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Abstract. 

Much work has been done in the past to determine the conductor loss of microwave and 
millimeter-wave integrated circuits (MIMICs). However, much of this work is limited by 
constraints on the conductor thickness, skin depth, or the shape of the edge. In this paper, 
a technique will be presented that results virtually in a quasi-closed form expression for this. 
loss in many cases. This expression will allow the calculation of the attenuation constant for 
a planar circuit for an arbitrarily shaped edge and any conductor thickness. The question 
of how different edge shapes affect the conductor loss will be addressed. 

1. Introduction 

Characterizing the conductor loss 'for planar cir- 
cuits, such as for microstrips or coplanar waveg- 
uide (CPW), has been the object of much atten- 
tion, especially recently [Pucel et al., 1968; Wheeler, 
1942; Heinrich, 1990, 1991; Palecznl! et al., 1990; 
lfakanaz et al., 1990; Waldoiv and Wolff, 1987; Gold- 
farb and Platzker, 1990; Finlag et al., 1988; Hor- 
ton et al., 1971; Van Heaven, 1974; Nokil•kil! and 
Kozlov, 1987; Lee and Itoh, 1989; Tizcher, 1976, 
Mirzhekar-Sltahkal and Davies, 1979]. There are var- 
ious techniques that can be used to calculate this 
loss. These techniques range from quasi-analytical 
ones like Wheeler's incremental inductance rule to 

full numerical approaches such as mode matching 
or the moment method. The moment method and 

mode matching procedures both have worked well, 
producing results that agree well with experiment. 
The main drawback to these two procedures is that 
a closed form expression for the attenuation constant 
(conductor loss} is not obtained; each time a struc- 
ture (microstrip or CPW) is analy•.ed with new pa- 
rameter values, a full, numerically intensive, com- 
puter run must be made. 
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As conductor loss is generally a small effect, it 
does not make sense to expend large amounts of com- 
puter time on theix evaluation in design procedures. 
Closed-form expressions are instead desirable. Tradi- 
tionally, the work of Pucel et al. [1968] has been used 
to evaluate the attenuation constant based on the 

Wheeler's incremental inductance rule [1942], and is 
of the form: 

Ro ••. OL a½- 21•o2o . 

where 2o is the characteristic impedance, 
denotes the derivative of L with respect to the in- 
cremental recession of wall j of the structure in the 
normal direction, and R, is the standard Leontovich 
surface impedance [1948]. 

For a wide range of applications this expression 
works well. However, ff t/6, k is small (where 
is the skin depth and t is the thickness of a con- 
ductor) or even comparable to 1, then the Wheeler 
rule breaks down and will give very poor results, 
due in part to the fact that the Leontovich surface 
impedance is no longer valid. 

Consider the microstrip shown in Figure 1. If the 
edges of the strip conductor are not exactly 90 ø, but 
are 60 ø or 70 ø edges (which is very possible when 
common processing techniques are utilized), then 
Pucel's results (which were obtained assuming an an- 
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Figure 1. Microstrip geometry. 

gle of 90 ø) are no longer valid, and full numerical 
techniques are the only option. 

It is tempting to determine the conductor loss of 
this microstrip line by assuming the strip is infinitely 
thin and carrying out an integral over the top and 
bottom portion of the strip (see Figure 2) accord- 
ing to standard perturbation methods for computing 
waft loss: 

~ c•½_ 2•o p-•bott 

where J, is the current on the strip (assuming the 
str/p is a perfect conductor). However, the current 
on an infinitely thin microstrip blows up as 1/V • at 
the edges, and the integration of IJI 2 will result in a 
logarithmic divergence. 

A technique used to avoid this singularity was de- 
veloped independently by Lewin [1984] and Vain- 
shtein and Zhurav [1987]. This Lewin/Vainshtein 
procedure states that the loss can be approximated 
by carrying the integral (shown in equation (1)) out 
not to the edge, but to a point just before the edge 
of the strip. The position of this stopping point is a 
function only of the local edge geometrlr: the strip 
thickness and the shape of the edge. Then for a mi- 
crostrip the conductor loss in the strip in terms of 
the stopping point A becomes 

R,m 1 fW/2+A c•½ _• 2Zo 12 •-W/2+A 
2 

+ 

where the stopping point is a function of both edge 
shape and strip thickness. In the microstrip and 
other planar configurations, the density on the sub- 
strate side of the conductor may be much higher or 

equivalent to the current density on the air side. The 
topic is covered in more detail at the end of section 
5. 

In the work by Lewin/Vainshtein an d later Bar- 
sottiet al. [1991], an approximate procedure was 
used in order to determine this stopping point 
For a given edge shape, a½ is calculated bY integrat- 
ing the current distribution (J,) over the contour of 
the edge of the actual thick strip (where J0 is as- 
sumed to be the current distribution on a perfectly 
conducting thick strip). This value of ac is then com- 
pared to a½ obtained from equation (2) to determine 
A (where J0 is (2) is the current distribution of a 
infinite thin strip). The problem with the standard 
Lewin/Vainshtein stopping point is that it is only 
valid for a small skin depth (that is, very high fre- 
quency). 

In this paper a more accurate stopping point 
will be developed that will be valid for both small 
and large skin depths as compared to strip thick- 
ness and for any arbitrarily shaped edge. To deter- 
mine this stopping point, the fields in the vicinity 
of a conducting strip with arbitrary edge shape is 
numerically determined both inside and outside the 
conducting region (see Figure 1). With these nu- 
merical values for the fields, the power dissipated 
in the strip is obtained. A philosophy similar to 
the Lewin/Vainshtein technique (but more precisely 
formulated using matched asymptotic expansions) is 
then employed to determine this stopping point. 

