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Safety Filter - Main Idea

Add safety verification module to any controller

Learning-based 
Controller

System

Safety 
Filter

Previous Lecture: Verify control input and modify if
required to ensure safety at all future times

𝑢 = 𝑢!

𝑢 = 𝑢!𝑢 = 𝑢"∗
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Refine Safety Filter Behavior

Unsafe

constraints

Safe set

𝕏

Consider the controlled system x(k+1) = f (x(k); u(k))

Learning-based 
Controller

System

Safety 
Filter

Safety filters from Lecture 8 with switching control law lead
to harsh interventions

Goal I: Refine safety filter �SF (uL; x) 2 U to
� Interfere as little as necessary: min k�SF (uL; x)� uLk

� Design intervention dynamics close to safe set
boundary
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Avoid Explicit Design Computation

Unsafe

constraints

Safe set

𝕏

Consider the controlled system x(k+1) = f (x(k); u(k))

Learning-based 
Controller

System

Safety 
Filter

Safety filters from Lecture 8 rely on explicit safe set and
controller computations, which are often conservative

Goal II: Use model predictive control for safety filters to
� Reduce conservativeness
� Provide principled robust and stochastic design

procedures
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Learning Objectives

� Familiarization with practical limitations of switching safety filters
� Goal I (Refinements of invariance-based safety filters):

� Ensure minimal interventions using optimization-based safety filters
� Design intervention dynamics using control barrier functions

� Goal II (Reduce conservativeness using MPC):
� Understand benefits of predictive safety filter
� Understand how to make predictive safety filter idea work in the context of uncertain system

models
� Modify predictive safety filter formulations for different uncertainty assumptions
� Analyze how to successively enlarge the terminal safe set based on data

� Summary: Overview of different methodologies
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Outline

1. Refinements of invariance-based Safety Filters (Goal I)

2. Model Predictive Safety Filter (Goal II)

3. Predictive Safety Filter based on Robust Techniques (Goal II)

4. Examples

5. Successive Improvements of Safety Filter based on Data
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Practical Limitations of Switching Safety Filters
Linearized dynamics of an inverted pendulum at its upward position:

d
dt
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� Constraints: j�j � 0:3, j�̇j � 0:6 & input torque constraints juj � 3

Safety filter for discretization of linearized model (1) at x = 0 using LQR:
� Q = 25I2, R = 1 yields J�(x) = x>Px under u = KLQRx (Lec 5, p.19)

� Any sublevel set S� = fx 2 R2jx>Px � �g is invariant (Lec. 8, p.18)
� Select � such that S� � X and KLQRS� � U (Lec. 8, p.25)

�SF (uL; x) =

{
uL if (Ax + BuL)

>P(Ax + BuL) � �; juLj � 3

KLQRx otherwise

`

m � g

�
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Practical Limitations of Switching Safety Filters

`

m � g

�

� (Top) Solid brown line: x(k), Dashed brown line: @S�

� (Bottom) Brown line: Input �SF (uL; x), Red line: uL
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Practical Limitations of Switching Safety Filters

𝑢 = 𝑢!

� High-frequency bang-bang input interventions cause stress on actuators and system
� Vehicle example: Would you like to sit in a car with bang-bang interventions?
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Refinement goals for Switching Safety Filter

Refine the switching safety filter to provide the following properties:

1. Minimal and continuous interventions with respect to uL

2. Adjustable behavior when reaching the safe set boundary and safety interventions begin
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Refinement goals for Switching Safety Filter

Two additional mechanisms

1. Change desired input only as little as necessary

2. Introduce damping close to constraints using ‘Control Barrier Function’ concepts
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Refine Switching Filter: Minimal interventions
Switching Safety Filter

�SF (uL(k); x) =

{
learning input uL(k) if f (x ; uL(k)) 2 S; uL(k) 2 U

safe input �s(x) otherwise

Minimally Invasive Safety Filter

�SF (uL(k); x) = u�0 with u�0 being the solution to:

minu0 ku0 � uL(k)k (2a)

s.t. f (x ; u0) 2 S (2b)

u0 2 U (2c)

