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Abstract
Graph ablation studies often interpret a performance drop after

edge randomization as evidence that graph structure improves pre-

diction. These are different comparisons: randomization measures

how a fixed procedure depends on the observed edge arrangement,

whereas improvement requires comparison with a specified graph-

free baseline. Let 𝐷 =𝑊 (𝑓 ,𝐺) −𝑊 (𝑓 , 𝑁1) denote dependence on
the edge arrangement and 𝐴 = 𝐴(𝑓 ; 𝑐) advantage over a compara-

tor with the same node content and no graph. With survival ratio

𝑠 =𝑊 (𝑓 , 𝑁1)/𝑊 (𝑓 ,𝐺), the relative drop is 1−𝑠 . For an enumerated

scorer class, we derive the tightest monotone upper envelope of

advantage as a function of this drop and characterize the penalty

created by inverted scorer orderings. For scorers whose positive

scores require a common neighbor, we also bound null performance

using the surviving common-neighbor mass. On ogbl-collab, the

12 arrangement-reading scorers lose between 89.52% and 99.90% of

their intact Hits@50 under the degree-preserving null, while their

advantages range from −0.3147 to 0.2208. The modularity-matrix

spectral scorer loses 91.70% yet has advantage −0.0531 against the
content-only comparator; GraphSAGE loses 34.25% and has advan-

tage 0.1423 (95% CI [0.1309, 0.1537]). The same contrasts disagree

across five additional public benchmarks. Finally, we treat a graph

null model as a distribution over a constrained graph space and

show why the support of its sampling algorithm must be checked

separately. The results motivate reporting the intact score, graph-

free baseline, survival ratio, and sampler diagnostics together. They

concern evaluation validity, not downstream recommendation ben-

efit.

CCS Concepts
• Computing methodologies → Machine learning; • Informa-
tion systems→ Evaluation of retrieval results; •Mathematics
of computing→ Random graphs.

Keywords
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1 Introduction
Graph-learning studies evaluate models under perturbed or ran-

domized edges [7, 8]. Here we retrain under each graph condition

and call the resulting performance drop the ablation. This tests

whether the model uses the particular arrangement of edges. It

does not, by itself, test whether that arrangement improves pre-

diction relative to the same node content without a graph. That

stronger claim requires a named no-graph comparator.

intact𝐺

null draw

𝐺 ′∼𝑁1

content only,

no graph

procedure 𝑓

comparator 𝑐

𝑊 (𝑓 , 𝑁1 )

𝑊 (𝑓 ,𝐺 )

𝑊 (𝑐,∅)

dep.
𝐷 (𝑓 )

adv.
𝐴(𝑓 )

Figure 1: The two contrasts and the arm each is taken against.
The same graph procedure 𝑓 is evaluated on 𝐺 and under
the degree-preserving law 𝑁1; condition-specific fitting and
selection remain part of that fixed procedure definition. The
no-graph condition is occupied by a distinct comparator 𝑐.
Both braces share𝑊 (𝑓 ,𝐺), but dependence subtracts𝑊 (𝑓 , 𝑁1)
and advantage subtracts𝑊 (𝑐,∅). Measured values for both
contrasts are in Table 1 and Appendix I.

The two comparisons answer different questions. Randomizing

the graph measures how far a scorer’s output depends on the ar-

rangement of edges, onwhich node is linked to which, as opposed to

how many edges each node has. The conclusion usually attached to

that drop is stronger: that the arrangement improves performance

beyond what the same node content supplies. Writing𝑊 (𝑓 , ·) for
the performance of a scorer 𝑓 under an information condition, the

ablation measures

𝐷 (𝑓 ) = 𝑊 (𝑓 ,𝐺) −𝑊 (𝑓 , 𝑁1),
the drop from the intact graph 𝐺 to a degree-preserving null draw,

while the proposition asserted is about

𝐴(𝑓 ; 𝑐) = 𝑊 (𝑓 ,𝐺) −𝑊 (𝑐,∅),
the gain over a comparator 𝑐 that receives the same node content

and no graph. These are differences against two different references,

summarized in Figure 1.

To test the stronger claim, evaluate the graph-based scorer

against a comparator trained on the same node content without

access to the graph. This directly measures advantage over that

named arm. Attributing the difference specifically to information

additionally requires matched capacity and optimization, which

our trained arms do not fully provide.

The distinction is algebraic. Both quantities subtract something

from𝑊 (𝑓 ,𝐺), so write 𝑠 (𝑓 ) =𝑊 (𝑓 , 𝑁1)/𝑊 (𝑓 ,𝐺) for the fraction
of performance the null leaves standing, the survival ratio. Then
𝐷 (𝑓 ) =𝑊 (𝑓 ,𝐺) (1 − 𝑠 (𝑓 )). The ablation adds one quantity to the

intact evaluation: 𝑠 . The reported relative drop is 1 − 𝑠 , whereas
advantage does not involve 𝑠 . Theorem 3.10 gives the least non-

decreasing upper envelope obtainable from the drop and quantifies

the unavoidable slack caused by an inverted pair.
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The usefulness of the ablation depends on howmuch the survival

ratio varies. If different scorers survive randomization to different

degrees, an ablation is a coarse but real instrument; if 𝑠 is pinned

near zero across the scorers one might use, the reported relative

drop is a constant and the absolute drop is intact performance under

another name. Over the 15 scorers of Table 1 it is pinned: across

the 12 that read which node is linked to which, the relative drop is

confined to a band 10.38 percentage points wide while advantage

crosses zero. The ablation is not resolving another quantity at this

scale; within this class it largely re-reports the intact score. The

most direct example is the spectral embedding of the modularity

matrix, which loses 91.70% of its performance to randomization and

still scores −0.0531 against a content-only comparator on identical

node features: the ablation reports recoverable signal for a scorer

that is worse than not using the graph at all.

This behavior follows from the benchmark’s co-occurrence struc-

ture, not from a particular scorer. Degree-preserving randomiza-

tion on ogbl-collab does not gently perturb local co-occurrence;

it removes it, leaving 3.80% of the co-occurrence the evaluation

positives rest on. Combined with an intact-performance floor, this

bounds how much relative drops can vary across scorers reading

only shared neighbours. The diagnostic requires null draws but no

training, so it can be run before the ablation rather than used to

explain a result afterwards. Over 5 benchmarks it runs from 0.0380

to 1.0002, so whether an ablation can discriminate at all is knowable

before it is run.

The same separation appears when we vary the benchmark

instead of the scorer. Cora and CiteSeer lose 94.47% and 94.49% of

Hits@20 to the same null, 0.02 points apart, while the arrangement

is worth 2.3 times as much on the first. Across benchmarks the

drop’s rank agreement with advantage runs from +0.90 to −0.60, so
not even its sign transfers. On ogbl-ddi dependence is measurable

while a nontrivial content-matched advantage is undefined rather

than small because the benchmark provides no node content for

such an arm.

The diagnostic is a property of the null, not of the scorer. More

generally, a graph null model specifies a distribution over a con-

strained graph space, while a particular sampler and budget may

placemass on only part of that space. Separating these objects yields

distinct checks on constraint preservation, mobility, and support

adequacy.

Contributions.
(1) A formal separation of graph dependence and graph ad-

vantage (Section 3), including the tightest monotone upper

envelope, an inversion penalty, and a computable selectivity

threshold.

(2) An empirical characterization of the separation (Sec-

tions 5.2 and 5.4) across scorer families on ogbl-collab and across

five additional public benchmarks.

(3) A prospective diagnostic for the ablation’s informative
range (Section 4.3), based on co-occurrence survival and requir-

ing null draws but no model training.

(4) A distributional treatment of graph null models (Section 4)

that separates a constrained graph space from the distribution

and support induced by a sampling algorithm.

Scope.We study Hits@𝐾 on 5 public link-prediction benchmarks

under one split each, and NDCG@8 on one typed synthetic gen-

erator (Appendix R). The measurements are designed to establish

existence and instability, not prevalence: how often a published

ablation would change interpretation under a content comparator

remains open. The claims concern the validity of an evaluation

contrast, not whether graph structure helps in general. Section 6

summarizes the measurements and sampler checks needed to sup-

port a graph-effect claim.

2 Related work
Graph dependence and graph advantage. Whether a measured

quantity supports the construct a claim is about is the subject of

measurement modelling [16]; for one such pair we give the exact

algebra relating them. A natural comparator for this question is a

structure-agnostic baseline: a model given the same node features

but no adjacency. It is competitive far more often than reported, and

omitting it distorts whole comparisons [9, 27]; on many common

benchmarks graph learning turns out not to be necessary [17, 33].

Our comparator arm is that baseline. Our question is about the

other contrast: what a randomization ablation identifies when the

baseline is not run. The closest theoretical result is that a GNN is

not guaranteed to converge on a graph-ignoring solution even with

unlimited data when the target does not use the graph [4]. That is

a pathology of trained models. Ours is a property of the evaluation

contrast, and a checkable one: our sign-changing example is an

eigendecomposition, with no gradient descent in it. The nearest

empirical result is that GNNs on a protein interaction network do

no better than uninformed models on cancer subtype classification,

and are largely unchanged when the graph is heavily perturbed [8]:

low dependence with low advantage, arrived at by running both

comparisons. Why the two cannot be substituted for each other

is what we add. The ablation contributes only 𝑠 , advantage does

not involve it, and where local co-occurrence does not survive

randomization 𝑠 has no room to vary.