In this paper it will be shown that once the stop- 
ping point A is determined for a given edge shape, 
it is possible to obtain a simple expression (often in 
closed form, as for microstrip) for the attenuation 
constant for any planar circuit accurate under most 
practical ranges of parameter values. It should be 
mentioned that when we refer to a closed form ex- 
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Figure 2. Infinitely thin microstrip geometry. 
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pression we are referring to an expression that is in 
terms of a parameter (the stopping point A) that is 
calculated numericany. Thus we can it a quasi-closed 
form expression. 

2. AnalYsis of Fields Near an Isolated 
Strip Edge 

The conventional approach for determining the at- 
tenuation constant of a waveguide is to use a pertur- 
bation procedure as discussed earlier, which results 
in an integral involving the current density over the 
surface of the structure. In general, this current may 
contain all three vector components: 

Y = + + 

If the fields in the region local to the edge are ex- 
panded in an asymptotic series about a small pa- 
rameter v (where v = kat/2, t is strip thickness, and 
ka is the wave number in the dielectric), then it can 
be demonstrated that up to first order in v the fields 
completely decouple into two different polarizations. 
One polarization corresponds to J,, while the other 
polarisation corresponds to J, and J•. It can also be 
shown that in a region local to an edge of the struc- 
ture under study, both J, and J• are sero to first 
order in v. 

The power loss can be calculated as the sum of the 
losses associated with each polarisation. The pertur- 
bation procedure when applied to an infinitely thin 
structure containing only J, and J• behaves well, 
since these currents vanish at the edges of the con- 
ductor. Therefore nothing special needs to be done 
when applying the perturbation procedure to deter- 
mine the loss. 

The situation is quite different for the other polar- 
hation (J,), as we have noted in the introduction. 
In this section a modification of the perturbation 
method for this polarisation that is essentially the 
Lewin/Va•ushtein method will be derived in a sys- 
tematic manner, based on the method of matched 
asymptotic expansions. 

The problem that needs to be solved is shown in 
Figure 3. In this polarization, there are only three 
field components that are needed: E,, H• and H•. 
For this polarization, Maxwell's equations will reduce 
to 

y Xo 

Figure $. Isolated edge. 

where d denotes the dielectric region and c denotes 
the conductor. The boundary conditions are as fol- 
lows: 

In this problem it is convenient to represent the 
field in terms of the vector potential A - a•A•. For 
simplicity, we denote A• - A. 

The fields are then expressed as 

;v x 
- -iA 

•rom Maxwel!'s equations, it follows that the vector 
potential satisfies Helmholt•.'s equation 

(V 2 + o•2•ea,•) A = 0 (6) 

with the following boundary conditions: 

•. F• A [c - 
(7) 

In this analysis it is necessary to separate the be- 
havior of the potential dose to the edge from that be- 
havior far from the edge. Similar problems have been 
solved in acoustics by means of a matched asymptotic 
technique as shown by Simons [1980] and Crigkton 
and œeppington [1973]. These papers suggest that 
a similar procedure can be used to find the vector 
potential for the isolated strip. 

Before we proceed with the asymptotic expansion 
of the potential A, we need to determine how to han- 
dle the order of largeness of e½; e• can be expressed 
as some inverse power of the thickness of the strip. 
Choosing 

_ •o•.,• G 
ß •- (k•T)2 (8) 
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•o• •om• c = o(•) •• i• • •.a•r• (•0•) 
being of the same order as T (T - t/2, where t iz 
the total thickness of the conductor). This repre- 
sentation wilt ensure that the fields in the conductor 

behave as if the conductor is a "good"conductor. 

2.1. Behavior of the Fields Far From the 

Edge: Outer Expansion 

The methods of multiple scales and asymptotic ex- 
pansion are used to obtain the so-called outer expan- 
sion for A, valid far from the edge. The multiple 
scales procedure is needed because of possible rapid 
variations in 1he y direction of the fields in the con- 
ductor region. Thiz rapid variation is not present 
in the dielectric region, nor is any rapid z variation 
present in either region. 

We define a "stretched" or "scaled" variable as 

. Y 
y -- - (9) 

where y is a small dimensionless parameter given by 

• = •T (•o) 

where T is half the total strip thickness and kd is the 
wave number in the dielectric region: 

2•r 

ka- • (11) 
It is assumed that T is small compared to all length 
scales in the problem, and most important, small 
compared to the wavelength •d, so that v << 1. 

In the conductor, A is a function of z and • and is 
defined as 

A • = v(•, •). (•2) 
In the dielectric, A is a function of z and y. The 
Helmbolts equation in dielectric regions reduces to 

•2 Ad+ 02 A • •z2 •y• + •A• = o (•3) 
and with the definition of ec given in equation (8), 
the Helmbolts equation in the conductor becomes 

•z 2 U + • U + •2eo/•½ G U = 0. (14) 
The first boundary condition states that the 

tential is continuous at the conductor surface. The 

interface corresponds to 

y=• (•S) 

in the unstretched or unscaled y variable, or 

1 

•-•• (•) 
in •. The second boundary condition. relates the nor- 
real derivatives of the potential in the two regions at 
the conductor interface. In the dielectric the normal 

derivative becomes 

• = • • (•v) 
where in the conductor region the normal derivative 
becomes 

• =+- . (•8) 
With these definitions, the boundary conditions be- 
come 

A4(z, :kT) -- U(z, 
(•9) 

For the outer solution, an expansion is desired 
that will be valid for large distances from the origin 
(where the origin is just inside the conductor near to 
the edge). This expansion is not valid near C,, the 
contour of the edge (see Figure 3). 

The first step in thiz matched asymptotic proce- 
dure is to expand the fields in an asymptotic series 
about the smaU parameter v: 

A• ~ A•ø(.. y) + .,A•'(.. y) + -'A•'(.. y) + o(. •) 

v ~ vo(,, •) + •v•(,, •) + •'v'(,, •) + o(• •) 
(20) 

It should be noted that the A do may contain an in- 
cident wave that is exciting thin structuze. 

