3D rotation and Lie group

Euler angles

Euler angles are a set of three angles introduced by Leonhard Euler that are used to describe the orientation or rotation
of a rigid body in three-dimensional space.

e o Often be called as Roll, rotation around the x axis.
« (3: Often be called as Pitch, rotation around the y axis.
e ~v: Often be called as Yaw, rotation around the z axis.

Rotation around the x axis.

1 0 0
R,(a) = |0 cosa —sina (1)
0 sina cosa

Rotation around the y axis.

cosp 0 sinf
R,8=| 0 1 0 (2)
—sinB 0 cosB

Rotation around the z axis.

cosy —siny 0
R.(y) = [siny cosy O (3)
0 0 1

By combining these three angles, the orientation of the rigid body in three-dimensional space can be fully described.

Rotation order of Euler angles

But since the multiplication of matrices does not satisfy the commutative law, different orders of x,y and z rotation
generate different final rotation matrices.

Rmyz - Rz (7) Ry (ﬂ) Rz (O()

[cosy —siny 0 cosB 0 sinf] [1 O 0
= |siny cosy O 0 1 0 0 cosa —sina
[ 0 0 1] [—sinB 0 cosB| [0 sina cosa (4)

CACB  Cy8BS8q — CaSy SySa + CyCaSp

= |CBSy CyCo Tt 54S3Saq  CaSySp — CySqa

| =58 CBSa CpCq



[ cosB 0 sinB] [1 0 0 cosy —siny 0
= 0 1 0 0 cosa —sinal| |siny cosy O
| —sin 0 cosB] |0 sina cosa 0 0 1 (5)

CBCy 1+ SpSaSy CySBSa — CBSy CaSp

= CaSy CaCy —Sq

| C3SaSy — SpCy  SpSy + CaCySa  CBCq
Therefore, it is crucial to determine the rotation order when using Euler angles.

Euler angles are commonly used, however, they are not continuous due to the gimbal lock problem. Additionally,
handling them in various mathematical problems can be challenging because of their non-commutative nature.

Infinitesimal Rotation

If the angles are small enough, the following approximations hold true:

By substituting these approximations into equations (8) or (9), we can obtain the same results.

1 — B
Ryy.~R,y~ | v 1 —«a
-8 « 1
0 — pB if oBy<1 (6)
=1+ |~ 0 —«a
-8 « 0
=TI+ [w]«

Here, [w] « IS a skew-symmetric matrix. A skew-symmetric matrix is a square matrix where the transpose of the matrix is
equal to the negation of the matrix itself.

Now that we can obtain a commutative represention of a small rotation by a 3d vector. The remaining question is how to
represent a larger rotation?

If we desire a larger rotation, we can simply divide the 3D vector w into n pieces and compose them as follows:

[“ix)x...(u [“:lx):(u [“ix)” (7)

Vv
n factors

R(w) = (I +

For real numbers, this series is very famous, shows a way to compute the exponential function.
Similarly, we can extend the definition of exponential function to skew-symmetric matrix.

[w]

n

R(w) = (I +

)" = el ®

The exponential sum formula is also applicable to skew-symmetric matrix. Now, the exponential map (8) or (9) can


https://en.wikipedia.org/wiki/Skew-symmetric_matrix
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transform a 3d vector into a rotation matrix.

Rlw) = =Y L (9)
T4

In actually, some part of Lie group theories have been described in above. The 3D rotation space R is called as special
orthogonal group SO(3). The 3d vector w is called the Lie algebra so(3) associated with SO(3) by the exponential
map.

Group

A Group satisfied following requirements, known as group axioms.

¢ Closure:
ifa;,as € G,thenay -as € G
¢ Associativity:
ifay,as,a3 € G, then (ay - as2) -az = ay - (as - as)

e |dentity:

For every a € G, there exists aag € G, suchthatag-a=a-ap=a
o Invertibility:

Forevery a € G, there existsaa ™' € G, suchthata - a~! = a

For example, the Rubik's Cube group is a group, we can simply verify that the group axioms are satisfied for it.

Lie group

A Lie group is a continuous group, which means a Lie group is infinitely differentiable (smooth).
Therefore, The Rubik's Cube group, on the other hand, is a group but not a Lie group. In contrast, 3D rotation space is
both a group and a Lie group.
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Due to several advantages, Lie groups and Lie algebras are commonly used to represent rotations in modern SLAM
(Simultaneous Localization and Mapping) studies. These advantages include:

¢ Lie algebra only requires three values to represent a rotation..

¢ A Lie groups or Lie algebras is differentiable.

¢ Gimbal lock problems do not occur in Lie groups or Lie algebras.
e For small rotations, Lie groups are easily linearized (6).

Special orthogonal group SO(3)

Exponential map

We can map a 50(3) to SO(3) using equations (8) or (9), However, these calculations can be quite complex. To simplify
the process, we introduce the following definitions:

We define w = 6r

e 7 is a unit vector of w, 7 = ﬁ

e fis the norm of a w, 6 = ||w||

The exponential map can be computed as follows:

<, 1
= —([r] )"
2 1 (0]
2 3 1
= I+ 0[] + 5 0°Ir]2 50 )% 594[r]‘i+
=rlp— [T]ZX + 0r] —92[ ] 03[ ] Al 04[7"]4x+- .
1 1 ' 1 (10)
=rTr —([r]2 - 502[7‘& — 504[r]i—...)+ (Or]« + 593[7']3;—#. )
T (1 21!92 + Lek...)[r]i + O ;![r]i-l—...)[r]x

= rTr — cosflr]: + sinfr],
= [r]% 4+ I — cosf[r]% + sinf[r] .
=T+ (1 — cosh)[r)% + sind[r]

In (10) two properties of skew symmetric matrices are used.
If  is a unit vector:

The formula (10) represents a fast way to calculate the exponential map from s0(3) to SO(3), and is known as
Rodrigues' Formula.

Logarithm map
In contrast to exponential map, the logarithm map corresponds a Lie algebra to a Lie group.

The formula (10) can be wrtten as matrix:
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1—r?
RO,r)=I+(1—cost) | rira 1
—rir3
r2(1 — cosf) + cosf

r1T2 173 0 —r3 7
— r% —rorg| + sinf | r3 0 -
rors  1—12 -ry T 0

r1r2(1 — cosf) — r3sinf  rir3(1l — cosh) + rosind

= | rira(1 — cosB) + rssind r2(1 — cosf) + cos®  —rar3(1 — cosd) — r1sind
—ry1r3(1 — cosh) — rasind  rors(1l — cosh) + risind r2(1 — cosb) + cosf
From equation (11), we can derive the following formulas:

1
0= arccos(E(Rll +

Ry + R33 — 1)) = arccos(;(tr(r)) -1)

r= [R32 - R23, R13 - R31, R12 — Rgl]/QS’l:ne

From equations (12) and (13), the logarithm map

log(R)" =w =

can be implemented as follows:

O[R32 — Ra3, R13 — R31, R12 — Ra]
2sinb

(11)

(14)