Pro: Low computation
Con: Harsh intervention

Pro: Minimal modifications
Con: Optimization problem
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Refine Switching Filter: Minimal interventions
Switching Safety Filter

�SF (uL(k); x) =

{
learning input uL(k) if f (x ; uL(k)) 2 S; uL(k) 2 U

safe input �s(x) otherwise

Minimally Invasive Safety Filter

�SF (uL(k); x) = u�0 with u�0 being the solution to:

minu0 ku0 � uL(k)k (2a)

s.t. f (x ; u0) 2 S (2b)

u0 2 U (2c)

Pro: Low computation
Con: Harsh intervention

Pro: Minimal modifications
Con: Optimization problem

Reduce (2) to line search by convex parametrization u0 = �uL(k) + (1� �)�S(x), � 2 [0; 1]

� Feasible candidate solution for all x 2 S: �� = 0
� Use gridding or line-search algorithms to determine optimal �
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Refine Switching Filter: Damping at Safe Set Boundary

‘Braking assistant’: Unsafe desired control input uL(k) > 0

Model dynamics: [
∆p(k + 1)
∆v(k + 1)

]

︸ ︷︷ ︸
x(k+1)

=

[
1 Ts

0 1

]

︸ ︷︷ ︸
A

[
∆p(k)
∆v(k)

]

︸ ︷︷ ︸
x(k)

+

[
0
Ts

]

︸ ︷︷ ︸
B

∆a(k)︸ ︷︷ ︸
u(k)

; (3)

� Relative position, velocity, and acceleration to leading vehicle ∆p(k), ∆v(k), and ∆a(k)
� Constraints: ∆p(k) � 0, j∆a(k)j � 1
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How to allow for tuning the intervention characteristics?
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Refine Switching Filter: Damping at Safe Set Boundary

Let S = fx jV (x) � 1g be a safe set with V (x) = x>Px � 1 (E.g. LQR sublevel set)

Safety filter using level-set function:

minu0 ku0 � uL(k)k (3a)

s.t. V (f (x ; u0)) � 1 (3b)

u0 2 U (3c)
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Refine Switching Filter: Damping at Safe Set Boundary

Restrict (damp) ∆V (x(k)) = V (x(k + 1))� V (x(k)) by modifying (3b):
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Refine Switching Filter: Damping at Safe Set Boundary

Restrict (damp) ∆V (x(k)) = V (x(k + 1))� V (x(k)) by modifying (3b):

V (f (x ; u0)) � 1 , V (f (x ; u0))� V (x)︸ ︷︷ ︸
∆V (x ;u0)

� 1� V (x)︸ ︷︷ ︸
can be reduced
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Refine Switching Filter: Damping at Safe Set Boundary

Restrict (damp) ∆V (x(k)) = V (x(k + 1))� V (x(k)) by modifying (3b):

V (f (x ; u0)) � 1 , V (f (x ; u0))� V (x)︸ ︷︷ ︸
∆V (x ;u0)

� 1� V (x)︸ ︷︷ ︸
can be reduced

( ∆V (x ; u0) � 
︸︷︷︸

2(0;1]

(1� V (x))

Example: 
 = 0:5, V (x(k)) = 0:5: V (x(k + 1))� V (x(k)) � 0:25 versus � 0:5 for 
 = 1 in (3b).
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Refine Switching Filter: Damping at Safe Set Boundary
Discrete-Time Exponential Control Barrier Function (Ayush and Sreenath 2017)

A function V is a discrete-time exponential control barrier function if for every x 2 S with S = fx 2
R

njV (x) � 1g there exists a control input u 2 U such that

V (f (x ; u))� V (x) � 
(1� V (x)) for all 
 2 (0; 1]. (4)

� Since for all x 2 S we have 
(1� V (x)) � 0 any invariant set from a Lyapunov function
satisfies (4), see Lec. 8, p.18. For example an LQR cost level set.