Benchmark validity in link prediction. Link-prediction evaluation

is distorted by easy negative sampling, inconsistent splits and under-

stated heuristic baselines, with a corrected protocol proposed [18],

and a position paper argues the field is losing relevance to poor

benchmarks [5]. The same re-evaluations have landed in knowledge-

graph completion [2, 28] and in recommendation [10, 25]. Those

fix the negative-sampling instrument and the reporting culture.

Whether the arrangement carries recoverable signal at all is orthog-

onal to both, and we can show the separation instead of asserting

it: 𝑠𝜋 is invariant to the negative protocol (Section 4.3). That a 2003

heuristic [1, 19] outscores the trained model here is consistent with

that literature (Appendix L). Our co-occurrence measure belongs

with dataset-level diagnostics computed before any model is fit [7],

and is one number rather than a battery.

Null-model ladders and sampler validity. The 𝑑𝑘-series gives a
converging hierarchy of null ensembles with exact constraints at

each rung [23], and the configuration-model literature catalogues

how much the choice of ensemble matters [12]. Our ladder is a

direct descendant. We ask something prior of a rung: whether it
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can differ from the rung below it at all on the units the evalua-

tion aggregates over, checked before any draw is made. Connected

degree-preserving edge-swap sampling has known pitfalls and best

practice [32], and swap-graph connectivity for a fixed degree se-

quence is classical [30]. That prior art targets connectedness; our
constraint is the exact component partition. The bias we document

is a protected-forest retention floor that standard diagnostics can-

not distinguish from insufficient mixing, and we did not find it

described.

Selectivity. Requiring a contrast to fail an appropriate control

before it is credited with finding structure is long-standing practice,

and a control earns that role through its own properties, not through

the result it returns [20]. The closest instance in machine learning

is the control task from probing [14]: a probe that also fits random

labels has not found linguistic structure. That gate is on the probe.

Definition 3.9 puts the graph-side analogue on the perturbation

ensemble and the contrast, which is what lets it be evaluated by

counting scorers instead of by fitting anything.

Synthetic benchmarks and claims from absence. Synthetic graph
populations expose model comparisons a handful of real datasets

cannot [24, 31], but do not by themselves show that a generated

regime contains recoverable signal or validate their own pertur-

bations. To our knowledge, three constructions below have not

appeared in this form: the decomposition of Section 3.3, a con-

trol task required of a perturbation ensemble instead of a model,

and our sign-changing scorer’s composition of the modularity ma-

trix [21, 22] with the adjacency spectral embedding [3, 29]. If any

has been stated before, the measurement and diagnostic results do

not depend on priority.

3 The algebra of a graph ablation
The ablation drop and the advantage subtract different references

from the same intact score. Perturbation-based variable importance

likewise measures a predictor’s reliance on information by compar-

ing performance before and after a stated intervention [11]. The

graph setting adds a second, non-perturbative reference: a graph-

free comparator. We formalize the relationship between these refer-

ences and derive four consequences that transfer to any benchmark.

3.1 Conditions, arms, and two classes of scorer
Let 𝐺 = (𝑉 , 𝐸) be an observed simple undirected graph with node

content fixed across conditions. A scoring procedure 𝑓 includes

any condition-specific fitting, validation selection, and internal

randomness 𝑈 ; write 𝑀 (𝑓 ;𝐻,𝑈 ) for the resulting candidate-set

metric on graph𝐻 , and𝑊 (𝑓 , 𝐻 ) = E𝑈𝑀 (𝑓 ;𝐻,𝑈 ). For a probability
law 𝑁 on graphs,

𝑊 (𝑓 , 𝑁 ) := E𝐻∼𝑁,𝑈𝑀 (𝑓 ;𝐻,𝑈 ). (1)

Deterministic procedures are the degenerate case. Thus 𝑊 is a

protocol-level mean, not a single run. F denotes a class of proce-

dures, and differences are read against a resolution scale 𝜀 = 0.0147

(Appendix K); Table 3 collects the notation.

The two ablated conditions are sampling distributions. Specifi-

cally, 𝑁1 = 𝑃𝑆1,𝑏1 is induced by the degree-preserving sampler at

its fixed budget, and 𝑁2 = 𝑃𝑆2,𝑏2 additionally preserves 𝐺 ’s exact

connected-component partition. Every graph in the support of 𝑁1

has the same labeled degree vector 𝑑𝐻 = (deg𝐻 (𝑣))𝑣∈𝑉 as 𝐺 , the

same unique-simple-edge count, no self-loops or duplicates, and no

frozen evaluation pair introduced. The support of 𝑁2 also preserves

the full component-label partition, not merely its count. Section 4

separates these distributions from the constrained graph spaces

named by the protocol.

The third condition, written ∅, is the edgeless graph on the

same node set (same nodes, same content, no edges), and the arm

occupying it is a comparator and not an absence. We instantiate

all three on ogbl-collab, a collaboration graph with 235,868 nodes,

967,632 unique simple training edges and 621 connected compo-

nents whose giant component holds 0.9873 of the nodes, evaluated

over 106,413 candidate pairs [15] at the published split, held fixed

across every arm (Appendix M). There 𝑐 is a multilayer perceptron

over the same node features, trained with the same objective, can-

didate pools, optimizer settings and an identical 131,841-parameter

prediction head, differing from the graph arm only in receiving no

message passing. Writing its performance as𝑊 (𝑐,∅) instead of as

a baseline constant keeps two facts visible: advantage is measured

against a named arm, and that arm has capacity, 164,608 encoder

parameters against the graph arm’s 328,448, so 𝑐 is content-matched,
not capacity-matched, with the consequence stated in Section 6. The

untrained scorers have no capacity to match. For them, advantage

compares an untrained graph scorer with a trained content-only

arm and should be interpreted only as that arm contrast.

We call the intervention degree-preserving randomization, not
“rewiring”, which in the graph-learning literature means editing

a graph to relieve over-squashing. Two classes of scorer behave

differently under it for reasons unrelated to how well they score,

so we separate them by what they read.

Definition 3.1 (Degree-determined and arrangement-reading). A
procedure 𝑓 is degree-determined if, for every realization of its in-

ternal randomness, 𝑓 (𝐻 ;𝑈 ) = 𝑓 (𝐻 ′
;𝑈 ) whenever 𝑑𝐻 (𝑣) = 𝑑𝐻 ′ (𝑣)

for every labeled node 𝑣 . Otherwise 𝑓 is arrangement-reading.

Membership is settled by reading a scorer’s definition, never by run-

ning it: preferential attachment is degree-determined, its score be-

ing a function of two degrees; common neighbours is arrangement-

reading, since two graphs with one degree sequence can disagree

about whether a pair has a neighbour in common. Every claim

below quantified over a family of scorers is quantified over one of

these classes, so a reader can check what a claim covers without

consulting our list.

3.2 Three population quantities and their
estimates

Definition 3.2 (Dependence). For a null ensemble 𝑁 , 𝐷 (𝑓 ;𝑁 ) =
𝑊 (𝑓 ,𝐺) −𝑊 (𝑓 , 𝑁 ): positive when the procedure performs bet-

ter on the observed arrangement than under the stated sampling

distribution.

Definition 3.3 (Advantage). For a comparator arm 𝑐 , 𝐴(𝑓 ; 𝑐) =
𝑊 (𝑓 ,𝐺) −𝑊 (𝑐,∅): positive exactly when the graph procedure

outperforms that named no-graph arm.
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Definition 3.4 (Survival ratio). For a null ensemble 𝑁 and any

scorer with𝑊 (𝑓 ,𝐺) > 0, 𝑠 (𝑓 ;𝑁 ) =𝑊 (𝑓 , 𝑁 )/𝑊 (𝑓 ,𝐺): the fraction
of protocol-level performance the law leaves standing.

We write 𝑠 (𝑓 ) = 𝑠 (𝑓 ;𝑁1) and otherwise drop indices at the pa-

per’s fixed law and comparator. Unhatted𝑊,𝐷,𝐴, 𝑠, 𝑅 denote the

protocol-level means above; hats denote finite-replicate plug-in

estimates. The tables pair each replicate’s intact score with its null

draw. All identities below hold for the population quantities and

for coherently paired plug-in means. A graph ablation reports 𝐷 ; a

comparator-relative graph-effect claim asserts 𝐴.

3.3 Four lemmas
Lemma 3.5 (Factorization). For any scorer with𝑊 (𝑓 ,𝐺) > 0,

writing 𝑅(𝑓 ) = 𝐷 (𝑓 )/𝑊 (𝑓 ,𝐺) for the relative drop,
𝐷 (𝑓 ) =𝑊 (𝑓 ,𝐺)

(
1 − 𝑠 (𝑓 )

)
, 𝑅(𝑓 ) = 1 − 𝑠 (𝑓 ) .

