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The goal of this package is to provide a pure-Python, friendly interface to the gener-
alized singular value decomposition (GSVD). Throughout this package, we assume that
the matrices A € RM*N and L € REXY satisfy the common kernel condition

rank (tﬂ) = N, or, equivalently, ker(A)Nker(L)= {0y} (1)

See [1}, 2, |3, 4] for more background on the GSVD than is provided here.

Description of the GSVD

The starting point for our description of the GSVD is contained in the following theorem
regarding the “economic” GSVD.

Theorem 1 (Economic GSVD). Let A € RM*N and L € REXYN with ker(A) Nker(L) =
{On}. Let r4 = rank(A), r, = rank(L), na = nullity(A), and ny = nullity(L). Then,
there exists an invertible matriv X € RVN*N | semi-orthogonal matrices U e RM*ra gpd
V e REX™L 4 nonincreasing sequence {¢;}Y, C [0,1] and a nondecreasing sequence
{si}, € [0,1] such that

UTAX = [C 0ppnt]s VILX = [0, ], 2)

where C' = diag(cy, ..., ¢,,) and S = diag(sn, +1,-..,5x). Here the ¢; and s; satisfy the
properties:

o i’ +s?=1 foreach1 <i<N.
ec,=0fori=ra+1,....Nands; =0 fori=1,...,np.
ec,=1fori=1,...,npands;=1fori=rp+1,...,N,
In addition, we have the identities
XTATAX =C?, X'L"LX =85% X"(ATA+L"L) X = Iy, (3)

where C' = diag(cy,...,cn), S = diag(sy,...,sn).
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Note that although there are N of the ¢; and s;, only r4 and 7 of them appear in
the economic GSVD, respectively. For convenience, we define the common-action rank

rn == dim (col(AT) N col(LT)) (4)
which satisfies the generalized rank-nullity condition
Tm—{—?’LA—F’I”LL:N (5)

due to . We also define the generalized singular values of the pair (A, L) as the
extended real-valued scalars

+00, ZS nr,
Yi=1S st np <i<ra, (6)

0, ra<i<N.

The generalized singular values are given in nonincreasing order, and for ¢ > ny satisfy
the generalized eigenvalue problem

(AT A)z; = 9 (L' L) (7)

where x; denotes the ith column of X appearing in the GSVD. Next, we define the “full”
SVD.

Theorem 2 (Full SVD). The semi-orthogonal matrices U and V can be extended to
orthogonal matrices

U=[0 U]eR"M Vi=[V V]eRO¥ (8)
such that
UTAX = { ¢ Oraxns } , VILX = { Orp s 5 } -9
O(MfrA)XTA O(MfrA)an O(K*TL)XHL O(K*TL)XTL

It is possible to directly express A and L in terms of either the full or economic GSVDs
as

N

C OTAXnA
O(M*T‘A)XTA O(M*T'A)XHA

~

:|X_1, sz|: OT‘LX’I’LL S

O(K*TL)XTLL O(K*TL)XT'L

A:U{ }X (10)

The GSVD reveals the four fundamental subspaces of both A and L.

Theorem 3 (Fundamental subspaces revealed by GSVD). Let Y = X7 and C =
diag(cn, 41, -, Cry), S = diag(sn, 41, .-, Sr,) which includes only the scalars ¢; and s;
which are not equal to zero or one. Introduce the partitionings

nL (g naA nL ™ na

X=[Xi X X3, Y=[" Y, ¥

U= t). V=% V)

nL N rTm NA



Then,

[ G S—y
N

)
)
)
)

and we have the following characterizations of the four fundamental subspaces related to
A and L:

ker(A) = col(X3), ker(L) = col(X}), (15)
ker(AT) = col(U,), ker(L') = col(V,), (16)
col(A) = col(U), col(L) = col(V), (17)
col(A") = col ([V1 Y3]), col(L") = col ([Y2 Y3)) (18)

Additionally,
RY = col(X) @ col(Xs) @ col(X3), (19)

and

col(AT) Ncol(LT) = col(Y2). (20)

Note that we have not defined matrices Us and V; — this is done to ensure that in
the partitioning U, and V5 have the same number of columns. Since Y = X7, the X;
and Y; satisfy the conditions

3 . .
I =
SxvVI=xvT =1y, VIX;=1" e (21)
Py 0, i#7

The matrices A and L can be expressed directly in terms of the economic GSVD as

A=UY! + 0,0V, L=VSY + WYl (22)

Performing the GSVD

Performing the GSVD of the matrix pair (A, L) is simple:

gsvd_result = gsvd(A, L, tol=le-12, full_matrices=False)