Control Barrier Function Safety Filter

Let V be a discrete-time exponential control barrier function. The corresponding safety filter is
given by �SF (uL(k); x) = u�0 with u�0 being an optimal solution to

minu0 ku0 � uL(k)k (5a)

s.t. V (f (x ; u0))� V (x) � 
(1� V (x)) (5b)

u0 2 U (5c)

Adv. MPC Lec. 9 - Safety Filter - Part II 15 1 – Refinements of invariance-based Safety Filters (Goal I)



Summary of Refinements for Safety Filters
Pros:
� Efficient implementation possible
� Safety intervention can be tuned using

control barrier functions
� Applications in robotics and autonomous

driving

Cons:
� Difficult to compute safe set or control

barrier function for nonlinear systems
� Robustness by design is difficult

[LINK] Lane-keep using refined safety filter
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Outline

1. Refinements of invariance-based Safety Filters (Goal I)

2. Model Predictive Safety Filter (Goal II)

3. Predictive Safety Filter based on Robust Techniques (Goal II)

4. Examples

5. Successive Improvements of Safety Filter based on Data
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From Invariant sets to Predictive Safety Filters

S

X

x(k)

x(k+1) = f (x(k); uL(k))min ku0 � uL(k)k

s.t. f (x(k); u0) 2 S

u0 2 U

Idea: Verify safety by planning safe forward trajectory.
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Main Idea of Predictive Safety Filter

Xf

X

x(k)

x(k+1) = f (x(k); uL(k))

Idea: Verify safety by planning safe forward trajectory.

� Use conservative safe set S as a target set Xf

� Existence of safety trajectory at time step k ensures safety at time step k + 1:
Could follow safety trajectory computed at time k if no new safety trajectory can be found.
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Main Idea of Predictive Safety Filter

Xf

X

x(k)
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x(k+2) = f (x(k+1); uL(k+1))
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Combined Verification and Safety Controller

min ku0 � uL(k)k

s.t. xi+1 = f (xi ; ui )

(xi ; ui ) 2 X � U

xN 2 Xf

x0 = x(k)

Xf

X

x(k)

x(k+1) = f (x(k); uL(k))

x(k+2) = f (x(k+1); u�0(k + 1)))

x(k+2) = f (x(k+1); uL(k+1))

Predictive Safety Filter:

� If learning input is safe: u�0(k) = uL(k)
� If learning input is not safe: u�0(k) = ‘closest’ safe input

Assumption: Xf satisfies regular assumptions on MPC terminal set (invariance under local control
law, state and input constraint satisfaction).
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Combined Verification and Safety Controller

min ku0 � uL(k)k

s.t. xi+1 = f (xi ; ui )

(xi ; ui ) 2 X � U

xN 2 Xf

x0 = x(k)

Xf

X

x(k)

x(k+1) = f (x(k); uL(k))

x(k+2) = f (x(k+1); u�0(k + 1)))

x(k+2) = f (x(k+1); uL(k+1))

Predictive Safety Filter:

� If learning input is safe: u�0(k) = uL(k)
� If learning input is not safe: u�0(k) = ‘closest’ safe input

! Feasible set is a safe set.
! Implicit safe set & controller

! Efficient solvers available
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Application Example: Learning to Fly a Quadrotor

Predictive
safety filter

xu
System
Inner PD 
control

Initial
condition

Target state

Goal:
Fast transition

[Neumann-Brosig, et. al., 2019]

Outer PD control + Bayesian 
Optimization

3 inputs 10 states
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Application Example: Learning to Fly a Quadrotor

Learning-based 
Controller

System

Learning-based 
Controller

System

Safety 
Filter

Video: 02_QUADROTOR_UNSAFE Video: 03_QUADROTOR_SAFE
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Application Example: Learning to Fly a Quadrotor

Learning-based 
Controller

System

Learning-based 
Controller

System

Safety 
Filter

Video: 02_QUADROTOR_UNSAFE

Safe terminal set

Video: 03_QUADROTOR_SAFE
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Application Example: Learning to Fly a Quadrotor

Learning-based 
Controller

System

Learning-based 
Controller

System

Safety 
Filter

Video: 02_QUADROTOR_UNSAFE Video: 03_QUADROTOR_SAFE
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Application Example: Learning to Fly a Quadrotor

Blue: With safety filter
Red: Without safety filter
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Remark: Effects of safety filter on performance

