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DISTRIBUTION OF EIGENVALUES FOR SOME SETS OF RANDOM MATRICES

V. A. MARCENKO AND L. A. PASTUR UDC: 519.21

In this paper we study the distribution of eigenvalues for two sets of random Hermitian matrices
and one set of random unitary matrices. The statement of the problem as well as its method of investi-
gation go back originally to the work of Dyson [1] and L M. LifSic [2], [3] on the energy spectra of
disordered systems, although in their probability character our sets are more similar to sets studied by
Wigner [4].

Since the approaches to the sets we consider are the same, we present in detail only the most

typical case. The corresponding results for the other two cases are presented without proof in the last
section of the paper.

§1. Statement of the problem and survey of results

We shall consider as acting in N-dimensional unitary space Hy, a selfadjoint operator By (n) of
the form

n
By (m) = Ay + 3} 1140 (-, gO). (L)

i=1

Hete Ay is a nontandom selfadjoint operator; n is a nonrandom number; the r; are independent
identically distributed real random variables and the ¢° are mutually independent random vectors in
Hy, independent also of the r,.

The operators ¢)(-, V) = L, act on vectors x € Hy according to the formula L; (%) =
gD (x, ¢), where (x, ¢) is the scalar product in Hy.

Thus the operators By (n) we consider are sums d a nonrandom operator and a number of inde-
pendent random one-dimensional operators. Each set of numbers 7, -+, 7, and vectors gV, .. q(n),

which for brevity we denote by T,, Q,, gives a realization of the random operator By (n).

We shall be interested in the function »(); By (r)) giving the ratio of the number of eigenvalues
of By (n) lying to the left of A to the dimension of the space. From now on we call this the normal-
ized spectral function of the operator. It is clear that for any realization T,, ¢, the function
v(X; By (n)) is a nondecreasing left continuous and piecewise constant function of A\, and
0<v(y By)<1.

For fixed A the function v (); By (r)) is a random quantity determined in a complicated manner by

the random numbers 74, +--, 7, and random vectors g{1), ..., g®). The search for the probability
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distribution of this random quantity is one of the fundamental problems in the spectral analysis of
random operators. Of particular interest is the case of very large N and n, since it often appears that
for N — e the random quantity 1 (}; By (n)) converges in probability to a nonrandom number.

We assume the following conditions are satisfied for N — oo,

I. The limit limy,on/N = ¢, which for brevity we call the concentration, exists.

II. The sequence of normalized spectral functions v (); Apy) of the operators Ay converges to

some function vo{(A) at all points of continuity:
lim v (&; Ay) = v, (M) (1.2)
N—x

Assuming that these conditions are satisfied, it is necessary, first of all, to make clear how the
stochastic properties of operators By (n) of the form in (1.1) ensure the convergence in probability of

the sequences v(); By (n)) to nonrandom numbers, i.e. to explain when a nondecreasing function

v(XA; ¢) exists such that at all of its points of continuity

Jim P {[v(h; By () —v (A )| >e} =0, (1.3)

irrespective of ¢> Q.

The main problem for such a set of random operators consists, finally, in discovering the limit
function v (X c).

The case of physical interest is when all the r; are equal to the nonrandom variable r and the
vectors ¢¢) are selected from a given orthonormal system e (1), ..., ¢ ™) with equal probabilities.
In [2] and [3] I. M. LifSic worked out a method for the approximate calculation of v {(); ¢) for small
values of ¢ in this case.

We point out one specific peculiarity of this case. Since the random vectors g are chosen from
a given orthonormal basis, the problem is not invariant under unitary transformations of the operator
Ay, and therefore the answer depends not only on the normalized spectral functions v()\; Ay) of this
operator, but also on all its eigenvectors. This remains the case as N — o,

In this paper we consider another type of problem which as N — = becomes invariant with respect
to unitary transformations of 4. For the formulation of the conditions to be placed on the random
vectors, it is convenient to select in the space Hy any orthonormal basis e, -+, ey and express
the vectors in this coordinate system, writing ¢ = (g, -+, qy), where ¢; = (g, e;). In the remainder

of this paper we assume the following conditions are satisfied.

III. The stochastic vectors ¢ = (g, -+, gy) which enter into (1.1) have absolute moments to

fourth order, inclusively, and the even moments Mq;q;, M9;9;9,9, can be put in the form D
Mqq; = N7'8; 4 a; (N), (1.4)
Mqi4iqiGm = N7* (Bi 1 -+ 8im 81) ++ Pit (N) @1 (N) -+ byjim (), (1.5)

where 8,3 is the Kronecker symbol and the quantities

1) We denote the expectation of the stochastic variable x by Mx,
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5¥)=[N 3 1af,-(1v>(2f: W) = 30 eW)=N] 3 lb,-ﬂmuvwf (1-6)

ij i ij.L.m

tend to infinity as N — oo,

IV. The stochastic .variables 7; which enter into (1.1) are independent and have the same proba-

bility distribution ¢ (x).

It is not difficult to prove that condition III on the stochastic vectors ¢ is unitarily invariant,
i.e. if they are satisfied for some one choice of orthonormal basis in Hy (N =1, 2,---) then they are

satisfied for any choice of basis.

The most typical example of stochastic vectors satisfying Il is the set consisting of all unit
vectors of Hy with each assigned the same probability (i.e. uniformly distributed on the unit sphere ).
In this case

- - = 1
Mqig; = N"*8;, Mqqqqm = NNED {8 01 + 04 81},

which clearly ensures that III is satisfied.
We present two other examples of sets of random vectors for which 1II is satisfied.

a) The set of real unit vectors whose probability density p(g,, -+-, qy) is a symmetric and even

function of all its arguments. For such vectors
Mqiq]' =N"" 6[] a“dMQiqiql‘Im = (6[]' 6l/‘n + 61’1 6im + éz'm 6jl) -+ (az‘sal) 6[1’ 6lm 6[1’

where a; = Mqiq3=Mg?qiGi# k), ay=Mg}=Mg? (i=1,--+,N). By making use of the relation
1=Na,+ NN - 1)a,, following from the normalization of all vectors of the set, it is not difficult to
show that for III to be satisfied it is sufficient to have a; = Mg?g3=N"2+0(N"%2) as Y — .
For example, for real vectors uniformly distributed on the unit sphere a; = [M (N + DT L. Hence real

stochastic vectors uniformly distributed on the unit sphere satisfy IIL

b) The set of random vectors having, in some basis, the form ¢ = N~ % (£}, .-+, &y), where the
£, are identically distributed independent random quantities, with mean value zero, unit dispersion
and finite fourth moment . In this case a;; (N)=0, ¢;;(N)=N715;, and among the numbers
bijim (N) only b;;;; (N) = N™2(u, — 3) differs from zero. Consequently ¢; (N) =0, ¢;(N) = NTY,
e3(N) = N7% |y, - 3|, from which it follows that the stochastic vectors of this set also satisfy III.

As we pointed out, the main problem is to prove that the function v (); ¢) defined by (1.3) exists
and to go about finding it. It is more convenient, however, to find instead of v (X ¢) its Stieltjes

transform

co 4 ,
m(z; ¢) = S —;(—f—zﬂ 1.7)

—00
a knowledge of which gives the desired function at all points of continuity by means of the well-known

inversion formula .
V(A )—v(hy ) = lim iS Im m (& 4 in; ¢) dE. (1.8)
Nt T
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For simplicity we shall denote the function m(z; 0), whose existence is ensured by condition II,
by mo(z), so

o

My (2) = S ‘;L"_%), (1.9)

where vy ()) is defined by (1.2).