These asymptotic expansions foz A d and U are 
substituted into the two Helmholtz equations shown 
in equations (13) and (14). Next, the different powers 
of v that appear in these equations can be grouped 
to obtain the following. In the dielectric we have 

(v' + •) A •'(,, y) = o (2x) 

where the index i corresponds to the different orders 
in the asymptotic expansion. While in the conductor 

V-2 . O•U ø ß o•* -I-k•U ø-- 0 (22) 
V-1 . O•U x ' o•' -I-k•U x- 0 (23) 
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and 

O•U i _ 

where 

and 

ø•ui'-•) i - 2, 3,... (24) 

k• = to2/•ce,/G ; Im(ko) < 0 

(25) 

(26) 
In order to complete the determination of our ex- 

pansion, the boundary conditions given in equation 
(19) must be expanded in terms of the small param- 
eter (v). The fields in the dielectric A a are governed 
by the Hehnholtz equation with boundary conditions 
applied at y = -I-T. Since T is small, we extrapo- 
late A d to this convenient location independent of T 
(y = 0 +) with the aid of a Taylor series expansion of 
the form 

Aa(z 4.T) -- A&'(z, 0 ñ) 4- T OAa(z' Y)[ i... ' Oy •=0• 
(2•) 

• order to •pose the bound•y con&tion. S•ce for 
[y[ < T, the v•ues of A 4 are extrapolated, they are 
not necessary cont•uous at y- 0. 

T• •pa•oa • substitu• •to the bound•y 
con&tions •ven • equation (19). Powers of v are 
then comb•ed to obt• the foHo•g: 

A•(.. 0•) - vo(.. i•) 

A•I(.. i•) _ • •"•-.,)[ + vl(. •) 
(28) 

OU o 
= 0 

(29) 

and so on for higher orders. 
The given equations for the Orb-order field in the 

conductor axe 

(30) 
• + i• U • - 0 

OUø [ = 0 
The sequential solution becomes 

Uø - Aoe -ykø8 -[' Boe jkø . (31) 
By applying the boundary condition and since Im(k•) 
• 0, it can be shown that 

u ø = o (•2) 

Now the Oth-order field in the dielectric can be 
investigated. The following is the governing equation 
for this field: 

( v2 + •I) A•ø( •, •)= 0 
(33) 

A•ø(•, 0 •) = 0 
Equation (33) can be identified as that for Es in the 
presence of an infinitesimal half-plane. Thus in some 
neighborhood not too far from the edge, the solution 
of A •ø is of the form 

A•ø = •n=l fm sin(-?)J• (k,•p) 
(:•4) 

-•' Em•=l gm sin(?)H(;) (kap) . 
Normally, the edge condition would be applied at 
z = y = 0 to render the solution unique. 

Since this outer expansion for A & breaks down as 
p -• 0, A & cannot be rendered unique by the edge 

tH (2) • condition. The more singular terms • m/2; may 
need to be present. The constants fm are eventu- 
ally determined by the source, while the constants 
gm are determined by matchlog this outer solution 
to the inner solution. This will be discussed in a later 
section. 

The first-order field in the conductor is defined by 
the following: 

(35) 

U 1 ß -- AI(•) e-$kO!• -[- Bl(•)e jkO• , (36) 

wh•,• AI(•) •.d Sl(•) • ob••d b• •pp•s 
boundary condition and are found to be 

(•7) 
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where •r = •c/•d and c•Adø/c•y is known from 
al)ovc. • 

These v•u• for A•(z) •d B•(z) can be used to 
obt• an expression for the first-order field •. the 
•ectfic re.on v•d at the fictitious y = 0 plane. 
Wi•h A • deaned • (2S), e•ua•ions (36) and (37) 
c• be used to show that Aal(z, 0 i) reduces to 

Adl(z, 0-) = 1 + a•_ cot(2kG ka • •/=0- 

sin(2ko) • •t=0- 
(38) 

Away from y -- 0, A dx obeys (V 2 + k•)A dx - O. 
Now that the Oth and first-order fields are deter- 

mined, we can analyse the behavior of these fields 
to obtain an impedance boundary condition that is 
valid far from the edge. This will be the topic of the 
next section. 

2.2. Impedance Boundary Condition 
Far From the Edge 

With equations (5) and (20), an asymptotic ex- 
pansion for E• d and H• d in the dielectric region can 
be expressed as the following: 

z$ - -i- (AO +.A•) + O(.•) 

These fields can be extrapolated to y = 0ñ: 

(39) 

r,(•. 0•) ~ -• (A•ø(•. 0•) + .A•(•. 0•)) 

+o(. •) 

•.(z, o +) ~; +. 
(40) 

•om the boundary con&tion (33) for A • at t• 
Bctitious plane, E• becomes 

r•(•, o •) - -y•.A•'(•, o •) + o(.•). (4•) 

From (38), (40), and (41), E•d(z, 0 ñ) is also express- 
ible in terms of H, (z, 0 ñ) as follows: 

E•(z, 0 ñ) ~ •: (jt,,•dz, + j(• cot(2ko)) H,(z, 0 ñ) 

•• •,•(2•o)•,(', 0 •) • 
(42) 

The fictitious top and bottom su•ace currents at 
the conduct•8 pl•e (y- 0 •) are •ven by 

•+ = _•.(•, o+) • = •.(•, o-) (4s) 

E•(z, 0 ñ) can now be written in terms of these ficti- 
tious top and bottom currents: 

E•(z, 0 ñ) ~ - (jwl•av + j(• cot(2ko)) ff• 

-y(. ½.½(2to)•7 
(44) 

The first term corresponds to the interaction be- 
tween the E and H fields on the same side of the 

strip. The second term gives the interaction between 
the E field on one side to the H field on the opposite 
side. This term relays information about the fields 
on either side of the conducting strip and is the cou- 
pling term. The information from the two sides are 
contained in two surface impedances: 

Z0 = (• coth(/2ko) = -j(• cot(2ko) 
(45) 

z. = (•½.½h(y2to) = -•(• •s½(2to) 

where Z, • a seff-•pedance and Z• • a mutu• 
•pedance. 

