Solving for ¢;, jin(=D Vc;,) inside an active droplet with first order
chemical reactions.

Solving for cout, Jjout( =D Vo) outside the droplet for an
active/passive droplet with first order chemical reactions.

Note: Cells highlighted in green indicate relevant parts
implemented in the code.

Inside the droplet:
We solve the steady state reaction-diffusion equation: D V2ci, + KF (1 -¢jp) - KB (cjn) =0

analytically for ¢;, for 1,2 and 3 dimensions.
This reaction flux scheme is specific to the first order reactions which convert droplet to
background field inside the droplet with rates KF and KB.

(Note that for the passive case, ¢j, = c,ef and hence the local fluxes evaluated at the
droplet surface ji, =0).
We integrate (- DVc;,) at r = R over the surface of the droplet to get the integrated flux J;,.

Finally, the mean flux inside the droplet is calculated as J;,/(Volume of the droplet),
which is used as an input to ‘reaction_inside’ in the code.

Outside the droplet:
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We solve the steady state reaction-diffusion equation: D V2cyyt + KF (1 - Cout) - KB (Cout) =

0 analytically for ¢t for 1,2 and 3 dimensions.
This reaction flux scheme is specific to the first order reactions which convert droplet to
background field inside the droplet with rates KF and KB.

We integrate (- DVcq,t) at r = R over the surface of the droplet to get the integrated flux

Jout-

3D droplets:
Solve the stationary state equation inside the droplets:

6= ClearAll["Global *'"]

n1i77= SAssumptions = Diffusion > 0 && KF > 0 && KB > 0 &&
cEqin > 0 && cEqout > 0 && cInf > O&&R > O && L > O &&y > O&& L > R}

niie= sol3DInside[r_] = FullSimplify[FullSimplify[
c[r] /. FirsteDSolve[{0 == Diffusion x Laplacian[c[r], {r, ¢, 6}, "Spherical"] +
KF% (1-c[r]) -KB=x (c[r]), Derivative[l] [c][0O] == O,
c[R] == cEqin}, c, r]] /. Diffusion » (KF + KB) * £"2]

KF r+ (~KF + CEqin (KB + KF)) RCsch{g] Sinh[ﬂ

out[118]=

(KB + KF) r

Check the boundary conditions

n19:= FUllSimplify@sol3DInsqide[R]

oufiig)= CEQin

in20p= Limit[D[sol3DInside[r], r], r » 0]

out[120]= O

Check the solution by plugging it in the Reaction-Diffusion equation

2= FUl1Simplify[
FullSimplify[Diffusion x Laplacian[sol3DInside[r], {r, ¢, 6}, "Spherical"] +
KF * (1 - sol3DInside[r]) - KB x (sol3DInside[r])] /. Diffusion » (KF +KB) % £"2]

outf121]= O
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Calculate surface integrated fluxes at the droplet surface

infze;= TotalFluxInside3D =

FullSimplify [FullSimplify[-4 7w« RA2 x Diffusion xD[sol3DInside[r], r] /. r>R] /.
Diffusion » (KF + KB) » £A2]

R
outizs- 4 (~KF + cEqin (KB +KF)) 7R € [§RCoth{ ]]
c

in23= TotalFluxInside3DperVolume = FullSimplify[TotalFluxInside3D/ ((4/3) n*R*R=xR)]
3 (~KF + cEqin (KB+KF)) ¢ (g- R Coth[g])
Out[123]=

R2
inji24= LocalFluxInside3D = FullSimplify[-Diffusion xD[sol3DInside[r], r] /. r - R]

Diffusion (-KF + cEqin (KB + KF)) (§-RC°th[§])

Out[124]=

(KB + KF) RC

Solve the stationary state equation outside the droplets:

nii2s;= sol3DOutside[r_] = FullSimplify[Limit[FullSimplify[
c[r] /. FirsteDSolve[{0 = Diffusion % Laplacian[c[r], {r, ¢, 6}, "Spherical"] +
KF % (1-c[r]) -KB=x (c[r]), c[R] == cEqout, c[L] == cInf}, c, r] /.
Diffusion » (KF+KB) *£22], L » Infinity]]

-« Limit: Warning: Assumptions that involve the limit variable are ignored.