Hence the pair
(
𝑊 (𝑓 ,𝐺), 𝑠 (𝑓 )

)
determines both readings of the ab-

lation drop, and its first coordinate is measured without drawing a
null.

Proof. Substitute Definitions 3.2 and 3.4, and divide. □

An ablation therefore supplies exactly one quantity the intact eval-

uation does not, namely 𝑠 (𝑓 ), and by Definition 3.3 advantage does

not involve it. The relative drop a paper reports is 𝑅 = 1 − 𝑠 .

Lemma 3.6 (Exact discrepancy). For every scorer,

𝐷 (𝑓 ) = 𝐴(𝑓 ) +𝑊 (𝑐,∅) −𝑊 (𝑓 , 𝑁1),
𝐷 (𝑓 ) − (𝐴(𝑓 ) +𝑊 (𝑐,∅)) = −𝑊 (𝑓 , 𝑁1).

Thus the discrepancy is exactly null performance. When𝑊 (𝑓 ,𝐺) >
0, it is equivalently 𝑠 (𝑓 )𝑊 (𝑓 ,𝐺). Its class-wide magnitude is
sup𝑓 ∈F |𝑊 (𝑓 , 𝑁1) |, which reduces to sup𝑓 ∈F𝑊 (𝑓 , 𝑁1) for a non-
negative metric such as Hits@𝐾 .

Proof. Definition 3.3 gives𝐴(𝑓 ) +𝑊 (𝑐,∅) =𝑊 (𝑓 ,𝐺); subtract
Lemma 3.5. □

It holds scorer by scorer and predicts the agreement instead of

observing it, which the regression of 𝐷 on 𝐴 cannot do.

Lemma 3.7 (Degree invariance). If 𝑓 is degree-determined, then
𝑊 (𝑓 , 𝐻 ) =𝑊 (𝑓 ,𝐺) for every graph 𝐻 in the support of a degree-
preserving null law 𝑁 . Hence, if𝑊 (𝑓 ,𝐺) > 0, then 𝑠 (𝑓 ;𝑁 ) = 1 and
𝐷 (𝑓 ;𝑁 ) = 0 for every such law.

Proof. Every draw shares 𝐺 ’s labeled degree vector and node

content, so 𝑓 ’s output is unchanged and so is its performance under

the fixed protocol. □

A departure from this equality reveals an error in at least one of

four places: labeled-degree preservation, the scorer implementation,

the evaluation protocol, or numerical estimation. The equality is

therefore a useful consistency check, although it cannot detect

invariant violations outside the evaluated pairs. Section 4 validates

the graph invariants directly, and Section 5.2 reports the degree-

based check separately.

Lemma 3.8 (Separation of arguments). As functions of the
triple

(
𝑊 (𝑓 ,𝐺), 𝑠 (𝑓 ),𝑊 (𝑐,∅)

)
, the relative drop 𝑅(𝑓 ) depends on

𝑠 (𝑓 ) alone, and the advantage𝐴(𝑓 ; 𝑐) on𝑊 (𝑓 ,𝐺) and𝑊 (𝑐,∅) alone.

Proof. Immediate from Lemma 3.5 and Definition 3.3. □

3.4 What the drop alone does not order
Lemma 3.5 leaves two ways to read the drop and they fail differ-

ently. Read absolutely, 𝐷 tracks 𝐴 closely whenever 𝑠 is small. But

small 𝑠 is exactly the condition under which 𝐷 ≈𝑊 (𝑓 ,𝐺), so the
ablation agrees with a quantity that was in hand before the null

was drawn. That is redundancy, and Lemma 3.6 says by how much.

Read relatively, the drop can reverse the ordering of advantage.

Following the logic of negative controls and control tasks [14, 20],

we ask when the contrast is selective for positive advantage.

Definition 3.9 (Selectivity and the selectivity threshold). A contrast

𝐶 is selective for a property 𝑃 at threshold 𝜏 over a class F if𝐶 (𝑓 ) >
𝜏 implies 𝑃 (𝑓 ) for every 𝑓 ∈ F . The selectivity threshold is

𝜏★(𝐶, 𝑃, F ) = sup {𝐶 (𝑓 ) : 𝑓 ∈ F , ¬𝑃 (𝑓 ) },
with the supremum of an empty set taken as −∞, so that 𝐶 is

selective for 𝑃 at 𝜏 exactly when 𝜏 ≥ 𝜏★. The yield at 𝜏 is the

number of 𝑓 ∈ F with 𝐶 (𝑓 ) > 𝜏 .

A thresholded contrast is informative only when it is selective

for the property of interest and retains non-negligible yield. Both

quantities are defined on the enumerated scorer class and require

neither a correlation nor a sampling frame.

Theorem 3.10 (Monotone envelope and inversion penalty).

Let RF = {𝑅(𝑓 ) : 𝑓 ∈ F } be the attained relative drops. For 𝑟 ∈ RF ,
define

𝑈★
F (𝑟 ) = sup{𝐴(𝑓 ; 𝑐) : 𝑓 ∈ F , 𝑅(𝑓 ) ≤ 𝑟 },

Then 𝑈★
F is the pointwise least non-decreasing function on RF

that upper-bounds advantage. Moreover, if 𝑅(𝑓1) ≥ 𝑅(𝑓2) but
𝐴(𝑓1; 𝑐) < 𝐴(𝑓2; 𝑐), every non-decreasing upper bound has slack at
least 𝛿 = 𝐴(𝑓2; 𝑐) −𝐴(𝑓1; 𝑐) at 𝑓1. If also 𝐴(𝑓1; 𝑐) ≤ 0 < 𝐴(𝑓2; 𝑐), then
𝜏★(𝑅,𝐴(·; 𝑐) > 0, F ) ≥ 𝑅(𝑓1), so no selective threshold identifies 𝑓2
as having positive advantage.

Proof. The defining sets are nested in 𝑟 , so𝑈★
F is non-decreasing

and majorizes every attained point. If 𝜑 is any other non-decreasing

majorant, then for every 𝑓 with 𝑅(𝑓 ) ≤ 𝑟 , 𝐴(𝑓 ; 𝑐) ≤ 𝜑 (𝑅(𝑓 )) ≤
𝜑 (𝑟 ); taking the supremum gives 𝑈★

F (𝑟 ) ≤ 𝜑 (𝑟 ). At 𝑟 = 𝑅(𝑓1), the
inverted scorer 𝑓2 is in the defining set, which gives the slack 𝛿 . The

selectivity claim follows because 𝑓1 lacks positive advantage and

therefore enters the supremum in Definition 3.9. □

The finite table contains an estimated inversion: Structural role

(𝑅 = 98.63%, 𝐴 = −0.3147) against Length-3 paths, normalised

(𝑅 = 93.38%, 𝐴 = 0.2208), so the estimated inversion has gap

𝛿 = 0.5355, which is 36.4𝜀 and 100% of the advantage span the class

attains. The same inversion remains in any larger class containing

these two scorers. Advantage can still be bounded, but the inversion

prevents the relative drop from tightening that bound.

Dropping monotonicity yields a sharper conclusion under a

stronger hypothesis on the whole class, stated and proved in Ap-

pendix B. Across both results, the two contrasts use different zero

references. Advantage is zero at the measured comparator arm,

and the evaluated scorers fall on both sides of it. Dependence

is zero when null and intact performance agree; every measured

arrangement-reading scorer has positive dependence under 𝑁1.
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4 Null models as distributions over constrained
graph spaces

An ablation specifies both a scorer and a graph distribution. Yet

experimental descriptions often name only a constraint—for ex-

ample, “degree preserving”—and leave the distribution induced by

the sampling algorithm implicit. This distinction matters because

two algorithms can preserve the same invariants while assigning

mass to different subsets of the admissible graphs. This separation

between constraints, ensembles, and sampling algorithms is inher-

ited from the graph null-model literature [12, 23]; our focus is the

diagnostic consequence of support restrictions.

4.1 Graph space, sampling distribution, and
support

Definition 4.1 (Constrained graph space). For a set I of graph

invariants, define GI = {𝐺 ′
on 𝑉 : 𝜄 (𝐺 ′) = 𝜄 (𝐺) for all 𝜄 ∈ I}.

This is a graph space, not a probability distribution; in particular,

uniformity over GI is not implied. The two null conditions specify

spaces GI1 and GI2 .

Definition 4.2 (Sampler-induced distribution). A sampling algo-

rithm 𝑆 , including its moves, acceptance rule, and schedule, induces

a distribution 𝑃𝑆,𝑏 after budget𝑏. Its support is supp(𝑃𝑆,𝑏 ), and write
G∞
𝑆

=
⋃

𝑏≥0 supp(𝑃𝑆,𝑏 ) for the graphs reachable at some budget.

In our experiments, 𝑁1 = 𝑃𝑆1,𝑏1 and 𝑁2 = 𝑃𝑆2,𝑏2 for fixed budgets

𝑏1, 𝑏2.

Figure 3 distinguishes the constrained graph space from the support

of the implemented sampler. Their relationship has three separate

aspects.