An eq•v•ent (first order) gener•ed •pedance 
boundary con&tion v•d for the h•-plane far •om 
the edge • terms of the extrapolated E fields •d the 
fictitious surface current ff• • obt•ed •th these 
•pedances: 

E,(z, 0 •) - (jo•v + Z,) J• + Z,J 7 (46) 

Except for the term (jw•v), t• • eq•v•ent to 
the 8ener•ed transfer •pedance bound•y con&- 
tion •ven by Horton et al. [1971]. The extra term 
• a purely reactive •pedance refiect• 8 the extra• 
olation •om po•ts on the actu• conductor su•e 
y - •T to the fictitious h•-plane y - 0. S•ce 
t• term • purely re•tive, it plays no role • the 
c•c•ation of conductor loss. 

Before mo•g on to the •ner exposion, • •- 
vestigation of these sen and mutu• •ped•ces • • 
order. More •portant, the question of how the E 
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fields behave at the two limiting situations for T/•.• 
needs to be answered. The two limiting cases are as 
T/•,k --* 0 and T/•,k --, oo. 

It can be shown that as t/•,• gets large, equation 
(46) will reduce to 

E=(z 0 +) - (1 + j) j• + (j•½k4T) J• . (47) 
This is essentally the Leontovich boundary condition 
with a shift in half the strip thickness. When t/5,• 
gets small, it is readily shown that 

z= = z, (48) 

and (46) reduces to 

E=(z, 0 +) - Z,(J• + J•) . (49) 
This means that for small t the E fields are continu- 

ous across the strip. 

2.3. Matching Principle 

Much has been written about matching principles 
for asymptotic expansions [Simons, 1980; Crighion 
and œeppi•gfon, 19T•, Frae•kel, 1969; Van D•tke, 
1965]. Fraenkel [1969] discusses a systematic ap- 
proach to the matching principle which is used by 
Simons [1980] and Crighton and Leppington [1973]. 
Van Dyke [1965] summarizes this as follows: When- 
ever two neighboring expansions have overlapping 
doma/ns, the following holds: 

(A') ø - (Aø) ' (50) 

or simply "the outer limit of (the inner expansion)" = "the inner limit of (the outer expansion)" 

By applying the matching principle we are able to 
accomplish two things. First, insight into the be- 
havior of both the outer and inner expansions is ob- 
ta/ned. This information can be used to determine 

if the asymptotic expansions for the fields in both 
the inner and outer regions are valid. Second, the 
matching principle allows the information obta/ned 
at the outer region to be coupled into the inner so- 
lution. This information serves the same purpose as 
a boundary condition: It allows us to determine the 
unknown constants in the expansions. Even though 
Van Dyke [1965] shows that the matching principle 
can be expla/ned in a very stra/ghtforward manner, 
insight and experience are often required in order to 
apply the matching principle properly, a reflection of 

the fact that much of the matched asymptotic pro- 
cedure is as yet an art. 

By applying this technique to the outer expansion 
of the fields just determined above, it is possible not 
only to determine the unknown constants gm but also 
to decide how the inner expansion should be repre- 
sented. From equation (34) it is seen that A • be- 
haves as 

A •--* fm sin(•-•)J•(k4p) +gm sin(-•)H(;)(k4p). 
(51) 

Even though A • • not • accurate approbation 
to A • p • 0, t• •it • st• needed to perform 
the matc•g procedure. Therefore 
and •(2) behave • 

•m/2 

(52) 

•(2) This shows that •'m/2 blows up as p--. 0, but the 
leading term of A •ø in the outer expansion must be 
matchable to an inner expansion and must remain 
finite. We will see that the inner expansion does not 
blow up as p --. oo (or more presicely, as some scaled 
p --. oo, see next section). This leads to only one 
possible choice for all the g,,: 

gm --= 0 (53) 

With this, A •ø behaves as 

A •ø --* fm sin(-•)J•(k4p), (54) 

and equation (52) shows 

- O(T) . (55) 

Because of the form of this inner limit of the outer 

expansion (p --. 0), matching with the inner expan- 
sion requires that the inner expansion must have the 
following form: 
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2.4. Behavior of Fields Local to the Edge: 
Inner Expansion 

equations governing the different orders of the fields. 
For the dielectric region, 

For the inner expansion, a solution is desired that 
will properly represent the behavior of the fields close 
to the edge. In this region the fields exhibit fast vari- 
ation in not only the y direction (as in the case of the 
outer solution), but also in the z direction. There- 
fore both coordinates need to be stretched according 
to 

• -- k•T 

The fields in both the dielectric and conducting re- 
gions will be represented as the following: 

•721•-0 i-0,1,2,3. 
(64) 

•214 --k•14_4 i- 4,5,-.. , 

and in the conducting strip, 

+ - 0 - 0, 3,... (65) 
The boundary conditions for the fields reduce to 

(58) 
A:(., y) = w(i, •) 

With both coordinates stretched, the del operator 
takes the form 

V- 1•, (59) 
where 

- a a (60) v-•.•+a,•. 
As shown above, the fields in both regions satisfy 

the Helmholt,. equation, and in terms of the stretched 
coordinates they are given by 

%= + t•.•) v - 0 
(•"+/,:•) v' -o 

and the boundary conditions reduce to 

(6•) 

These solutions will still contain some arbitrary 
constants. This arbitrariness is removed by apply- 
ing the matching principle as explained in the pre- 
vious subsection. However, when stretched coordi- 
nates are used, the matching principle is expressed 
slightly differently (which is detailed in Simons [1980] 
and Crighton and Leppinõtion [1973]): "terms up to 
O(• m) in the outer expansion are rewritten in terms 
of the stretched coordinates (i, •) and re-expanded 
in powers of •. The results up to terms of O(•g) 
must be equal to the result of taking terms in the 
inner expansion up to O(•g), rewritting in terms of 
(•, •) (o•, fo. u, t. t•.m• of (•, •)) •.a •p•-di-s 
up •o o(•')". 

