = — 14
S sin 6 R (14.148)
Case T=0, |c|>0
Special care has to be taken at sections Sy at which ¥j; = X3; and Xj; = 0 as

Egs. 14.130 and 14.141 cannot be evaluated directly. Also in this case we define:
AS =S-S5 (14.149)

At the location of the apparent singularity (AS=0) we define the auxiliary quantities:

a =%}, — 5k, (14.150)
b=%5, — Tk, (14.151)
c =%, + I3 (14.152)
d =53, (14.153)

and therefore, using Eqs. 14.111-14.113, we can write:

R = 2aAS + bAS? (14.154)
Y5y = cAS + dAS? (14.155)

With these definitions the function T (defined by Eq. 14.123) can be expanded around
AS = 0 (using the Egs. 14.111, 14.112, 14.113):

T = AS? [(2a +bAS)? +4(c+ dAS)Z] (14.156)

Replacing Eq. 14.156 in Eq. 14.130 allows removing the apparent singularity:

cos 20 — |2 + bAS| (14.157)
V(20 +bAS)? + 4 (c + dAS)
This can be derived obtaining:
0 b
35 [cos 20] = sgn(2a + DAS)
V(20 +bAS)? +4 (c + dAS)

(2a + bAS)(2ab + b?As + 4cd + 4d%AS)

3
<\/(2a +bAS)? +4(c+ dAS)Z)
(14.158)

Similarly, replacing Eq. 14.156 in Eq. 14.139 we obtain:

1
S5 = g + 5sgn (ZaAS + bA52> AS| /(20 +bASY +4(c+dAS)?  (14159)
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A

S5, = g - %sgn (2aAS + bAs2) (AS| /(20 + bASY +4 (c+dAS)>  (14160)

This can be derived obtaining:

9 ey 1oW 1 ) 2 2
sg [E0] =555 + 5580 <2aAS—|—bAS )sgn(AS) [\/(Za-l—bAS) +4(c+dAS)

AS (2ab + b?As + 4cd + 4d*AS) ]

V(20 +DbAS)? + 4 (c + dAS)?
(14.161)
% [£5] %%—VSV — 1sgn <2aAS - bASZ) sgn(AS) l\/(Za +bAS)? + 4 (c +dAS)?

AS (2ab + b*As + 4cd + 4d*AS) ]

V(204 bAS)? + 4 (c + dAS)
(14.162)

In the implementation only the values at AS=0 are needed. For this case the obtained
results above can be simplified as:

2]
0820 = ——— 14.163
2va% +¢2 ( )
% [cos 26] = sgn(2a) | \/% _ _olab + 2cd) . (14.164)
as+c 2(\/a2—|—c2>
2= g (14.165)
2= g (14.166)
D ey 1OW
35 2] = 535 + sgn(2a)y/ a2 + c2 (14.167)
D e, 1OW
g [233] :Eg — Sgn(Za) V 112 + C2 (14168)

Egs. 14.133 and 14.135 can still be used to evaluate sin 6 and cos 6 and the correspond-
ing derivatives, once we assume that sgn(0) = 1 and noticing from Egs. 14.154 and
14.155 that for small AS:

sgn(R)sgn(Xj;) = sgn(a)sgn(c) (14.169)
Case T=0, c=0, |a|>0
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The treatment of the previous case is still applicable with the exception of Eq. 14.135
in which the denominator becomes zero.
For this case we can write (from Eq. 14.157) around the point where this condition is

verified: -
cos 20 = ! ~1— Zd—ASZ (14.170)
4 _4d2AS? (2a + bAS)
(2a+bAS)*

We notice from Eqs. 14.154 and 14.155 that for small AS:

sgn(R)sgn(X];) = sgn(a)sgn(d)sgn(AS) (14.171)

Replacing Eq. 14.170 and 14.171 into in Eq. 14.133 we obtain:

dAS bAS
inf = 1— 14.172
sin 6 o o ( )
which can be derived in AS = 0 obtaining:
J . d

The case in which also d = 0 is (or is equivalent to) the uncoupled case as X5 is zero
for all S.

Case T=0, c=0, a=0

Around the apparently singular point we can write:

R = bAS? (14.174)
Y1, = dAS? (14.175)
Therefore:
T =g (b2 + 4d2) (14.176)
and: ]
c0s20 = ——— 14.177
Vb2 + 442 ( )

which is a constant. Egs. 14.133 and 14.135 can still be used to evaluate sin 6 and cos ¢
while the corresponding derivatives vanish:
This can be derived obtaining:

0
35 cosf =0 (14.178)
2 .

Replacing a = ¢ = 0 into Eq 14.160 we obtain:

A

1
$x zg + 5580 (b)AS?V/b2 + 4 (14.180)
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2N =5~ %sgn(b)AS2 V b2 + 442 (14.181)
and:
0 ey 1o0W
0 1 ow

=¢ [2%] =555 (14.183)

The case in which also d = 0 is (or is equivalent to the uncoupled case) as X5 is zero
for all S.

14.6.4 Forces and kicks on weak beam particles

The positions of the weak beam particle in the un-coupled boosted frame are given
by:

X =X"cosf + 7" sinb (14.184)
2k

Yy = —X"sinb+y" cosb (14.185)

In the following we will also need to evaluate:

0 [k ox* . 0 Iy . 0 .

35 [x (G(S))} =33 cosf +x 35 [cos 6] + 33 sinf + 7y 35 [sin 0] (14.186)
J [x ox* . .0 . Iy . 0

35 [y (9(5))} =3 sinf —x 35 [sin 6] + TS cosf +vy 35 [cos@]  (14.187)

In this boosted, rotated and re-centered frame, closed formulas exist to evaluate the
following quantities:

2 al:I* % o~ A A

Fo=—Kaozr (x*,y*,zfl,zég,) (14.188)

Ya al:[* A Ak A A

y = —Kst (Y*,y ,21‘1,Z§3> (14.189)

Yy

Ak aa* Ak AKX Ay & %

Gy =— SZW <x AP YP Z433) (14.190)
11

A OT* [rsx 25 vy w

Gy = —KslaF <7 Y ,Z§3,Z§3> (14.191)
33

where U* is the electric potential associated to the normalized transverse distribution
and:

Ky = —NS;,ZSCMO (14.192)

where Ny is the number of particles in the strong-beam slice, q5; and g are the particle

charges for the strong and weak beam respectively, Dy is the reference momentum of
the weak beam.
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The minus sign in the Eqs. 14.188-14.191 comes from the definition of electric poten-

tial, i.e. E = —VU.
For a bi-Gaussian beam (elliptic) [50]:

U 1 [ ( X+ iy )
X = - aA* = ~ Im w ~ ~
* 260\/2” (£ — 25) \/2 (251 — 25)
R R 2~k % Ak )?Tl
PG | T VE Y VE
e T A
1 33 2 (2 —2%)
(14.193)
L * Ak
Ay*:_?;i = L Re w( xA—HyA )
X 260\/2” (£, —255) 2 (2 —X3)
R R X ?% LAk )::1‘1
R | T VE Y VE
I NS ST 3 B = <
1 33 2 (25 —25)
(14.194)
Ak aa* 1 LK A Lk Ay 1 2* (&*)2 (?*)2
Y ST {x BATE Y e |V 5, P <_ % a5y ) )
11 ( 11 33) 0 11 11 33
(14.195)
g oo 1 cprppr e L[ B (LGP @)
! 25 2(E —E3) i Y 2mey |\ 2, 225, 2x3
(14.196)
where w is the Faddeeva function.
For a round beam, i.e. 2{1 = 2§3 = 3%
. our* 1| )2+ 392 ] X
fro 0 o | —exp - &) A*(y I - R (14.197)
% 2meo | 23 ] @)+ {)
R A 1 B EE N 2%y \ ]
L W UG GG 9kl Ui o (14.198)
%" 2mey | 28 ] ()2 + ()3
aur i e 1 ) @)
g’\;:— = = "> " yE;—E E;—i—z & exp B —
) NP [(x 2+ (3 )z] ey 3 25
) (14.199)
o i e e 1 ) @R
gA;:_ Sx Ak Ak EE;_yE;—i_ " e S
) ) [(x )2+ (7 )2] 2mtey 3 2%

(14.200)
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We have used lower-case symbols to indicate that the factor given by Eq. 14.192 is not
yet applied.

The transverse kicks in the coupled (but still boosted) reference frame are given by:

F; = Ffcosf — F;sin0 (14.201)
F; = E{sin6 + F; cos (14.202)

To compute the longitudinal kick we notice from Eq. 14.94 that:
0 194

= =53¢ (14.203)
Therefore:
B = 20 [0 (% (005)),7 (6(5)), 5 (S), 8 (5))] (14.204)
z_ig[ (x( 'Y 7 =11\9 ), 433 .
This can be rewritten as:
1 * 0 L% * d L% * d * * d *
E = (F =5 [F 06| + £ 55 [17 (605))] + Gisg [£01(S)] + G555 [233<s>})
(14.205)

where all the terms have been evaluated before.
The quantities evaluated so far can be used to compute the effect of the beam-beam
interaction on the particles coordinates and momenta [50]:

Xty = x* — SE: (14.206)
Pxnew = Px + Fi (14.207)
View =Y* — SE (14.208)
P;,new = P; + Fy* (14.209)
Zro = 2" (14.210)

1 1 1
A [ (px +oF 4 pj;,sl) +F (py +E+ p;,sl)] (14.211)

The physical meaning of the different terms in these equations is illustrated in [52].

14.6.5 Inverse Lorentz boost (for the weak beam)

Now we need to go back to the accelerator coordinates by undoing the transformation
described in Sec. 14.6.1.
As before we evaluate:

pi=\/(1+6°)7 — pi2 — p;? (14.212)
and then:

e =Ex (14.213)
p
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p
he =2 (14.214)
Y p*
z
6 +1
hE=1- (14.215)
*
pz
We invert the matrix (14.92) using Cramer’s rule:
1 . .
Det(L) = ——+ <h§§ cosa + hy sina — h; sin 4)) tan ¢ (14.216)
cos ¢
inv _ 1
~ Det(D) ~
<ﬁ + sina tan ¢ (h;; —hy sintxsinq‘?)) sina tan ¢ (hj; cosasing — hy) —tan¢ (cosa — hfsin? asing + hy cosasinasin ¢
cos  tan ¢ (—h; + h sinasin (p) (ﬁ + cosatan¢ (1} — h; cosasin 47)) —tan¢ (sina —hy cos? asin ¢ + h% cos a sinasin ¢ (14.217)
—hg cosasin ¢ —h sinasing (1 +hy cosasing + Iy sinasinzp)

This can be used to transform the positions:

X X
y | =Ly (14.218)
o o

The Hamiltonian can be transformed with a re-scaling;:

h=h*cos® ¢ = ((5* +1- \/(1 +64)? — pi— p;z) cos® ¢ (14.219)

This can be used to transform the transverse momenta (inverting Eqs. 14.85 and fol-
lowing):

px = Py cos ¢ + hcoswa tan ¢ (14.220)
py = pycos¢ + hsinatan ¢ (14.221)

The longitudinal momentum can be calculated using directly Eq. 14.87:

§ = 0"+ pxcosatan¢ + p, sina tan ¢ — htan? ¢ (14.222)

14.6.6 Additional material

14.6.6.1 Detailed explanation of "the boost'" transformation
The reference frame transformation used in Sec. 14.6.1 can be written as [50, 9]:

*

ag g

* X
= A"'Rep 'LpoostRcaRcpA (14.223)

s* s

*

Yy Yy



190 CHAPTER 14. SPACE CHARGE AND BEAM-BEAM FORCES

Here A is the matrix transforming the accelerator coordinates (Courant-Snyder) to
Cartesian coordinates:

ct o -1 010 o
X x 0 100 X
=A = (14.224)
Z s 0 010 s
Y y 0 001 y
Rcp is a rotation matrix bringing the crossing plane to the X — Z plane:
1 0 1 0
0 cosa O sina
Rep = (14.225)
0 0 1 0

0 —sinae 0 cosw«

Rca is a rotation matrix moving to the barycentric reference frame (in which the two
beams are symmetric with respect to the s-axis):

1 0 0 0
0 ing 0
Rea = cosg  sing (14.226)
0 —sin¢g cos¢ 0
0 0 0 1

Lpoost is the matrix defining a Lorentz boost in the direction of the rotated X-axis:

1/cos¢p —tangp 0 O
—tan¢ 1/cos¢ 0 O
Lyoost = ¢ ¢ (14.227)
0 0 10
0 0 01
The momenta are transformed similarly [9]:
o* J
7| =B Rer  noosReaRerB | (14.228)
Py Py
where the transformation from accelerator to Cartesian coordinates given by:
E/c—po 10 0 )
P 01 0 0
| =g Px (14.229)
Py, 00 0 1 Py
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As explaned in Sec.14.6.1 not all particles with s = 0 are fixed points of the transfor-
mation, therefore a drift back to s=0 needs to be performed as we are tracking w.r.t. s
and not w.r.t. time. The net effect of the transformation is to move from the reference
frame of the weak beam to the boosted barycentric frame.