Constraint preservation. The inclusion supp(𝑃𝑆,𝑏 ) ⊆ GI requires

every draw to satisfy the stated invariants. We check these in-

variants directly for every retained draw. Lemma 3.7 supplies an

additional consistency check for labeled-degree preservation, but

cannot replace direct validation.

Sampler mobility. Write 𝐹𝑆 = {𝑒 ∈ 𝐸 : 𝑒 ∈ 𝐸 (𝐻 ) for every 𝐻 ∈
G∞
𝑆
} for the edges no budget can move, and 𝐹I = {𝑒 ∈ 𝐸 : 𝑒 ∈ 𝐸 (𝐻 )

for every 𝐻 ∈ GI} for the edges forced by the constraints. If the

sampler preserves the constraints at every budget, then 𝐹I ⊆ 𝐹𝑆 .

Definition 4.3 (Algorithmically fixed edges). 𝐹𝑆 \ 𝐹I is the set

of edges fixed by the sampling algorithm but not by the graph

constraints. The sampler has full mobility for I when this set is

empty.

Lemma 4.4 (Retention floor). Writing 𝐸′ for the edge set of
a draw, every 𝐺 ′ ∈ G∞

𝑆
satisfies |𝐸 ∩ 𝐸′ | ≥ |𝐹𝑆 |, so the adjacency

overlap between 𝐺 and any draw at any budget is at least |𝐹𝑆 |/|𝐸 |.

Proof. The immobile edges lie in every member of G∞
𝑆
. □

High adjacency overlap can therefore reflect either insufficient

mixing or edges that the algorithm cannot move. Increasing the

sampling budget can address only the former.

Perturbation adequacy. Let𝜓 (𝐻 ) measure the perturbation de-

livered by a draw and let B be a prespecified acceptable range. The

sampler is adequate for this diagnostic only if some𝐻 ∈ supp(𝑃𝑆,𝑏 )

satisfies 𝜓 (𝐻 ) ∈ B whenever some 𝐻 ∈ GI does. Otherwise the

experiment confounds the invariant being tested with restrictions

imposed by the sampling algorithm.

4.2 Sampler support and design sensitivity
Definition 4.5 (Support adequacy). A sampler has adequate sup-

port for diagnostic𝜓 and range B if(
∃𝐻 ∈ GI : 𝜓 (𝐻 ) ∈ B

)
=⇒

(
∃𝐻 ∈ supp(𝑃𝑆,𝑏 ) : 𝜓 (𝐻 ) ∈ B

)
.

Proposition 4.6 (Resolution bound). Suppose a metric decom-
poses over 𝑛 evaluation units as

𝑊 = 𝑛−1
𝑛∑︁
𝑖=1

𝑚𝑖 ,

where𝑚𝑖 ∈ [𝑎, 𝑎 + 𝐵], and two conditions can differ only on a known
set 𝐽 . Then |𝑊1 −𝑊2 | ≤ 𝐵 |𝐽 |/𝑛.

Proof. Terms outside 𝐽 cancel, and each remaining difference

has magnitude at most 𝐵. □

Application to the two null conditions. Every retained 𝑁1 draw

satisfies the stated invariants and retains only 0.000693 of the ob-

served adjacency. The degree-determined scorers also behave as

Lemma 3.7 predicts (Section 5.2). For 𝑁2, the reported 0.9772 share

of both-in-giant evaluation pairs does not identify the units whose

Hits@50 contribution can change. Proposition 4.6 therefore can-

not be applied; moreover, the proposed ceiling 0.0228 exceeds the

achieved half-width 0.0111. We draw no conclusion about the sen-

sitivity of this contrast from that statistic.

The supplied partition-preserving sampler 𝑆forest does fail the

prespecified support-adequacy criterion. It fixes at least 2.2283% of

the original edges, above the allowed overlap ceiling 100×0.020693%,
whereas the constrained graph space contains a leaf-exchange

draw that retains 0.6597% and satisfies the criterion. Increasing

the sampling budget cannot move algorithmically fixed edges (Ap-

pendices C and E).

4.3 A prospective co-occurrence diagnostic
Mobility and support adequacy address nulls that perturb the graph

too little. The opposite problem arises when a null removes nearly

all of the signal used by an entire scorer class, forcing their relative

drops into a narrow range. This behavior is also a property of the

graph and null distribution and can be assessed in advance.

Definition 4.7 (Co-occurrence survival). Write 𝜋+ (𝐻 ) for the frac-
tion of positive evaluation pairs with at least one common neigh-

bour in 𝐻 . For a null ensemble 𝑁 , the co-occurrence survival is
𝑠𝜋 = 𝑞𝑁 /𝜋+ (𝐺), where 𝑞𝑁 := E𝐺 ′∼𝑁𝜋+ (𝐺 ′), written bare at the

paper’s fixed null 𝑁1. A scorer is strictly co-occurrence-supported
if, for every realization of its internal randomness, it assigns one

value 𝛽0 to every candidate pair with no common neighbour and a

value strictly above 𝛽0 to every pair with at least one.

Positives only: a Hits@𝐾 threshold is set by the negatives, so a figure

pooling both bounds nothing. Common neighbours, its inverse-log-

degree and resource-allocation weightings and the Jaccard and

Salton normalizations all qualify, each a sum of positive terms over

shared neighbours that is empty when there are none.
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Lemma 4.8 (Co-occurrence ceiling). Let Hits@𝐾 count posi-
tives scoring strictly above the 𝐾th highest negative score, over a can-
didate pool holding more than 𝐾 negatives, as in every pool used here.
Then𝑊 (𝑓 , 𝐻 ) ≤ 𝜋+ (𝐻 ) for every strictly co-occurrence-supported 𝑓
and every graph 𝐻 . For any such scorer with𝑊 (𝑓 ,𝐺) > 0,

𝑠 (𝑓 ;𝑁 ) ≤ 𝑞𝑁

𝑊 (𝑓 ,𝐺) =
𝑠𝜋

𝑞𝑓
, 𝑞𝑓 :=

𝑊 (𝑓 ,𝐺)
𝜋+ (𝐺)

. (2)

Consequently, for any subclass F0 satisfying𝑊 (𝑓 ,𝐺) ≥ 𝑤0 > 0 and
nonnegative Hits@𝐾 ,

1 − 𝑞𝑁

𝑤0

≤ 𝑅(𝑓 ) ≤ 1, diam{𝑅(𝑓 ) : 𝑓 ∈ F0} ≤
𝑞𝑁

𝑤0

. (3)

Proof. If at least 𝐾 negatives have a common neighbour the

threshold exceeds 𝛽0; if fewer do, it equals 𝛽0. Either way a positive

with no common neighbour scores 𝛽0 and is not counted. Taking

expectations over 𝐻 ∼ 𝑁 and 𝑈 gives𝑊 (𝑓 , 𝑁 ) ≤ 𝑞𝑁 ; positivity

of𝑊 (𝑓 ,𝐺) also implies 𝜋+ (𝐺) > 0, so dividing gives (2). On F0,

0 ≤ 𝑠 (𝑓 ;𝑁 ) ≤ 𝑞𝑁 /𝑤0, so 𝑅(𝑓 ) = 1 − 𝑠 (𝑓 ;𝑁 ) lies in the interval in

Equation (3), whose width is 𝑞𝑁 /𝑤0. □

The scorer-specific ceiling is 𝑠𝜋/𝑞𝑓 , not 𝑠𝜋 alone. Equation (3) is the

class-level saturation result: with a prespecified intact-performance

floor𝑤0, 𝑞𝑁 /𝑤0 bounds howmuch the relative drop can distinguish

within the whole class.

On ogbl-collab, over the 10 retained draws, 𝜋+ (·) falls from

0.5454 to 0.0207, so 𝑠𝜋 = 0.0380. Across the 5 strictly co-occurrence-

supported scorers of Table 1 the ceiling runs from 0.0396 to 0.0497,

against measured survival ratios of 0.0010 to 0.0205. The other

seven arrangement-reading rows lie outside the class and nothing

here constrains them: the table’s largest survival ratio, 0.1048, is

the landmark distance upper bound, which separates pairs having

no common neighbour. Local co-occurrence is not perturbed here.

It is removed.

Using the diagnostic prospectively. 𝑞𝑁 needs the intact graph,

evaluation positives, and null draws but no model training. Before

running an ablation, declare either an intact-performance floor

𝑤0 or the smallest class difference worth resolving, then compare

it with 𝑞𝑁 /𝑤0. The graph-only ratio 𝑠𝜋 remains useful triage, but

without 𝑞𝑓 or𝑤0 it is not itself a performance ceiling. Alongside the

mobility and support checks, the resulting bound assesses the in-

formative range from both sides: the null must deliver the intended

perturbation while retaining enough variation to distinguish the

class.