For m = O and g = 0, we have 

!ira U'ø(z, y -- !im Wo(•,•) (67) •,-.0 •) •.-.oo 
Since U ø - O, 

Vl=- •1= (62) 

and, as before, 
As discussed in the previous subsection, the inner 

limit of the outer expansion behaves as a power series 
in v, x/2, so the inner expansions are expressed as 

v ... Vo(•,, .•) + ,.,• v•(•, •) + .v•(•, •) + o(.i) 
w ~ Wo(•,,•) + ,,;w•(•,,•) + •w•(•,•) + o(•) 

(63) 
If these expansions are substituted into •uation 

(61), powers of • can be grouped to obt•n sets of 

• Wo(i, •) = o. (68) 

In the dielectric region (for m - 0 and y - 0) it 
was shown that 

Thus 

O' /:•-• lim A •ø =:• t V ' ) =• 0 . (69) p-*O 

•m Vo(i, •) = o. (70) 

Now that these boundary conditions for the Oth 
order fields of the inner expansion have been de- 
termined, there is enough information to formulate 
these fields withoat any arbitrariness in the solution. 
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The eddy current problem of these Oth fields reduces 
to 

•7ago - 0 
(•) 

(•7• + •) Wo -o 
with boundary conditions 

(72) 

With no sources present, from the uniqueness theo- 
rem for the eddy current problem we find that 

Vo -- o (73) Wo --0 

Now the first-order solution of the inner expansion 
can be investigated. Recall that the small argument 
behavior of Ago is 

__• (•p)'"/• sin( )2m/2p(1 + m/2) ' (74) 

If p is small enough, then Ago can be approximated 
byn= 1: 

• /2k•lp 
Ago _• fx sin(•) v • ß (75) 

If z and y are changed to v• and v•, respectively, 
then Ago is expressed as 

Ago(z, y) - Ago (i':, .•) ~ •x/2 f xsin( • )•/2-k• -• + 0(•). 
The matching principle gives 

]ira Vx(•, •) - lim Ago(z, y) 

-- •x/2fx sin( 2•)• 
(77) 

The constant fx that results from whatever excita- 
tion that is present would be known from the edge 
behavior of the field for the infinitely thin perfect 
conductor. 

Now look at the inner limit of U x (the first-order 
term in the outer expansion of the field in the con- 

ductor's outer region). It can be shown that •)rl is 
o(.), •o •he•e • nothing •o m•ch •he O(.• •) •e•m 
of the field in the conductor in the inner expansion 
to (the •x/2 term in the inner limit of •U x is zero). 
This leads to 

•;m wx(i, •) - 0 (78) 

As seen from equation (77), the far field of the 
inner expansion in the dielectric has a dominant term 
of the form 

•1/2 sin(.•)fl • 
This term will define the local amplitude of the fields 
at the tip. In order to analy•e this localised behavior, 
a new set of fields are defined by subtracting this 
dominant term and multiplying by the normalislng 
factor: 

• 2ka 
The new first-order field now becomes 

(79) 

From equations (64) and (65)it follows that Qx 
and Px obey Laplace and Helmholtz equations, re- 
spectively: 

•72Q1 -- 0 

and from the boundary conditions (66) we have 

(80) 

-- __ •1/2 •1( 2 •) Pile QiI½ 

I 
(81) 

whel•e 

- •/2(•+•) 

and 

+sgn(•)V/2(• + •)%] ß 
(83) 
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The functions shown in equations (82) and (83) all 
approach zero as •, --• oo on •- +1. For numerical 
purposes it is sufficient to place a fictitious boundary 
at a large distance from the origin and impose the 
following on it: 

oP• _0 and -• -0 0// -- ' (84) 

$. Calculation of the Modified 
Lewin/Vainshtein Stopping Point 

In this section the power associated with the con- 
ducting strip (local to the edge) is calculated with 
both the outer and inner expansions. The Lewin/ 
Vainshtein philosophy is applied when the outer ex- 
pansion is used. By equating the power loss deter- 
mined in this way to that of the inner expansion, a 
modified Lewin/Vainshtein stopping point A can be 
determined. 

$.1. Power Loss Determined From Inner Ex- 
pansion 

The power dissipated in the strip for the portion 
local to the edge is needed. Let (Zo, 0) be a point in 
the conductor where both the outer and inner expan- 
sions are valid (i.e., where the matching procedure is 
performed) as shown in Figure 3. The average power 
dissipated into the conductor for that portion of the 
strip lying in z < Z o is given by 

I • PL - -• Re I(7. 0 .•. (•n x H*)d$ (85) 
where C•o = C C• {z < Zo} and a,• is the unit vector 
out of the conductor (see Figure 3). 

In terms of the A, the power loss dissipated in the 
strip now becomes 

•o Im/c A': OA':* Pz, - -21•½ .o -•--•-• dl (86) 
Since C•o is the contour defined flora the top side 

at z - zo around the actu• edge of the strip to the 
bottom side at z - zo, the actu• c•c•ation must 
be carried out on the b• of the inner expansion. 
Note that the outer expansion is not v•d t• close 
to the edge and cannot be used in equation (86) to 
c•culate the loss. The inner expansion of A c to order 
O (•) • given by 

and from equation (79) 

With this definition the power loss is giv en by 

(88) 

P• - "•'•' IAI aim fC.o Px (•, •) oP:(•,•)dl 

where C•. • C•. defined • (•,•) coordinates. 
3.2. Power Loss Determined •om Outer 
Exposion: CMculation of the Stopping Point 

The Lew•/V•shtein tech•que proposes the use 
of the outer expansion in the loss c•culation •soci- 
ated •th the edge. Even though th• expansion • no 
longer v•d • we approach the edge, suppose that a 
w•-1oss perturbation form•a can be employed on an 
•nfi•tes••y" thin conductor, o•y up to a sto• 
p•g point A: 