14.6.6.2 Constant charge slicing

We consider a Gaussian longitudinal bunch distribution:

1 5
e 2z 14.230
oV 27T ( )

We introduce the cumulative distribution function:

Az) =

—0o0

Q(z) = /Z AMZdZ = L 5+ 1erf (\/_Uz) (14.231)

We define longitudinal cuts z§"

same charge:

such that the bunch is sliced in N sections having the

n
Q(zs") = N (14.232)
Replacing 14.232 in 14.231 we obtain:
cut 1 2n
=\ 20erf” (ﬁ — 1) (14.233)

For each slice we need to find the longitudinal centroid position. For generic slice
having edges z; and z; the centroid position can be written as:

2 2
Z1 Zz

O-Z e 2(72 —e ZUZ

V27 (Q(z2) — Q(21)) (

centroid __

z zA(z)dz =

1 2
Q(z2) — Q(z1) /Z1
(14.234)

14.6.6.3 Considerations on the X-matrix description

Given the reduced X-matrix of the beam (including only position terms, no momenta):

Sy %
y= 71 B (14.235)
Y13 X33

the distribution for a Gaussian beam can be written as:
p(x) = poe X' = (14.236)
Points having same density lie con ellipses defined by the equation:

x'%~!x = const. (14.237)
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As Y is symmetric, it can be diagonalized:
Y. = VWV’ (14.238)

where the matrix V has in its columns the eigenvectors of ¥ and W is a diagonal
matrix with the corresponding eigenvalues:

1 0
W = R (14.239)
0 233

V is a unitary matrix (eigenvectors are ortho-normal):
vwi=1=vi=vT (14.240)

V can be used to transform coordinates from the initial frame to the de-coupled frame:
where X are the coordinates in the decoupled frame, i.e. the projections of of x on the
eigenvectors:

% =VTx (14.241)

Combining Eqs. 14.238 and 14.240 we can write:

yl=vwIvT (14.242)
This can be replaced in Eq. 14.237, re-writing the equation of the ellipse as:
x'VW~1vTx = const. (14.243)

Using Eq. 14.241 we obtain the equation of the ellipse in the reference system of the
eigenvectors:

"W~ 1% = const. (14.244)
which can be rewritten in the familiar form:
xAZ 92
~— + ~— = const. (14.245)
21 233

Once the Y-matrix is assigned, the one-sigma ellipse can be drawn by the following
procedure:

* We diagonalize X and we generate an auxiliary matrix defined as:
A =VVywv’ (14.246)

* We generate a set of points in the unitary circle

cost
Z= (14.247)

sint
* We apply A to t to generate points on the one-sigma ellipse:
X1, = Az (14.248)
This can be verified as follows:
X101 21X, = zZTATE 1Az = 2L (VVWV) (VIW VT (VVwVT )z
=Z2Z'VVWW IVWVTz = 2TvvTz = 2Tz =1 (14.249)
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14.7 Beam-beam interaction (6d model, Particle In Cell)

To simulate self-consistently the interaction between two bunches of particles, it is
possible to use the Particle In Cell method. The computation is done in a boosted ref-
erence frame in which the bunches move mainly along s as illustrated in the previous
section.

For this purpose, as for space charge simulations, we define a uniform 3D grid with
grid sizes Ax, Ay, Al. We note that each value of { corresponds to a different time of
arrival at the Interaction Point (IP):

sip—(

“hor (14.250)
0

gzslp—ﬁoct & t=

We simulate the interaction in discrete time intervals corresponding to the passage of
the different slices. The duration of each interval is

_ A
At = Boe (14.251)

We call t; the time at which the i-th slice is passing at the IP. The is is related to the (;
coordinate of the slice by the relation

_ s —Gi

Poc

ti

(14.252)

14.7.1 Propagation of particles during the interaction

From the conventional tracking using s as independent variable we get for all particles
the coordinates at the IP, which we call xip, px1p, y1p, Py1p, 2Z€tarp = sy1p — Boctip, where
tp is the time of arrival of the particle at the IP. Assuming the motion is in a drift space,
for each time step, we propagate the particles from the IP to their positions at the time
til

S — . S —

x (t;) = xp + Bxc (t; — tip) = x1p + PxC ( HTBOCQ — IP,BOCCIP> (14.253)

Using the fact that:

Py moyPxc _ yPx
=5 = = 14.254
P Py moyoBfoc  YoPo ( )
we can write:

x (ti) = xp + Px% (Cre — Ci) (14.255)

With the coordinates of the propagated particles we can solve a Poisson problem hav-
ing as source the 3D particle distribution at time ;. Using the fact that the bunches
are elongated and relativistic, we can solve the 2D Poisson equation instead of the full
3D problem. This procedure needs to be performed for the two colliding bunches.
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14.7.2 Time relation between the two beams

For a particle of beam 1 having longitudinal coordinate {5 we want to know the lon-
gitudinal coordinate (b7 corresponding to the section of beam 2 crossing the particle
at time ¢;.

We assume that the reference systems of the two beams are antiparallel and coincident
in transverse:

sB2 _sB2 — _ (sB1 - sIBI}) (14.256)
xB2 = —xBl (14.257)
yB2 = 4Bt (14.258)

Similarly as done in Sec. 14.7.1, we can write the s position at the time ¢; for the parti-
cles of beam 1 and beam 2:

B1
Bl (1) = B! 4 ﬁBl < ?1> (14.259)
B2 (1) = oB2 + Zgz (e -2 (14.260)

To find particles that are at the same s at time t; we replace Eqs. 14.259-14.260 in 14.256
we obtain:

Bl gB2
B2 _ B2 _ Ps Bo (81 _ B
— P2 s L0 — (14.261)

p i ﬁ]g1 51532 ( >
This relation can be used to probe the field map generated by the other bunch at the
position of each particle.

14.7.3 Computation of the kick
The transverse kick at each time step can be written as:
APP!  F.At
Bl ~ pBl
Fy Fy

Using Eqgs.14.42 and 14.251, taking onto account that the beams move in opposite
directions, we obtain:

ApBt = (14.262)

ApB! =

CBl (P
mglvgl(ﬁ‘él)z@ <1+ﬁmﬁm> “x (09 8%) (14.263)

14.8 Configuration of beam-beam lenses for tracking sim-
ulations (weak-strong)

The effects of the non-linear forces introduced by beam-beam interactions in the Large
Hadron Collider (LHC) are studied with tracking simulations using, for example, the
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SixTrack and sixtracklib codes[53, 54]. In these simulations the beam-beam interac-
tions are modeled by a set of “thin” non-linear lenses around the collision points. “6D
beam-beam lenses” based on Hirata’s synchro-beam method [50, 55, 52] are used to
model the Head-On (HO) interactions at the for interaction points (IPs) while simpler
“4D lenses” are used to model parasitic Long-Range encounters [56].

This document describes a method to configure the beam-beam lenses in tracking
simulations based on the model of the accelerator, which has been recently developed
as an evolution of existing tools in MAD-X scripting language [57]%

In particular, in Sec.14.8.1, we discuss how to reconstruct the absolute position of
the two beams with respect to the lab frame using the twiss and survey tables; in
Sec.14.8.2 we discuss how to compute the separation between the two beams; in
Sec. 14.8.3 we describe how to identify the crossing plane and crossing angle; in Sec. 14.8.6
we describe how to configure the anticlockwise beam (conventionally called beam 4)
from the MAD-X model based on two clockwise-oriented sequences; in Sec. 14.8.7 we
introduce the effect of crab cavities on the beam-beam configuration.

14.8.1 Identification of the beam position and direction

The position and orientation of the beams at a certain machine element can be ob-
tained from MAD-X combining the information from the survey and twiss tables.
We assume that:

* The sequences start from an element at which the reference trajectories of the
two beams are known to be parallel;

¢ Both beams (B1 and B2) have the same orientation (clockwise);

e Markers or beam-beam lenses are installed at the s-locations of the beam-beam
interactions.

The survey provides the coordinates in the lab frame of the two beams:

xsu

Pt = [ you (14.264)

SSU

and the corresponding set of angles (6°%, ¢, ") defining the orientation of the local
reference system used by the twiss [1]. The origin and the orientation of the lab frame
are defined by the first element in the sequence.

The components of the unit vectors defining the local reference frame with respect to
the lab frame can be obtained from the following relationship:

2The authors would like to acknowledge all the colleagues who have contributed to the develop-
ment of the MAD-X tools for the configuration of tracking simulations, on which the present work
is largely based, and have provided important input and support, in particular G. Arduini, J. Bar-
ranco Garcia, R. De Maria, S. Fartoukh, M. Giovannozzi, S. Kostoglou, E. Métral, Y. Papaphippou,
D. Pellegrini, T. Pieloni and F. Van Der Veken.
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(& 8y &) =
cos@" 0 sinf" 1 0 0 cos Pt —sinyst 0
0 1 0 X1 0 cos¢™ sing®™ | X | sing®™ cosyp™ 0
—sinf*" 0 cos0®™ 0 —sing®™ cos¢™ 0 0 1

(14.265)

The MAD-X twiss provides the transverse position of the beam in the local reference
frame (x™,y™), so that the absolute position of the beam in the lab frame can written
as

P =P +x™e, +y™e,. (14.266)

At the beam-beam locations the local reference frames for the two beams are assumed
to be aligned. This is not strictly the case in the regions between the separation-
recombination magnets (D1 and D2), but also in that case that case the existing small
divergence can be considered negligible. The beam-beam module of pymask checks
the conditions:

&)t — e < 1, (14.267)

&' —eb?|| < 1. (14.268)
Therefore we will simply define:

6, = &bl =¢b?, (14.269)

&, =& =& (14.270)

14.8.2 Computation of beam-beam separations

The beam-beam separations are defined as the transverse coordinates of the strong
beam with respect to the weak beam. They can be computed as:

Ax = & - (PS - PW) ) (14.271)
Ay =&, <PS . PW> ) (14.272)

where the superscripts identify the weak (W) and the strong (S) beam.

Typically the accuracy of the survey table is insufficient to computed the separations
correctly, especially for elements that are too far from the first element in the sequence,
due to accumulation of errors along the sequence. A correction can be computed
looking as the apparent displacement of the closest Interaction Point (IP) between the
two surveys, as the IPs are supposed to coincide.

14.8.3 Crossing plane and crossing angle

At the beam-beam encounters the local reference frames for the two beams share the
same orientation. Therefore the elevation angle « of the crossing plane and the cross-
ing angle 0 can be computed in the local reference frame, as will be illustrated in the
following.
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y
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/
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k = —
/
crossing plan®
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v

Figure 14.1: Schematic illustration of the crossing plane.

14.8.4 The crossing plane

The directions defined by the local trajectories of the two beams are identified by the
unit vectors

p" = (wa, py pd ) , (14.273)
p° = (vl p5.pf) (14.274)

containing the angles of the closed orbit obtained from the twiss of the two beams.
The plane defined by these two directions is called Crossing Plane (XP), as illustrated
in Fig. 14.1, and its equation is given by:

vxp (w1, wo) = wip" + wyp® . (14.275)

The line defined by the intersection of the crossing plane and the transverse plane
identified by the unit vectors &, and &, is given by the condition:

vxp(wy, wy) - € = 0. (14.276)
Replacing Eq. (14.275) into Eq. (14.276) we obtain:
wipl’ +wyps =0, (14.277)

and replacing this condition in Eq. (14.275) we obtain the equation of the intersection
line

w_ P s
VT(wl) = w1 (f) - p_SSA ) . (14.278)
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The elevation angle a of the intersection line with respect to the local x-direction (&y)
can be written as:

a = arctan T ‘jy (14.279)
VT - €y
Using Eq. (14.278) we obtain:
w_ P s
i
a = arctan W . (14.280)
Px' — —gPx
Ps
In the paraxial approximation (p3 ~ p!¥ =~ 1) this simply becomes:
A
« = arctan ﬂ, (14.281)
Apy
where we have defined:
Apx = py —ps, (14.282)
Apy =p) —pj- (14.283)

In the legacy beam-beam macros as well as in the configuration pymask tool, the
following logic is implemented

A
arctan (A_Py> if [Apx| > |Apy|
o — Px (14.284)
T Apy i
& —arctan (A_Py> if |Apx| < |Apy]
for which « is limited to the range:
T (14.285)
—Z SO S 4—171' .

In particular, for a purely horizontal crossing we have & = 0 and for a purely vertical

crossing we have o = 7.

14.8.5 The crossing angle
The crossing angle 8 between the two beams can be found from the relation:
cosf =p" - p°. (14.286)

The half crossing angle
o = g (14.287)
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is often used instead of 6.
In the paraxial approximation

pe <1, (14.288)
py <1, (14.289)
(14.290)

the scalar product in Eq. (14.286) can be rewritten as

p" - p° = plpi+ 1) oy + 0 pS

2 2 2
prwpi+r)§vp§+\/l—(p¥“)2— (1) V1= () - (4)

o )Y (et ()
2

2 2 2

~pipitpypyt | 1-

() (Pg“Y_ v (1) (14.29)

~ JW_S W._S .
~ py Px TPy py+1 > > >

which can be written in compact form as:

pVopS~1— 5 . (14.292)

For small crossing angle we can write:

92
cosf ~1— o (14.293)

Replacing Egs. (14.292) and (14.293) into Eq. (14.286) we obtain

0] = \/Ap% + Apj. (14.294)

The sign of 6 is defined positive when the weak beam needs to rotate in the clockwise
sense in the crossing plane in order to be brought on the strong beam. This corre-
sponds to the following sign choices:

|Apx| > |Apy‘ |Apx| < |Apy‘
Apx >0, Ap, >0 0>0 0>0
Apx <0, Apy >0 <0 >0
Apx <0, Apy <0 0 <0 0 <0
Apy >0, Ap, <0 0>0 0 <0

which are consistent with the sign convention used in LHC operation.
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14.8.6 Transformations for the counterclockwise beam (B4)

The typically used MAD-X model of the LHC consists of two sequences both having
clockwise (CW) orientation, conventionally called Beam 1 and Beam 2. To perform
tracking simulations of the anticlockwise (ACW) beam, an anticlockwise sequence
needs to be generated, which is conventionally called Beam 4. The beam-beam lenses
in the Beam 4 sequence can be configured based on the beam-beam lenses defined
in Beam 2, taking into account that the two are related by the following change of
coordinates:

xACW — —xCW, (14.295)
yAW = W (14.296)
SACW — —sCW. (14.297)

The corresponding transformation for the transverse momenta is:

pe = +pS"W, (14.298)
py = —p"W. (14.299)
This can be easily seen from the fact that:
dx
Px T (14.300)
dy
py =~ a5 (14.301)

Additionally, from Egs. (14.295) - (14.299) it is possible to derive the following rela-
tions to transform the X-matrix [55] of the strong beam:

AW = 43V, (14.302)
AW — 3OV, (14.303)
YW — W, (14.304)
oV = 42, (14.305)
AW = +35Y, (14.306)
oW = 13V, (14.307)
oW = 3§V, (14.308)
AV = 425V, (14.309)
oW = 234 , (14.310)
oW = 1z, (14.311)

(14.312)

14.8.7 Crab crossing

To discuss the effect of crab cavities, we define along the bunches of Beam 1 and
Beam 2 (sharing the same s coordinate as in the MAD-X model), the longitudinal
coordinates z1 and z;, oriented like s.
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Assuming that the slices with z; = zp = 0 collide at s=0, the collision point (CP) for
two generic slices z; and z; is at the location:

scp = 2L erzz . (14.313)

In the absence of crab crossing, the transverse position of the two beams is indepen-
dent from z:

x1 = +¢s, (14.314)
Xy = —¢s. (14.315)

Ideal crab cavities, in the linear approximation, introduce a z-dependent orbit correc-
tion such that:

x1(8) = +¢s + Ppez1, (14.316)
x2(s) = —¢s — ¢pcza, (14.317)

where ¢, is the crabbing angle and we assume, without loss of generality, horizontal
crabbing plane.