Behavior across benchmarks. Table 2 reports 𝑠𝜋 on 5 bench-

marks, spanning 0.0380 to 1.0002, and the ceiling held on 25

of 25 benchmark-scorer cells across every draw. On the 3 with

𝑠𝜋 ≤ 0.0684, the five measured scorers occupy bands at most

1.9 points wide. Retrospectively setting 𝑤0 to each benchmark’s

minimum intact score makes the theorem’s widest correspond-

ing class bound 12.9 points; PubMed’s is 59.1 points. These are

theorem envelopes, not uncertainty intervals. ogbl-ddi sits at the

opposite extreme. At mean degree ⟨𝑑⟩ = 501 over 4,267 nodes a

degree-preserving draw preserves essentially all co-occurrence,

𝑠𝜋 = 1.0002, and the lemma constrains nothing. Cheaper still is

𝑠𝜋 , which predicts 𝑠𝜋 from the degree sequence with no draw

taken. It matches to 1.0% on the 2 benchmarks above 10
4
nodes and

over-states it on the two smallest, erring toward spending a draw

(Appendix G).

Invariance to the negative protocol. 𝑠𝜋 and 𝜋+ (𝐺) are functions
of the graph and the positives alone. Sampling negatives to share a

common neighbour [18] therefore leaves both unchanged to every

displayed digit while every scorer’s intact performance falls, and

the bound grows looser, not tighter (Appendix G).

5 What the ablation can distinguish
Lemma 3.5 leaves one quantity to measure: the range 𝑠 occupies,

over the scorers a practitioner might use, and then over the bench-

marks they might run them on.

5.1 The scorer family
15 scorers are evaluated on ogbl-collab under the three conditions of

Section 3.1, in three groups fixed by Definition 3.1. Arrangement-
reading scorers (12 of them) score a pair from which nodes are

linked to which: seven local, among them common neighbours and

its inverse-log-degree weighting [1], and five reading beyond the

neighbourhood. Every scorer we implemented appears in Table 1,

four of them well below the intact performance anyone would

propose in practice. Including them makes the class boundary a

measured variable instead of a choice of ours, and Section 5.2 reports

what removing those four costs every threshold below. Degree-
determined scorers score a pair from the two endpoint degrees

alone (preferential attachment, and a gradient-boosted model on

the degree pair as an empirical estimate of how far degree alone

can go here), and Lemma 3.7 predicts 𝑠 = 1, 𝐷 = 0 for both. The
trained arm reads both: GraphSAGE [13] is the only scorer here

that sees node content as well as structure, and our replication gives

0.4872 mean test Hits@50 against the published 0.481 ± 0.0081. The

row carrying the sign change is a modularity-matrix spectral
embedding: the adjacency spectral embedding [3, 29] of Newman’s

modularity matrix 𝐵 = A − 𝑑𝑑⊤/2𝑚 [21], scored by inner product,

where A is the adjacency matrix and 𝑑 the degree vector of 𝐺 . Its

rank is selected on validation within each condition, so no arm

carries a rank tuned on another’s graph (Appendix H).

5.2 Selectivity of the relative drop
Table 1 gives𝑊 (𝑓 ,𝐺), 𝑠 , the relative drop and advantage for every

scorer. Across the 12 arrangement-reading scorers 𝑠 runs from

0.0010 to 0.1048, so the relative drop runs from 89.52% to 99.90%,

a band 10.38 points wide (Figure 2). Over the same scorers intact

performance spans 33-fold from 0.0167 to 0.5522, and advantage

runs from −0.3147 to +0.2208, 36 resolution scales, with 5 of the 12

below zero.

Definition 3.9 turns that into a threshold. Over this class 𝜏★ =

99.25%, attained by Louvain block affinity at advantage −0.3033.
Any lower threshold selects at least one scorer with nonpositive

advantage. At 𝜏★, the yield is 3 of 12; among the 7 scorers with

positive advantage, 4 fall below the threshold.

The threshold belongs to the class, not to the contrast. A supremum

over a class moves when the class does. The value above is therefore

portable only as far as the class it was computed on, and Louvain

block affinity, which attains it, lies among the weakest scorers by
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Table 1: Every scorer we evaluated on ogbl-collab, Hits@50,
intact and under the retained degree-preserving null draws.
𝑠 is the share of performance the null leaves standing, 𝑅 =

𝐷/𝑊 (𝑓 ,𝐺) = 1 − 𝑠 the relative drop a paper reports, 𝐴 against
the content-only comparator, which scores 0.3314. Inclusion
rule: every scorer we implemented, nothing dropped after
being computed. No intervals; reconciliation, and what re-
moving the four weakest rows does to every threshold: Ap-
pendix F.

Scorer 𝑊 (𝑓 ,𝐺 ) 𝑠 (𝑓 ) 𝑅 (𝑓 ) 𝐴

Arrangement-reading
Length-3 paths, normalised 0.5522 0.0662 93.38% +0.2208
Length-3 paths 0.5328 0.0798 92.02% +0.2014
Adamic–Adar 0.5240 0.0205 97.95% +0.1926
Resource allocation 0.5235 0.0200 98.00% +0.1921
Salton cosine 0.4888 0.0010 99.90% +0.1574
Jaccard 0.4869 0.0010 99.90% +0.1555
Common neighbours 0.4170 0.0052 99.48% +0.0856
Modularity-matrix spectral 0.2783 0.0830 91.70% −0.0531
Landmark sketch 0.0788 0.0090 99.10% −0.2526
Landmark distance upper bound 0.0541 0.1048 89.52% −0.2773
Louvain block affinity 0.0281 0.0075 99.25% −0.3033
Structural role 0.0167 0.0137 98.63% −0.3147
Degree-determined
Gradient-boosted degree pair (oracle) 0.1245 1.0000 0.00% −0.2069
Preferential attachment 0.0804 1.0000 0.00% −0.2510
Arrangement-reading, and reads node content
GraphSAGE 0.4737 0.6575 34.25% +0.1423

Table 2: Public link-prediction benchmarks ordered by co-
occurrence survival 𝑠𝜋 , which 𝑠𝜋 predicts from the degree
sequence with no null drawn; 𝑛 is the node count and ⟨𝑑⟩
the mean degree. ogbl-ppa carries 𝑠𝜋 only, so the measured
columns cover 5. AA is the relative drop on Adamic–Adar,
band its width across the 5 bounded scorers (a narrow band
means the ablation returns nearly one number whatever
scorer it is run on), and 𝜌 the drop’s rank agreement with ad-
vantage over those same scorers, which changes sign across
the rows. Read Cora against CiteSeer, matched on metric, 𝐾
and negative protocol. An absent 𝐴 is undefined, not unmea-
sured: †no node features, ‡one-hot species labels. Per-scorer
values: Appendix G.

co-occurrence relative drop 𝑅

Benchmark 𝑛 ⟨𝑑 ⟩ 𝑠𝜋 𝑠𝜋 AA% band 𝜌 𝐴

ogbl-collab 235,868 8.2 0.038 0.038 98.0 1.9 −0.60 0.193

CiteSeer 3,327 2.3 0.053 0.044 94.5 0.9 +0.90 0.087

Cora 2,708 3.3 0.098 0.068 94.5 1.8 −0.05 0.201

PubMed 19,717 3.8 0.095 0.095 73.7 24.8 +0.70 0.041

ogbl-ddi 4,267 500.5 1.000 1.000 79.5 41.0 – n/a
†

ogbl-ppa 576,289 73.7 0.196 – – – – n/a
‡

intact performance. That makes the class boundary the parameter

to vary. Raising an inclusion floor on𝑊 (𝑓 ,𝐺), the one axis available
without consulting advantage or the null, drops 𝜏★ to 91.70% once

the 4 weakest rows go. That is a 7.55-point swing across a 10.38-

point band caused solely by changing the class boundary; the two

thresholds are not transferable (Appendix F). Restricted to the 7
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The ablation cannot tell these apart

all 12 within 89.5–99.9 percent (10.4 pp band)

0.32 pp apart here,
17.3ε apart on advantage

reads the arrangement
reads degree only
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Figure 2: Table 1 plotted, marker shape for what the scorer
reads. The vertical axis is what a paper reports when it says
performance fell by some percentage: all 12 arrangement-
reading scorers fall inside a 10.38-point band (shaded) while
their advantages cross zero. Vertical shading is ±𝜀 = 0.0147;
the marked pair is 0.32 points apart vertically and 17.3𝜀 apart
horizontally. The two rust lines are one selectivity thresh-
old over two classes (99.25% over all 12, 91.70% over the 8
that outscore degree alone), differing in which scorers are
counted and in no measurement. The band is a property of
this enumerated class, not an estimate for a population of
scorers.

with positive advantage the contrast has nothing left to reject, so

a full yield there is automatic. What can still be asked is whether

the drop orders that class as advantage does. It nearly reverses it,

ranking 17 of 21 pairs oppositely (𝜌 = −0.82). Narrowing the class

to the scorers worth using leaves the drop less to distinguish, not

more.

The absolute drop behaves as Lemma 3.6 says it must (Figure 4):

scorer by scorer |𝐷 − (𝐴 +𝑊 (𝑐,∅))| = 𝑠𝑊 , at most 0.042524 or

2.89𝜀 over the 12 across a 33-fold span of𝑊 . The drop is there-

fore advantage plus the constant 𝑊 (𝑐,∅) to within the bench-

mark’s own resolution, and that constant is measured without

randomizing anything. With𝑊 (𝑐,∅) constant, Pearson(𝐷,𝐴) =

Pearson(𝐷,𝑊 (𝑓 ,𝐺)) identically, both 0.9982 here, so correlating

the ablation drop with the value of the graph is correlating it with

the unablated score.

