Imu preintegration.

Predicting navigation state by IMU

Suppose we know the navigation state of the robot at time i ,as well as the IMU measurements from
the i time to j time. We want predict the state of robot at time j.

s; = H(si, 2(£(¢,b))) (1)

The navigation state combined by attitude R(O), position p and velocity v.

si = (Rnb, Dnb, Unb)
S; = (Rncapnc"vnc) (2)

n denotes navigation state frame.

b denotes body frame in time i.

c denotes current frame in time j.
0 is the lie algebra of R.

The retract action Z which defined on navigation state takes 2 parameters: s; and Z to predict Sj.

The 2 represents the difference between s; and s;.

d(é.’ si) - (Rﬂcapnca vnc) (3)

£ represents bias corrected preintegration measurement (PIM), which take 2 parameters, the PIM (
and IMU bias b.

The Jacobian of s;
S =Jr v ag? (4)
The Jacobian of b

gy =Jg 7 J; (5)

Preintegration measurement (PIM)



The PIM ((R(0), p, v) integrates all the IMU measurements without considering the IMU bias and the

gravity.
b b

wy,,a;, are the acceleration and angular velocity measured by IMU (accelerometer + gyroscope)

respectively.

Ry.1 = Ry exp(wlAt)

At?
Dri1 = Dk + v At + Rpal -

Vg1 = Uk + RkaZAt

n: navigation frame, b: body frame.
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B:Derivative of input a

C:Derivative of input w
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Where H is the Jocabian for exp: exp(a + dz) = exp(a) + H(a)dx

(10)



Bias correct

We want correct ( by a given accelerometer and gyroscope bias.

o¢ o¢
g(b‘f_Ab) — C@ (Abacc— +Abw— (11)
8bacc 8bw
o bgcc is bias for accelerometer.
e b, is bias for gyroscope.
 Because the parameter 6 cannot be added directly, we define the combination of  with the

symbol &.
a®b= [log(exp(ﬁa) eXp(eb))apa + Dby Vg + vb] (12)

The jocabian of bias for corrected PIM.

5=l ] 13
Find the partial derivatives of accelerometer's bias
The bias model for accelerometer.
af = af — b (14)
OG+1 _ OGkr1 0G| OGk+1 dal
Obacc OC Obace  9ab Obgce
0 '
= At (15)
Find the partial derivatives of gyroscope's bias
W = wh b, (16)
OG1 _ OGki1 OGk N OGi-+1 o}
b, OC, alel:w duwb Oby
=45 (17)

e ~ denotes the corrected measurement.

Delta between two states



The 2 represents the difference between two s; and ;-

9 = (Rbc7pbc7 ch)

be? ’ch

lgbc
— _ 2
D(&,s) = |ps, + Rnb v At + R g A
vb .+ R 1gAt

We can calculate & from corrected PIM &£ (Rgc, P

e g is the gravity vector.
» * denotes the predicted navigation state.

The jocabian matrix of navigation state

(03x3  O3x3 03><3'|
JZ = %ﬁfb 03x3 gfb;
| 7= Osx3 03><J
i O35 O3x3  Osxs
— RnbvnbAtJrR AT O3x3 I3x3At
;bgAt O3x3  Osxs

The jocabian matrix of £

I3xs  03x3 0O3xs
J? =053 Isxs Osus
|_03><3 033 I3><3J

Retraction 4

¢ ot ) and velocity, which is included in s;.

(18)

(20)

(21)

The retract action Z which defined on navigation state takes 2 parameters: s; and Z to predict Sj-

. 3; is the predicted s;.

R, . = R, Ry
Dy = Dnb + RupDe
V). = Unp + RupVbe

Derivative of s;

(22)



R} 03x3  03x3
J? = |-R,'Pec R, 033 (23)

Derivative of d

I3><3 O3><i3 O3><3
J7 = [O3x3 R, 03y (24)
|_03><3 03x3 Rb_lJ

Navigation state prediction error (residual function)

If navigtion state; is measured by sensors, we can calculate the error between state; and state;f.

AR R;'R;
rij = ZL(s;,85) = | Ap | = | R (P} —p)) (25)
Av R (vi —v;)

Local .& is the inverse function of %, which takes two navigation states, and get the delta between
the two states in tangent vector space

Derivative of an S;

—AR_l O3x3 03x3
Jf = ég —I3x3  0O3x3 (26)
Av O3x3 —1I3x3

Derivative of an s;f

Is3 0343 O3x3
J¥ =033 AR Os3 (27)
03><3 03><3 AR

Overall Jaccobian for prediction error

To summarize, The prediction error  takes 3 parameters s;, s; and b. According to the chain rule,
their Jaccobian can be written in the following form.

J =J7 (28)



Ty =200 = TR+ IE ) (29)

By =JE 3 =J2J3 I g (30)

Appendix

A-1. Proof of [Preintegration measurement (PIM)] (8)(9)(10)

A and B are the two lie groups: ¢(A, B) = AB

exp(743) = (AB) ' (Aexp($)B)
=B 'A'Aexp()B
= exp(B~14B)
= exp(B~13)

—

exp(Jpd) = (AB) ' (ABexp())
— BflAflABeXp((g)

A

= exp(9)
Hence:
Jy =B (Al1-1)
Jg =1 (A1-2)

Proof of (8) Jg:“ :
According to A1-1:

ORy 1
OR;y,

— exp(—w? At)



= I3x3 — At@

A'is alie group, p is a vector: (A, p) = Ap

According to A1-3:

Proof of (9) Jg’,f“ :
k

According to A1-4.

Proof of (10) JCS’Z“ :
k

According to A1-2:

Aexp (0)p — Ap
Js =

)
N Aa + Adp — Ap
- 5

(A1-3)

(A1-4)



A-2. Proof of [Delta between two states] (20)
Ais alie group, p is a vector: p(A,p) = A~ 1p

(Aexp(0))'p — A'p
5
exp(—8)A"1p — A 1p
5
_(I=9Alp—Alp
N 8 (A2-1)

Ja =

T-15 (A2-2)

Proof of (20) J;
The Z function:

B
+ R, LgAt

According to A2-1:

Opbe ——At?
o = ;blvnbAt—l—R 2

OR,,

According to A2-2 and (22):

Opse Ry (vnb + Rupdve) — Ry vmp
8’Unb N 5’05




= I3X3At

A-3. Proof of Retraction & (23)(24)

The & function:

The Jacobian of x for F:

Proof of (23) JZ:

According to A1-1:

According to A2-2 and A3-1:

R . = R, Ry
Dre = Pnb + RubPoe
V. = Upp + RupUbe

(A3-1)

OR;.

_ p-1
T Rbc

opi.  R,!(Rpexp (@)pbc — R Poe)

ORnp 06y
= —R,. Pre

0vi. Ryl (Ruy exp(60y)vse — Rupve)

ORy 06y
— _Rb—clﬁg;

According to A1-3 and (22)(25):

op;, R, (pnb + Rup0py — Pup)

ODnb dpy
=R, 1

61);;0 B Rgcl (Unb + R,p0v, — Unb)




Proof of (24) J (‘?

According to A2-2 and A3-1:

OPre _ Rug (Rub(Poc + 9pb) — Rubpec)

3]9 be 5pb
= R,, 1

Ovpe _ Rpg (Rub(vie + 00p) — Rppse)

Ovp dvp
= R,, 1

A-4. Proof of Local .Z (23)(24)

The & function:
AR R;'R;
rig = 2L(sj,8;) = |Ap| = R}i(p}* — ;)
Av Rj_ ('U;‘ — vj)