Our basic result is contained in the following theorem.

Theorem 1. Let I1-1V be fulfilled. Then the following assertions are valid.

1) The sequence of normalized spectral functions v(X; By (n)) of the operators By (n) for N — oo
converges in probability to a nondecreasing function v(X; ¢) at all points.of continuity. Moreover,
vi=o0 ¢) = volew), vitog ¢) = pol(+), where the function vy()) is defined in (1.2). Hence at all

points of continuity the function v{X; ¢) is given in terms of its Stieltjes transform m(z; c) by the
formula

v(A; €) = vy (— o0) -} lim {hm —-Slmm(x—i—zy, c)dx}

W-~>—o00 Ly—>-to0 T

2) The Stieltjes transform m(z; c) of the function v(X; ¢) is equal to the solution at t =1 of the
equation

t
— _ v () .
u(z, ) = my (@) Sr—_—‘ﬂ@u(z, S 54E D, (1.10)

where m (z) is defined in (1.9) and 7(§) (the generalized inverse of the probability distribution func-
tion o(x) of the stochastic variable 1) is defined by the formulal)

T@¢)= igf {v; o(v) > ). (1.11)

3) The solution to (1.10) exists and is unique. Equation (1.10) is equivalent to the first order
partial differential equation

T .6u (z, ¥) =0; u(z, 0) = m, (Z), (1.12)

dulz, t)
at +C1+17(t)u(z, 1) 0z

whose solution by the method of characteristics leads to the following implicit expression for u(z, t):

t
e (2 @) .
ue 1) m"(z C§1+r(§)u(z, t)) (1-13)

To avoid misunderstanding we point out that the solution of equations (1.10) and (1.12) is to be

analytic in z and continuous in ¢ in the region Imz > ¢ and ¢ € {0, 1}.

Note further that from the definition of r(f) it follows that

1) It is not difficult to verify that 7(£) is a left continuous and nondecreasing function. Where 7(£) and
olx) are strictly increasing, they are inverse to each other. Where o(x) is constant 7(£) has 1umps, and where
o(x) has j jumps r(£)is piecewise constant.
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1 oo
__v@®d ¢ _vdo(r)
OSH—'C(E)u(Z, 1) _Soo1+1;’u(z,1)’ (1.14)

whence by (1.13), since m(z; ¢) = uf{z; 1), we conclude that the Stieltjes transform m(z; ¢) of v {(); ¢)

satisfies the equation

where o(7) is the probability distribution for the stochastic variable 7.
We examine three examples.

1) The sum of random independent and equally probable projections. Let By (n) = rﬁ:f:l P;,
where each P; is a projection operator on the random vector ¢(*), independent and uniformly dis-
tributed on the unit sphere, and 7 is a nonrandom number. It was shown above that III is satisfied in
this case. Since Ay = 0 and 7 is nonrandom, I and IV are also fulfilled and m y(z) = — 271, do () =
8(£ - 1)d&. Therefore, if n/N — ¢ as N — o, I-IV are also satisfied and m(z; ¢) satisfies (1.14),

which in this case is

m(z;, ¢y = — (z ——L—)_l .

- 14+ tmiz; 0

By solving this quadratic equation for m (z; c¢), we find that

m(z; ¢) = — (1—0)-|2—z|1—‘0| + —Z+|1'—C|T+2]Z/T(Z—C‘U+T)’—'4217 ,

where for Imz > 0 that branch of the square root must be taken for which Imm (z; ¢) > 0 (since m(z; ¢)

is the Stieltjes transform of a nondecreasing function).

Hence, using the inversion formula (1.8), we find that v (X ¢) = v, (; c) + vy (X ¢), where

dv, (A; ©) _ (1—e)d(A) for 01,
dj
0 for ¢>1,

(Vacri—(a — ct — 1)
2nt),

0 for (A —ct— 1) > 4cnd

dve (Ai¢) _ for (A —ct — 1) < 4dct?,

dA

From these formulas for ¢ > 1 it follows, in particular, that the normalized spectral functions of the

stochastic operators

KN(n)=—1:(l +Ni)1+ rf} P, (}Iim A£/=c>1)
i=1 e
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as N — o converge in probability to the function v{(); ¢) whose derivative is

o —1
dvio) _ _W (1+’"—j;1) for A2 <Cdet?,
dj

0 for A2>>4cr?.

As ¢ —> oo the right-hand side of this formula becomes the semicircle law obtained by Wigner for

a Gaussian set of random matrices [4]. Of course, this is what is expected since Ky (r) is the sum of

independent identically distributed random matrices:

KN(n)=Tg{—-(n+N)1+Pi},

nN

and, by the central limit theorem, the probability distribution for the random matrices Ky (z) should be
nearly Gaussian, if n>> N.

This is one of the similarities of our set with Wigner’s set explicitly mentioned above.

2) The sum of random independent and equally probable projections with random bounded coef-
ficients. Let By (n)=2?_ 7, P; where the P; are projections just as before, and the coefficients r;
are independent identically distributed random quantities with probability density [7(1 — #2)%]7 1

Conditions I-IV are clearly satisfied if limy-sc n/N = c exists, if Ay =0, and if

00 1 -1 L
myz) = —z~! and Tdo(y) 1 ¢ard=w) ° _i[ ““]
2) \ o= (e —d =2 i—a—wy 7).
oo ~

Therefore in this case (1.14) bas the form

mea= _{z— . [1 —(1—m(@ C))_;_]}~]l

m(z; ¢
Hence after some elementary manipulation we obtain

2mt -+ 2(1 —c)zm® - (1 —cf —22]m?* —22(1 —c)m — 1 + 2 = 0,

where for simplicity we have set m(z; ¢) = m. In particular, for ¢ = 1 we obtain a biquadratic equa-
tion, which we solve (taking into account that m(z; 1) — 0 for Imz — o and Imm(z; 1) > 0 for
Imz > 0) by finding m(z; 1) and then (by (1.8)) v(); 1):

: 1]/_2:_|M_
av s t) _ |~ RN for |M <2,

dh
0 for I}ul>2

3) The sum of random independent and equally probable projections with random unbounded coef-
ficients. Let By (n) be the same type of operators as in the preceding example, except that the

probability density of the random quantities r; we take as » la/(a? + 72).

In this case

~ oo o
S T do (1) ____ig T @ g —ia
1+ tu n 14tu a®+ 12 T — gy’
—00 —o00

and equation (1.14) has the form
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=—{z+ iac }—1 (m = m (2 o).

1— iam

By solving this quadratic equation for m (z; ¢) we obtain, by (1.8), the following expression for

vix e):
V(A ©) = v (A; €) + vy (A; ),

where

dv, (A ©) :{(1——0)6(7») for 0<<eC 1,
di 0 for ¢ >1,

1
vy (v 0) — 1/50/(7»2 1) (22 4+ 23) 442 — haty) 2

dh 2aj
7\41,2 = a(l i V(?)z.

From these formulas we see that in this case the spectrum occupies the entire axis, as was to be ex-

pected from the unboundedness of 7.