� Filter interventions can negatively affect performance of learning (or other) algorithm

� Common approach: Inclusion of safety metric in learning controller
� Based on safety value function V (x), defining safe set S = fx 2 Rn j V (x) � 1g

Example: Add barrier term to cost used in learning algorithm

Cs(x ; u) = C(x ; u)� 
log(1� V (x))

(barrier goes to infinity at boundary of safe set )

� Based on distance to learning input (e.g. for predictive filter)

Cs(x ; u) = C(x ; u)� 
ku(k)� uL(k))k
2
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Comparison Predictive vs. Invariance-based Safety Filter

Invariance-based and control barrier function safety filters

+ Scales to high-dimensional systems

+ Cheap online verification of safety and computation of safety controller

+ If safe set is described by a control barrier function, intervention characteristics can be tuned

- Conservative safe set and interventions

Predictive safety filter

+ Scales to high-dimensional systems

+ Reduced conservatism w.r.t. maximum control invariant set

(+) (Conceptually) easily extended to nonlinear systems

- Requires solution of an optimization problem
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Model Predictive Safety Filter

Safety filter

min ku0 � uLk

s.t. xi+1 = f (xi ; ui )

(xi ; ui ) 2 X � U

xN 2 Xf

x0 = x(k)

Xf

X

x(k)

x(k+1) = f (x(k); uL(k))

x(k+2) = f (x(k+1); u�0(k + 1)))

x(k+2) = f (x(k+1); uL(k+1))

� If learning input is safe: u�0(k) = uL(k)
� If learning input is not safe: u�0(k) = ‘closest’ safe input

Main challenge: Safety depends on perfect model without disturbances.

Adv. MPC Lec. 9 - Safety Filter - Part II 29 2 – Model Predictive Safety Filter (Goal II)



Outline

1. Refinements of invariance-based Safety Filters (Goal I)

2. Model Predictive Safety Filter (Goal II)

3. Predictive Safety Filter based on Robust Techniques (Goal II)

4. Examples

5. Successive Improvements of Safety Filter based on Data
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Predictive Safety Filter and Robust/Stochastic MPC

Key insight: Different objective and terminal set without consideration of the cost function

Safety filter

min ku0 � uL(k)k︸ ︷︷ ︸
JPSF

s.t. xi+1 = f (xi ; ui )

(xi ; ui ) 2 X � U

xN 2 Xf

x0 = x(k)

Model predictive controller

min Vf (xN) + Σi=0l(xi ; ui )︸ ︷︷ ︸
JMPC

s.t. xi+1 = f (xi ; ui )

(xi ; ui ) 2 X � U

xN 2 Xf

x0 = x(k)

� Robust MPC considering bounded additive disturbance: (Lec. 3, p.30, Lec. 3, p.43),

� Robust MPC supporting state and input dependent disturbances (Lec. 4)

safety does not rely on JMPC .
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Predictive Safety Filter and Robust/Stochastic MPC

Key insight: Different objective and terminal set without consideration of the cost function

Safety filter

min ku0 � uL(k)k︸ ︷︷ ︸
JPSF

s.t. xi+1 = f (xi ; ui )

(xi ; ui ) 2 X � U

xN 2 Xf

x0 = x(k)

Model predictive controller

min Vf (xN) + Σi=0l(xi ; ui )︸ ︷︷ ︸
JMPC

s.t. xi+1 = f (xi ; ui )

(xi ; ui ) 2 X � U

xN 2 Xf

x0 = x(k)

� Robust MPC considering bounded additive disturbance: (Lec. 3, p.30, Lec. 3, p.43),
� Robust MPC supporting state and input dependent disturbances (Lec. 4)

safety does not rely on JMPC . Similarly, this holds for the stochastic MPC schemes Lec. 7, p. 34/43.