The separation of the two slices at their collision point is obtained replacing (14.313)
into (14.316) and (14.317):

Ax(scp) = x2(scp) — x1(scp) = — (¢ + Pc)(z1 + 22) - (14.318)

If . = —¢, the separation is zero independently of z; and z; (perfect crabbing).
The crab crossing in the IPs of the HL-LHC for the clockwise and anticlockwise beams
is illustrated with the relevant sign conventions in Figs. 14.2-14.5.

14.8.7.1 Configuration of beam-beam lenses for beam 1

In order to model the HO interaction for a crab crossing, the “strong bunch” is sliced
longitudinally using the constant charge method, and one beam-beam lens for each
slice is installed in the sequence.
In particular, in the sequence of beam 1, the lens corresponding to a slice of the strong
beam (beam 2) having longitudinal coordinate z, = Z; is installed at the location
where the slice encounters the synchronous particle of the weak beam (see Eq. (14.313)
with z; = 0):
V4
Slens = +72. (14.319)

The position of the strong beam at the lens can be found replacing Eq. (14.319) into
Eq. (14.317):

Xp = —Stens(@ +2¢¢) . (14.320)

The effect of the crab bump alone is given by:

XSTP = 2 Siens = —PcZa - (14.321)
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tracking: B1 Exterior of the ring | X
H-crossing (IP1)
T B1 B2 Tl
- S S e
Zl=S-Ct1 Zp1 22:5+ct2 s
Bl B2
{gy = dxg,/ds >0 dg, = dxg,/ds <0
pi1c = dXgy/dzg; < 0 Ogac = dXg/dzg, >0
weak strong
bg =@ g, =-@
We call ®, ®. the MAD-X knobs:
¢ ¢B1c = q)c ¢BZC = '(Dc

Figure 14.2: Crab crossing in the IP1 of the HL-LHC modeled for the tracking of the clockwise

beam (beam 1).

Exterior of the ring

tracking: B4
H-crossing (IP1)
T B3 B4 T~
- < T~
Zp3 Zpy
B3 X B4
{g3 = dxgs/ds >0 {gq = dxg,/ds <0
g3c = dxgs/dzg3< 0 Ogac = dXga/dzgy >0
strong weak
bg3 =@ gy =-@
We call ®, @, the MAD-X knobs:
¢ ¢B3c = (I)c ¢B4c = _(I)c

Figure 14.3: Crab crossing in the IP1 of the HL-LHC modeled for the tracking of the anti-

clockwise beam (beam 4).
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tracking: B1 Sky

V-crossing (IP5)

B1

gy = dyg,/ds >0
gic = dyp,/dzg, <0

weak

bg =@

We call ®, @, the MAD-X knobs:
¢Blc = (Dc

— e~
Zp;
B2

gy = dyg,/ds <0
gy = dyg,/dzg, >0

strong

0pp =-D
¢BZc = 'q)c

Figure 14.4: Crab crossing in the IP5 of the HL-LHC modeled for the tracking of the clockwise

beam (beam 1).

tracking: B4 Sky y
V-crossing (IP5)
S A/'/‘/' '\.\.\.
T > | >
T B3 B4 Tl
- < — T~
Zp3 Zp,
B3 B4
$p3 = dygs/ds < 0 Ogg = dyg,/ds >0
Opac = dyp3/dzg3 >0 Ogac = dyps/dzgy <0
strong weak
g3 =-D gy =+
We call ®, ®, the MAD-X knobs:
¢ ¢B3c = _(I)c ¢B4c = +ch

Figure 14.5: Crab crossing in the IP5 of the HL-LHC modeled for the tracking of the anti-

clockwise beam (beam 4).
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Taking into account the RF curvature coming from the crab cavity frequency, the po-
sition of the slice at the beam-beam lens can be written as:

27th Lyin 27‘[7’1(3(:
Xcrab rmg sin ( CCZ ) — _f _1Tng sin <—25 , 14.322

where hcc is the harmonic number of the crab cavity and Lying is the circumference of
the ring.

14.8.8 Configuration of beam-beam lenses for beam 2

In the sequence of beam 2, we install the beam-beam lens for a slice of the strong
beam (beam 1) having longitudinal coordinate z; = Z; at the location where the slice
encounters the synchronous particle of the weak beam, (see Eq. (14.313) with z, = 0):

Z
Slens = 71 . (14.323)

The position of the strong beam at the lens can be found replacing Eq. (14.323) into Eq. (14.316):
X1 = Stens (¢ + 2¢c) . (14.324)
The effect of the crab bump alone is given by:
X§ = 2pcStens = PeZi - (14.325)

Taking into account the RF curvature coming from the crab cavity frequency, the po-
sition of the slice at the beam-beam lens can be written as:

Ly 27th 27th
X5 = . T8 <z Lring_; <2 . (14326
! (PC 27t hCC - Lring (PC 2 hCC - Lring lens ( )

From Egs. (14.322) and (14.326), we find that for lenses at the same longitudinal posi-
tion sjens the corresponding slices of the two beams Z; = Z; = 255 have opposite

transverse coordinates:
xgrab — _ xgrab, (14.327)

14.8.8.1 Crab bump from twiss table

For a non-ideal crabbing, for example in the presence of a non-closure of the crab-
bump, the realistic z-dependent orbit distortion introduced by the crab cavities can
be characterized using the twiss, by installing orbit correctors at the position of the
crab cavities that introduce the crab cavity deflection as seen at a certain reference
position along the bunch z,. To obtain the effect on particles at different positions
along bunch it is possible to apply the following scaling:

sin (%z)
X (z) = x (Zref) ]
an

27T hCC '
T Zref)
rlng

(14.328)
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14.8.9 Step-by-step configuration procedure

Based on the method introduced in the previous sections, the following procedure
has been implemented in pymask to configure the beam-beam lenses in the sixtrack
and sixtracklib tracking model:

1. Inactive beam-beam lenses (not configured) are installed in both clockwise se-
quences (Beam 1 and Beam 2) at the locations of the HO and LR beam-beam
encounters. As discussed in Sec.14.8.7, at each IP a set of lenses is installed to
model the HO, one corresponding to each bunch slice.

2. The MAD-X twiss and survey tables are computed for both clockwise sequences.

3. The transverse beam shapes (X-matrix) are extracted from the twiss table for all
beam-beam lenses.

4. The positions of the beams at the beam-beam lenses in the lab frame are com-
puted combining the information from the survey and twiss tables, as discussed
in Sec.14.8.1.

5. The beam-beam separations are computed, as discussed in Sec. 14.8.2.

6. For all HO interactions, the crossing plane and the crossing angle are identified,
as discussed in Sec. 14.8.3.

7. The relevant quantities for the beam-beam lenses in the anticlockwise sequences
(Beam 3 and Beam 4) are obtained from the data computed for the lenses in the
clockwise sequences (Beam 1 and Beam 2), using the transformations described
in Sec. 14.8.6.

8. The effect of the crab cavities is introduced by using the shape of the crab bumps
obtained from twiss tables computed with orbit correctors at the locations of the
cavities, as discussed in Sec. 14.8.7.

9. The information computed before is used to configure the beam-beam lenses
in the MAD-X model of the sequence for which the tracking simulation will be
performed, typically either Beam 1 or Beam 4.

10. The SixTrack input and the pysixtrack/sixtracklib input files are generated us-
ing the MAD-X model and the additional information computed as described
above.

11. The closed orbit as computed from the MAD-X sequences is saved on file, for
the generation of matched beam distributions and for the computation of the
beam-beam dipolar kicks on the closed orbit, which are usually subtracted in
weak-strong tracking simulations.
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Chapter 15

Bhabha scattering and beamstrahlung

15.1 Bhabha scattering

In quantum electrodynamics (QED), the Coulomb attraction of two opposite charges
(e.g. an electron and a positron) is called Bhabha scattering [58]. The mathematical
treatment of Bhabha scattering can be done using the method of equivalent photons
(Weizsdcker-Williams approach) [59, 60]. The essence of this method lies in the fact
that the electromagnetic field of a relativistic charged particle, say the positron, is
almost transversal and can therefore accurately be substituted by an appropriately
chosen equivalent radiation field of photons. Thus, the cross section for the scattering
of an electron with this positron (Bhabha scattering) can be approximated by that of
the electron and an "equivalent" photon (Compton scattering). In this case, the equiv-
alent photon corresponds to the exchanged virtual photon between the scattering pri-
maries. The whole process, including the subsequent emission of bremsstrahlung
photons can be treated in a numerical simulation as an inverse Compton scattering
process [61]. In this, the virtual photons emitted by the positron will collide with the
electron. Due to the relativistic dynamics of the participating leptons, the virtual pho-
tons have an energy which is often negligible compared to that of the leptons, thus
we can treat them as real. The process is called inverse since here the electron will lose
energy while the photons will gain energy, contrary to standard Compton scattering.
The scattered photons are real and typically end up with an energy E7 comparable to
the initial lepton energy E, [62].

The generation of photons from radiative Bhabha scattering in Xsuite can be divided
into 3 steps. First, the charge density of the opposite bunch slice at the location of
the macroparticle in the soft-Gaussian approximation is computed [63]. From this
one computes the integrated luminosity of the collision of the macroparticle with the
virtual photons represented by the slice, integrated over the time of passing through
the slice. Second, a set of virtual photons is generated corresponding to the total
energy of the opposite slice. Third, the code iterates over these virtual photons and
simulates the bremsstrahlung process as a series of inverse Compton scattering events
between the macroparticle and each virtual photon.
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A
®

P(x, y)

Figure 15.1: Schematic illustration of a single macroparticle from bunch 1 (blue) colliding
with a single longitudinal slice of the opposing bunch 2 (red).

15.1.1 Luminosity Computation

Figure 15.1 illustratres how Xfields computes the integrated luminosity in a collision
of a single macroparticle from one beam with a single slice of the opposing beam!.
On the figure x, y denote the transverse coordinates of a macroparticle in the boosted
and uncoupled frame, at the collision point with a slice of the opposing bunch, cor-
responding to the notation X", 3" in the previous sections. The centroid (mean) co-
ordinate of the opposing slice, with a bunch intensity of N, is denoted by x., y., in
the boosted, uncoupled, transported reference frame of its own bunch. Xfields mod-
els the charge density of a longitudinal slice as a 2D Gaussian distribution p(x,y).
Considering an infinitesimal area dxéy around the transverse position x, y of a given
macroparticle at the collision point with the slice, one can write the number of charges
with which this macroparticle will interact:

Ne(x,y) = Npsp(x,y)0xdy, (15.1)
and the integrated luminosity of the macroparticle-slice collision:

_ Ny - Ne(x,y)

b oxdy

= Ny uNysp(x,y), (15.2)

where Ny, ,, denotes the number of elementary charges per macroparticle.

!Note that this luminosity can be recorded in a table with the flag luminosity flag of the
BeamBeamGaussian3D element and lumitable keyword in the Xline internal log. The recorded en-
tries must be summed up to get the total integrated luminosity of the collision. This method has an
uncertainty of £10% compared to the analytical formula.
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15.1.2 Virtual Photon Generation

Equation (15.2) describes the integrated luminosity of primary-primary collisions. In
order to simulate the collision of the primaries with virtual photons instead, Xfields
uses the assumption that the virtual photon distribution N,,(x,y) is proportional to
that of the primary charges:

Ny (x,y) = nNe(x,y), (15.3)

where 7 is a proportionality factor denoting the number of virtual photons corre-
sponding to one elementary charge. The number density spectrum of virtual photons
is given by:

dn a1+ (1-x)*1
dxdQ? ~ 2m X Q2 (154)
hw E, . . .
where x = T = s the total energy of the virtual photon normalized to the
e e

primary energy and Q? is the squared virtuality of the virtual photon [64].

The virtual photon energies and virtualities can be drawn using the method of in-
verse CDF (Cumulative Distribution Function) sampling. The sampling algorithm in
Xsuite has been adapted from GUINEA-PIG [65], a Particle In Cell (PIC) based single
beam-beam collision simulation software. For each macroparticle in the beam, we
tirst compute the total amount of equivalent photons using the energy of the opposite
bunch slice. Subsequently, the energy and virtuality of each photon will be sampled.
In the current implementation all virtual photons inherit the dynamical variables of
the strong bunch slice centroid. Note that the virtual photons sampled this way will
also be "macroparticles” in the sense that they represent the dynamics of all virtual
photons generated by all charges in a primary macroparticle.

15.1.3 Inverse Compton Scattering of Virtual Photons

We account for the proportionality of the primary charge and virtual photon distribu-
tions described by Eq. (15.3) by resampling the virtual photons for each macroparticle.
With each photon, we simulate the bremsstrahlung process in the form of a set of in-
verse Compton scattering events. The number of Compton events can be described
as:

R = UC,tot(s)L = ‘TC,tot(S)Nb,mNb,sP(x/ y); (15.5)

4E.E,

m2ct
ton interaction, normalized to the rest mass of the primary [66], and o¢ (¢ (s) denotes
the total Compton scattering cross section, given by:

where s ~

is the center of mass energy squared of the photon-primary Comp-

27172 4 8 1 8 1
(TC,tot(S) = S ‘ {ln(s—i— 1) (1 5 S_2> .+ 5 + P m ’ (15.6)
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with 7. being the classical electron radius. For each event, we sample the scattered
photon energy from the differential cross section:

doc 22 [ 1 4y 4y
— 1—y— 15.7
dy ~ s LT—y Y sy TR —yr) 1o
which describes the scattering of a beam of unpolarized photons on the primary
/ E!
charge [61]. Here y = hEi = E—7 is the energy of the scattered photon in units of
e e

the total energy of the colliding primary. Given the energy E!, we can compute the
scattering angle of the primary and the photon as well as their momenta, using the
constraints given by energy and momentum conservation. While the emitted pho-
ton spectrum corresponds to the sum of all charges represented by a macroparticle, a
given macroparticle should represent the dynamics of a single primary charge. Thus,
the dynamical variables of the macroparticles are updated according to energy and
momentum conservation accounting for the emission of only a fraction of the pho-
tons. The latter are picked randomly based on a probability corresponding to the
inverse of the number of charges per macroparticle.