We note in conclusion that it is, as a rule, impossible to find m (z; ¢), and even more so to find
v{x ¢), in explicit form, since (1.14)is, generally speaking, not explicitly solvable for m(z; c). In
this sense the above examples are exceptional. Nevertheless, it is frequently possible to obtain a
qualitative picture of the spectrum: the number and arrangement of its connected components, and also
the behavior of v{}; ¢) near the boundary of the spectrum. We have in mind the following: on the
intervals complementary to the spectrum on the real axis the function m(x + i0; ¢) exists and is con-
tinuous, real and montonically increasing. Hence, the inverse function exists on these intervals —also
real and monotonically increasing. Furthermore, its range of values is clearly just the complement of

the spectrum. By denoting this inverse function by % (m; ¢) and using (1.14) we obtain

X
. . do
x(m; 0) = Xo(m; CHCS f-:—if,i (1.15)
—o
where xy(m) is the function inverse to m(x). Thus we have the following rule for determining the
spectrum: it is necessary to locate the intervals where the function on the right-hand side of (1.15)
is monotonically increasing and then to determine the set of its values on these intervals. The
spectrum is the complement of this set.
Therefore if a is the endpoint of one of the intervals on which the right-hand side of (1.15) is
monotonically increasing, then

[e¢]

. d
Ao = xo(@) 4 ¢ S I—:—f‘% (1.16)

—Q0

is the endpoint of one of the connected compoanents of the spectrum. Suppose that in the neighborhood
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of a the right-hand side of (1.15) is analytic, and consequently has local extremum at this point
(a maximum if a is the right end point, a minimum if a is the left endpoint of such an interval). Since
at a local extremum the first nonvanishing derivative must be of even order, the Taylor expansion of

the right-hand side of (1.15) has the form

C Ay dyp ok
x(m, C)“‘xa+ @) (m—a) 4+ ...,

and hence near the point A, we have

R

mz o) —a=1/ zd—}""(fzk)! [1 + o)),
ok

where that branch of the root is taken which has positive imaginary part for Imz > 0 and is real in a

neighborhood of ), not containing any points of the spectrum. Thus by the inversion formula (1.8) it

follows that in a neighborhood of A, the function v{)\; ¢) has a derivative, and as A — A,

2k L
— sinn ——
b0y ha T opy 1o —2£. (1.17)
dx dyp n

Therefore the rule for finding the singularities of the function v () ¢) may be formulated as follows.
The boundaries of some of the connected components of the spectrum may be found by formula

(1.16), where the local extrema of the right-hand side of (1.15) are taken to be the points a; near

these boundary points the function v(X; ¢) has algebraic singularities, the principal parts of which

ate found by using (1.17).

N _.__-m_'.

_/‘_\_ ------- - : TS

c<l ¢>]

Figure 1

We shall illustrate this rule in the case of example (1) above. Here

. 1 Y

The graph of this function is shown in Figure 1, where the dashes denote where the right-hand
side of (1.18) is decreasing (this part must be discarded).
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It is clear from the graph that the spectrum consists of the interval [A_, A,] and the point 0 for
¢ <1, and the interval [X_, A ] alone for ¢ > 1. The extrema of the right hand side of (1.18) are
m, == 1/7(1 + V), from which, according to (1.16), we find the boundaries of the spectrum
A =7(1-+£)2 and A, =7(1+ )%

The second derivative of the right-hand side of formula (1.18) at the extrema m, are

4% = + %—iﬁ(l £ Vor=x 22N,
[

Ve

where by (1.17) it follows that near the points A,

4
oy Y /TR
v (A o) = ﬂ7»+l’ .

in complete agreement with the exact results found above.

§2. Auxiliary considerations

Consider the linear operator 4 mapping the space Hy into itself. Denote the matrix of 4 relative
to some orthonormal basis in this space by [|4;].

Lemma 1. If the stochastic vector ¢ =1(q,, g, *+,qy) obeys condition III, then
M|(Aq, q)— NT'SpA| || Alle (N),

where ||A| is the norm of A, the quantity ¢(N) does not depend on A and tends to zero as N —» .

Proof. Letting 5= (Aq, q) = 2?,/,-:1 A;;9,;9; for simplicty, by (1.14) we shall have
M'r]: 2 Aij A/f(]/&[ = N_l Z Aij 6;’,‘ + 2 Ai/‘ aj; (N)
1%} if 0

or
r

IM}']——N_l spAl = lZA,-,'aﬁ(N)l < (Z |Ai/ |2.2|aii(1\/)lz>2 ,
ij if iy

whence, using the obvious inequality

ZIAul Nmaxzm,,l2 NIAp, 2.1)

we obtain by (1.6) that
|Mn— N7 SpA| <[4 (NE |au<N>|2) = | Afle, (V). (2.2)
Similarly, from (1.5) we get

Mn=N"|SpA2 + N34 A, + X Aydim (le(N)—(Bi—m(—N)‘i‘Z AiAim jiim (N)-

We estimate the second and fourth terms on the right-hand side by means of the inequality (2.1):
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N~? 2 A Ay <N 1A,
L L
2 2

, D Ay A bjilm(N)I < (2 | Aip ] Aum |2> (2 | biyim (N)[* )

<UAIRN (31 bam N F) = [ AL e (W)

We estimate the third term:

il i il m
< (ZIIA\PEIcpn(N)IZ); (2||A||2z|<p.-muv>|2>“"<nAnzzw,-,(N)P
l i i m

= || A|]* &, (N).
Thus
| Mo — N7 |Sp AP U AN + 2, (N) + &5 (NV)}. (2.3)

In addition we have

Mln—N"ISPAK{MM—N"‘SPAF};—
= {Mnn — N"*|Sp AP —2Re N'Sp A (Mn — N SpA)};_
Hence using inequalities (2.2) and (2.3) and noting that |N"1SpA| < ||A], we obtain
M|n—NT"SpA|H AN +&,(N) + 8;;(N)Jr2t°J1(N)};—-

Therefore, setting ¢(N)={N"1+ 52(N) + €, (V) + 2¢, (N}%, we have M|(Ag, ) - N"1SpA| < [|4] - eWV),
where ¢(N) does not depend on A and, by condition III, tends to zeto as n — . Q.E.D.

Lemma 2. Let the Hermitian operators A and A, acting in the space Hy, be related by
A—A=7( 9y,

where r is a real number and q is a stochastic vector which obeys condition III. Then for the dif-

ference of the traces of the resolvents kz and R, of these operators we have
% 0 —
SpR.—SpR. = — ZIn(l + SN SpRy) + (2, ¢, N),

where 8(z, q, N) is a random quantity satisfying the inequality

M[8(z q, N)| <2 T e(N),
Y1+ TNTISpR)
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where ¢(N) does not depend on A, z, r, and vanishes as N — oo.

Proof. Since the determinant of the matrix of any operator is equal to the product of its eigen-
values, the identity

Re=@A—ay'={A—2)+ (A— A} = + R.(A— A} 'R,

shows that
N N
[[Ge—27" = [[ (a2 det [/ + R(A— Ay,

~

where A, and ), are eigenvalues of A and A.

Taking the logarithmic derivative with respect to z of both sides of this equation, we find the

well-known formula for the difference of the resolvent traces:
o~ a ~
SpR.—SpR. = —alndet [/ + R, (A— A)l.
In particular, if A-4 - r(- , g)q it is easily seen that

det[/ + R, (A—A)) = 1 + v (R4, q),

and consequeatly in this case Spi -SpR,=-(/92)ln(1 + r(R, ¢, ¢)], or
~ T (R2 q, ‘l)
SpR,—SpR =—— 2.4
: ? 147 (R, q, ) (24
We now evaluate the right-hand side of the formula. For this purpose, denote by E (\) the decom-
position of the identity for the operator 4 and introduce the nondecreasing function a(}) = (E(\)g, ¢).