-
e ¢ (-KF+cEqout (KB+KF)) R
r

KB + KF

KF +

Out[125]=

Check the boundary conditions
nize)= FUL1Simplify@sol3DOutside[R]
outizel= CEqout

ni27= FUL1Simplify@sol3DOutside[Infinity]
KF

out[127]=

KB + KF

Check the solution by plugging it in the Reaction-Diffusion equation

niizep= FUL1Simplify[
FullSimplify[Diffusion x Laplacian[sol3DOutside[r], {r, ¢, 6}, "Spherical”] +
KF % (1 - sol3DOutside[r]) - KB » (sol3DOutside[r])] /. Diffusion » (KF +KB) x£"2]

out[128]= O
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Calculate surface area integrated fluxes at the droplet surface

inf29)= TotalFluxOutside3D =
FullSimplify [FullSimplify[-4 7w *RA2 x Diffusion x D[sol3DOutside[r], r] /. r » R]]

4 Diffusion (-KF + cEqout (KB+KF)) mR (R+©)
(KB + KF) ¢

out[129]=
Calculate stable droplet size for Active emulsions

in130= LocalFluxOutside3D = FullSimplify[-Diffusion * D[sol3DOutside([r], r] /. r » R]
Diffusion (-KF + cEqout (KB +KF)) (R+C)
(KB +KF) RC

out[130]=

in31:= KF = (1%7-5) 3
KB = (1x7-4);
¥ = 0.0833;
cInf = KF / (KF + KB)

niissi= InterfacialSpeed[R_] := FullSimplify][
FullSimplify[ (LocalFluxInside3D - LocalFluxOutside3D) / (cEqin - cEqout)] /.
cEqout » (2xy/R) /. cEqin-> (1+2x¥/R) /.
Diffusion-»>1/. - Sqrt[1l/ (KF+KB)]]

ni3s= InterfacialSpeed[R]

0.998253 + 0.000953463 R+ (- 0.00174732 - 0.00953463 R) cOth[ i R]

1
100 '\ 10

Out[136]=
R

nts7:= CriticalRadiusNumerical = FindRoot[InterfacialSpeed[R], {R, 1}]

Out[137]= {R—>1.83504}

niss= StableRadiusNumerical = FindRoot[InterfacialSpeed[R], {R, 70}]

Out[138]= {R > 68.6091}

ni39p= CriticalRadiusTheory = 2 xy / cInf
ouiz9= 1.8326

inf40p= StableRadiusTheory = Sqrt[3 » Diffusionx (KF/ (KB+ KF)) /KB] /. Diffusion- 1

3
out(1401= 100 —
11
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inf41]= MeanReactionInside3D =
Normal[Series[TotalFluxInside3DperVolume /. cEqin- (1+2xy/R) /.
Diffusion->1/. ¢ - Sqrt[1/ (KF+KB)], {R, 0, 4}]]

1 0.000018326 10
Out[141]= - - +1.34391x 10 " R+
10000 R
11 R? 121 R*
—  1.4079x107 PR3-
15000 000000 15750 000 000000 000
nf142):= — KB
1
out[142}= —
10000
In[143]:=
2D droplets:

Solve the stationary state equation inside the droplets:

nia4= ClearAl1["Global *"]

inf145= SAssumptions = Diffusion > 0 && KF > 0 && KB > 0 &&
cEqin > 0 && cEqout > 0 && cInf > O &&R > O && L > O &&y > 0 && L > R}

nii461= sol2DInside[r_] =
FullSimplify [FullSimplify[c[r] /. FirsteDSolve[{0 == Diffusion % Laplacian[c[r],
{r, ¢}, "Polar"] +KF % (1-c[r]) -KB=« (c[r]), Derivative[l] [c][0O] == 0O,
c[R] = cEqin}, c, r]1] /. Diffusion » (KF + KB) * £"2]

(~KF+CEqin (KB+KF)) Besseu[o,g]
KF + =

Bessell {O,ﬂ

Out[146]=

KB + KF

Check the boundary conditions

nia7= FUl1Simplify@sol2DInsqide [R]

ouf147= CEQin
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inf4s;= Limit[D[sol2DInside[r], r], r » 0]
out[148]= O

Check the solution by plugging it in the Reaction-Diffusion equation

inf49:= FUL1Simplify [FullSimplify[Diffusion x Laplacian[sol2DInside[r], {r, ¢}, "Polar"] +

KF * (1 - sol2DInside[r]) - KB * (sol2DInside[r])] /. Diffusion » (KF +KB) * £"2]

out[149]= O
Calculate surface integrated fluxes at the droplet surface

inis0)= TotalFluxInside2D =
FullSimplify [FullSimplify[-2 7w« R+ Diffusion xD[sol2DInside[r], r] /. r > R] /.