Exchange the objectives with JPSF to obtain corresponding safety filters - How?
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Insert Safety Filter Objective into Robust/Stochastic MPC
schemes
Robust MPC with constraint tightening/Stochastic MPC with recovery mechanism:

� Applied input in original MPC scheme: u(k) = u�0
� Keep the original predictive safety filter objective JPSF = ku0 � uL(k)k

Tube-based MPC schemes and indirect stochastic MPC:

� Applied input in original MPC scheme: u(k) = v �0 + K (x(k)� z�0 )
� Select JPSF = kv �0 +K (x(k)� z�0 )� uL(k)k to match desired input while maintaining guarantees

This can be applied to various MPC techniques for considering uncertain (data-driven) models. The
concepts can equally be applied to distributed systems.

Let’s have a closer look at tube-based MPC as one example.
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Safety Filter based on Robust MPC

� Uncertain model with uniform error bound:

x(k + 1) = f (x(k); u(k)) + w(k);w(k) 2 W

� Plan nominal trajectory and apply tracking
controller

� Tighten constraints on nominal system

! Apply robust MPC methods, such as linear or
nonlinear tube-based MPC (Lecture 3/4)
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Safety Filter based on Linear Tube-Based MPC
Uncertain system: x(k + 1) = Ax(k) + Bu(k) + w(k); w(k) 2 W 8k � 0

Nominal system: z(k + 1) = Az(k) + Bv(k)

Tracking controller: u(k) = v(k) + K (x(k)� z(k))

Error system: e(k + 1) = (A + BK )e(k) + w(k); w(k) 2 W 8k � 0

min ku0jk � uL(k)k

s:t: u0jk = v0jk + K (x(k)� z0jk)

zi+1jk = Azi jk + Bvi jk

zi jk 2 X 	 Ω; vi jk 2 U 	 KΩ

zNjk 2 Xf

x(k) 2 z0jk � Ω

The closed-loop system with u(k) = v �0jk + K (x(k)� z�0jk)
satisfies constraints robustly.
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Safety Filter based on Linear Constraint Tightening MPC
Uncertain system: x(k + 1) = Ax(k) + Bu(k) + w(k); w(k) 2 W 8k � 0

Nominal system: z(k + 1) = Az(k) + Bv(k)

min kv0jk � uL(k)k

s:t: zi+1jk = Azi jk + Bvi jk

zi jk 2 X 	 Fi ; vi jk 2 U 	 KFi

zNjk 2 Xf 	FN

z0jk = x(k)

The closed-loop system with u(k) = v �0jk satisfies
constraints robustly.
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Outline

1. Refinements of invariance-based Safety Filters (Goal I)

2. Model Predictive Safety Filter (Goal II)

3. Predictive Safety Filter based on Robust Techniques (Goal II)

4. Examples

5. Successive Improvements of Safety Filter based on Data
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Safety filter for a Human Learner
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Safety filter for Imitation Learning
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Safely Learning to Track a Trajectory with a Car

Goal: Learn to drive a simulated autonomous car along a desired trajectory without leaving a road.

Learning controller: Learn linear control law (via Bayesian optimization)10

D. Overall MPSC design procedure

Given the methods presented in this section, the MPSC
problem synthesis from data can be summarized as follows.
Step 1: Compute a linear dynamical model of the form (2)

based on available measurements D by estimating ✓
in (11) using (14).

Step 2: Compute a polytopic confidence set of ✓ using a
singular value decomposition of (15) to obtain the
model uncertainty set according to (17).

Step 3: Compute the PRS Rs,x, Rs,u corresponding to the
additive stochastic uncertainty according to (20).

Step 4: Compute the RIS Ex, Eu at the desired probability
levels based on to the model uncertainty by solv-
ing (21).

Step 5: Perform the state and input constraint tightening with
respect to the Minkowski sums Rx = Rs,x �Ex and
KRRu = KR{Rs,u � Eu} to obtain (6b) and (6c).

Step 6: Initialize Zf = {0} (principled ways in order to
calculate less restrictive Zf can be found for example
in [59]).

Using these ingredients, any potentially unsafe learning-
based control law uL(k) can be safeguarded by solving (6)
and applying (8) at every time step k. When the constraint
tightening (6b), (6c) or the nominal terminal set constraint (22)
are overly conservative, one can make use of the system trajec-
tories during closed-loop operation to improve the performance.
Collected state measurements can be used to reduce model
uncertainty, allowing tighter bounds on wm and recomputation
of Rx, Ru that enables greater exploration of the system in
the future as demonstrated in Figure 8. In addition, nominal
trajectories can be used to enlarge Zf according to (22).