Then

¢ dagh ¢d
(R24, ) = S A—“_—g (R2q, ) = S (:_0;;2

whence it follows that for z = x + iy

oo

1+ 7 (Reg, )| > [ Im (Reg, )| =7y ] { 20—,

. ¢ da(
It R I<Iel | =
so that B
T(RYq, q) l KN
Rl 1yl (2-5)

To complete the proof of the lemma we rewrite (2.4) as follows:

~ TN"1SpR:
SpR,—SpR; = — —————— +438(z2,¢q, N), (2.6)
14+ TN ISR,
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where
tN"'Sp R} T(RYq, 9)

8(z, 4, N)= = — : ,
( ) 14N ISR, 1+TR4 9)

and we evaluate the expectation value [8(z, ¢, N)|. We have

T(R;9, 90 T{(R,q,9)— N'SpR;}

0(z,9,N)= .
1+t (R, 9, 9 14+ N SpR,
———L——{(Riq, ) —N*SpR3},
141N SpR,

whence, applying (2.5), we obtain
LI N)|<' < l{l(qu, 9)—NT'SpR, |

y(1+TNT SpR)
+1yl-[(R2q, ) —N""SpR,|}.
Since the stochastic vector ¢ obeys condition III, from this inequality and Lemma 1 we have

T
YA+ N SpR)

M|8(z g, N)|<< (1R:| 4+ 1 9] - I Rz ]y e (N).

Since 4 is Hermitian, it follows that ||R,|| <ly|”! and ||R2|| < |y|™!. Therefore

T

M|z g, N)|<2
(A 4TNTISpR)

e(N), (2.7)

which was to be proved.

Consider now the quantities 7;. By hypothesis, these are independent quantities with one and the
same distribution function ¢(x). Let T, be some realization of n of these random quantities. We
number the quantities in T, in order of their size 7, <7, <+ <7, and construct an experimental

distribution function o(x, T,) cortesponding to this realization by setting
0 for x< 1y,
for T; < X < ri+1v

for Tp < X,

o(x, Tp)=

i
n
0

By Glivenko’s theorem [5], as n — oo the function o(x, T,) almost certainly converges to

o(x) uniformly on the entire axis.

We shall have use for the analogue of this theorem for functions inverse to olx, T,) and o).
Here by the inverse functions we mean functions 7(&, T,) and 7(£) defined on the interval (0, 1) by

TE, Ty = igf {x:o(x, Tp) > E}, (2.8)

() = inf {x: 0 (x) > &). (2.8")

Note that as a consequence of the definition of o(x, T,) we have
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T(E, Tp) = Tiyy for L’;<§<i—+71—(i=0,1, ey n—1). (2.9)

Lemma 3. If the probability distribution o(x) for the random quantity r has a first absolute
moment, then for n — oo the sequence of functions r(&, T,) almost certainly converges in the metric
of Lo, 1] to the function (&), i.e. the sequence

an =\ 7@ T — )]

0
almost certainly converges to zero.
Proof. Note first that by assumption [*_ |x|do(x) < o, and from the definition of 7(£) it follows
that f(I) |r(OdE= [T, |xldo(x) < . Therefore the function 7(£) is summable on the interval [o, 1].
By Glivenko’s theorem the sequence f = SUP_ ) <o lo(x, Ty) - olx)| almost certainly converges

to zero. It follows from the definition of B, that if glx, T ,) > £ then olx) > é- B, and if o(x)>
&+ B, then olx, T,) > & Therefore

o) Z>E+ B T{xio(x, Ta) >E C{x:0(x) >E—Ba},

whence for £ € (B,, 1 - B,), by definition of 7(£, T,) and 7(8), we obtain r(£+ B,)>7(& T,) >
r(£- B,). Since r(&) is nondecreasing these inequalities imply that |7(£, T,) - r(&)] < 7(€+ B,) -
T('f" Bn) if B, < £<1- B,- Hence

1—B, 1—B,
{ 1TE T —r®1E< { (rE+B)—vE—payae
Bn Bn
1 2Bp
= { r@¢— (@
128, 3

and hence flﬂ’_lﬂﬂ |7(& T,) = r(|d& for n — oo almost certainly tends to zero, by Glivenko’s

theorem and the summability of 7(£). In addition,

Bn Bn Pr
JITE T —v @18 < (| 7E Tolds + { |v @)z,

.. . L s «
Let A be any positive number and define the random quantities 7; in terms of r; as follows:

;.={0’ it |T]<A,
Cllul i u>A (2-10)
Then from (2.9) we obtain

Bn Bn
{lr@Tale< ~ 3 T+ ( Ads
n s
0 =1 0
and consequently
Bn Bn

(lr@— @ TlE< I3 7+ (i + v a.

0
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From the strong law of large numbers we find that as n — o~ we almost certainly have
—isn
n 2;‘:1

;’L. . flx >4 |x|do(x), whence, by the preceding inequality, Glivenko’s theorem and the
summability of r(.f_), we conclude that, as n — e, almost certainly

Bn
(e Ta— @<+ { Ixidow
0 Ixi>A

for any 4 > 0. But this means that fg" |7(&, T,) - r(£€)|d€ almost certainly tends to zero for n — oo,
Similarly, we find that fi_/j [7(& T,) - r(&)|d€ almost certainly tends to zero as n — . Q.E.D.
n

Remark. This lemma is required below only for the case where the random quantity 7 is bounded.

§ 3. Deduction of the basic equation

We shall prove Theorem 1 by first assuming the random quantities r; are bounded, i.e. there is a

number T > 0 so that any realization of the 7; satisfies
|| <T. (3.0)

This restriction will be lifted by going to a limit. But in the next two sections (3.0) is assumed to
hold.

Suppose that T, Q, is a realization of 7 and ¢ entering in (1.1). In this realization we number

the pairs r;, ¢¢*) in order of increasing 7;:

TSTHLS -0 ST, (OO L0 g

and construct a chain of operators By(i) (i=1, 2,-+-,n) by setting

i
By (i) = An + D) Taq@ (-, ), (3-1)
a=1
so that By (0) = Ay, and the By (n) are the operators (1.1) that interest us. Denote the resolvents of
the operators By (i) by R, (i). For each realization T,, Q, we form the function ufz, & N, T,, Q)
defined for all nonreal z and real £€ [0, 1] by

u(z, & N, Tn, Qu)=NT"SpR,(i)+ N Sp{R.(i + 1) — R, (i) } (g_%)

for £t [ — . .
Ee[n, 2 =01, 0, n—1), (3-2)

Note that u(z, 0; N, T,, Q,) and u(z, 1; N, T,, Q,) are the Stieltjes transforms of the normalized
spectral functions of the operators Ay and By (n):

(o) d .
4@ 0N, Tr Q)= NS R0 = | T (:3)

4

u(z, 1; N, Tn, Qn)=N_ISPRz(’2)=

T dv (A By () ,
S A—N (3.3")

—2Z

For the remaining values of &€ [0, 1] the function u(z, & N, T,, Q,) is the Stieltjes transform of
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the nondecreasing function
v(A, & By (n)) =[1—nE +ilv(A; By (i) + [nE —ilv (A; By (i + 1)),
[ o |
se 2. =]
where v (A, By (i) denotes the normalized spectral function of the operator By(i). By the definition
(3.2) of ulz, &N, T,, @,) it is clear that it is continuous in the entire range of definition, holo-
morphic in z and piecewise linear in &.
We shall prove the set of functions u(z, & N, T,, Q,) and the set of their derivatives
u; (z, &N, T,, Q,) are compact with respect to uniform convergence in £ € [0, 1] and z € F, where