Diffusion » (KF + KB) » £"2]
2 (—KF + cEqin (KB + KF)) nRgBesseII[l, —Z}

Out[150]= —
R
Bessell [0, E}
FullSimplify[TotalFluxInside2D/ (w* R*R)]

ni51:= TotalFluxInside2DperVolume
2 (—KF + cEqin (KB +KF)) ¢ Bessell {1, 5]

Out[151]= —
R BesselI[O, g]

ni52;= LocalFluxInside2D = FullSimplify[-Diffusion xD[sol2DInside[r], r] /. r - R]

Diffusion (KF - cEqin (KB +KF)) BesselI[l, —;}

out[152]=
(KB + KF) ¢ Bessell [0, —Z}

Solve the stationary state equation outside the droplets:

inj153:= sol2DOutsideComplex[r_] = FullSimplify[c[r] /. First@eDSolve]
{0 = Diffusion %= Laplacian[c[r], {r, ¢}, "Polar"] +KF % (1-c[r]) -KB = (c[r]),
c[R] == cEqout, c[L] == cInf}, c, r] /. Diffusion > (KF+KB) »£"2]
il ir
—} + (cINf KB+ (-1 +cInf) KF) Besselv[o, -g]) .
1R

”+

KF Besselv[o, -
c
.
} - KF BesselY{O, -
c

7 |Bessell [0, — }
g

L
0, f] [(KF—cquut (KB + KF)) Besselv[o, -
C

Out[153]=

E%

Bessell{
g

BesselI{O, f] (cEqout KB + (-1 + cEqout) KF) BesselY{O, -
g

(KF - cInf (KB +KF)) BesselY{O, - /
C

L
] + Bessell {O,
g

jR]]

i ] BesselK [0, :

-Bessell [O s
g

(2 (KB + KF)
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inf54:= sol2DOutside[r_] =
FullSimplify[sol2DOutsideComplex[r] /. BesselY[0, -Txx_] > -2 / ;v » BesselK[0, x]]

Out[154]= +

L r
KF BesselK[o, f} + (cInfKB+ (-1 +cInf) KF) BesselK{o, f]
c

Bessell [0 s E ]
g g

L r R
Besseu[o, —} [(KF—cquut (KB + KF)) BesselK[o, —} _KF BesselK{e, ]J +
C C

r L
BesselI[O, f} (cEqout KB + (-1 + cEqout) KF) BesselK{O, f] +
g g

R
(KF - cInf (KB +KF)) BesselK{O’ §]])/

R L L R
((KB+KF> (BesselI[O, ,] BesselK[O, f} —BesselI[O, f] BesselK[O, U]
g g g g

Check the boundary conditions

nissi= FUL1Simplify@sol2DOutside[R]

outfis5)= CEqout

nise= FUl1Simplify@sol2DOutside[L]

ourissl= cInf

Check the solution by plugging it in the Reaction-Diffusion equation

ni57= FUllSimplify[
FullSimplify[Diffusion x Laplacian[sol2DOutside[r], {r, ¢}, "Polar"] +
KF % (1 - sol2DOutside[r]) - KB » (sol2DOutside[r])] /. Diffusion » (KF + KB) x £72]

out[1571= O

Calculate surface area integrated fluxes at the droplet surface

nfse= TotalFluxOutside2D =
FullSimplify[FullSimplify[-2 s« R*Diffusion*«D[sol2DOutside[r], r] /. r » R]]

Out[158]= [2 Diffusion ((KF+cInf (KB +KF)) €+ (KF -cEqout (KB +KF)) R

BesselI{l, z] BesselK[O, ;] +Besse11[0, ;] BesselK[l, ]]]J/

BesselI[O, fR} BesselK{O, I:] 7Besse11[0, E} BesselK{@, R]])