Degree-based consistency check. Both degree-determined scorers

report 𝑠 = 1.0000 and 𝐷 = 0 to every printed digit, as Lemma 3.7

requires. A departure would reveal a violation of degree preser-

vation or another part of the evaluation pipeline, but agreement

cannot detect every possible invariant violation. Direct validation

of each draw establishes constraint preservation for the sampled

distribution.

5.3 Advantages of the retrained scorers
The three scorers for which an arm was retrained (Appendix I) all

depend strongly on the arrangement: Adamic–Adar loses 97.95% of
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its intact Hits@50, the spectral scorer 91.70%, GraphSAGE 34.25%,

every interval excluding zero in all 10 replicates. An ablation-only

report would call all three evidence of recoverable signal. Two

are correctly described that way and the same protocol says so:

GraphSAGE’s advantage is 0.1423 (CI [0.1309, 0.1537]) and Adamic–

Adar’s 0.1926 (CI [0.1838, 0.2015]), lower bounds exceeding 𝜀 =

0.0147 by roughly an order of magnitude and stable when 𝜀 is halved

or doubled (Appendices K and L). Under this protocol, GraphSAGE

and Adamic–Adar outperform the named comparator; the spectral

scorer does not. Attribution specifically to arrangement information

remains limited by comparator match.

By contrast, the spectral scorer has advantage −0.0531 (CI

[−0.0620, −0.0443], 0/10 positive). We retain this row because it

is an ordinary scorer in the evaluated class, not a specially con-

structed counterexample. Being untrained is not the explanation:

7 untrained scorers clear the same comparator and 6 outrank the

trained graph arm. Two readings of the sign stay open, so the claim

is comparator-relative in the way Definition 3.3 states (Appendix J).

5.4 The same two contrasts, across benchmarks
Table 2 varies the benchmark instead of the scorer, over the 6

non-learned scorers definable everywhere, with the comparator

retrained per benchmark at its own 𝐾 .

The dissociation survives the change of axis. Cora and CiteSeer

lose 94.47% and 94.49% of Hits@20 to the same null, 0.02 percentage

points apart, closer than any two scorers in Table 1, while the

arrangement is worth 0.2009 on the first and 0.0870 on the second,

a factor of 2.3. Of the 6 benchmark pairs 2 are ranked oppositely by

the two contrasts; we report the count and not a correlation, which

4 points do not support.

Inside each benchmark the ordering question has an answer and

a different sign each time. Over the 5 scorers defined everywhere,

the drop’s rank agreement with advantage runs from +0.90 on

CiteSeer to −0.60 on ogbl-collab (𝜌 , Table 2), negative on 2 of 4. An

ordering calibrated on one of these graphs inverts on another, so the

reversal of Section 5.2 is not a property of ogbl-collab. What does

not survive the change of benchmark is the sign. The selectivity

threshold is zero on all 4, with yield 5 of 6, and this too owes nothing

to the measurement. The one scorer lacking positive advantage

is preferential attachment, whose drop is zero by Lemma 3.7: the

threshold separates exactly what Definition 3.1 separates by reading

definitions.

ogbl-ddi separates the two contrasts at the benchmark level. Its

dependence is measurable and large; a nontrivial content-matched

advantage is undefined rather than small because the benchmark

provides no node features for such an arm. The ablation still reports

a number where that particular comparator question cannot be

posed.

6 Discussion
Interpreting the two contrasts. Advantage and dependence an-

swer different questions. Advantage compares two information

conditions: a scorer with access to the graph and a named graph-

free baseline. Dependence holds the scorer fixed and changes the

edge arrangement through a sampling distribution. A large depen-

dence estimate can therefore be scientifically useful—it shows that

a procedure reads the observed arrangement—without establishing

that the procedure improves on information available without the

graph.

Reporting a graph-effect claim. A complete report includes:

(1) the intact score𝑊 (𝑓 ,𝐺);
(2) advantage𝐴(𝑓 ; 𝑐) =𝑊 (𝑓 ,𝐺) −𝑊 (𝑐,∅) over a named graph-

free comparator with the same node content, together with

any differences in capacity or optimization;

(3) survival 𝑠 (𝑓 ) =𝑊 (𝑓 , 𝑁1)/𝑊 (𝑓 ,𝐺), or equivalently the rela-

tive drop 𝑅(𝑓 ) = 1−𝑠 (𝑓 ), with the null distribution specified;
and

(4) checks that the sampler preserves the stated constraints

and reaches an adequate perturbation. For co-occurrence-

supported scorers, 𝑞𝑁 /𝑤0 provides a prospective bound once

the intact-score floor𝑤0 is declared.

The first two quantities address improvement over graph-free

information; the third measures reliance on the sampled edge

arrangement; the fourth determines whether the implemented

null supports that interpretation.

A discriminating case. A scorer with high advantage and low

dependence would show that the two contrasts can agree on a use-

ful separation. None of the evaluated scorers occupies this region.

Survival under the degree-preserving null requires using informa-

tion that the null retains, of which degree is the most substantial

here. A gradient-boosted model on the degree pair alone reaches

0.1245 against the comparator’s 0.3314, placing that region near

−0.2069 advantage on ogbl-collab. Among the additional bench-

marks, PubMed—with a 24.8-point drop band and 𝜌 = +0.70—is the
clearest candidate for a learned follow-up.

What the evidence establishes. The analysis supports three claims.

First, a large relative drop can coexist with negative advantage; the

modularity-matrix scorer provides such a case. Second, relative drop

does not preserve the ordering of advantage within the enumer-

ated scorer class, and the ordering also changes across benchmarks

(Sections 5.2 and 5.4). Third, for strictly co-occurrence-supported

scorers, Lemma 4.8 bounds null performance scorer by scorer: the

bound holds in 25 of 25 benchmark–scorer cells across all draws,

while 𝑞𝑁 /𝑤0 extends it to a declared class. These statements con-

cern existence, ordering, and an analytical bound. They do not

estimate how prevalent the mismatch is among graph-learning

methods in general.

Scope and comparability. The trained models are evaluated only

on ogbl-collab; the cross-benchmark comparison uses non-learned

scorers. We therefore do not extrapolate the measured ordering to

learned models on the other benchmarks. Each benchmark retains

its published metric, 𝐾 , and negative-sampling protocol (Appen-

dix G), which preserves within-benchmark comparability but makes

cross-benchmark magnitudes descriptive rather than commensu-

rate. The content-only comparator 𝑐 is matched on node content and

prediction target but not on capacity or optimization (Section 3.1).

Its positive and negative differences are thus comparator-relative;

parameter count alone does not determine the direction of any

remaining mismatch.
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Uncertainty. The 10 replicates concentrate precision on the pri-

mary contrasts, whose effects exceed 𝜀 by an order of magnitude

(Section 5.3). Enumerating the scorer class removes uncertainty

about which scorers were included, but finite null draws and sto-

chastic training still affect the estimated scores and selectivity

threshold. Three secondary contrasts have half-widths above the

prespecified 95% target 0.00735 and should not be interpreted at

that resolution. The co-occurrence diagnostic is a property of the

graph, positive evaluation pairs, and specified null distribution; its

estimate nevertheless retains finite-draw uncertainty.

7 Conclusion
Edge randomization measures dependence on an observed arrange-

ment, not improvement over graph-free information. On ogbl-

collab, the modularity-matrix spectral scorer loses 91.70% under

the degree-preserving null while remaining below the content-only

comparator, whereas GraphSAGE has positive advantage under the

same evaluation protocol. The discrepancy persists across a broader

scorer class and changes across benchmarks. Treating the null as

a distribution over a constrained graph space further shows why

invariant preservation, sampler support, and perturbation strength

must be reported alongside the drop. Together, the intact score,

named graph-free baseline, survival ratio, and sampler diagnos-

tics separate what a model uses from whether that information

improves prediction.
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Prahas Duggireddy

Guide to the appendices
Core notation is collected in Table 3; symbols local to one definition or

proof are defined at first use.

Units and provenance
A the replicate unit; what no interval covers

R what every number is traceable to

The algebra, and the null’s validity theory
B Theorem 3.10’s limiting form

C the retention floor as a corollary

D specification against mechanism, drawn

E three samplers; which one is rejected

The ogbl-collab measurements
F how the scorer family was assembled

G every cell behind the cross-benchmark table

H the eigenpair restriction is not the cause

I per-replicate intervals, three retrained arms

J interpretations not supported by the measurements

K stability across a fourfold range of 𝜀

L why the heuristic’s numbers can be relied on

Design, variance, and the controlled testbed
M training conditions, seeds, preregistration

N what each interval resamples

O three failures and one unresolved design-power diagnostic

P the controlled testbed and its access boundary

Q confirmatory topology contrasts

A Units, intervals, and what is not represented
On ogbl-collab the replicate unit is nested: 𝑢𝑘 pairs training seed 𝑘

with one 𝑁1 draw and one 𝑁2 draw, giving 𝑛 = 10 replicates over

seeds 21–30. Null draws within a replicate are not independent

observations. Intervals are paired Student-𝑡 at df = 𝑛− 1, two-sided

95%.