F is any bounded set lying a positive distance from the real axis. From the inequalities (Imz = y)

1

1 d
N 1ESpRZ <y—2, (3-4)

i
N—ls Rz <'_—')
l PRIS 1yl

which hold for the resolvent of any selfadjoint operator, and from (3.2), we have

lu(z,E;N,Tn,Qn)lg—lﬁ-, |u;(z,§;N,T,,,Qn{<é. (3.5)

Since the operators By (i + 1) and By (i) differ by the one-dimensional operator 7; +,(, q(i‘rl))q(”l),
formula (2.4) can be applied to their resolvents R.( + 1) and R, (i). Therefore

L (Ri (i) q(z‘+1), q(l'-l-l))

Sp{R(i + 1) — R (i)} = — ,
z ) 2 ( )} 14 T (R, (i) q(i—i—l), q(i-}-l))

so by (2.5) we find that

[Sp{R.(i + 1) — R(i)} | < _1171_ (3.6)

and consequently

n

— .7
Nigl (3-7)

a%u(z, £ N, Ta Q)| <

Since the function (/3u (z, &N, T, 0,)=w/N{SpR, (i + 1) - SpR, (D}, i/n < E< G+ 1V/n, is
holomorphic in z, using the Cauchy estimate for the derivative of a holomorphic function at the center

of a circle in terms of its maximum modulus on the circumference, we find by (3.6) that

2 ’ . 4n
ag uz(z» E: N7 Tn’ Qﬂ) <E2— . (3'8)

The inequalities (3.5), (3.7) and (3.8) clearly demonstrate the compactness of the sets
{fulz, &N, T,y Q) and {u,; (z, & N, T,, Q,)} which we require. Note that so far we have not made
use of the boundedness of the rr\;

We shall now consider the function u(z, & N, T,, Q,) for z lying in the halfplane |Imz| > 3T,

where T is a number bounding the modulus of the r; (see (3.0)).
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Let 7(¢) be the generalized inverse of the probability distribution ¢(x) for the random quantities
7 defined in (2.8), and let G be any bounded set lying in the halfplane Imz > 37T.

Lemma 4. If I-1V and (3.0) are satisfied, then as N — o the expectation value of
i ’,
TE) 4@ EN,T,,Q,)

= su u(z; & N, T, —
o th[é!Gg] (& ¢ &) m°(z)+cg1+r<§>u(z, BN, T, Q)

dg

0

tends to zero: limpy,o Mdy = 0.
Proof. From (3.2) and (3.6) we find that for £ € [i/n, (i + 1)/n]

lu@z & N, Ta, Q) —N"*Sp R, ()| < 171; . (3-9)

Using this inequality and the Cauchy estimate for the derivative of a holomorphic function, we like-

wise obtain

[t2(2 & N, Ty Qo) — N 2SpRE() | < ﬁ% (3.10)

The operators By (i + 1) and By (i) differ by the one-dimensional operator 7,4+, ( -, gt )G+
and consequently Lemma 2 is applicable to their resolvents R, (i + 1) and R, (i). Using this lemma

we may transform (3.2) into the form

- N7 SpRE () ;
4@ & N, To Q) = N7 SpR()) — - T N SPR: () (E_L)

147, ,N"'SpR, () n
+ N770,(2) 8 (2, g0, N), (3-1D)
where 0<6,(&)=n(£-i/n) <1 and
M8 g6, ) < 2 -1 o (),
#l+ v, N7ISpR, ()]

and €(N) — 0 as N — co. For Imz > 3T the estimate (3.4) and the inequality |r;4+,| < T imply that

|1+ 14.Sp R, (i) | > (3.12)

w |

and, in particular,

M|8;(z, qu+D, N)| << 3Te (N). (3.13)

By formula (2.9), 7,4, = r(& T,) for £€ [i/n, (i + 1)/n], where (&, T,) is the function defined
in (2.8). Thus for £€ [i/n, (i + 1)/n] we have
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n TN TSRO

ne TETHNTISPR: ()
N 147, N7 Sp R() ( ) 1781+r(§,Tn)N”‘SpRz(i)

473

dEt.

L
n

Replacing 7(£, T,) on the right side of this equation by (&), N"1SpR, (i) by u(z, §N, T, Q,)
and N-1SpR2(i) by u,(z, & N, T,, 0,), and estimating the error with the aid of (3.9), (3.10) and
(3.12), we find that

n_Tp VISR (=) § )4 . g, N, T, Q)
N 1 4 TH—I N Sp Rz (l) n N
rT

T () ul %

N, T, Q)

<

IT(E Tw)—v@dE +

T2

Ve

which holds for all ¢ € [i/n, (i + 1)/n] and all z in the halfplane Imz > 3T. Since u(z, i/n; N, T,, Q,) =
N-18p R, (i), it follows from the last inequality and (3.11) that

{ I3
uz t; N, T, —u( s N, Ty Qu 2(20LEEN T Q)
( Q) ’Q)+N§1+1(§)u(2,§,N,TmQ)d§

n
S NT?

IT(E Tn)—T(8) | dE +

Sl o

1 .
N2T + 1\_! 61’ (Z"q(l+1), N)

for all ¢t € (i/n, ( + 1)/n] and all z in the halfplane Imz > 37. By combining the inequalities we
have obtained, we find for the function

2, 5N, T,, Q)

t ’
T(E) u,(
q)(zy t; N) Tn’ Qﬂ) =u (2’ t’ N! Tl‘l) Qﬂ) —m (Z) + c = dg (3. 14)
0 OS T @ u BN, T, Q)
the estimate

ICP(Z, t; N’ Tm Qn),\<\

0

7= 17@ T @) di+ | my @)—u(z, 0; N, T, Q1)

3 1 n], 1S
b |e— 2+ 251806, g0, Wyl
i=1

Hence from (3.13) it follows that

|9 & N, Tn, Q)| < ymTW4Mﬁ+mw%w0Nm@»

+ﬁ+77|c

+ 2L e ().
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This inequality, equation (3.3), conditions I, Il and Lemma 3 imply that
A],LH;ICP(Z; t’ N; Tfl’ Qn)l =0 (3,15)

for each z, ¢t (Imz > 3T, ¢t € [0, 1].

Now note that from (3.5), (3.7) and (3.8) it follows that u(z, t; N, T,, Q,), u, (z, &; N, T,, Q,.),
and consequently also ¢(z, t; N, T, Q,), are uniformly bounded and equicontinuous. Hence, on the
set {0 <t <1; z € G} for the function ¢(z, t; N, T,, Q,) we can find a generalized ¢-net

b 250 5 tmgs Zmys SO that

v = sup |@(t, z; N, Tn, Qu) | <&+ max |t 25 N, T, Q) |,

tefo, .
%! ISiSmeg

and consequently

M(PN<8 + 2 Ml(p(ziv tt; N: Tm Qn)l

i=1

From this inequality, for any ¢ > 0 we find by (3.15) that mnN_;oo M¢N <, so, since ¢> 0 is

arbitrary, limM—,quSN = 0, which is what was to be proved.