15.2 Beamstrahlung

The implementation of beamstrahlung in Xfields is based on GUINEA-PIG [65]. In
this section a high level summary of the modeling is presented. Further details can be
found in [67].

Xfields samples the quantum theoretical synchrotron radiation spectrum G(v, ¢):

02

2,2
6(0.8) = =gy (O + 2 G ) (158

which is normalized such that G(v = 0,¢) = 1 and G(v,¢) < 1 for all v and ¢. The
variable ¢ is defined as:

Eyit

‘="
and denotes the magnitude of the quantum correction, i.e. the critical energy normal-
ized to the energy E of the primary particle in GeV undergoing the beamstrahlung
process. The critical beamstrahlung energy is defined in the classical way as:

(15.9)

3hcy?

2p
The unitless variable y is related to the energy of the emitted beamstrahlung photon
E,:

Eir = (15.10)

E'Y 1
= _— (15.11)
4 Ecrit 1— %

Equation 15.11 can be expressed with the help of a uniform random variable v as
follows:
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3
0

With these the number of beamstrahlung photons emitted in the interval [v, v + Av]
during a time interval J; can be given as:

AN, = poG(v,&)Av, (15.13)
where
2
po= 2 % gs4 B (15.14)
I'(z) o P

is a scaling factor dependent on the relativistic 7y of the primary, the instantaneous
bending radius p and the fine structure constant . The bending radius of each macropar-
ticle in the electromagnetic field of a given longitudinal slice of the opposite bunch is

obtained from the radial kick:
Ff = Tpp |Fi2 4+ F;2, (15.15)

0= (15.16)

with rp, = llﬁ = %. In the Xfields BeamBeamGaussian3D element the time interval
0t is expressed as a longitudinal distance Az, which is the distance the macroparti-
cle travels between two consecutive longitudinal slices and it corresponds to the bin
width of the longitudinal slicing.

Figure 15.2 shows the beamstrahlung photon number density poG(v,¢) for a fixed
value of pp and {. The area in the region C is the mean number of beamstrahlung
photons emitted during an interval J;, i.e. a passage through one longitudinal slice of
width Az.

The functions G1(y) and G(y) are defined as follows:

Gily) = Y2LG) / Ks (x)dx,
2371 s
y (15.17)
1
Gaty) = LB, )
237

Equations 15.17 are evaluated numerically with the below approximate formulas:

0<y<154
Gi(y) = y3(1 — 0.8432885317 - y5 + 0.1835132767 - 12
— 00527949659 - 3 + 0.0156489316 - y*) (15.18)
Ga(y) = 13 (0.4999456517 — 0.5853467515 - y/3
+0.3657833336 - > — 0.0695055284 - 5 + 0.0191803860 - y*)
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1
dNy A
dv
P, —===3I---
C  pGWEH\B
0 v 1

Figure 15.2: Schematic illustration of the number density function of beamstrahlung photons
poG(v,¢) (red curve) for a given py (blue dashed line) and ¢, as a function of v.

1.54 < y < 4.48
G(y) — 2066603927 — 0.5718025331 - y + 004243170587 >
—0.9691386396 + 5.651947051 - yy — 0.6903991322 - y2 + 1,
Goly) — 118852208645 — 05176616313 -y +-0.03812218492 Y2
—0.4915880600 + 6.1800441958 - 17 — 0.6524469236 - y2 + 1,
(15.19)
448 <y < 165.0
Goly) = © " 10174394594 + 0.5831679349 -
NG, 0.9949036186 + y (15.20)
Goly) = " 0:2847316689 + 05830684600 -
NG 0.3915531539 + y

For y > 165 the model assumes no radiation. With these one can simulate beam-
strahlung emission by first drawing a random uniform number p. The condition
p > po corresponds to region A on Fig. 15.2, therefore no photons are emitted. In the
other case a second random uniform number v is drawn, and Eq. 15.8 is computed. If
p < poG(v,¢) is satisfied (region C) a photon is emitted with an energy

By __ &
E 1-(1-¢&)0%
otherwise no photon is emitted (region B). The generated beamstrahlung photons are

themselves macroparticles in the sense that they represent the dynamics of all photons
generated by all charges in a primary macroparticle.

(15.21)
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Wakefields and impedances

16.1 Transverse wakefields

Transverse wakefields are defined such that the corresponding transverse kicks can
be written as:

_ g kI / M artidik ] N g1
Apy =—"—— X z" YWY z—2z)dz (16.1)
Py, T, A YW (2 — 2)
Apy —L 1y / # ()7 (YA ) WM (z - 2y d2! (16.2)
”10’75 i k]1>0 -

where %(z) and 7(z) are the transverse centroid positions along the beam.
The convolution can be obtained numerically using the method of Section 19.2.
The lower order terms of the summation are often called as:

o W,?’O’O’O constant x

WS’O’O’O constant y
o W00 dipolar x, or driving x
° W;),l,o,o dipolar y, or driving y
o WLOD dipolar xy, or driving xy
. Wyl,o,o,o dipolar yx, or driving yx
o WOOLO :
p quadrupolar x, or detuning x
o WOOOL 1iad 1 d .
y quadrupolar y, or detuning y
o WOO001 -
p quadrupolar xy, or detuning xy
W;),o,l,o

quadrupolar yx, or detuning yx

213



214 CHAPTER 16. WAKEFIELDS AND IMPEDANCES

The z variable can be written as a function of time in the lab frame as:
z = —PBoct, (16.3)

We call Wx,y the wakefield defined as a function of time ¢:

Wy y(t) = Wy (—PBoct) (16.4)
Wyy(z) = Way (—é) (16.5)

For ultrarelativistic beams we have:

Wyy(t) =0 fort <0 (16.6)
0 forz >0 (16.7)

The coefficient 1/B3 in Egs. 16.1 and 16.2 comes from the fact that, if we have a force
F, acting on a length As, we can derive the corresponding kick as follows:

APy, = FyAt, (16.8)

and substituting the P, with the normalized one p, = P - we find

F, Fy As
16.
Apy = By —At = P ﬁoC (16.9)
hence substituting Py = mgyBoc we find
Fy
Apy = ——— 16.10

16.2 Transverse impedances

The transverse beam coupling impedances Zy , (w) are related to the wakefields through
a Fourier transform (see [68, Eq. 1.216]):

~ ] oo
Wy (F) = —é/ dw e 7,y (w) (16.11)
Zyy(w _]/ dt e T W, (t) . (16.12)

The equivalence between the two equations can be seen multiplying both sides of
Eq.16.11 by e /'t and integrating over t

dt eIV, (1) = — == dt dex w)el @t (16.13)
y y
+

] (e 0] . _
L [ zx,y(w> [ arelet a6
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We now apply the following property of the Dirac ¢ function
—wy= [T ap it
d(w—w) - /_oo dt e , (16.15)
and we find
0 N —+o00
/ dt e T W (1) = ] / dw Zyy(@)d(w — ') = —jZyy(w).  (16.16)

We can write the impedances also in terms of the wakefield expressed as a function
of z = —Boct (using Eqgs. 16.4 and 16.5):

/ o0 oz
Wiy(z) = —5- /_ dwe Rz (), (16.17)
00 ;o z
zx,y(w)zﬁ [z W (o). (16.18)

As the transverse wakes are real functions, the impedances satisfy the following sym-
metry properties:

Re {Zyy(—w)} = —Re {Zsy(w)} (16.19)
Im{Z,y(—w)} =Im{Z,,(w)} (16.20)

16.3 Longitudinal wakefield

Longitudinal wakefields are defined such that the corresponding kicks can be written
as:
A= TC / A Wz — 7). (16.21)
moyge? J—co
The minus sign is introduced such that a positive wake causes the particles to lose
energy. The convolution can be obtained numerically using the method of Section
11A91520 in this case, we call WS the wakefield defined as a function of time t¢:

Ws(t) = Wi (Boct) (16.22)
Wi(z) = W (—ﬁ) (16.23)

16.4 Longitudinal impedance

The longitudinal beam coupling impedances Z;(w) are related to the wakefields through
a Fourier transform (see [68, Eq. 1.216]):

- 1 [t .
Ws(t) = P / dw ' Zs(w) , (16.24)

—00
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Zy(w) = / T gt et () (16.25)

—00

We can write the impedances also in terms of the wakefield expressed as a function
of z = —Boct (using Eqs. 16.22 and 16.23):

1 +oo —ja}i
Ws(z) = E/ dwe "k Zs(w), (16.26)
o0 oy Z
Zs(w) = % /_ . dze " PFoc Wi (z) . (16.27)

As the longitudinal wake is a real function, the conrresponding impedance satisfies
the following symmetry properties:

Re{Z;(—w)} =Re{Zs;(w)} (16.28)
Im {Zs(—w)} = —Im {Zs(w)} (16.29)

16.5 Integrated wakefields

We consider the horizontal dipolar wake term. The corresponding contribution to the
horizontal kick is:

ApIP(z) = —TC [\ x(yWO - ) (16.30)
P moyp3c? J-co X ' '

In the following we keep the normalization factor outside the discretization and de-
fine:

. —+00
KP@) = [ AR Wz ~2) e (1631)
We sample the bunch on a uniform grid:

Zy = niAz. (16.32)

Splitting the integral into bins centered on zj, the convolution evaluated at the grid
point z; can be written as:

z]+AZ
Ker 2/ (2 YWy 00 (z; — 2') dZ, (16.33)
dip
whereK = K " (z)).

Conventional discretization

If both the source term A(z)%(z) and the wakefield Wi*%?(z) are sufficiently smooth
over a bin of size Az, they can both be replaced by their values at the bin centers:

AZ)x(2') ~ Ajxj, W00 (z; — 2') = W00 (z; — z;). (16.34)
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Equation (16.33) then becomes:

Ko = Az ) AmWpO00 (2 — AZZ/\] gjW sl (16.35)

x,i x,i—j
j

where: 1,0,0,0,sample

W, = W 000 (zp). (16.36)
With this approach the bin size has to be small enough to resolve both the variation
of the source term A(z)x(z) and the variation of the wakefield Wy*%°(z). For short-

range wakes this approximation may require a very small bin size, even when the
bunch density and the horizontal centroid are slowly varying.

Integrated wakefield

When the wakefield varies much faster than the bunch density and centroid, one can
keep only the source term constant within each bin:

/\(Z/)JE(Z/) ~ )\jf]', (16.37)

while retaining the variation of the wakefield inside the bin. Equation (16.33) be-

comes: R
+ Z
]
KT =~ ZA x]/ N W00 (7 — 21 d7. (16.38)

A

We now work on the integral that remains. With the change of variable:

u=z—12, (16.39)
we have dz’ = —du. The lower and upper limits in z’ become:
Az 1
/ o - . .
z —zj—7 = u= (z—]+§> Az, (16.40)
Az 1
/ o . . .
z —z]-+7 = U= (z—]—§> Az. (16.41)
The minus sign from dz’ = —du reverses these limits, giving:
zi+ 42 i—j+1)Az
/ T W00 (5, oy g = / (=5+3) W0 (1) du, (16.42)
zj— & (i—j—3%)Az

We define the integrated horizontal dipolar wakefield as:

. 1 k+1)Az
WPt = = /( ( ;) W 000 () du, (16.43)

or, equivalently:

(k+3)Az .
/( WO = 2 WL000int (16.44)
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Therefore the sampled kick is again a discrete convolution:

dip - 1471,0,0,0,int
Kyi ~Az) AW oo, (16.45)
J

With the integrated wakefield approach the bin size Az needs only to resolve the vari-
ation of the source term A(z)%(z). The possibly much faster variation of the wakefield
is accounted for by the bin integral in Eq. (16.43).

The same derivation can be used for the other wake components by replacing the
source term and wakefield with the ones corresponding to the term being discretized.

16.6 Analytical wakes

Resonator

Ultra-relativistic resonator with shunt impedance R, quality factor Q > 1 and reso-
nant frequency f,

* Longitudinal:

Ws(t) = w—éRe“t (cos(cf)rt) — (% sin(cﬁrt)) , (16.46)
Zo(w) = —— (16.47)
1-jQ (% - %)
¢ Transverse:
Wy (t) = gi;je—“f sin(@,t) (16.48)
Zoy(w) =22 R . (16.49)

“1-jo (- 2)
where w, = 27tf,, Wy = wyy /1 — [%QQ, n = ;’—é Ref: [68, Section 2.2]

Cylindrical thick wall

Cylindrical resistive wall wake, based on the "classic thick wall formula" (see e.g. [69,
Chapter 2]) with resistivity p, permeability u, radius r and length L:

* Longitudinal:

_ L [P,
We(t) = —Ly—y/ 223, (16.50)
Ze(w) = L(1+] sign(w)) - ——, (16.51)

27tr s (w)
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where 65 (w) = 4/ % is the frequency-dependent skin depth.

Note: the longitudinal resistive wall wake is negative for any value of ¢, while,
with the adopted sign convention, longitudinal wakes should be positive for
t — 0+. This happens because the thick wall approximation is not valid for
small t. Computing the wake numerically with IW2D shows that the resistive
wall wake is actually positive close to zero and performs a few oscillations after
which it agrees very well with the formula above. For applications where short
range effects are relevant this model should not be used.

e Transverse:

1 [cZop, 1
Wx,y(t) - Lﬁ 71' 2 ’ (1652)
0 1 1

7ir3 w./eop s (w)

Zyy(w) = L(1 4 sign(w)) (16.53)
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Chapter 17

Intra-Beam Scattering

Intra-beam scattering (IBS) is the process of small angle, multiple Coulomb scatter-
ing of charged particles within the beam. It leads to a redistribution of the particle
momenta in six-dimentional phase space.