= 

where A • some po•t just before the edge and zo 
• same po•t away •om the edge (see Figure 4). 
By extrapolat•g these fields to the top and bottom 
sides of a fictitious h•-plane at • - 0 •, the power 
loss becomes (to lea•g order) 

Let J• be •ven by the v•ues they wo•d have • 
the strip were •fi•tely thin and perfectly conduct- 
•g. That •, it • found from A aø •one. If E,(•, 0 i) 
Y 

' 
A x0 

half-plane 

Figure 4. Power loss in a region far from the edge. 
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is determined approximately from equation (46), this 
leads to the following for the average power dissi- 
pated by both sides of the indicated segment: 

PL --• •Re E•(z, 0+)J• + + E•(z, O-)J•- dl. 
(92) 

With E•(z, 0 ñ) defined in equation (46), PL reduces 
to 

PL ~ 2 IRe fl ø [Z, ([Jz+[2+ [,1•-[') 
-[-2ZmRe (Jr + J•-')] dz. 

(9•) 

Earlier it was shown that A •ø behaves as 

For sm• arguments, l=/2(ti;) behaves • 
1 

7./• • 2./•r( • + •)(t•) -/• , 
so• p•0, 

(94) 

(95) 

(96) 

The first thing to note from equation (99) is that 
as A --. 0, the expression for the power loss blows 
up. The Lewin/Vainshtein technique states that a 
value of A can be chosen such that the power loss 
determined from the outer expansion (equation (99)) 
will be equivalent to the loss determined from the 
inner expansion (equation (89)). Therefore 

f ßIm fc,oP• (i iy) op•(,,•)dl 
and after some s•p•cation the mo•ed Le•/ 
V•i•shte• stopphg po•t • determ•ed by 

(•0•) 
where 

, -Im k•t ' 

As io • • (or zo • •ed • • • 0), the v•ue 
c•c•ated for A shoed approach a constant. A 
choice of zo > > t • probably sufficient for numedc• 
considerations. It • not • e•dent that the resets 

•e hdependent of the location of the ori• (•t• 
o(•)), •tho.sh •om ph•.i• •o.siae,.•io.. it 
be true. 

Recalling that 

(97) 

and using equation (40) for H, to Oth order, we get 

I &A •ø 

(98) 

Substituting this into equation (93) and evaluating 
the integral, the following is obtained for the power 
dissipated in the strip: 

(99) 

where R,,n is the modified Horton impedance bound- 
ary condition as discussed in section 2.2 and given by 

R.,•- 0•p½/Im (cøt(kCt)+csc(kCt) ) (100) 

4. Numerical Results for the 

Modified Lewin/Vainshtein Stopping 
Point 

A finite-element program was written to solve for 
the fields defined in equation (80). Some unusual 
features present themselves in this problem, and will 
be treated in a separate publication (C. L. Holloway 
and E. F. Kuester, A variational formulation for a 
general class of eddy current problem, manuscript in 
preparation, 1994). Once these fields are determined, 
the value for the stopping point can be obtained from 
equation (101). Figure 5 shows these numerical re- 
suits for t/A for a wide range of t/•,k. The original 
•ewin [•984] .ha Vain•hteiu [•987] •toppins point 
is valid only for the very high frequency limit. For 
the 90 ø edge they obtained t/a[z v = 290.8. This 
value is also shown in Figure 5. The curve gener- 
ated in this analysis appears to approach the asymp- 
totic level of 290.8. However, it would seem that this 
value is not attained until T/•,k is of the order of 40 
or above. This may seem high, but Tikhorniro• and 
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688.00 -: 9E• ø Ed g e 
- -". ,2 -"- •..", Zhur' av 
: ...... 45" Edge 

400.00: 

200.00 

e. ee 
0.00 5.08 10.00 1 5.08 

Figure 5. Numerical results for the stopping point A 
for both the 90 ø and 45 ø edges. 

Msnenko• [1990] have observed similar behavior in 
an analysis of the skin-effect in conductors of square 
cross-section. 

Zhurav [1987] attempted to modify the original 
Lewin/Vainshtein stopping point to correct for small- 
er values of t/•,k, and the results he obtained are also 
plotted in Figure 5. Zhurav's results do a decent job 
of predicting A for T/•,k > 5. Below T/•,• = 5, 
Zhurav's expression does not show the resonance 
type behavior that is seen in the results presented 
here. More important, Zhurav predicts adc value 
much larger than the numerical result; t/A = 160 as 
compared to t/A = 9.2. 

Because of the fabrication processes, the shape of 
an edge in most cases is not a simple 90 ø profile. 
Various different edge profiles could be analy•.ed to 
determine how the stopping point A is changed. We 
chose a 45 ø edge as a sort of worst case scenario, 
giving an idea of the magnitudes of changes in A for 
different edge shapes. Results for the 45 ø edge are 
also shown in Figure 5. 

From Figure 5, it is seen that the 45 ø and 90 ø 
curves are essentially identical for t/•,k < 3. How- 
ever, for t/•,• > 3 the effects of the sharper edge 
start to become important and the two curves begin 
to diverge. This tells us that as long as t/•,k < 3, 

then the effects of the different edge shapes are neg- 
ligible. 

5. Calculation for the Attenuation 

Constant: Derived From the StoppinE 
Point A 

To determine the attenuation constant, the stan- 
dard wall-loss perturbation analysis is performed on 
a general wave-guiding structure. Reciprocity can be 
used to obtain the standard equation for the change 
in the two propagation constants: 

7,•-7,•o - -L.(•,, ø x •_., - •_= x •o) . a, dg 
(o3) 

where Emo, •mo, •d •mo •e the fields and propaga- 
tion constant of modes that correspond to the waveg- 
•de •th pedectly conduct•g w•s. ff_m and •_m 
are the fields of a backward trave•g mode of a g•de 
•th conduct•g (not perfectly conducthg) w•; 7m 
• the propagation constant of the conduct•g-w• 
g•de. 