The tolerance parameter tol is a threshold used to determine the numerical rank of
A, and the full matrices option is used to determine whether or not U, and V| are
computed (this can be expensive if M and/or K are very large, and is not needed for
most uses of the GSVD). The output of gsvd is a GSVDResult object which provides an
interface to the computed GSVD.
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Interfacing with the GSVD

Any of the quantities defined in the description of the GSVD can be accessed as attributes

of the GSVDResult object:

gsvd_result
gsvd_result
gsvd_result
gsvd_result
gsvd_result
gsvd_result
gsvd_result
gsvd_result
gsvd_result
gsvd_result

gsvd_result
gsvd_result
gsvd_result
gsvd_result

gsvd_result.
gsvd_result.

gsvd_result.
gsvd_result.
gsvd_result.
gsvd_result.
Y #7Y

Y1 # Y1, first n_L columns of Y
Y2 # Y2, middle r_int columns of Y
Y3 # Y3, last n_A columns of Y

gsvd_result.
gsvd_result.
gsvd_result.
gsvd_result.
gsvd_result.
gsvd_result.

gsvd_result.
gsvd_result.

A #A
L #L

Ul # Ul

U2 # U2

N2 # V2

N3 # V3
.Uhat # Uhat
.Vhat # Vhat
.Uperp # only avatlable if full_matrices=True

.Vperp # only avatlable 1if full_matrices=True

.U # U= [U1, U2, Uperp], only available <f full_matrices=True
N #V = [V2, V3, Vperp], only avatilable if full_matrices=True

[u1, v2]
[ve, v3]

X #X

X1 # X1, first n_L columns of X

X2 # X2, middle r_int columns of X
X3 # X3, last n_A columns of X

c # all N c's

s # all N s's

c_hat # first r_4 c's
s_hat # last r_L s's
c_check # middle r_int c's
s_check # middle r_int s's

C
S

gamma # all N generalized SVs
gamma_check # middle r_int generalized SVs (finite and nonzero)

We provide easy access to orthogonal projectors onto the fundamental subspaces:

#

gsvd_result.

# valid_subspaces = ["col(4A)", # "col(A.T)", "ker(4)", "ker(A.T)",

"eol (L))", "col(L.T)", "ker(L)", "ker(L.T)"]
get_orthogonal_projector("col(A)", matrix=True)

The parameter matrix controls whether or not the projector is returned as a matrix. If
matrix=False is passed, instead of a matrix a scipy.sparse.linalg.LinearOperator
object is returned represented the projectionEl

In addition to the orthogonal projectors, we also provide access to certain oblique
projectors. Given a splitting RY = X @ ), the oblique projection onto a subspace X

LAll operations are implemented to be efficient in the regime N <« M, K.



~ [=2] ot = w [V =

along a subspace ) is defined as the unique operator £ satisfying
Ve e X Eyr=uz, Vyel Eyy=0y, Vz:eRY EYze X. (23)
We also define the M-weighted orthogonal complement of a subspace X" as
X+ ={r e RY : Wy e X o" MMy = 0}. (24)

In terms of the GSVD matrices, we have

er(L)+ er

gli{er(([l:)) ! = XlYVlT7 gll:er((llj)LA = X2Yv2T + XgYE),T, (25)
er(A)+ er

glir((ﬁ)) = X3YE)’T’ gll:er((j))LL = Xll/iT + X2Y72T' (26)

# wvalid_options = [

# 1, # projection onto ker(L) along ker(L) “{perp_A}
# 2, # projection onto ker(L) {perp_A} along ker(L)
# 3, # projection onto ker(4) along ker(4) {perp_L}
# 4, # projection onto ker(4) “{perp_L} along ker(4)
# ]

gsvd_result.get_oblique_projector(which=1, matrix=True)

Alongside the oblique projectors, we also give access to the oblique pseudoinverses LL
and ATL. These are defined as the unique operators satisfying

Vzecol(L) Lhz= argmin |z|[4ra, Vzecol(L)* Lz =0y, (27)
z€RN : L=z

Vzecol(A) Alz= argmin ||z||pr,, Vzecol(A)F Alz =0y, (28)
z€RN : Az=2

and can be written explicitly in terms of the GSVD quantities as

Ly = X8+ x3viF . Al = XUt + X, 't (29)

The quantities
ALl = U,TVE, LA = U, (30)
where here I' = diag(, L4+1y- -+, ) 18 comprised of the generalized singular values which

are finite and nonzero. The oblique pseudoinverse may be used for bringing a regularized
least squares problem into standard form [5} [6]:

2% = argmin ||Az — b||3 + \||Lx||3 (31)
zeRN
=L, (argminHALi‘z—b||§+)\||z||§) + X, UPb (32)
z€RK
= Al <arg min ||z — b||3 + )\||LATLZ||§) : (33)
2€RM
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