17.1 Analytical Growth Rates

Theoretical models commonly characterize the effect of intra-beam scattering through
growth rates, or growth times. The former is expressed in [s7!]) and the latter in [s].
These govern the evolution of the rms beam sizes or rms emittances of the beam, de-
pending on the convention used.

Growth rates (and growth times) can be expressed in either amplitude or emittance
convention. The former governs the evolution of rms beam sizes while the latter
governs that of rms emittances. The two conventions are equivalent by a factor 2 and
conversion can be done as:

=2
. o /\ o
Emit. Times Amp. Times
—
x2
VL = (%) ~
2
2 S < 3
Q » Q
S S B3 S
X2
. —
Emit. Rates Amp. Rates
—_—
-2

Figure 17.1: lllustration of the conversions between IBS growth rates and times, across
emittance and amplitude conventions.

The growth rates themselves are expressed from the lattice optics as well as the beam
properties.
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In Xsuite, for consistency with synchrotron radiation damping times (see section 8.1),
the amplitude growth rates are computed. The horizontal (Ky), vertical (K,) and
longitudinal (K;) amplitude growth rates are defined as:

_1_ 1 del/?
1 1 del/?

K = =_~ 4 (17.1)
y 7

TZ 82/2 dt !

where (Ty), (7,) and (7z) are the amplitude growth times.

Currently two different formalism are available to compute these growth rates. Both
assume transverse and longitudinal Gaussian bunch profiles. Both rely on the com-
putation of the Coulomb logarithm L, which in xfields is computed according to the
expression in the Physics Vade Mecum [70]:

Lc =In (r’”“") : (17.2)

Ymin

In Eq (17.2) 74y is taken as the smaller of oy and the Debye length, while r,,;, is taken
as the larger of the classical distance of closest approach and the quantum diffraction
limit from the nuclear radius.

17.1.1 Nagaitsev Formalism

One available formalism follows the approach introduced by S. Nagaitsev in [71].
It provides a fast computation method through symmetric elliptic integrals of the
second kind, Rp(x,y,z), defined as:

3 [ dt
Rp(x,y,z) = —/ . (17.3)
p(xy:2) =3 |, VEF 0+ ) (E+2)3
Interestingly, this elliptic integral has the following special properties:
Rp(x,x,x) = x3/2 (17.4)
3
Rp(x,y,z) + Rp(y,z,x) + Rp(z,x,y) = (17.5)

XYz
Thanks to Eq (17.5) only two evaluations of this integral are needed to obtain various
simple terms from which one can compute the growth rates. Importantly, the compu-
tation time of this integral in Nagaitsev’s approach does not scale with the size of the
lattice.
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First the ay, a,, a5, a; and a, terms are computed:
y P

D2 1
ﬂx:&ray:@/ﬂs:ﬂx (_x_i_q)i) +ﬁ/

2
Ex &y Px p (17.6)
1 1
a = 5 (ax+ %), a2 = S (ax = 7’as)
where the @, , term is defined as:
/
D
&o,, =D, — AW (17.7)
YT 2By

Then the A1, A; and A3 terms are computed:

M =ay, Ay =ay+ /a3 + Y2022, A3 = ay — (/a5 + y2a2D2 (17.8)

and used to compute three integrals R, R, and R3 (though with Eq (17.5) only two
need to be computed):

1 1 1 1
Rl= —Rp(—,—,—
)\1 D(AZI)Lg’)Ll)’
1 1 1 1
R2= —Rp(—, —,—), 17.9
1 1 1 1
R3= —Rp(—, —

Using all the above the S pr Syand S xp terms are computed according to Eq (17.10):

4

2
sp:% 2R —R, [ 1— 32 Ry |1+ 32
B+ a0 B+ 2202

1
Sx=75 |2R1— R {1+ 50 —Ry|1- 5 , (17.10)
\/ 3 + a3 d2 \/ 35+ y2aid?
3 2@2
Sxp — ,Y xax (R — Rz)

From these, one computes the integrals - called the Nagaitsev integrals in the xfields
code base - I, I, and I:

C Byds D2
I — PP g X 4L ®2)S,+ S|,
x 0 LO’xO'y{x_F(,B%—i_ x) P+ XP}
C B,ds
I, = Y (R, +R3 — 2R 17.11
Y 0 La_xo_y( 2+ K3 1)/ ( )
C 4
I = i

o Lowoy ™"



224 CHAPTER 17. INTRA-BEAM SCATTERING

with C the circumference (or length) of the machine. Finally, the emittance growth rates
in the horizontal, vertical and longitudinal planes are computed as:

ldexy 1 NrjcLc 17.12)
ey dt ey 1271B3950, " '

1 de 1 NracL

i R S (17.13)
ey dt &y 123y 0,

lde, 1 NrjcLc (17.14)
e, dt o3 127p3yS0, z '

In the above N is the total beam intensity, r( the classical particle radius, c the speed
of light in vacuum, L¢ the Coulomb logarithm from Eq (17.2), B and 7y the relativistic
parameters of the beam and ¢, the bunch length.

Please note: Nagaitsev’s computations yield emittance growth rates. In Xsuite these
are computed as exposed above, and converted to amplitude growth rates before be-
ing returned to the user, as shown in Fig. 17.1.

Importantly, this formalism does not take into account vertical dispersion, and in the
presence of Dy, will yield an erroneous vertical growth rate. For machines with verti-
cal dispersion, the Bjorken-Mtingwa formalism presented below is recommended.

17.1.2 Bjorken-Mtingwa Formalism

The IBS growth rates can also be computed according to the theory by Bjorken and Mt-
ingwa [72]. The specific implementation follows that of the MAD-X code, for which
modifications to the terms of B&M'’s theory have been made by Antoniou and Zim-
mermann to account for vertical dispersion non-ultrarelativistic beams [73].

In this formalism, growth rates are computed at every element in the lattice and aver-
aged over the machine. For a given plane u (horizontal, vertical or longitudinal), the
emittance growth rate is computed as:

Nr2cmPLen? [ o dAN1/2 1 1
T, — o et / {Tlﬁwi‘( )-—3TLW>< )}
! 4T < 0 [det(L+AI)]Y? ' "\LTAl g L+ Al

(17.15)
in which N is the total beam intensity, ry the classical particle radius, ¢ the speed of
light in vacuum, m the mass of the considered particle, L the Coulomb logarithm
from Eq (17.2),  the relativistic parameter of the beam, and I' the six-dimensional
phase space volume of the beam, defined as:

T = (2r)° (By)® mPere,050% (17.16)
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with o the relative momentum spread and ¢, the bunch length. One
expression for T is corrected by a factor /2 for coasting beams.

In Eq (17.15) A is simply the integration variable, I is the 3x3 identity
the 3x3 matrix and the matrix L is defined as:

L=L® 410416,
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should note the

matrix, and L is

(17.17)

where the plane-dependent matrices L™, LW and L®) are defined as:

LY = 19 PHy/By 0 |
0 0 0
5 0 0 0
_ry
L(y)—g 0 *Hy/By —7dy |
0 —7¢y 1
000
L& =101 0
95
000
The @, , and Hy,, terms are defined as:
BryDxy
=D, -
Pry Y 2Bxy
and
D3y By
Y By .

(17.18)

(17.19)

(17.20)

(17.21)

(17.22)

In [73] a new expression was derived for each growth rates, which is the implemented
approach. In xfields, the computation of the growth rates takes the following steps.
First the a, b, c, ay, by, ay, by, a, and b, terms are computed as defined below:

(B ) e ()

Ex €y o5 & &y

(17.23)

212
. <&+@> (’72D32c_|_'7Dy+7_2>+%72(q>§+q>§)+‘8 Pv (1724

ex &y

exPx  €yPy ag Ex€y

c

_ BxBy (’YZD§ 7°Dj T+ 7_2>

_|_
exty \ &xPx &Py 02

X
exey

(17.25)
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H H 2
ay =277 <Hx+—y+i2)—ﬁx vy P (25’(—@—7—)
Y

&x & 02 Hyey,  Hyoy? ey 03

bbb (SPipgr)

sx ey 'ysz

ZH ZH 2 2 2 4
=<&+&> L e I +(&—ﬂ)&
€x &y Ex €y o3 &4 &} Ex &y ) &x

« (7P (Bx 2 x . 2202 22
- (Z—g <ﬁ__ ﬁy>+ﬁ By, ﬁﬁy72¢2+72< ﬁ% ))

ex &y ExEy ExEy g2

(17.26)

y
L PxHy (Bx 2Py
sny £y €y
(17.27)
H H, [/ H, H
ay:_f(s—“r— %8—+0>+274ﬁ—y(8—y+8—">
4 x y Ex 5 ¥y * (17.28)
PO (B 2 (B
Byos Ex &y &y !
2 H 4 °H
by = (@_ﬂ) (_x+_> (ﬁy 5x) V°Hy by
ey €y €y (75 €y €x ey exey
) 2(1)2 2(1)2 4H H. 1
por (25 Py %) 1y (& N @) By, 1 (17.29)
&% & By \ex &) \& of
H.H H ;
+<&+@> Ay ey x¢2+_§/q)§ n ﬁxﬁy,yzq)z
&x & Byex ﬁy e £y Ex€y
H H 1
0= 272 (_x+_y+_2)_&_@ (17.30)
& & 0 €&x &y

H 2 £2 2@2
b, = <;Bx !—’3y) ( +_y+lz> _oPby 2 <5Xf’x+ﬁy2y> (17.31)
ex & &x & 03 exey €2 &2

Finally, the emittance growth rates in the horizontal, vertical and longitudinal planes
are computed as:

(17.32)

1 dey Nr%cm3LC7T2 Y*H, /°° AL/2 [axA + by i
e dt T €y 0 (A3+aA2+bA+0)

ey dt T ey A3 +aA2 +bA+c

EEZWQ&} /°° A2 [ayA + by dA> (17.33)
o ( ) .
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Ldes_ Nrjewicrt [[2] > N2ladvb] 1739
e, dt 9T o5 | Jo (A*+ar2+DbA+c)

where the constants in the common fraction term are the same as for Eq (17.15), A is
an integration variable and the angled bracket signify the averaging over the lattice,
given the terms contained inside are arrays with one value per element.

Please note: Bjorken and Mtingwa’s computations yield emittance growth rates.
In Xsuite these are computed as exposed above, and converted to amplitude growth
rates before being returned to the user, as shown in Fig. 17.1. where the constants
in the common fraction term are the same as for Eq (17.15), A is an integration vari-
able and the angled bracket signifies the averaging over the lattice, given the terms
contained inside are arrays with one value per element.

17.2 Steady-state emittances

The steady-state emittances in the presence of Synchrotron Radiation (SR), Quantum
Excitation (QE), and Intra-Beam Scattering (IBS) emerge from a dynamic equilibrium,
where the combined effect of these three phenomena balances each other out. More
specifically, the QE and SR are accounted for through the natural emittances and SR
damping constants, the IBS is described by its growth rates. Each of these effects
depends on the optical functions along the storage ring. All the following equations
remain valid independently of which formalism (Nagaitsev or Bjorken-Mtingwa) is
used when computing the IBS growth rates. In addition, the SR damping constants
and IBS growth rates follow the amplitude convention as defined in Eq. (8.15).

17.2.1 Steady-state emittances with QE, SR, and IBS

The steady-state emittances are solutions to a system of three ordinary differential
equations describing the dynamic interplay of the QE, SR, and IBS. The system of dif-
ferential equations can be solved numerically by computing the emittance evolution
for a succession of infinitesimal time steps. The equations are as follows:

dey,
dt
IBS

£,0 is the natural emittance, ¢, the emittance, 3R the SR damping constant and «/,
the IBS growth rate. It can be noted that the IBS growth rates are a function of all three
emittances (x5° (ey, &y, €2)).

The steady-state emittance is reached when the emittance evolution reaches zero and

leads to:

= —erflR (ey —€up) + ZaﬁBSsu, Uu=xY,z (17.35)

€u0 .
ey = W, u=x,Y,2z (17.36)

Although mathematically correct, the equation assumes a finite vertical emittance. In
the case of lepton storage rings, the vertical emittance is often negligible in the absence
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of vertical dispersion or betatron coupling. As a result, the IBS growth rates would
reach extremely large values when a near zero vertical emittance is considered. A
finite vertical emittance is introduced through betatron coupling or an external exci-
tation to overcome this limitation.

17.2.2 Steady-state emittances due to betatron coupling

In the presence of betatron coupling, emittance sharing occurs between the two trans-
verse planes. The treatment of betatron coupling can be simplified by expressing it
through the emittance coupling factor x = &,/&y, the ratio of the perturbed vertical
emittance to the horizontal one.

Based on the natural emittance, defined in Eq. (8.39) but written in a form [74] so that
the horizontal damping partition number j, appears:

2]
5
gg=C -—
0 1 Jx I
where C; = %gmiec ~ 3.84 x 10~ 13 m for electrons, 7 the relativistic gamma and I, I5

respectively the second and fifth radiation integrals.

2 3
3 7 (K°H)
§0=C,— ,
0 q]x K2

~ ] Kj
where j, = Jﬁ + % (17.37)

Here, j, represents the vertical damping partition number. After some simplifications
and remembering &) = & + &, we finally obtain:

z ) €0 g ) K€
,O = = - ,O = = -
T4k 1+K%I T4k 1+ xft

(17.38)

Furthermore, the perturbed horizontal and vertical emittances can be expressed as a
function of the ones without betatron coupling:

s KE

T (Ejy: .
1+« 1+«
Jx Jx

€y =

It can be noted that total transverse emittance conservation occurs solely if j, = j,.
As a result, the transverse emittance evolution can be rewritten as:

dg,

== 2058 (8, — &,0) +2alB%,, u=1xy (17.39)

And the steady-state transverse emittances become:

fu0 u=1xy (17.40)

aIBS
_ u
iR (1%, /jx )

e
=
I
~
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17.2.3 Steady-state emittances due to an external excitation

Alternatively, a finite vertical emittance can also be obtained by exciting the beam
using the Pulse-Picking by Resonant Excitation (PPRE) method [75] in the vertical
plane. In this situation, the horizontal and vertical planes are left uncoupled while
the vertical emittance can be controlled. Nonetheless, the emittance coupling factor
can still be employed. In this scenario, the emittance evolution follows Eq. (17.39) and
the final emittance Eq. (17.36). Compared to the previous case, the total transverse
emittance is not conserved even if jy = jy.