It clearly follows from the above lemma that there must exist a realization T, , Q, for which

im su JE N, T, Q)| = 3.16
lim te%)gllcp(z N, T, Q)| =0. (3-16)

We proved above that the sets of functions ulz, t; N, T, Q,) and u, (z, ¢; N, T, Q,) are com-

pact. Therefore from the sequence u(z, T; N, T,, (,) we can select a subsequence which converges

to some function u(z, ¢) uniformly in ¢ € [0, 1] and z € F, for any closed and bounded set F lying
in the upper halfplane. It follows from (3.16) that for z € G and ¢ € [0, 1] the function u(z, t)

satisfies the equation

t ’
T8 u,(z, E)
u(Z, t)——mo(Z)—-—CS md& (3-17)

0

Since the function u(z, &) is holomorphic in the upper halfplane and has positive imaginary part, both
sides of this equation are holomorphic .in the upper halfplane and consequently coincide everywhere
there. Thus (3.17) has at least one solution continuous in ¢t and z (¢ € [ 1], Imz > 0) and holo-
morphic in z (Imz > Q) for fixed ¢.

Let K (7, Zg R) denote the set of functions f(z, t), continuous in z, ¢ lying in some cylinder

0<t<1, |z -2zl <R, holomorphic in z (|z - z | <R) for any ¢ € [0, 1] and obeying the inequality

()
sup | —————
telo1] 1+t 0

|Z—2ol<

< oo, (3.18)
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We note, for example, that all functions [(z, t) with strictly positive imaginary part belong to the set
K(z, zy, R).

By a slight variation of Haar’s method [6], we shall show that equation (3.17) can possess only
one solution in the set K(r, E R). To this end we assume that r(§) is monotonic, but not necessarily
bounded.

Lemma 5. Equation (3.17) cannot have two distinct solutions in the set K{7, z, R).

Proof. Let u,(z, ¢) and u,(z, t) be any two solutions to (3.17) which belong to K(r, z,,, R). Let
&y be that upper bound of the set of ¢ € [0, 1] which has the property that the difference of the solu-
tions u,(z, t) ~u,(z, t)= vz t) is identically zero for |z — z,|< R and all ¢ € [0, £]. We must show
that £= 1. Assume that the opposite is true. Then the function v (z, ¢) vanishes in the cylinder
0<t <&y, |z -2yl <R, but for any & >0 in the cylinder &3 <t <&y +h, |z -2y <R there is a
point where vz, t) £ 0. Moreover, from (3.17) we have that

t
2@ ={14@ Y@ 8+ BEYLEHIE for LI, [2—2] <R,
13

o

where the function

cv? (8) u,, (2, E)
Az, &) = 12 - c®
@8 11+ T(E) 41z, O] [+ E) up (2, B)] B@Y 14T () u (2, E)

holomorphic in z, is uniformly bounded in the cylinder 0 < &< 1, |z -z, <R/2, as follows from
(3-18), which both u;(z, &) and u,(z, £ are assumed to satisfy. Let L denote the upper bound of
the modulus of 4(z, &), B(z, & and consider the function v (z, t) in the cone

11

SUSE+H 2= 2| <G+ H—1) %, (3-19)
where H = min {4 R/(1+ L), 1 - 50} It connot vanish identically in this cone, for then, due to
analyticity in z, it would vanish in the cylinder &,<t <&, + H, |z - z| <R, which contradicts the
definition of &

2

Therefore in this cone the function e 2%y (z, ¢) has a positive maximum value at some point

2y, t,. For sufficiently small s > 0 and any complex a, |a| <L + 1, the points z; — as and

t; - s lie in the cone (3.19), and consequently the modulus of the function e 2L¢17)

v(z,-as, t{-s)
does not exceed the modulus of e 2L%1y (2 1» ty). Since v(z, t) is continuous throughout the initial
cylinder, it follows from Cauchy’s integral formula for the derivative that v, (z, t) is certainly con-

tinuous in the cone (3.19). Thus for s — 0
(g —as, t,—s) = v(z, t, — 5) — as[ v;(2,, £,) - o (1)]. (3-20)

In addition, we have ‘
1

V)~ h—s)= { Az, (e B+ B, B vz, Bl dE,

ti—s
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whence for s - + 0 we get
v(2y ) — 0@t —8)=s[Av(z, ) + Bu, (zp 1) + o (1)], (3-21)

where 4 =limg,4,A4(z, t; — s), B= lims_,+OB(z1, T, - s). The existence of these limits is
guaranteed by the monotonicity of 7(¢£) and the continuity of u;(z, t), ui, (z,t) (=1, 2). We have
from (3.20) and (3.21) that, for s — 0,

e—ZL(fx—S) v (21 — as, tl . S)

= e —sA) vz, 1) + s+ B)vs (2, £,) + so (1)}

=e—2u‘vz,z‘ {1 2LS[1___11_G+B.U;(2111‘1)
(& )1+ 2L 2L o(z, 4) +o ()
and, if we let a=— B - e*®0, where ¢o=arg v, (z4, t,)/v(zy, t1)), then

e—2L(t—s) v (21 — as, tl . S)

={142 A1
{—I—Ls[l 2L+2L

Uz (zlv tl)

v(2, 4)

+o (1)]} ey (e, t).

Since [A| < L, for small enough s > 0 the real part of the expression in curly brackets becomes larger

that 1 + 2Lt/3 and therefore so does its modulus, and hence

| e—2Lts—5) v (2 — a8, by -— 8) | > [ e—2Lty (2, N (3.22)

for small enough s > 0. On the other hand, since |B| <L, |a| <L + 1 and consequently z; - as, we
see that ¢, — s lies in the cone (3.19) for small s > 0, which is inconsistent with (3.22), on whose

—2Lt

right-hand side stands the maximum modulus of e v(z, t) in this cone. This contradiction shows

that the assumption &, < 1 is incorrect. Q.E.D.

§4. Proof of Theorem 1
In the last section we proved the existence of a sequence N' and a realization T,, Qn’, such
that limy Loulz, ; N', T,, Q,)=ulz, t), where ul(z, t) is the solution of equation (3.17). Consider
the corresponding sequence of normalized spectral functions v(\, t; By ‘(n ')). By Helly’s theotems
we can pick out a subsequence which converges to a function ‘() at all points of continuity, and by
(3.3 ') we have

© v - Ay
S A—2 - N],l_n:)ou(z’ I’N )Tm Qﬂ)=u(z’ 1)

~00

From this formula, for y — + o we have v'(+ ) - v (- =)= - ilimys+ o yu (iy, 1), and we see immedi-
ately from (3.17), (3.5) and the definition of m(z) in (1.9) that — ilim o yu (iy, 1) =
—ilimy,yoym o (iy) = vy (+ =) = vy (- ). Therefore

V' (+ 00) — V' (— 00) = Vo (+ 00) — Vo (— 0). (4-1)
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The inversion formula (1.8) allows us to find, corresponding to u(z, 1), the function v '(A) exactly
to within a constant term which we do not know. In connection with this we introduce the function
v(X ) =v'(N) + vy (- =), which, first of all, has the same Stieltjes transform u(z, 1) as v'(A\), and,

secondly, by (4.1) has the same limits at +os as vy (A):

S M — u(z, 1), (4.2)
A—2z
V(4 co; ) = vy (+ o0), V(— oc; €)= Vvy(— ). (4-3)

Thus by the inversion formula (1.8), at all points of continuity we have
A
(%5 ) = vo(— o0) L lim { lim L Slmu(x + iy, l)dx}. (4-4)
p—>—00 \y—>+oTt
To prove the first two assertions in Theorem 1 we must prove that as N — o the sequence
v(X; By (n)) converges in probability to v(A; ¢) at all points of continuity. It is not difficult to see

that for this it is sufficient to prove that for any ¢> 0

Jim P {1 O Bu (1) — v (hos Bur (1)) — ¥ (i €) +v(hs ) [ 2} = 1, (45)
}/i_r)nooP{vo(— o) — & <v(h; By (n) < v, (4 o0) + 8} =1, (4-6)

where A; and )\, are any two points of continuity of the function v(X; ¢), and A is any real number.