VI. NUMERICAL EXAMPLE: SAFELY LEARNING TO
CONTROL A CAR

In this section, we apply the proposed PMPSC scheme in
order to safely learn how to drive a simulated autonomous car
along a desired trajectory without leaving a narrow road. For
the car simulation we consider the dynamics

ẋ = v cos( )  ̇ = (v/L) tan(�) 1
1+(v/vCH)

ẏ = v sin( ) �̇ = (1/T�)(u� � �)

v̇ = a ȧ = (1/Ta)(ua � a), (23)

with position (x, y) in world coordinates, orientation  , velocity
v, acceleration a, and steering angle �, where the acceleration
rate is modeled by a first-order lag with respect to the desired
acceleration (system input) ua, and the angular velocity of
the steering angle is also modeled by a first-order lag w.r.t.
the desired steering angle (system input) u�. The system is
subject to the state and input constraints ||�||  0.7 [rad],
||v||  19.8 [m s�1], �6  a  2 [m s�2], ||u�||  1.39 [rad],
and �6  ua  2 [m s�2], for which the true car dynamics
can be approximately represented by (23), see e.g. [62], with
parameters T� = 0.08 [s], Ta = 0.3 [s], L = 2.9 [m], and
vCH = 20 [m s�2]. The system is discretized with a sampling
time of 0.1 [s].

Fig. 4: Learning to track a periodic trajectory subject to
constraints: Shown are the first 30 learning episodes without
(red) and with (green) the proposed PMPSC framework as well
as the safety constraints (black).

The learning task is to find a control law, that tracks a
periodic reference trajectory on a narrow road, which translates
in an additional safety constraint ||y||  1. The terminal set
according to Assumption IV.4 is defined as the road center
with angles  = � = 0 and acceleration a = 0, which is
a safe set for (23) with f = 0. The planning horizon is
selected to N = 30 and the model (2) as well as the PRS set
Rx = Ru with probability level 98% is computed based on a
30 second state and input trajectory according to Section V, see
supplementary material for further details. We use Bayesian
Optimization as described in [63] for learning a linear control
law, implementing a policy search method that automatically
trades off exploration of the parameter space and exploitation of
promising subsets and which does not provide inherent safety
guarantees. As cost function for each episode, we penalize the
deviation from the reference trajectory quadratically, i.e.,

NX

i=1

(xref(i) � x(i))>Q(xref(i) � x(i)) + uL(i)RuL(i),

where Q = diag((1 1.5 1 1 100 100)>) and R =
diag((1 1)>).

While the resulting learning episodes without the PMPSC
framework would leave the safety constraints, i.e. the road, in
a significant number of samples, as shown in Figure 4, the
safety framework enables safe learning in every episode.

In Figure 5, two example learning episodes from Figure 4
are shown, where the size of the input modification through
the safety framework is indicated with different circle radii
along the trajectories. While in the first episode the safety
framework intervenes with the learning-based policy in order
to ensure safety, the algorithm safely begins to converge after
30 episodes with significantly less safety interventions.

In Figure 6 we compare the performance of the learning-
based control policy when applied directly with the safety
enhanced performance using PMPSC and observe that the
safety ensuring actions yield a slightly slower convergence
and slightly worse performance after learning convergence on
average compared to direct application of the unsafe algorithm.

VII. CONCLUSION

This paper has introduced a methodology to enhance arbitrary
RL algorithms with safety guarantees during the process of
learning. The scheme is based on a data-driven, linear belief

� First 30 learning episodes without (red) and
with (green) the stochastic safety filter.

� Safety constraints shown in black.
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Fig. 5: Resulting safe closed-loop trajectories during learning
with initial policy parameters (blue) and final policy parameters
(green). The circle radii indicate the relative magnitude of safety
ensuring modifications of the learning-based controller.