Which sources of variation enter an interval differs by contrast,

and one case would otherwise look like a defect: both non-learned

scorers are deterministic on the intact graph, so their advantage

contrasts inherit their entire replicate variance from the comparator

arm, and their dependence contrasts vary only through the null

draw. Narrow intervals there reflect a low-variance object rather

than extra evidence. Appendix N gives the decomposition per con-

trast.

On the controlled testbed the metric is NDCG@8 and the unit

is the generator world. The confirmatory experiment aggregates

the mean case-level paired difference within a world and then

resamples worlds (30 worlds, percentile bootstrap). The multi-arm

comparison resamples generator seeds and cases within seeds (20

seeds, hierarchical bootstrap reported as primary because it is the

only interval that propagates both levels).

Not represented in any interval anywhere in this work: split

variation, which is held at a fixed seed throughout; hyperparam-

eter variation; and, for the visible-bridge experiment, generator

variation, whose intervals are case-level at five fixed generator

seeds. Seed variation alone understates benchmark variance [6], so

these intervals are narrower than a statement about the benchmark

would warrant and we read them only as statements about this

split.

B A conditional non-identifiability result
Theorem 3.10 constructs the exact monotone upper envelope and

reports what an inverted pair costs it. Dropping monotonicity re-

quires the stronger, explicitly conditional hypothesis below. The

empirical table does not verify that hypothesis.

Definition B.1 (Variation independence). Two functionals on a

class are variation independent over it if their joint range is the

product of their individual ranges: every combination of separately

attainable values is jointly attainable. The condition concerns at-

tainable values and not probability.

Proposition B.2. LetF be a class of scorers with𝑊 (𝑓 ,𝐺) ∈ (0, 1]
and 𝑠 (𝑓 ) ∈ [0, 1] on which 𝑠 and𝑊 (·,𝐺) are variation independent,
and let A = {𝐴(𝑓 ; 𝑐) : 𝑓 ∈ F }. Then (i) 𝑅 and 𝐴(·; 𝑐) are variation
independent over F ; (ii) any 𝜑 with 𝐴(𝑓 ; 𝑐) ≤ 𝜑 (𝑅(𝑓 )) throughout
satisfies 𝜑 (𝑟 ) ≥ supA at every attainable 𝑟 , and symmetrically for
lower bounds, so the sharpest bound on advantage expressible as a
function of the relative drop is constant; and (iii) if inf A < 0 <

supA then 𝜏★(𝑅,𝐴(·; 𝑐) > 0, F ) = sup𝑅(F ) and its yield is zero.

Proof. Advantage is strictly increasing affine in𝑊 (𝑓 ,𝐺) and
𝑅 strictly decreasing affine in 𝑠 (𝑓 ), so (𝑅,𝐴(·; 𝑐)) is the image of

(𝑠,𝑊 (·,𝐺)) under a coordinatewise strictly monotone bijection,

which preserves variation independence: that is (i), and it restates

Lemma 3.8. For (ii), fix an attainable 𝑟 ; by (i) the advantages attained

where 𝑅 = 𝑟 are all ofA, so 𝜑 (𝑟 ) ≥ supA irrespective of 𝑟 . For (iii),

inf A < 0 supplies at each attainable 𝑟 some scorer with𝐴(𝑓 ; 𝑐) ≤ 0,

so the supremum runs over all of 𝑅(F ), and no member exceeds

it. □

Two remarks on the hypothesis, since it is the part of the state-

ment a reader is entitled to test. It is not a condition on cardinality.

Four scorers whose (𝑠,𝑊 (𝑓 ,𝐺)) values are {𝑠1, 𝑠2} × {𝑤1,𝑤2} have
exactly that product as their joint range, satisfy Definition B.1,

and make the sharpest bound constant at𝑤2 −𝑊 (𝑐,∅); what the
condition asks is that the survival ratio not determine the intact

score. Table 1 contains a local pair with that behavior (Jaccard and

Salton cosine share survival 0.0010 but have intact scores 0.4869

and 0.4888); this does not establish the full product-range condi-

tion. The body theorem avoids that assumption. Second, confining

𝑠 to [0, 1] is what leaves the product unobstructed: 𝑠 (𝑓 )𝑊 (𝑓 ,𝐺) =
𝑊 (𝑓 , 𝑁1) ≤ 1 would otherwise tie the coordinates together near

the top of the range. No draw in this study helps a scorer, so the

restriction costs nothing here.

C The immovable-edge floor is a corollary
Let the move be the double-edge swap: from edges {𝑝1, 𝑝2} and
{𝑞1, 𝑞2}, propose {𝑝1, 𝑞1} and {𝑝2, 𝑞2}, rejecting on a self-loop or

if either proposed edge already exists. Under 𝑁2 both edges must

lie in one component of the original graph and the component

partition must be preserved. Call a component rigid if no accepted

swap has both its edges inside it.

Taylor shows that any two connected labeled simple realizations

of a fixed labeled degree vector are connected by standard double-

edge swaps whose intermediates remain connected [30]. Unique

labeled realizability is therefore a sufficient condition for rigidity:

stars, triangles, and complete components are immediate examples.
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Table 3: Core symbols, in dependency order. Type separates the observed graph from the sampling distributions that ablate it,
the conditions a scorer is evaluated under, and the two estimands. The estimands differ only in what they subtract.

Symbol Type Meaning

𝐺 , 𝐻 graph 𝐺 is the intact observed graph, simple and undirected, on node set𝑉 with node content 𝑋 held fixed across

every condition; 𝐻 denotes a generic graph on the same node set

A, 𝑑 ,𝑚 structure the adjacency matrix of𝐺 , its degree vector, and its edge count𝑚 = |𝐸 | = 967, 632 unique simple training

edges. A is bold to keep it apart from advantage 𝐴

𝑁 distribution a generic null ensemble; 𝐻 ∼ 𝑁 denotes a graph draw

𝑁1 distribution 𝑃𝑆
1
,𝑏
1
: the distribution induced by the degree-preserving sampler at its fixed budget; its support preserves the

labeled degree vector, unique-simple-edge count, and evaluation-pair constraints

𝑁2 distribution 𝑃𝑆
2
,𝑏
2
: the distribution induced by the component-preserving sampler; its support also preserves𝐺 ’s full

component-label partition

∅ condition the same nodes and node content with no edges

𝑓 , F procedure a scoring procedure, including condition-specific fitting, selection, and internal randomness𝑈 ; F is a class of

procedures

𝑊 (𝑓 , · ) scalar protocol-level mean performance;𝑊 (𝑓 , 𝐻 ) = E𝑈𝑀 (𝑓 ;𝐻,𝑈 ) and𝑊 (𝑓 , 𝑁 ) = E𝐻∼𝑁,𝑈𝑀 (𝑓 ;𝐻,𝑈 ) . Hats
denote finite plug-in estimates

𝑐 arm the content-only comparator: same features, objective, pools and prediction head; no message passing

𝐷 (𝑓 ) estimand dependence,𝑊 (𝑓 ,𝐺 ) −𝑊 (𝑓 , 𝑁1 ) ; written 𝐷 (𝑓 ;𝑁 ) where the ensemble is at issue

𝐴(𝑓 ) estimand advantage,𝑊 (𝑓 ,𝐺 ) −𝑊 (𝑐,∅) ; written 𝐴(𝑓 ;𝑐 ) where the comparator is at issue

𝑠 (𝑓 ) , 𝑠 (𝑓 ;𝑁 ) ratio survival ratio,𝑊 (𝑓 , 𝑁 )/𝑊 (𝑓 ,𝐺 ) ; 𝑠 (𝑓 ) fixes 𝑁 = 𝑁1 and is the one quantity an ablation adds. Written 𝑠

rather than 𝜌 because this paper prints rank correlations. Nothing forbids 𝑠 > 1, a scorer doing better on a

randomized graph, but no draw here produces one

𝑅 (𝑓 ) ratio relative drop, 𝐷 (𝑓 )/𝑊 (𝑓 ,𝐺 ) = 1 − 𝑠 (𝑓 ) (Lem. 3.5); the number a graph ablation reports

𝜋+ (𝐻 ) , 𝑞𝑁 ratios share of evaluation positives with a common neighbour in 𝐻 , and its expectation 𝑞𝑁 = E𝐻∼𝑁 𝜋+ (𝐻 ) ; 𝜋+ (𝐺 ) =
0.5454

𝑞𝑓 , 𝑤0 scalars intact co-occurrence efficiency 𝑞𝑓 =𝑊 (𝑓 ,𝐺 )/𝜋+ (𝐺 ) and a prespecified lower bound𝑊 (𝑓 ,𝐺 ) ≥ 𝑤0 > 0 for a

scorer class

𝑠𝜋 , 𝑠𝜋 ratios co-occurrence survival, 𝑞𝑁
1
/𝜋+ (𝐺 ) = 0.0380; the scorer-specific ceiling is 𝑠𝜋 /𝑞𝑓 , and 𝑞𝑁 /𝑤0 bounds a class

(Lem. 4.8). 𝑠𝜋 predicts the graph ratio before a draw

𝜏★ threshold selectivity threshold of a contrast for a property over a class (Def. 3.9)

GI graph space graphs admitted by the stated invariants; the space alone carries no probability distribution

𝑆 , 𝑆
forest

, 𝑆
leaf

samplers a generic sampling algorithm, the retained protected-forest sampler, and its leaf-exchange diagnostic variant

𝑃𝑆,𝑏 , supp(𝑃𝑆,𝑏 ) distribution, set distribution induced by sampler 𝑆 at budget 𝑏 and its support; G∞
𝑆

is the union of these supports over budgets

𝐹𝑆 edge set edges no budget of 𝑆 moves; 𝐹I those forced by the graph constraints

𝜀 constant benchmark-relative resolution scale, 0.0147; not an application-level minimum useful effect

We use only this sufficient direction and do not enumerate the full

component-preserving realization graph.