First we prove (4.5) and then (4.6).

Suppose, for simplicity that A(} ¢) = v(x ¢) = v(Ag ), A(A; By(r)) = v(X; Byn)) -
v{dg By (r)), where A, is some point of continuity of v(}; ¢). Assume that (4.5) is false. Then

there is a point \; where v{(); ¢) is continuous, and where for some ¢> 0
Im P A (s By () — A (ks 0) | > e} = 8>0
and consequently a sequence N = N, exists for which
P{|A(h; By(n)— A(h; c)l>a}>—2—. (4.7)
On the other hand, by Lemma 4, if r is given, a number N (r) can be found such that for N > N(r)

P { sup
t€lo,1]
26G

u(zy t; N; Tn; Qn) -—-mo (2) .+-

e § TOUEEN, T, Q)

1 8
— - 4.8
Hr@®ulz &N, T,, Q) d§l<r}>l 4 “9

0

Hence a subsequence N, can be selected from the sequence N, such that (4.7)and (4.8) are both
satisfied for N = N,'. Since one always has P{U N B} > PiU} + P{B} - 1, for N =N, the probability
of fulfilling the inequalities
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[A (i By (m) — A (A )| >, (4.9)

t ’
sup (u(2, t; N, T, Qn)— my(2) + ¢ S QwEEN T, Q)

1
1€fo0.1] 1+T (g) u(z, E; N, Tnv Qn) E < f— (4-10)
266G o

at the same time is not less than §/2+ 1~ 8/4~ 1= 8/4 > 0. Hence for all N =N/ realizations
Tr, Q: must exist for which (4.9) and (4.10) are both satisfied.
From the compactness of the sets {u(z, &N, T,, Q) and {z,; (z, & N, T, Q,)} and from

Helly’s theorems it follows that a subsequence N, can be selected from N, such that
lim y :’_,mu(z, t; N/, Th, Q) =uy(z, t) uniformly for ¢t € [0, 1], z € G and at all points of continuity
limy /s v(x; By ;’(n ") = V(A; ¢). Moreover, by (4.9)

1V (i €)= ¥ (s ) — ¥ (A3 ©) + v (o ©) | > e, (4-11)

by (4.10) the function ul(z, t) satisfies (3.17), and by (3.3 ") f_o_om(/\ — 2V Ny (A; 2) = u,{z, 1).

Since (3.17) cannot have two different solutions (Lemma 5), u;{(z, t)=u(z, t), so for t =1 we

have
co d~ o0
S avik; o) =ulz, )= S dv (i o)
A—z A—z’

which conwadicts (4.11). Consequently the assumption we made is incorrect and (4.5)is valid.

We turn to the proof of equation (4.6). The random parts of the operators By (n) clearly obey the
1)

inequalities

.__Z l"zl( MOV URS Z‘ T (-, g0) q(i)<Z\ ’—.;l.](., gy g0, (4.12)
i=1

i=1

Let E()) be the decomposition of unity corresponding to the nonnegative operator

D=%7_ lr,]( , 3@ g®, let I be an arbitrary positive number and let D, flo)\dE ),

D,= fl /\dE (A) sothat D=D;+ D,. It is clear that ||D,]| <! and the number of nonzero eigenvalues
(i-e. the dimension of the range) of the operator D, is N — Sp E (I). Taking this into account in (4.12),
we may write for By (n) the inequality

Ay —11 —D, < By(n) < An + 1 + D, (4-13)

The normalized spectral function of the operators Ay + I is v{X+ §; Ay), where v{X; Ay) is the
normalized spectral function for the operator Ay. Since the addition of D, may change the number of

eigenvalues lying in some interval by not more than the dimension of the range of D,, the normalized

1) We write A < B for Hermitian matrices if all the eigenvalues of B — 4 are nonnegative.
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spectral function of the operator on the left (right) side of (4.13) is no larger than v(A+{; Ay) +
(N - sp EW))/N (no less than v(A-1I; Ay) — (N - Sp E(1))/N). Thus for the normalized spectral func-
tion v {(A; By (n)) of the operator By (n) we have the estimate

VA —LAN)—[1 =N SpENICv (A By (n)) <v(A -+ [ Ay)

4+ 1 —NTSpE(). (4.14)
Furthermore,
SpD =3 | v:1(g®, ¢¥)= \ MSPEO»)>IS dSpE (M) = L[N —SpE (D),
=1 Q0 {
so that

_ 1 z I
L=NTSpE() < o2 31 |7l (9, q),
i=1

2|~

whence, since r is bounded (condition (3.0)), we find that

LN spEQ < T A (g0 o),
SPE( 3 ”Zl(q , q9)

It follows from III that the random quantity (¢, ¢(*)) has expectation value no larger than
[1+ ¢ (NMIT! and dispersion no greater than [2 + ¢;(N) + ¢; (N)]"L. Since the random quantities
(g, ¢ are independent,_we find from the Ceby¥ev inequality that P{n~! DX 1(q(i), ) > 2b < 3/n
and consequently P{[1- N 1SpE(l)] <cT/l} > 1- 3/n. Hence we conclude from (4.14) that

lim P VO 1 A — L < v 05 By () <v (A4 Ay) +”—IT —1,

and since by assumption v(A; Ay) — vy(A) for N — o and vj(-) <v(A) <vyl+ o), we get
. T
Jim P vg(— 00) = S < v (s By () <o (o0) + T =1,

whence, since [ > ( is arbitrary, we get the necessary formula (4.6) .

Thus the first two assertions of Theotem ] are proved. The existence and uniqueness of the
solution of (3.17) was established earlier. The equivalence of this equation to the partial differential
equation (1.12) is evident. As for (1.13), it is simplest to verify it directly.

Thus Theorem 1 is proved completely for the case where the r; are bounded.

The extension of this theorem to the case of arbitrary random quantities will be given in the

following paragraph.
In connection with this theotem we note that

1) The numbers p(-oo; ¢) and v{+ o c) are equal to the relative number of eigenvalues of the

operators By (n) going off to —o and + o, respectively. As was shown earlier, they are also equal
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to the relative number of eigenvalues of the operators Ay going off to —oo and + oo,

2) Instead of I, it is enough to require the convergence of v{(\; Ay) to v((A) in probability,

assuming that Ay is a random operator not depending on r;, q®.
3) It can be shown that the solution of (1.13) can also be found by the method of successive

approximations wherein each approximation has positive imaginary part for Im z > 0.

§5. Generalization

Now let the r be arbitrary independent stochastic variables obeying the same probability dis-

tribution ¢(x). At the same time we consider stochastic variables rT, defined as follows:

—T, if 1<—T,
T — .
v = T, if —T<1<T,
T, if T <r,
where T is an arbitrary positive number. The probability distribution o T (x) for the riT and its

inverse 7T(#) = inf, {x: 07 (x) > & are expressed in terms of o(x) and (&) = inf ix: o(x) > & as

follows:

0 for x<—T, .. —T for 0<ELO(—T),
TW=10@x) fo ~T<x<T, TE=! 12 for 6o(—T<ELOT), 6D
1 for T<x, T for 0(T)<E<I.