The perturbation procedure •volves •su•ng that 
the fields •sociated •th the guide that h• conduct- 
•g w• •e appro•mately the same • the fields 
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associated with perfectly conducting walls, as far as 
the denominator of (103) is concerned: 

7m --7too -- -- •½ Lm ' (a,• X 7•mo) dl (104) 
2•s, (•,,•o x 7•,•o) ' •, dS 

The first term in the boundary condition given in 
equation (46) can be neglected because it is a purely 
imaginary number which will contribute nothing to 
the power loss. Therefore, the generalized impedance 
boundary condition can be written as 

The denominator of this equation can be defined in 
terms of the power carried by the mode 

1 •s (•,,•o x 7•,•o). a. dS- 2ø12 P- o 2 (05) 
where ,7,o is a "power/current" definition of charac- 
teristic impedance, and I is the total current. It 
should be noted that a quasi-TEM (transverse elec- 
tromagnetic) mode is assumed in the waveguide. 
Thus the current on the conductor is approximated 

•nd • • result, •o is •e c•r•c•eris•ic impedance of 
• qu•i-•M •ne. 

•e numerator of equation (104) is c•cul•ed 
means of 
•e positive c•nduc•or s•own in Figure 1 • infi•el• 
• •nd • • result •e con, our in •e numerator 
w• reduce •o •e in•egr•s •ong •e •op •nd •o•- 
•om side of 
definition given in equation (104), •e difference in 
•e propagation constants c•n 

-- 2ZoI • 

----• •o 
2ZoI • 

dl 

(07) 
If the currents for an infinitely thin conductor are 
used in this equation, then the integral will become 
singular. The Lewin/Vainshtein philosophy says that 
instead of evaluating the integral at the end (where it 
is singular) the limits of this integral must be evalu- 
ated at some point just before the edge (the stopping 
point A). Therefore equation (107) is written as 

•top jtop foottom 

•t bøttøm -- Z, foottom .•_ Zm j•top 
(109) 

Instead of working with both the top and bottom 
currents, it is preferred to work with the total and 
difference current on the conductor: 

.•,op_ I- = 6J, 10) •, 6•0 footsore 1- _o - _o •Jo + (1 

where 6•o is the difference currents. It should be 
noted that since it was assumed that 2o is approxi- 
mated by •o •_ azJ, then 52o is approximated by 

With the current defined as in equation (110), the 
Horton boundary conditions can be written as 

(111) 

and once substituted into equation (108), the follow- 
ing is obtained: 

Z, + Z.• 2 

ICo 2Zo dl . 

Note that the second integral can be extended over 
all of (7o because this integral is not singular at the 
edges. 

By taking the real part of this equation, an ex- 
pression for the attenuation constant of a planar line 
with finite conductivity is obtained: 

o •o•o,-,, (a,,. x'• •ø•ø'"' • dl 
2ZoI • 

(08) 

For example, in a microstrip, CA is defined between 
-W + A and W- A, as shown in Figure 2. 

Now suppose conditions are such that 6J can be 
neglected. This is true for quasi-TEM CPW and for 
sufficiently narrow microstrips (Zo > 40ft). Then 
the attenuation for such a line is simply 

(9 O• '•__ 4Zo 4Zo dl . 
(114) 
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If the current distribution of a planar circuit is 
known, then the attenuation constant for that struc- 
ture can be determined through equation (114). This 
paper will demonstrate how equation (114) can be 
used to determine the conductor loss for a microstrip 
line. 

6. Loss Calculation for Microstrip 

Inside the strip there is a possibility of having all 
three vector components of current: J=, J•, and 
However, in most planar circuits the Jz component 
of the current is the dominant component, as shown 
by Schurnacher [1979], Koba•lashi [1985], and Butler 
[1984]. Schurnacher [1979] shows that, up to 12 GHz, 

- Wen 
squared, the result is only 1.0% of the total power 
loss. Koba!tashi [1985] also shows that, even as high 
as 20 GH•., the ratio IJ, Im•/IJ, Im• - 0.15. 

This shows that by neglecting the Jz and J• com- 
ponents of the current, only a small amount of error 
is accumulated in the calculation of the power loss. 
Therefore in this analysis we will assume that only 
the Y, currents are present in the conducting strip. 

In this section the microstrip geometry shown in 
Figure 1 will be investigated. There are several 
known current distributions that can be used in equa- 
tion (114). For this analysis Maxwell's distribution 
will be used, as it is accurate for sufficiently narrow 
strips: 

I 

- - ' 
As stated above, Ca is defined between -(W/2) + A 
and (W/2)--A, and since Y is symmetric, the integral 
is simply 

i fw/2-z• • 
(w/•p-=• 

= 1 - ß 
(ll) 

From (114) we get the following expression for the 
conductor loss in the strip: 

•0,n In (• - 1) (117) a ".' go 2z'•W 

with R0,n defined in equation (100). 
Comparison of the predictions of (117) with other 

results in the literature will now be made. The 

first case is a microstrip on a GaAs substrate with 
H = 200#m, tan• = 3 x 10 -4 and e, = 12.9, a 
ground plane with •r = 3.333 x 107 S/m, and a strip 
with •r - 3.333 x 107 S/to. Figure 6 shows the atten- 
uation constant for a wide range of strip thicknesses 
(t) for f = 10 GHz. Also shown in Figure 6 are 
the theoretical results that Heinrich [1990] obtained 
from a mode matching technique for this same ge- 
ometry. The results presented here agree well with 
Heinrich's theoretical results. 

Next we compare our results with published ex- 
perimental results. The first case is that analyzed by 
Finlay et al. [1988]. This structure is similar to the 
microstrip shown in Figure 1 with the exception that 
there is a lossy cover layer over the whole structure. 
The microstrip line has a GaAs substrate (e, - 12.9, 
tan5 - 3 x 10 -4, and H - 200 #m), a dielectric cover 
layer (e, = 3.4, tan5 = 0.05), a ground plane with 
•r - 1.77 x 107[ft ß m] -x, and a strip with W - 30 
t = 6 #m and •r = 1.77 x 107[ftm] -x. We plot our the- 
oretical results for this case in Figure 7, along with 
the experimental results from Finlay. 