17.3 1IBS Kicks

The approach of using analytical growth rates does not provide a way to study the
interplay of IBS with arbitrary effects, such as space charge, electron clouds, beam-
beam, etc. To do so, it is necessary to include IBS effects in tracking simulations to-
gether with other desired effects. In xfields two elements are available to model IBS
effects in tracking simulations, both providing momenta kicks to tracked particles
according to a specific formalism.

17.3.1 Analytical Kicks

A first element is available to provide momenta kicks based on analytical growth
rates, according to the approach introduced by R. Bruce [76]. In xfields the computa-
tion of the kick is done as follows.

First, the beam intensity N, bunch length ¢, momentum deviation ¢, and geometric
emittances ¢y are inferred from the tracked particles object. These are used to com-
pute the analytical IBS growth rates. From these, each particle is given a momentum
kick in each dimension according to:

Apu = Rop, \/ZTIBS,uTrevaZﬁp(z) SU=X,Y,2 (17.41)

Here R is a random number from the standard normal distribution; 0}, is the standard
deviation of the momentum in plane u; Tjps , is the emittance growth rate for plane u;
Trev is the revolution frequency and p(z) is the longitudinal line density.

Note from the form of Eq (17.41) that only zero or strictly positive growth rates are
valid, and as such this formalism is traditionally available above transition energy.

The longitudinal line density p(z) is used as a weighting factor to provide a stronger
kick to particles in the denser regions of the bunch. It is obtained by binning the
longitudinal plane of the particle distribution and normalizing the values.
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17.3.2 Kinetic Kicks

A second element is available to provide momenta kicks based on diffusion and fric-
tion terms from the kinetic theory of gases, as introduced by P. Zenkevich [77]. The
momentum kick has a form similar to the Langevin equation:

Apy = —Kupuoz/1p(z) At + Roy, \/ZCMUZ\/Ep(z)At JU=X,Y,zZ (17.42)

where K, and C,, are functions of the friction and diffusion terms, respectively.

In xfields the exact implementation makes use of terms from the Nagaitsev formalism
(see 17.1.1) as derived by M. Zampetakis [78]. First the ay, ay, as,41 and a, terms are
computed according to Eq (17.6). Then the A1, A; and A3 terms are computed accord-
ing to Eq (17.8), to obtain the Ry, Rp and Rj elliptic integrals according to Eq (17.9).

New forms equivalent to the original diffusion and friction terms of the Approximate
Model can be expressed from these. By first defining

g = /a% + f)/ZQ%CCI)%( , (17.43)

one can first compute:
1
Dix = - {2R1+R2 (1—“—2> +Rs (1+a—2)} :
2 q q

(17.44)

2 a a
D,,=1 {2R1+R2 <1+—2>-|—R3 (1——2)},
2 q q

Kx:R2(1+a—2)+R3(1—a—2),
q q

K, = 2Ry, (17.45)

K, = 72 [RZ (1—%2)“%3 <1+%2)] .

The following integrals are computed from the above:

and then:

C B.ds D2
sz’ - 5x {Dx,x + (_x + q)}?}) Dz,z + Dx,z} ’

0 Coyoy B2
C B,ds
Y
- A , 17.46
yi 0 C(Txa-y vy ( )
C ds
D, = —Dz,z .

0o Coxoy
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C B.ds D2
By— [ P [K + (—x +<I>,%) K] ,

0 Coxoy B3
¢ B,ds
L, = " Ky, 17.47
yt o Coyoy ( )
C ds
in - z .
0 Coxoy

with C the circumference of the machine. Finally, the new diffusion coefficients are
computed according to:

1 NricLc
Gx —_ QWD'XZ (17.48)
1 NricLc
— - _T0°RC p 17.49
ey 12BRyd0, Y ( )
1 NricLc
=_—__ 0 p. 17.50
GZ 0_52 127_[‘33,')/50_2 Z1 ( )
and the friction coefficients according to:
1 NrjcLc
1 NricLc
[,=——29% "> F. 17.52
Y ey 12nB3 00, ( )
1 NrjcLe
FF=——% = F, 17.53
z 0_(% 127_[‘33,)/50_2 Z1 ( )

In the above N is the total beam intensity, rg the classical particle radius, c the speed of
light in vacuum, L¢ the Coulomb logarithm from Eq (17.2). p and vy are the relativistic
parameters of the beam and ¢, the bunch length.

From these coefficients, each particle is given a momentum kick in each dimension
according to:

A u = _.Fu uTre'Uz\/EO—Z Z -I_ RU TreyGuZ\/EUz Z ;u = x, ,Z (17.54)
p p p Pu P Yy

Here R is a random number from the standard normal distribution; p, and 0y, are
the momentum and its standard deviation in plane u; T}, is the revolution frequency
and p(z) is the longitudinal line density as defined previously (see 17.3.1).
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Chapter 18

Touschek scattering

Touschek scattering originates from single Coulomb scattering events between two
relativistic leptons belonging to the same bunch [79]. If the resulting momentum de-
viation exceeds the momentum acceptance of the machine, or if the induced closed-
orbit and betatron oscillations exceed the physical or dynamic aperture, the particles
are lost from the beam. In modern low-emittance e* storage rings the Touschek effect
is typically the dominant limitation to the beam lifetime.

Unlike intra-beam scattering, which describes the cumulative effect of many small-
angle Coulomb collisions on the beam emittances, the Touschek effect is a single-event,
large-momentum-transfer process.

The model described in this chapter follows the approach of Xiao and Borland [80],
originally developed for elegant [81], and is described in more detail in Ref. [82].

18.1 Touschek scattering rate

In the c.m. frame the probability that one of the two interacting particles is scattered
into the element of solid angle d()* is given by the Moller differential cross-section [83,
80]

+1], (18.1)

* 2 1 \%4-3sin?6* 4
) ()
dQ* 4y B* sin® 0* sin” 6*

where 7, is the classical electron radius, 7* and B* are the relativistic factors in the
c.m. frame, 0* is the c.m. polar scattering angle, ¢* the azimuthal angle, and 4Q)* =
sin0* do* d¢*.

The total Touschek scattering rate is obtained by integrating over all scattering angles
and over all particles in the bunch [80]. In the c.m. frame,

R =2 [ |o*|o" p(x}) p(x5) V", (18.2)

where |v*| is the relative velocity of the two particles and p(x;*) the beam phase-space
density. The volume element dV* spans the phase space of both particles, and ¢* is
the total Meller cross-section

. 2 (/2 oo 0% 40" do* ,
o _/0 /0 Jop Sin ¢ (18.3)

233
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Transforming to the laboratory frame [80],

[olo :
T

R=2 [ olop(xi) p(x2) dV, (18.4)

with

dV = dxg dyp dz dxg dxg, dyp dyp, doy doy,
where (xﬁ,x’ﬁ) and (yﬁ,y’ﬁ) denote the betatron coordinates (i.e. with the dispersive
contribution removed) and J; = Ap;/po the relative momentum deviations. Combin-

ing Egs. (18.3) and (18.4), the Touschek scattering rate in the laboratory frame can be
written in the expanded form

2 (/2 |U*| dU* . * * *
Rzz//o /0 RO sin6* p(xq) p(x2) d8* d¢p* dV. (18.5)

18.2 Piwinski formula

For a Gaussian bunch, Piwinski [84] evaluated Eq. (18.5) in closed form, obtaining an
expression for the Touschek scattering rate in terms of the linear optics functions and
the beam parameters:

r2cN?

8120, \/a§0y2 — U?D%D}%

-~ 2
></ [(2+1) (T/Tm—1)+1—vl+T (18.6)

Rp =

n(B} — B})

T 1+71 T/ T
1 1 T/ T | —px VTdt

1 VIi+tt

Here N, is the bunch intensity, c the speed of light in vacuum, -y the Lorentz factor,
0, the RMS bunch length, o5 the RMS relative momentum spread, and I the mod-
ified Bessel function of the first kind of order zero. In the implementation the inte-
gral is evaluated with the change of variable T = tan’k, so that dt = 2tank(1 +
tan? k) dk. This maps the semi-infinite interval T € [7,,) to the finite interval
k € [arctan /Ty, 71/2), which is more convenient for numerical quadrature of the
logarithmic, exponential, and Bessel-function terms appearing in the integrand. The
Jacobian is included in the numerical integrand: the factor

\/?
dt =2tv1+ tdk
vi+1

is obtained after the substitution. The RMS transverse beam sizes are

0x = \/€xPx + D303, oy = \/eyPy + Dﬁaﬁ, (18.7)

while U'X'ﬁ =\ /exBx and Oy = 1 /sy.ﬁy depote the l.oetatron beam sizes, with Exy the
geometric emittances and Dy, the dispersion functions.
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The lower integration limit is related to the local momentum acceptance J, through
Ty = B252, (18.8)

where B = v/c. The local momentum acceptance (LMA) is the largest momentum
deviation that a particle can sustain at a given longitudinal position without being
lost. It is in general not symmetric, and is therefore described by a negative and a
positive limit, /y < 0 and ép > 0. In the implementation, Eq. (18.6) is evaluated
separately for é, = x| and 6, = Jp, and the two contributions are averaged to obtain
the local Piwinski rate.

The auxiliary quantities By and B, are defined as

~ 2 2172
‘32 2D2 ‘B o7 Dy
B 1— 1— , 18.9
1= 242 2(72 T 282y 2(72 ‘755 (18.9)
222
0'
B2 =B — # (27 - oD3D}), (18.10)
By
7267y %
with B N
Dy = axDx + Dy, Dy = ayDy + ByDy, (18.11)
and ;=
1 1 D24+D?2 Dj+D
5=t L (18.12)
h ) xB yPB

18.3 Monte Carlo evaluation of the scattering rate

The Piwinski formula gives the local scattering rate, but not the phase-space distribu-
tion of the scattered particles, which is what is needed in a particle tracking code to
evaluate the beam loss distribution from Touschek scattering. In Xsuite the distribu-
tion of scattered particles is obtained by Monte Carlo integration of Eq. (18.5).

Using the general Monte Carlo approximation of an integral,

174 N
/Vf(X) dx ~ o i;f(xi), (18.13)

the Touschek scattering rate for particles ending up outside the local momentum ac-
ceptance can be written as

M *
4 PU | 4o~ sin 6" p(x; Zrz, (18.14)

Rye =
METN ; 2 40y
where V is the sampled phase-space volume, N the total number of simulated scatter-
ing events, and M the number of scattered particles falling outside the acceptance.!
The term r; is the contribution of the i-th selected particle to the total rate. For suffi-
ciently large N, Ryic converges to the true rate.

LA single scattering event can produce one or two such particles; each is counted individually in
Eq. (18.14).
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18.3.1 Sampling of the scattering pair

The sampling is performed in normalised phase space, assuming a Gaussian bunch
and no x—y coupling. The longitudinal plane is treated on the same footing as the
transverse ones by defining

SZ - 0’20’5, ,BZ — 2, lXZ — 0. (1815)

0s

Eleven uniformly distributed random numbers are drawn per scattering event. Six
of them define the normalised coordinates (X3, X}, Y1,Y], Z1, A1) of the first particle,
drawn uniformly in

[—nu/eu, +nuveul, u=x,Y,z, (18.16)

where 7y, n, and n, are user-defined truncation parameters (default n, = n, = n, =
3, i.e. sampling up to three beam sigmas). Three further random numbers define the
normalised slopes and momentum deviation of the second particle, (Xé, Yz’, Ay); the
two particles are assumed to collide at the same point, so their spatial coordinates
coincide,

X2 =X1,  Y2=VY1, Z2=1721. (18.17)
The last two random numbers define the scattering angles, as described in Section 18.3.2.
The physical longitudinal coordinates follow from the normalised ones asz; = /B Z;
and §; = A;/ \/E, so that z; and J; are sampled uniformly within +n,0, and £n,05,
respectively.
Applying the transformation from normalised to physical coordinates and adding the
dispersive contribution gives, for the first particle,

(x1 = \/Bx X1 + 81Dy,
V/ Bx

y1 = /By Y1+ 61Dy,
Y —w,Y

_ 1 a]/ 1 +51D,,

6 R

and, for the second particle, whose physical position is imposed by Eq. (18.17),

/

(18.18)

(X xl _52Dx
2 = T

X! ﬁxx
xy =202 L 5 pr

Vs (18.19)

y1 — 02Dy '

YZ - T/
Y

Y) —a,Y

yh =+ ﬁj 2+ 6D,

The Gaussian phase-space density at the particles coordinates is
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_ N (P
p= 873 ey €, P 202 202
( X+ (axxp + Baxp)® v+ (ayyp + Byyp)?
x exp | — —

2 2
Zax i 20'y 3

) , (18.20)

where the subscript B again denotes betatron coordinates.
The sampled phase-space volume appearing in Eq. (18.14) is

72

V= N 2nevex)® (2ny/5y)° (2n20/6)° . (18.21)

18.3.2 Scattering kinematics

Each sampled pair is boosted from the laboratory frame to its centre-of-mass frame.
The two remaining random numbers define the polar scattering angle 6*, drawn uni-
formly in [Omin, Omax), With Omin = 0.000057T and Omax = 0.999957, and the azimuthal
angle ¢*, drawn uniformly in [0, 7r]. The small exclusion around 0 and 7t avoids the
forward /backward divergence of the Moller cross-section.

The momenta are then rotated by (6*,¢*) in the c.m. frame and boosted back to the
laboratory frame.

The weight of the event is finally computed as the integrand of Eq. (18.14), i.e. the
product of the two densities, sin 68*, the Meoller cross-section evaluated at 6%, and the
kinematic factor g* /2.

18.3.3 Selection of the particles to be tracked

After the boost back to the laboratory frame the pair is ordered so that particle 1 car-
ries the smaller momentum deviation. A particle is retained as a candidate for track-
ing only if its momentum deviation falls outside the local momentum acceptance,

01 < 0N or 0y > Op. (18.22)

Particles that remain inside the acceptance cannot be lost and are discarded.

The acceptance used in Eq. (18.22) is the LMA scaled by a safety factor smaller than
one. This accounts for the fact that particles with non-zero betatron amplitude can
be lost at momentum deviations smaller than the on-orbit acceptance, and therefore
prevents potentially lost particles from being missed.