Let T,, Q, be a realization of the random quantities 7; (and consequently also .of r]-T) and
vectors ¢Y). Just as in §3, we form chains of operators By(i) and Bﬁ(i). It is clear that the B}V"(i)
are obtained from By(i) by replacing 7; by r].T in formula (3.1). Therefore By() - B;(i) =
2';:1 (ra— rZ)q(‘JL (-, ¢(¥), whence it is clear that the dimension of the range of By(i) - B;(i) does
not exceed the number of those 7; whose absolute magnitude is larger than T, i.e. the numbers
nfo- T, T))+1-o(T, T}, whete o(x, T,) is the experimental distribution function constructed
with reference to the realization T, of the 7;. Therefore the normalized spectral functions v(); By(i))
and v(A; B,’C(i)) of By(i) and B;(i) satisfy the inequality

| 0 B ()= (& BY ()| < 740 (=T, Tw) + 1= o(T, Tu)). 5

In addition, let u(z, & N, T,, Q,) and uT(z, &; N, T,, 0,) be the functions constructed according to
formula (3.2) for the chains of operator By (i) and B;(i) respectively. It follows by definition, and
from (5.2), that, uniformly in z and ¢,

106 8N T Q)" @ 8 N T Q) S o (0T T +1—o(T, 7). 5:3)

Since the random quantities 7! are bounded the results of the preceding section are all applicable to

the function uT(z, &N, T, Q. ), so that, in particular, for N — « it converges in probability to a
function uT(z, t) obeying the equation
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T @, (28

(5-4)
t+ T @®ul 8

t
lﬂ&Jyzm“a—wS
By Glivenko’s theorem, as. N — oo the right-hand side of (5.3) almost certainly tends to
(C/ny){o(—~ T) + 1 - o(T). Therefore if T1 > T we get
¢
|uTs(z, ) — ul (2, 1) <n—y~{0(~”7‘)~—0(—7’1) +o(T)—o()},
wheace it is clear that as T — o the function u7 (z, t) tends to some function u(z, ¢) uniformly for

t € [0, 1] and z lying in the region Imz > 8§, where § is any positive number.

As in the proof of (2.5) it is shown that

T @) ol (2,8
t+17 @ u 28

1

l<——@=m&
ly]

This inequality allows us to go to the limit under the integral sign in (5.4)as T — oo, Since u7(z, t) — u(z, t)

and uzT'(z, t) —u,(z,t) as T — o, by (5.1), taking the limit in (5.4), we find that the function

u(z, t) satisfies the equation

TE) Y, (28
14+T@u(zk)

f
uRt)= mo(z)—cS dt. (5.5)

Furthermore, we have
(e, ts N, Ty Qo) — @, )\ < |42 s N, T, Qu)— 47 (2,85 N, Ty Q) |
+ 4T (2,8, N, Tn, Qo) — u? (2,8) | + {uT (2,8) — u (2, 1)),

whence in view of (5.3) we conclude that as N — o the function u(z, t; N, T, Q,) converges in
probability to u(z, ¢). It follows immediate ly from (5.4) that —lim, ey Im uT (z, 1) =

~lim , oy Imm, (z, ¢) = v (+ =) — vy (- ), so that, using (5.2), we conclude that —lim, o yImul(z, ¢) =
vols) — vo{=) > 0, and consequently Imu(z, t)# 0 for all ¢ € [0, 1] and z lying strictly within the
upper halfplane. This implies that u(z, t) satisfies (3.18).

We have therefore shown that as N — « the sequence of functions ulz, t; N, T, Q,) converges
in probability to u(z, t), which is the unique solution to equation (5.5) which satisfies (3.18). Thus
all the results of §3 are generalized to the case where 7 is unbounded. Hence, just as in §4, we
conclude that the increment v(Aj; By(r)) — v(Ay; By(r)) as N — o tends in probability to

¢
Jim — (Imu+m; 1az,

(4

and from (5.2) and the results of §4 it follows that for any ¢ >0

Alli_n:oP{vo(— o) —e V(A By (n)) v (+ o0) + e} = 1.

Therefore Theorem 1 is also proved for unbounded r.

In conclusion we formulate some results, similar to Theorem 1, for two additional sets of random
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matrices.
Let q(i) i=1,2,-++,n) be independent, identically distributed random unit vectors and let
7(t) (0<¢t < 1) be continuous real functions for which sup,e[,]7(t) >~ 1. Consider Hermitian

matrices By (n) of the form

By (n) = (I + (1) Py) (1+ r( el ) Pry)

(1 - r(—i) PI)AN<1+ T (%) PI) Y, +;(1)Pn),

where P, = (-, q® g ®) is the projection onto q(k) and Ay is some random Hermitian operator.

Theorem 2. If conditions 1-II1 from §1 are satisfied then the normalized spectral functions for
the operators By(n) as N — oo tend in probability to some limit function v(X; c) at all of its
points of continuity. The Stieltjes transformation of the function v(\; ¢) is equal to the solution of

the equation

Ou(z, 1) 9 . .
o +caz In[l —a(f)zu(z )] =0,
v T 24T
u Z,O = Mm,(2) = —0—, fy = 212 200
(2.0) = m, () é&—z al) = T

evaluated at t = 1, where v,(\) is the limit of the normalized spectral function of Ay, whose
existence is ensured by condition 1. The solution to this equation exists, is unique (in the class of

functions having positive imaginary part for Imz > Q) and is implicitly given by the formula

¢
)=zt .20 — o (E) dE )
u(z,ty=z"wm,(w), 20e w zexp{cS p——
The values of v(A; ¢) at + o« equal those of vy (A): vt =; ¢) = vyt =)

Consider next the set of unitary matrices

Un(n) = Vy ]l [(I—Pk)+Pkexp{ir (5)}] :

k=1

where P -is the same projection as above, r(t) is a function continuous in the segment [0, 27], Vy

is a nonrandom unitary operator and the factors in the product are arranged in order of increasing k.

The normalized spectral function of a unitary operator is the function v(\) (0< A < 27) equal to
the number of eigenvalues of this operator lying on the arc 0 < ¢ < A of the unit circle divided by the
dimension of the space. Rather than the Stieltjes transform it is more natural here to consider the
function

i
n(2) = S 2 gy, (5.6)

&z
[}
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relative to which v ()} is found by the inversion formula

Az
. 1 .
A—v(h)= 1 —_ —i8) 46.
V(A)— v (M) r_lflrloZn SRen(re )d

1

Theorem 3. If as N — oo the normalized spectral function of Vy tends to a function vy(A) at
all of its points of continuity and conditions 1 and 11l of §1 are satisfied, then the sequence of normal-
ized spectral functions of the operators Uy(n) converges in probability as N — oo to a function
v(X; ¢) at all of its points of continuity. The function n(z; ¢) corresponding to v{(A; ¢) by (5.6) is

the solution to the equation

du(z t)
ot

P S
+ 2 221n [1 + iu(z, t)tgr—(t) , 4(2,0)=n,(2) = S € ";f_dvo(X).
0z 2 L
0
evaluated at t = 1. This equation has a unique solution (in the class of functions with positive real
part for |z| < 1), given implicitly by the formula

£ itg 1:2(§)
u(z,ty=n,{zexp} —2c¢ dt
1—{4’u(z,t)fg‘£2(—gz
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