Fig. 6: Closed-loop cost for 100 different experiments. Thin
lines depict experiment samples and thick lines show the
corresponding mean. Red lines indicate direct application of
the learning-based controller and green lines illustrate the
combination with the proposed PMPSC scheme.

approximation of the system dynamics, that is used in order
to compute safety policies for the learning-based controller
‘on-the-fly’. By proving existence of a safety policy policy at
all time steps, safety of the closed-loop system is established.
Principled design steps for the scheme are introduced, based
on Bayesian inference and convex optimization, which require
little system expert knowledge in order to realize safe RL
applications.

APPENDIX

A. Details of numerical example

The model is computed according to Section V-A based on
measurements of system (23) as depicted in Figure 7, sensor
noise �s = 0.01 and prior distribution ⌃p

i = 10In. The state
feedback

KR =

✓
�1.25 �0.05 �2.34 �0.75 �0.19 0.02
0.02 �0.69 �0.03 0.02 �5.04 �2.85

◆

according to Assumption IV.3 is computed according to the
mean dynamics of (13) using LQR design.

Applying the procedure described in Section V-B with
different numbers of measurements as shown in Figure 7
yield different constraint tightenings of the interval state and
input constraints as depicted in Figure 8. The final tightened
input and state constraints that are used in the numerical
example in Section VI are given as ||u�||  1.39 [rad],

Fig. 7: Measurements of system (23), which are used for
computing the PIS set R.

Fig. 8: Tightening of state and input interval constraints for
different numbers of measurements used to the design the
PMPSC scheme.

�5.4  ua  1.3 [m s�2], ||y||  0.87 [m], ||�||  0.64 [rad],
||v||  19.97 [m s�1], �4.97  a  0.44 [m s�2], computed
using the Yalmip-toolbox [64] together with MOSEK [65] to
solve the resulting semi-definite program.

Starting from a terminal set Zf = {0} we illustrate in
Figure 9 how the volume of Zf can iteratively be enlarged
based on previously calculated nominal state trajectories at each
time step by following Proposition V.4 to reduce conservatism
of the terminal constraint (6d).
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5. Successive Improvements of Safety Filter based on Data

Improvement of Terminal Safe Set

Improvement of Model and Uncertainty Bounds
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Online Enlargement based on Safe States

A larger terminal safe set leads to a larger implicit safe set.

Idea: Leverage previously encountered safe states to enlarge
terminal safe set

Consider the set of nominal predicted states obtained from
successfully solved instances of the safety filter problem:
z�(k) = fz�j ji ; i 2 [1; : : : ; k ]; j 2 [0; : : : ;N]g
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Online Enlargement based on Safe States

A larger terminal safe set leads to a larger implicit safe set.
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Consider the set of nominal predicted states obtained from
successfully solved instances of the safety filter problem:
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If the predictive safety filter problem is convex and X̄f is a safe terminal set, then the set

X̄ k
f = co(z�(k); X̄f ) (where co(�) denotes the convex hull)

is again a safe terminal set, i.e. it is invariant for the nominal system under a terminal safe control
law and all tightened state and input constraints are satisfied.
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Learning-based Model and Uncertainty Bounds

Safety filter for learning-based controllers (e.g. RL):

� If learning happens in episodes
� Improve filter design after every episode to reduce conservatism

� Safety filters for uncertain systems usually rely on nominal model

! improve nominal model based on collected data, update uncertainty bound

� Data-based computation methods for constraint tightening e.g. based on scenario optimization

� If learning happens online
Any learning-based MPC method can be employed that ensures recursive feasibility and
constraint satisfaction (see e.g. [5])

� See upcoming lectures 12 and 14
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Summary: Predictive Safety Filter

Idea: Approximate maximum control invariant set with a predictive optimal control problem.

� Implicit optimization-based formulation

� Controller verification and backup controller computation in one problem

� Scalable to high-dimensional systems

� Leverage stochastic and robust MPC formulations to deal with model uncertainty

� Leverage efficient MPC solvers

) Provide safety for any controller by passing proposed input through safety filter

Note: Extensions to reduce conservatism of robust MPC in [3] and to distributed systems in [4].

Not covered: Soft constraints, control barrier functions inherently stabilize the safe set
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