18.3.4 Weighting of the scattered macroparticles

A lumped-element approach is used to model the losses: the lattice is divided into
a series of sections by placing scattering elements at different locations, chosen such
that the optics functions vary slowly between adjacent elements. Evaluating the local
scattering rate by Monte Carlo integration everywhere in the machine would be com-
putationally expensive. Instead, the Piwinski formula is used to estimate rapidly the
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total Touschek scattering rate over each lattice section, and this is used to normalise
the Monte Carlo distribution.

The Piwinski rate Rp(s) is evaluated at each scattering element and integrated with
the trapezoidal rule over the lattice section between the current and the preceding
scattering element. Normalising to the machine circumference C gives the contribu-
tion of that section to the ring-averaged scattering rate,

_ s
Rp = l/ * Rp(s) ds. (18.23)
C Sk—1

Each scattered macroparticle generated at the element, carrying the local contribution
r; of Eq. (18.14), is then assigned the weight

[#] —
- Rp, (18.24)
Yijesti

Wi

where S is the full set of particles selected by Eq. (18.22). By default, only the highest-
weight subset Sy C S is returned for tracking: the retained particles are chosen
such that their cumulative contribution is approximately fret} jcs 7j, where fret is the
weight_retention_fraction parameter. For particles in Sy the weights are still nor-
malised with the denominator in Eq. (18.24), i.e. with the full selected set S rather than
with the retained subset. Therefore, for fret = 1 the returned ensemble reproduces the
total scattering rate from the corresponding section, while for ft < 1 it reproduces
the retained fraction of that rate. Summed over all sections, Eq. (18.23) reproduces
by construction the ring-averaged Piwinski rate of Eq. (18.26) when no particles are
discarded.

The full beam-loss profile is obtained by tracking the scattered macroparticles from
the location of their scattering element and histogramming the loss positions weighted
by w;. The total Touschek loss rate is the sum of the weights of the lost particles, from
which the Touschek lifetime follows as

_ N
Yiwi

For reference, the corresponding analytical estimate from the Piwinski formula is ob-
tained by averaging the local rate over the machine circumference [84],

1 Rp 1 RP(S)
- = — _ — —d . ]. .2
r <Nb> clen, ™ (18:26)

7 (18.25)




Chapter 19

FFT solvers and convolutions

19.1 Notation for Discrete Fourier Transform

We will use the following notation for the Discrete Fourier Transform of a sequence
of length M:

i = DFTp1(ay) Z ap e 7N fork €0,.., M (19.1)

The corresponding inverse transform is defined as:
1 1 M_l 2 km
14 . ighkm

aym = DFT, [ () = i k;) agel™m forme€o0,... M (19.2)

Multidimensional Discrete Fourier Transforms are obtained by applying sequentially
1D DFTs.. For example, in two dimensions:

ik, = DFT i, {amxmy} = DFTy, {DFTys, {am, } }
Moot o S (19.3)

Z e—]Zn Z e—] ="My, My ﬂmxmy

my=0

Ao, = DFTt g { e, b = DFTR {DFTR! {ac s,

1 Mesl o Ml kymy (19.4)
_ Z e]271 e Z e] My 4
M, M Kcky
XY k=0 ky=0

19.2 FFT convolution - 1D case

The potential can be written as the convolution of a Green function with the charge
distribution:

¢(x) = /+OO o(x") G(x — x")dx’' (19.5)

—00

239
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We assume that the source is limited to the region [0, L]:

p(x) = p(x) 1y (x) (19.6)

where ITj, ; (x) is a rectangular window function defined as:

1 forx € [a,b]

(19.7)
0 elsewhere

I, (x) = {

We are interested in the electric potential only the region occupied by the sources, so
we can compute:

¢r(x) = ¢(x)p 1) (x) (19.8)
We replace Eq. (19.6) and Eq. (19.8) into Eq.(19.5), obtaining:
+o0
¢r(x) = I ) (x) . I ) (&) p(x") G(x — x")dx’ (19.9)

We apply the change of variable x” = x — x:
40
¢r(x) = o1y (x) T 1 (x = ") p(x — x) G(x”) dx” (19.10)

—00

The integrand vanishes outside the set of the (x, x") defined by:

L
0<x< (19.11)
0<(x—x")<L
We flip the signs in the second equation, obtaining;:
L
0<x< (19.12)
—L<(x"—=x)<0
Combining the two equations we obtain:
—L<—-L+x<x'"<x<L (19.13)

i.e. the integrand is zero for —L < x” < L. Therefore in Eq.(19.10) we can replace
G(x"") with its truncated version:

GZL(XN) = G(x”) H[fL,L] (x”) (19.14)
obtaining:
—+00
¢r(x) = o ) (%) M py (x — ") p(x — x7) Gor (x")dx" (19.15)

—00

Since the two window functions force the integrand to zero outside the region |x”| <
L we can replace Gy (x”") with its replicated version:

+o0 +o0
Gaur(x") = ), Gor(x"—2nL) = ) G(x"—2nL)II_ ; (x" —2nL) (19.16)

n—=——0o0 n—=—0o0
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obtaining:
pL(x)= [ Ty (x) g (x —x") p(x = x"") Gorr(x")dx" (19.17)

We can go back to the initial coordinate by substituting x” = x — x’:
too / / /
PL(x) = o) () [ p(x') Gaun(x = ¥)dx (19.18)

This is a cyclic convolution, so we can proceed as follows. We split the integral:

+oo 2(n+1)L , , ,
¢(x) =T (x) ) /2 . p(x") Gorr(x — x') dx (19.19)
n=—oo v <N
In each term we replace x”/ = x’ + 2nL:
Hoo 2
¢r(x) =Ty (x) Y / p(x"" —2nL) Gorr(x — x"" —2nL) dx"" (19.20)
0

n=—oo

We use the fact that Gy r(x) is periodic:

+oo 2L
$L(x) =Ty (x) Y [ p(x" —2nL) Garr(x = x")dx"
0

n=—oo
(19.21)
2L+
x) / Z ,0 ¥ ZnL GZLR(X . x///)dx///
0 n="o0
We can define a replicated version of p(x):
P21R (X Z p(x —2nL) (19.22)
n—=—oo
noting that this implies:
porr(x) =0 forx € [L,2L] (19.23)
We obtain: .
ch(x) = H[O,L] (x) 0 pZLR(x’) GZLR(X — x’)dx’ (19.24)
The function:
2L / / /
¢2LR(X) = 0 pZLR(x ) GQLR(X — X )dx (19.25)

is periodic of period 2L. From it the potential of interest can be simply calculated by
selecting the first half period [0, L]:

¢r(x) =T 1] (x) P2rr(x) (19.26)
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To compute the convolution in Eq. 19.25 we expand ¢, r(x) in Fourier series:

$arr(x Z /¥ 3T (19.27)

k=—o0
where the Fourier coefficients are given by:
7 1 2L 27tk 5
¢ = i 0 (PzLR( ) IR dx (19.28)

We replace Eq. (19.25) into Eq. (19.28) obtaining;

2L ,2L . ¥
(,13]{ = ﬁ /0 0 szR(x/) GZLR(x — x’) (37]27-[1{Z dx' dx (1929)

With the change of variable x”" = x — x’ we obtain:
B 1 2L . kx/ 2L n kx//
Kk — = 2LR x’ 67]27-( ﬁdx' GZLR x" e JFar dx” (1930)
()b 21 0 p 0
where we recognize the Fourier coefficients of porr(x) and Gorr(x):

1 2L

O = Z szR(x) e—janﬁ dx (19.31)
0
B 1 2L o
Gy = — GZLR(JC) e J2kar dx (19.32)
2L Jo
obtaining simply: X
b = 2L Gy P (19.33)
I assume to have the functions prr(x) and Gyrr(x) sampled (or averaged) with step:
2L L
he= 5 =< (19.34)

I can approximate the integrals in Egs. (19.31) and (19.32) as

Ok = 7+ PZLR (xq) e 275 = —py (19.35)
M n=0 M
G =~ Mz_lc () e 27 = 16 (19.36)
k= 77 2LR\An — Uk .
M n=0 M

where we recognize the Discrete Fourier Transforms:

Px = DFTp {p20r(xn) } (19.37)
Gr = DFTy {Garr (%)} (19.38)

Using Eq. (19.27) we can obtain a sampled version of ¢(x):

$orr (xn) Z Pr o275 (19.39)
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where we have assumed that ¢(x) is sufficiently smooth to allow truncating the sum.
Using Egs. (19.33), (19.35) and (19.36) we obtain:

M- 2L M- i kn
$arr (xn) = 2L }: Gr o™i = Ve Z K Oy /M (19.40)
n=0 n=0
This can be rewritten as:
1 M_l A '2 kn 1
Parr(xn) = 37 ) (heGy) pr @™ = DFT) ! {¢} (19.41)
n=0
where
Pr = hxGy Px (19.42)
We call “Integrated Green Function” the quantity:
Gorr(¥n) = hxGorr (xn) (19.43)
we introduce the corresponding Fourier transform:
Gint — DFTy, {Gng(xn)} (19.44)
Eq. (19.42) can be rewritten as:
$r = GI" py (19.45)

In summary the potential at the grid nodes can be computed as follows:

1. We compute the Integrated Green function at the grid points in the range [0, L]:

Gint _ [ G0 19.46
LR (Xn) = - (x)dx (19.46)

n—3
2. We extend to the interval [L, 2L] using the fact that in this interval:

Gt (x,) = G (x, — 2L) = GIR% (2L — xy) (19.47)

where the first equality comes from the periodicity of G (x) and the second

from the fact that G(x) is an even function (i.e. G(x) = G(—x)). Note that for
xy € [L,2L] we have that 2L — x,, € [0, L] so we can reuse the values computed
at the previous step.

3. We transform it:
Gi™ = DFTan {Gorr(%n)} (19.48)

4. We assume that we are given p(x,) in the interval [0, L]. From this we can obtain
p20r (Xn) over the interval [0, 2L] simply extending the sequence with zeros (see
Eq. (19.23)).

5. We transform it:
Or = DFTon {021r (x4) } (19.49)
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6. We compute the potential in the transformed domain:

A A

$r = GMp,  for k € [0,2N] (19.50)

7. We inverse-transform:
¢orr (xn) = DFTop {c } (19.51)
which provides the physical potential in the range [0, L]:

<p(xn) = (PZLR(xn) for x, € [0, L] (19.52)

19.3 Extension to multiple dimensions

The procedure described above can be extended to multiple dimensions by applying
the same reasoning for all coordinates. This gives the following procedure:

1. We compute the Integrated Green function at the grid points in the volume
[0, Ly] x [0,Ly] x [0, L;]:

h

Gint B mrd et . 426G 19.53
LR (X Yny Zn.) = o P 8 y z2G(x,y,2) (19.53)
nx 72 ny 7

2. We extend to the region [0,2L,] x [0,2L,] x [0,2L;] using the fact that:

GirllfR(xn/J/ann) Gng( — 2Ly, Yn, Zn) = GizritR(ZLx — X, Yn, Zn)
for x,, € [Ly,2Ly],yn € [O,ZLy],zn € [0,2L;] (19.54)

GETR(xn/ymzn) GizritR(xnryn — 2Ly, Zn) = GizritR(xanLy — Yn,Zn)
fory, € [Ly, 2Ly}, xy € [0,2Ly],2, € [0,2L;] (19.55)

int

GéritR(xn/yann) GizritR(xnfyann —2L;) = Gyrr(xn,Yn, 2Lz — zn)
for z, € [Lz,2L;), %y € [0,2L], yn € [0,2L,] (19.56)

This allows reusing the values computed at the previous step.

3. We transform it:

é;ifﬁykz = DFTan,2N,2N. { GaLr (X0, Yn, Zn) } (19.57)

4. We assume that we are given p(x,,, Y, z4) in the region [0, Ly] x [0, Ly] x [0, L;].
From this we can obtain porr(x,) over the region [0,2L,] x [0,2L,] x [0,2L,]
simply extending the matrix with zeros (see Eq. (19.23)).

5. We transform it:

Aint

Pik,k. = DFTan,oN, 2N {020R (X0, Y Zn) } (19.58)
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6. We compute the potential in the transformed domain:
(ﬁkxkykz = GA]i{erykZ pAkxkykz for kx/]//z € [O’ ZNX/]//Z]

7. We inverse-transform:

Pa1R (Xn, Yn, 2n) = DFT oy (2N,2N, {Gf’kxkykz}
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(19.59)

(19.60)

which provides the physical potential in the region [0, Ly] x [0, L,] x [0, L;]:

(P(xn; Yn, Zn) = ¢aLR (xn/ Yn, Zn) for (xn/ Yn, Zn) € [0/ Lx] X [0/ Ly]

x [0,L.] (19.61)

19.4 Green functions for 2D and 3D Poisson problems

3D Poisson problem, free space boundary conditions

For the equation:

1
Vip(x,y,2) = = -p(x,¥,2)

_ (9 9 9
~ \ox' 9y’ oz
the solution can be written as

+00
$(x,y,z) /// Xy, ZYG(x—x,y—v,z—2)dx dy dZ

where:

where:
1 1

G(x,y,2) = e AT

The corresponding integrated Green function [85]. can be written as:

h
xnx+7x x”z"’z
int _
GZLR(x”x’y”y’Z”z) = 0 x/ h y/ (x,¥,2)

h y
xnx /ynx + 5 2 Z”x +

(19.62)

(19.63)

(19.64)

(19.65)

(19.66)

(19.67)
(19.68)
(19.69)
(19.70)

(19.71)
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hx hy hz
+F (xnx - ?/ynx + ?, Zp, — ? (1972)
h h h
+F (xnx — Y~ Ty,znx + 32) (19.73)
h h h
~F <xnx S T SE T Ez) (19.74)
where F(x,y,z) is a primitive of G(x,y, z), which can be obtained as:
x y x
F(x,y,z) = / dx/ dy/ dz G(x,y,z) (19.75)
X0 Yo 20

with (xo, Yo, zo) being an arbitrary starting point.
An expression for F(x, y,z) is the following

1

1
Fx,y,2) = 1] NcEmre (19.76)
2 2
= L _z arctan XY _r arctan Xz (19.77)

X

2
yz
— ——arctan +yzln [ x4+ (/x2 + 2-1—22) 19.78
2 (x\/x2+y2+zz> / < / (19:78)
+xz1n (y+\/x2+y2+zz>+xyln (z+\/x2+y2+zz>} (19.79)

Note that we need to choose the first cell center to be in (0,0,0) for evaluation of the
integrated Green function. Therefore the cell edges have non zero coordinates and
the denominators in the formula will always be non-vanishing.