The next two geometries have no cover layer and 
are composed of a GaAs substrate with H - 100 
tan5 = 3 x 10 -4 and e, = 12.9, a ground plane with 
•r - 4.1 x 107 S/m, and a strip with t - 3 #m and 
•r - 4.1 x 107 S/to. Figures 8 and 9 show attenu- 
ation constants for a wide range of frequencies for 
W = 70#m (Zo = 51.2ft) and W = 20#m (Zo = 
79.3ft) respectively. Also shown in Figures 8 and 9 
are experimental results obtained from Goldlath and 
Platzker [1990] for these same geometries. 

The results for narrow strips agree very well with 
the experimental value; however, for the 51.2ft line 
(Figure 8), the agreement is not so good. This is 
explained by recalling that the expression in equa- 
tion (114) is only for the strip loss, and the ground 
plane loss is not included. For narrow microstrips 
the ground plane loss is a small part of the total 
loss, whereas for wide microstrips the ground plane 
loss becomes more important. For W/H >> 1 the 
ground plane loss will nearly equal the strip loss. By 
determining a closed form expression for the current 
on the ground plane of a microstrip, we have been 
able to study this point in detail. This work will be 
the topic of a separate publication (C. L. Holloway 
and E. F. Kuester, Closed-form expressions for the 
current density on the ground plane of a microstrip 
line, submitted to IEEE Trans. on Microwave The- 
or!t and Tech., 1994). 



HOLLOWAY AND KUESTER: CONDUCTOR LOSS OF PLANAR CIHCUITS 553 

1.00- 
- 

. 

. 

. 

. 

_ 

_ 

_ 

_ 

0.80- 
. 

. 

-- 

-- 

-- 

-- 
_ 

_ 

0.60- 
- 
- 
-- 

-- 

_ 

_ 

•.4•- 

_ 

_ 

_ 

_ 

Th ls •or• 
He /nr /ch 

•-•>-•-• klheel er's rul e 

t 

Figure 6. Strip loss of a microstrip for a range of t with 
W' = 30/•m, H = 200/•m, • = 3.333 x 10 ?, and e• = 12.9. 

1 (OHz) 

Figure 7. Strip conductor loss of a microstrip for a range 
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Also shown in Figures 7-9 are results for the atten- 
uation when both the strip and ground plane losses 
are included. As expected, for the narrow strips the 
ground plane losses do not change the results very 
much. (It should be noted that the results in Figure 
7 do not agree as well as one would like; however, 
there is a highly 1ossy cover layer in the structure 
whose dielectric losses have not been taken into ac- 

count in our theory.) On the other hand, for the 
wider strip, when the ground plane loss is included, 
the predicted conductor loss correlates very well with 
the experimental values. 

Let us compare the results of our model to re- 
suits obtained from Wheeler's incremental induc- 

tance rule. Figure 6 shows the comparison for a mi- 
crostrip with Zo - 86/1 for a wide range of strip 
thickness. Figures 10 and 11 show the comparison 
for a wide range of frequencies for Zo - 50/1 and 
Zo - 80/1, respectively. These figures show that 
Wheeler's rule predicts losses between 12% and 30% 
lower than those obtained from both our model and 

from experimental results. 
Once it has been demonstrated that the technique 

presented here correctly predicts the loss for the 90 ø 
edges, the effects of conductor loss with sharper edges 
can be investigated. As stated above, by analyzing 
the most drastic edge shapes (say 45ø), it will be pos- 

sible to determine the worst case scenario. Figure 12 
shows a comparison of the expected loss for both 
a 90 ø and 45 ø edge for the microstrip for a range 
of thicknesses t at f = 10 G Hz, with W = 30 •m, 
H = 200 •m, •r = 3.333 x 10 ?, and e, = 12.9. Other 
comparisons for these two different edges are shown 
in Figures 13 (Zo = 80/1) and 14 (Zo = 50/1) for a 
range of frequencies, for t - 3 •m. It is seen from all 
these curves that for small t/6,•, the 45 ø edge does 
not increase loss over the loss of the 90 ø by a signif- 
icant amount. However, when t/6,•, gets large the 
edge shape can be important and may need to be 
taken into account when calculating the conductor 
loss. 

7. Conclusion 

In this paper we have been able to develop an ex- 
pression for the conductor loss of a planar line valid 
for any thickness and edge shape. This expression 
involves integrating the current profile up to some 
stopping point A. Upon applying this stopping point 
technique to microstrip, excellent agreement with ex- 
perimental values was demonstrated. It should be 
noted that we have also analyzed CPW structures, 
and the same favorable agreement has been obtained. 
These results will be published separately. 
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Figure 14. Comparison for conductor loss for both 
the 90 ø and 45 ø edge for microstrips with a range of 
frequencies with t = 3/•m, I4 r = 70/sin, /• = 100 •m, 
o' = 4.1 x 10 ?, and •,. = 12.9. 
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More important, we have been able to address the 
question of how different edge shapes affect power 
dissipation. It was demonstrated in Figures 5 and 12- 
14 that even with as drastic an edge as 45 ø, little ad- 
ditional power loss results when t/•,k _• 3. However, 
when t/•k •_ 3, the edge shape may be important. 
Therefore it is concluded that the edge shape can in- 
deed alter the loss associated with the microstrip and 
may x•eed to be taken into account depending on the 
application. 

The results obta/ned in this study are presently 
being used to develop an effective surface impedance 
that will take into account this edge effect. This 
surface impedance is currently being implemented 
in a moment method code. In closing, it should 
be pointed out that the work presented here is gen- 
eral enough to.allow the analysis of conductors with 
multiple-metallization layers (commonly found in mi- 
crowave and millimeter-wave integrated circuits (MI- 
MICs)). This will be the topic of a future publica- 
tion. 
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