((KB+KF) c
g ¢ g
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Calculate stable droplet size for Active emulsions

inis9)= LocalFluxOutside2D = FullSimplify[-Diffusion *D[sol2DOutside([r], r] /. r » R]
(—KF + cInf (KB+KF)) ¢

Out[159]= [D'i ffusion + (KF - cEqout (KB + KF))

R

R L L R
Bessell{l, f] BesselK[G, f] +Besse11{0, f] BesselK[l, J]]J/
g g g g

I: ] - Bessell [O,

R
— } BesselK [O s
g

((KB+KF) C
g

Bessell [0 s

-] pessetko, * ||

inrieo)= KF = (1%7-5) 3
KB = (1x7-4);

¥ = 0.0833;
cInf = KF / (KF +KB) ;
L = 100 % R}

nes= InterfacialSpeed[R_] :=
FullSimplify[ (LocalFluxInside2D - LocalFluxOutside2D) / (cEqin - cEqout)] /.
cEqout » (2*y/R) /. cEqin-> (1+2%xy/R) /.
Diffusion-»>1/. ¢ - Sqrt[1/ (KF+KB)]

niee= InterfacialSpeed[R]

1 11
outfieel= | ©0.000953463 -11. BesselI{O, — R]
100 10
1 11 11 11
BesselI[l, e — R] BesselK[O, — R] +Bessell[0, — R}
100 10 10 10
0.1666 11 1 11
(—l+ll (l+ ) BesselI{ — R] BesselK[@, — — R} +
R 100 10 100 10
1.8326 11 1 11
[—l+ _ BesselI — R BesselK[ — — R] /
R 100 10 100 10
1 11 1 11
BesselI[O, _— R} BesselI 0, R BesselK[ — ] — R} +
100 10 100 10

1 (11
Besseu{o, = ]= R] Besse'LK o, R
100 \ 10

mie7= CriticalRadiusNumerical = FindRoot[InterfacialSpeed[R], {R, 1}]

out[167]= {R—>1.84788}

nies= StableRadiusNumerical = FindRoot[InterfacialSpeed[R], {R, 40}]

out[168]= {R > 36.6037}

nieor= CriticalRadiusTheory = 2 xy / cInf
outfte9)= 1.8326
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ini70p= MeanReactionInside2D =
Normal[Series[TotalFluxInside2DperVolume /. cEqin- (1+2xy/R) /.
Diffusion->1/. ¢ - Sqrt[1/ (KF+KB)], {R, 0, 4}]]

1 0.000018326 1o
Out[170]= - - +2.51983 x 10 "R +
10 000 R
11 R? s 3 121 R*
— 4.61968x 10 R3-
8000000000 4800000000000 000
nf171):= — KB
1
Out[171]= —
10000
In[172]:=
1D droplets:

Solve the stationary state equation inside the droplets:

ni731= ClearAll["Global »"]

nii74y= $Assumptions = Diffusion > 0 & KF > 0 && KB > 0 &&
cEqin > 0 && cEqout > 0 && cInf > O &&R > O && L > O &&y > 0 && L > R}

ni75:= sollDInside[r_] = FULlSimplify [FullSimplify[
c[r] /. FirsteDSolve[{0 == Diffusion x Laplacian[c[r], {r}, "Cartesian"] +
KF% (1-c[r]) -KB=« (c[r]), Derivative[l][c][O] == O,
c[R] == cEqin}, c, r]] /. Diffusion » (KF + KB) * £"2]

KF+(—KF+cEqin(KB+KF))Cosh[§]Sech{g]

out[175]=

KB + KF

Check the boundary conditions

ni76= FUl1Simplify@sollDInside[R]

oui7e)= CEQin
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n177:= Limit[D[sol1lDInside[r], r], r » 0]

out[1771= O

Check the solution by plugging it in the Reaction-Diffusion equation

ni7e= FUl1Simplify [
FullSimplify[Diffusion x Laplacian[sollDInside[r], {r}, "Cartesian"] +
KF % (1 -sollDInside[r]) - KB x (sol1lDInside[r])] /. Diffusion » (KF +KB) % £"2]

out[178]= O

Calculate surface integrated fluxes at the droplet surface

nf791= TotalFluxInsidelD =
FullSimplify[FullSimplify[-2 » DiffusionxD[sollDInside[r], r] /. r->R] /.
Diffusion » (KF + KB) = £/ 2]