2D Poisson problem, free space boundary conditions

For the equation:

1
Vig(x,y) = —gp(x,y) (19.80)
where: -
V= (51 @) (19.81)
the solution can be written as
—+00
¢(x,y) = /// o(x",y)G(x —x',y — ) dx' dy’ (19.82)
where:
G(x,y) = e log ( 7 (19.83)

where 1y is arbitrary constant which has no effect on the evaluated fields (changes the
potential by an additive constant).
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The corresponding integrated Green function can be written as:

Gt (Xny, Yny) = / dx / o Ay G(x,y,2) (19.84)
Xnxy =73 Yny =7
h
=+ F(xn, + h—",ynx + 2L (19.85)
2 2
hy hy
hx hy
— F (xnx 7, ]/nx + ?> (1987)
h h
+F (xnx — %,ynx — 7”) (19.88)
where F(x,y) is a primitive of G(x, y), which can be obtained as:
X Yy
F(x,y) = / dx [ dyG(x,y) (19.89)
X0 Yo

where (X, o) is an arbitrary starting point.
An expression for F(x, y) is the following (where we have chosen ry = 1):

1 2 2
e / / In (2 +y?) dx/,dy (19.90)

-1 —x? — 12 _ 2, .2
= Tres [3xy x“arctan(y/x) — y~ arctan(x/y) — xyIn <x +y )} (19.91)

Flx,y) = -

Note that we need to choose the first cell center to be in (0,0) for evaluation of the
integrated Green function. Therefore the cell edges have non zero coordinates and
the denominators in the formula will always be non-vanishing.

19.5 Generalization to observation interval different from
source interval

The potential generated by a source p(x) can be written as the convolution of a Green
function with the charge distribution:

00
¢(x) = /_oo o(x") G(x — x")dx' (19.92)

We assume that the source is limited to the region [a, b]:
p(x) = p(x) iz (x) (19.93)
where ITj, ; (x) is a rectangular window function defined as:

1 forx € [a,b]

(19.94)
0 elsewhere

I, (x) = {
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We are interested in the electric potential in a given region [c, d], so we can compute:

Pea(x) = §(x)I|c g (x) (19.95)
We combine Egs. (19.93), (19.95) and (19.92), obtaining:

—+o0
Poi(x) = iy () [ Ty () p(x') Glx — )i’ (19.96)

We apply the change of variable x”/ = x — x”:

+oo
Pea(x) = [ Mg () Ty (x —2") p(x — x) G(x") dx” (19.97)

The integrand vanishes outside the set of the (x, x”") defined by the two window func-

tions:
c<x<d// (19.98)
a<(x—x")<b

We flip the signs in the second equation, obtaining:

c<x<d (19.99)
—b< (X" —x)< —a

Combining the two equations we obtain:
c—b< —-b+x<x'<—-a+x<d—a (19.100)

i.e. the integrand is not zero for c — b < x” < d — a. Therefore in Eq. (19.97) we can
replace G(x) with its truncated version:

Gu(x") = G(x") My, 4 (x") (19.101)
obtaining:

+oo
hea(x) = Ijeg () Ty (x = x") p(x — x") Gie (x"" )" (19.102)

We can go back to the initial coordinate by substituting x” = x — x:

—+00
fea(x) = T (%) /_ 0(x') Ger(x — x')dx’ (19.103)
We call:
Li=b—a (19.104)
Ly—d—c (19.105)

The measure of the set on which G (x”) is non zero is

(d—a)—(c—=b) =L+ Ly (19.106)
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We define L such that:
L1+ L, =2L (19.107)

Since the two window functions in Eq. 19.102 force the integrand to zero outside the
region c — b < x” < d — a of measure 2L, we can replace Gy (x") with its replicated
version:

Gr(x” Z G (x” —2nL) Z G(x" =2nL) Ty, 4_q) (x" —2nL) (19.108)
n=-—0o0 n=-—co
obtaining:
—+00

Pea(x) = e g () T g (x — x7) p(x — &) Gr(x")dx” (19.109)

We can go back to the initial coordinate by substituting x”" = x — x”:

+00
Pea () = Hieg () [ p(x') Grlx = x')ex’ (19.110)

This is a cyclic convolution, so we can proceed as follows. We split the integral:
I 2n+1)L ! ! !
Pea) = Hieq (1) Y [* 7 p(x) Grlx— ) dx (19.111)

n=—oco /2nL

In each term we replace x”/ = x’ + 2nL:

+o 2L
Pea(x) =g (x) Y /O o(x" —2nL) Gr(x — ¥ —2nL)dx"  (19.112)

n=—oo

We use the fact that Gg(x) is periodic:

= 2L " /// "
Peal®) =T (v) Y [ p(x" = 20L) Gr(x = x")dx

n=—0o0
(19.113)
ZL /// /// "
= H[c,d] (x) /0 Z p 27’1L dx
n=—0o0
We can define a replicated version of p(x):
—+o00
pr(x) = Y p(x—2nL) (19.114)
n=—oo
We obtain: -
pea(x) = | g (x)/o or(x') Gr(x — x")dx’ (19.115)

The function: -
Pr(x) = / pr(x") Gr(x — x')dx’ (19.116)
0
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is periodic of period 2L. Replacing in Eq. 19.115 we see that the potential of interest
can be simply calculated by selecting the right interval [c, d]:

¢Pea(x) = i) (x) Pr(x) (19.117)

To compute the convolution in Eq. 19.116 we expand ¢r (x) in a Fourier series starting
from x = c:

+o0
Pr(x) = Y GpeP™u (19.118)

k=—o0

where the Fourier coefficients are given by:

~ 1 2L 0k X
di= 57 / or(x) e 123 dx (19.119)
0
We replace Eq. (19.116) into Eq. (19.119) obtaining:
3 1 2L g2L i
P = i/ / or(x") Gr(x — x") e 7273 dx' dx (19.120)
o Jo
With the change of variable x”" = x — x” we obtain:
7 1 2t ! 2mk3y 3.1 2L " Rk g1
Pr = i/o Pr(x")e 772 dx /0 Gr(x™)e /7™ dx (19.121)

where we recognize the Fourier coefficients of pr(x) and Gg(x):

oL o
b = % /O or (%) e 2R dx (19.122)
Gp = /  Gr(x) e P dx (19.123)
k — 7L 0 R .
obtaining simply: 3
& = 2L Gy by (19.124)

We assume to have the functions pg(x) and Gg(x) sampled (or averaged) with step:
hy = = (19.125)

We assume that all intervals have size multiple of . So we can define:

Ny = Li/hy (19.126)
Ny = Lo/ hy (19.127)
We call:
PrRn = PR (a+nhy) (19.128)
Prn = PR (C + nhx) (19.129)

Grn = Gr (C —b+ Tlhx) (19.130)
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By construction in the range 0 < n < M:

__Jpla+nhy) for0<n<N;
PRn = Pn = 0 for Ny < n < M

GrRu =Gy =G(c—b+mnhy) for0<n<M
We can approximate the integral as follows:

2L a+2L o
Ok = 2L pr(x) e 127k3L dx = ZL/ r(x) e 727t dx

h M 1 atnly M-1
S WIS

n=0

We recognize the Discrete Fourier Transform:

. a1 ke 1,
Ox=e¢e J27tk 5 MDFTM {pRn} = j27ck ot Mpk

and similarly we can obtain
- | iomke 14
pr=c¢e J27tk5r MDFTM {¢Rn} — o J27tk5r M('bk

1 _inke=b
MDFTM{GRH} — o /2K

A

~ . c—b
Gy = e*JZNkT Gy

M
Replacing in Eq. 19.124 we obtain

A iopb=a A kN . oA
P = Iy G = e W 5 Gy

19.6 Compressed FFT convolution

We assume that the source has the form

Z ploc

where plOC( ) is limited to the interval [a, b].
We are 1nterested in the potential in a set of intervals given by:

[c+iP, d+iP] fori=C,..,D—1

The contribution of the j-th term of p to ¢ int the i-th interval:

gi(6) = |~ P GI e

= ef'zﬂkﬁ% Z pRne*fzﬂan
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(19.131)

(19.132)

(19.133)

(19.134)

(19.135)

(19.136)

(19.137)

(19.138)

(19.139)

(19.140)

(19.141)
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where:
G (x") = G(x") I _py1p, d—atip] ()

We define a local version of G as

Gltr,IOC(x) = G["(x +IP) = G(x + IP) Ie_p, 4—q (%)

obtaining:

+oo
Pylx) = [ A = jP) G (x = ¥ — (i = j)P)ax’

We replace x’ = x" — jP:

e locy ../ tr, loc / . /
‘Pij(x):/ O (x) G °(x — & — iP)dx

We define a local version of ¢:

i< (x) = ¢ij(x +iP)
obtaining:
loc e loc(,./Y (~tr, loc ! !
P = [ ple() G — x)x
I explicit all the pies:

—+o00

P (x) = . T ) (X )T, 4y (x — ' )p*°(x') G 1 (x

Again, we want to find the region in x where this is non-zero:

a<x <b
c—b<x—x'<d—a

from which:

c—b+x <x<d—a+x
c—bt+a<x<d—a+b

So we find that (p}]oc(x) is non-zero in the region:

c—Li<x<d+ 1,

The total potential in the i-th interval of interest:

— x)dx'

loc Z (Ploc Z / loc Gtr IOC( x’)dx’
j=A

(19.142)

(19.143)

(19.144)

(19.145)

(19.146)

(19.147)

(19.148)

(19.149)
(19.150)

(19.151)
(19.152)

(19.153)

(19.154)
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Since all terms in the sum are zero outside the region defined by Eq. 19.153 also gb%oc (x)
is zero outside the same interval, which is larger by 2L; compared to the set of interest

c,d].
We build:
D—-A-1
G™(x) = Y G"(x —ILaw) (19.155)
I=C—B+1
where:
Laux = L1+ Ly (19.156)
and
B-1 '
P (x) = ZA P (x = jLaux) (19.157)
]:
and we define oo
X (x) = / P (x') GAX (x — x')dx! (19.158)
We extract a segment of it:
G 1(x) = M (x + iLaux) 1o g1 () (19.159)
We replace Eq. 19.155:
—+o00
P loc(yy = H[C/d}(x)/ 2 (x") G*(x — x’ + iLaux)dx’ (19.160)

We replace Eq. 19.157 and Eq. 19.155:

4oo B=1 D—A-1
(P?ux, IOC(x) _ H[c,d] (x) Z p}OC(x/ . jLaux) Z Gltr, IOC(x ! + (l — Z)Laux)dx/
% j=A I=C—B+1

(19.161)

“ M) 3 X [~ jLaw) G (x =+ (i = D L)
(19.162)

We change variable x”/ = x” — (i — ) Laux

aux, loc o pa-t i +OOI—I loc/ .1 1L Gtr,loc -/ d "
¢; (=Y ) e, ()0 (& + (i P Laux) G 7 (x — x7)dx
I=C—B+1j=A -

(19.163)

The integrand is nonzero for:
c<x<d (19.164)
a<x"+({i—1—j)Laux) <Db (19.165)

c—b<x—x"<d—a (19.166)
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I subtract the first and the last:

a<x"+({—1—j)Laux) <D (19.167)

—b< —x"< —a (19.168)
I flip the last

0 <x"+(i—1—j)Law) <D (19.169)

a<x"<b (19.170)

The two are compatible only if
l=i—j (19.171)

This means that in the double sum only the terms satisfying Eq.19.171 are nonzero,
hence:

—+o00
¢?ux, IOC( H[cd Z / loc x//+ Gtr loo:( x”)dx” (19.172)

Comparing against Eq. 19.154 we find:

TTj g ()71 (x) = T g (%) 1% (x) (19.173)

1

Using Eq. 19.159 we obtain:
[jg a1 (%) 12 (x) = Tl g (%)™ (x + iLaux) (19.174)

To compute the convolution in Eq.19.158 we can use the results from the previous
section.

We call:
Ns=B-A (19.175)
Nr=D-C (19.176)
(19.177)
The support of p?**(x) is:
[a + ALaux, @ + BLaux] having size NgLaux (19.178)

The support of G*™(x) is:
[c—=b+ (C—B+1)Laux,c — b+ (D — A)Laux) having size (Ng + N7 — 1) Laux

(19.179)

Using a sampling step h,, we can define:
Ny = Ly/hy (19.180)
Ny = Lo/hy (19.181)

Naux = Laux/hx = N1 + No (19.182)
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The number of samples in the support of G**(x) is

Maux = (NS + NT - 1)Naux (19-183)
We define
G =G™ (¢ —b+ (C—B+1)Laux + mhy) for 0 < m < Maux (19.184)
Replacing Eq. 19.155:
D—A-1
G = Y G~ b+ (C— B+ 1)Laux + Mhy — ILau) (19.185)
[=C—B+1
D—A-1
= Y G(c—b+(C—B+1)Laux + [P+ hyx(m — INaux)) x(19.186)
I=C—B+1
ie_p, 4—g) (¢ = b+ (C = B+ 1) Laux + hx(m — INaux) ) (19.187)

We define:

G¥™ = G(c—b+(C—B+1)Laux + 1P+ 1)1y 4 g(c— b+ (C—B+1)Layx + nhy)
for 0 <1 < Ny and (C—B+1) <1< (D—A) (19.188)

So we can write:

D-A-1
GiX= ), G (19.189)
I=C—B+1
We define:
p;lux _ pauX (a + ALaux + mhx) fOI' 0 S m < NSNauX (19.190)
O fOI‘ NSNaux S m < Maux
We can use the result from before linking the DFTs of these sequences:
. (B—A—l)Laux (b—ﬂ> - (N 71)NaUX+N
G = P TN D — PRI T R o (19.191)

The inverse DFT of ¢2"* provides:

7311.1X — 4)3_UX (C + CLaux + mhx) for O S m < NTNaux (19.192)
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