R
ouirs- ~2 (~KF + cEqin (KB + KF)) §Tanh[—}
C

iniso)= TotalFluxInsidelDperVolume = FullSimplify[TotalFluxInsidelD/ (2 *R)]

(KF - cEqin (KB + KF)) Q’Tanh{g]

out[180]=
R

nei= LocalFluxInsidelD = FullSimplify[-DiffusionxD[sollDInside[r], r] /. r - R]

Diffusion (KF - cEqin (KB + KF)) Tanh{g]

out[181]= KB+ KF) ©
4

Solve the stationary state equation outside the droplets:

injs2;= sollDOutside[r_] = FullSimplify[
c[r] /. FirsteDSolve[{0 == Diffusion x Laplacian[c[r], {r}, "Cartesian"] +
KF* (1-c[r]) -KB=* (c[r]), c[R] == cEqout,
c[L] == cInf}, c, r] /. Diffusion - (KF+KB) »£"2]

1 L-r
out[182]= — 5 2e
g

2L 2v
(ﬂeg +e§) (KB + KF)

L+R
¢

(—KF + cEqout (KB + KF)) Sinh{

| +

r-R
] + (CINfKB+ (-1 +cInf) KF) S'inh[”
c

L

-R
¢

KF Sinh |
Check the boundary conditions

nes= FUllSimplifyesollDOutside[R]

oufrissl= CEqout

inpea= FUllSimplifyesollDOutside[L]

outig4= cInf
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Check the solution by plugging it in the Reaction-Diffusion equation

nes= FUl1Simplify[
FullSimplify[Diffusion x Laplacian[sol1DOutside[r], {r}, "Cartesian"] +
KF % (1 - sol1DOutside[r]) - KB » (sollDOutside[r])] /. Diffusion » (KF + KB) x £"2]

out[185]= O

Calculate surface area integrated fluxes at the droplet surface

npge= TotalFluxOutsidelD = FullSimplify[-2 * Diffusion * D[sol1lDOutside[r], r] /. r » R]

L+R

4Diffusione ¢ (—KF+cInf (KB + KF) + (KF - cEqout (KB + KF)) cOsh[L—j])

out[186]=

2R
-eft +et

(KB + KF) ¢

Calculate stable droplet size for Active emulsions

7= LocalFluxOutsidelD =
FullSimplify[FullSimplify[-Diffusion s D[sol1DOutside[r], r] /. r » R]]

L+R

2 Diffusione ¢ (7KF+cInf (KB + KF) + (KF - cEqout (KB + KF)) Cosh{%])

out[187]=
2L 2R

—-eft + et

(KB + KF) ¢

infiee;= KF = (1%7-5) 3
KB = (1x7-4);

¥ = 0.0833;
cInf = KF / (KF + KB) 3
L = 100 % R}

nesi= InterfacialSpeed[R_] := FullSimplify[
FullSimplify[ (LocalFluxInsidelD - LocalFluxOutsidelD) / (cEqin-cEqout)] /.
cEqout » (2*y/R) /. cEqin-» (1+2x¥/R) /.
Diffusion-»>1/. - Sqrt[1/ (KF+KB)]]

ini94= CriticalRadiusNumerical = FindRoot[InterfacialSpeed[R], {R, 1.83}]

Out[194]= {R > 2.56409}

iniesi= StableRadiusNumerical = FindRoot[InterfacialSpeed[R], {R, 7}]

Out[195]= {R->6.78963}

inios)= CriticalRadiusTheory = 2 xy / cInf
outr196)= 1.8326
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ni197:= MeanReactionInsidelD =
Normal[Series[TotalFluxInsidelDperVolume /. cEqin- (1+2xy/R) /.
Diffusion->1/. ¢ - Sqrt[1/ (KF+KB)], {R, 0, 4}]]

1 0.000018326 G
out[197]= = - +6.71953 x 10 " R +
10000 R
11 R? 14 3 121 R*

— - 2.95659x 10 " R -

3000000000 750000000 000 6060
info8):= — KB

1

out[198]= —

10000