Our enumeration identifies 3,021 edges as a constraint-forced

lower bound. The unique-realizability argument explains why a

nonzero floor is expected in a co-authorship graph whose small

components often arise as paper cliques; it does not upgrade that

enumerated lower bound to a complete characterization. The asym-

metry between the rungs is still exact: 𝑁1 permits cross-component

swaps, so a locally rigid edge can move by pairing with an edge else-

where, whereas 𝑁2 forbids that route. The much larger 21,562-edge

protected forest belongs to 𝑆forest’s mechanism, not to the target.

D The specification and the mechanism
The figure makes explicit the containment relation between the

constrained graph space, the sampling distribution’s support, and

the fixed-edge set. Definitions 4.1 and 4.2 and the conditions in

Section 4 do not depend on the drawing.

E Sampler variants
Three samplers were compared at 10 attempted swaps per edge,

averaged over three diagnostic draws whose seeds are disjoint

from every inferential draw. The degree-preserving sampler re-

tains 0.000693 of the original adjacency and does not preserve

the component partition, which it is not asked to. The supplied

partition-preserving sampler 𝑆forest retains 0.029143, preserves the

partition on every draw, and moves none of the 21,562 edges in

its protected forest. The leaf-exchange variant 𝑆leaf retains 0.6597%

and moves 7.1-fold more of that protected mass.

We evaluate support adequacy with a perturbation-matching

statistic that the two partition-preserving samplers must hold below

0.02: 𝑆forest attains 0.028450, above the threshold, and 𝑆leaf attains

0.005904, below it. This is the quantitative form of the reading in

Section 4, where Lemma 4.4 bounds 𝑆forest’s achievable perturbation

by its retention floor irrespective of the mixing budget, so no longer

chain repairs it. A fourth variant, leaf-reattach, gives an almost

identical statistic, but we exclude it from the formal comparison

because its implementation is unavailable for reproduction.
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simple graphs on𝑉 constraint preservation

GI
supp(𝑃𝑆,𝑏 ) admitted, never

drawn

mobility

support adequacy

Figure 3: A constrained graph space and an implemented
sampling distribution are distinct objects. The dashed region
GI contains the graphs admitted by the stated invariants;
the solid region supp(𝑃𝑆,𝑏 ) is the support of the distribution
produced after budget 𝑏. Constraint preservation requires
containment. The gap is governed by sampler mobility and
support adequacy: an algorithm may leave edges fixed even
when the graph constraints do not. Not to scale; area does
not encode probability mass.

The both-in-giant diagnostic does not identify a set of Hits@50

units that cannot change, so Proposition 4.6 does not yield a reso-

lution bound for the partition condition. Separately, 𝑆forest fails the

support-adequacy condition in Definition 4.5.

F Scorer-family construction and sensitivity
Table 1 is the evidence behind Section 5.2. Two provenance details

are not visible in the table. First, the recomputed quantities and their

scope. The 12 arrangement-reading scorers and the two degree-

only scorers were evaluated on the same intact graph and the same

retained 𝑁1 draws as the main run, on the same split, but no arm

was retrained for them: a non-learned scorer requires no training,

and advantage requires only the intact score and the comparator

mean that the main run already recorded. This is why they carry

no intervals of their own. Adamic–Adar and the modularity-matrix

spectral embedding appear in both the main run and this table,

computed by two independent implementations on the same objects,

and agree on all three of𝑊 (𝑓 ,𝐺),𝐷 and𝐴 to within 5×10−6, which
supports use of the independently recomputed table.

The table is not a sample of scorers. The scorers were chosen

to span a wide range of𝑊 (𝑓 ,𝐺) because Lemma 3.5 is a claim

about a range; the four weakest rows are included to make that

range visible. Neither of the two statements Section 5.2 rests on

requires a sampling frame: Lemma 3.6 bounds |𝐷 − (𝐴 +𝑊 (𝑐,∅))|
for each scorer separately, and the selectivity threshold 𝜏★ is a

supremum over a class that this table enumerates in full. We report

the regression as a descriptive summary of this enumerated class,

not as a population estimate. The wide span allows us to state

whether the survival ratio remains small across the class.

The class boundary, varied. Because 𝜏★ is a supremum over a

class, it is a joint property of the contrast and of where the analyst

draws the class boundary, which makes the boundary the first pa-

rameter to vary. Every nested class obtained by raising an inclusion

floor on𝑊 (𝑓 ,𝐺) is in Table 4. The floor is the right axis to vary

because it is the only one available before the question is answered:

it consults neither advantage, nor the null, nor a threshold, so a

Table 4: 𝜏★ against the class boundary, on the same 12 mea-
surements throughout. Each row keeps every arrangement-
reading scorer above an inclusion floor on𝑊 (𝑓 ,𝐺) and is
named by the weakest scorer it still contains. band is the
width in points of the relative-drop interval the class occu-
pies, yield the number certified at that class’s own threshold,
and 𝜌 the rank agreement between the drop and advantage
within it. Rows marked vacuous have no member with non-
positive advantage, so 𝜏★ = −∞ by the empty-supremum
convention of Definition 3.9 and the contrast certifies every-
thing without having rejected anything.

| F | weakest member kept band 𝜏★ yield 𝜌

12 Structural role 10.4 99.25% 3/12 −0.13
11 Louvain block 10.4 99.25% 3/11 −0.07
10 Landmark dist. UB 10.4 99.10% 3/10 +0.05
9 Landmark sketch 8.2 99.10% 3/9 −0.30
8 Modularity spectral 8.2 91.70% 7/8 −0.21
7 Common nbrs 7.9 −∞ 7/7 (vacuous) −0.82
6 Jaccard 7.9 −∞ 6/6 (vacuous) −0.89
5 Salton 7.9 −∞ 5/5 (vacuous) −0.90
4 Resource alloc. 6.0 −∞ 4/4 (vacuous) −0.80
3 Adamic–Adar 5.9 −∞ 3/3 (vacuous) −0.50

boundary drawn on it cannot have been drawn to produce a desired

conclusion. The table has three implications.

The threshold is flat and then steps. Removing the 3 weakest

rows moves it by less than a point, from 99.25% to 99.10%; the fourth

takes it to 91.70%, 7.55 points below where it started; at |F | = 7 it

is −∞. No drop threshold transfers across these class definitions:

the curve appears stable until the row that changes it. Neither of

the two named values is therefore portable without stating the

class. Applied to all 12, the 8-scorer threshold 91.70% admits 10

scorers of which 3 have non-positive advantage; applied to the 8,

the 12-scorer threshold 99.25% certifies 3 of the 7 positives it exists

to find. The measurements are identical in both directions; only the

class changes. The false count a reader might look for is zero in

every row of the table by construction: Definition 3.9 makes 𝜏★ the

supremum over the members lacking the property, so no class can

certify one of its own negatives. That is exactly why the threshold,

and not an error rate computed inside the class that defined it, is

the quantity that has to be reported.

The yield is not evidence where the class has nothing to reject.

From |F | = 7 down, every member has positive advantage, 𝜏★ is

the supremum of the empty set, and the full yield follows from

arithmetic. A full yield on such a class records the composition of

the scorer list rather than a property of the contrast.

What survives the restriction is the ordering, and it points the

wrong way. Over the 7 scorers with positive advantage the drop

ranks 17 of 21 pairs opposite to advantage, 𝜌 = −0.82: the largest
drop in that class belongs to Salton cosine, 5th of 7 by advantage,

while Length-3 paths, normalised is first by advantage and 6th by

drop. The coefficient describes this enumerated class and estimates

nothing about a population (Appendix J); the pair count is the

statement the design supports, and it is the one the body quotes.

The identity is checked rather than assumed: |𝐷 − (𝐴 +𝑊 (𝑐,∅))|
and 𝑠𝑊 (𝑓 ,𝐺) agree to within 10

−9
on every arrangement-reading

row. The largest value of either is 0.042524, attained by Length-3
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D=W(f,G) (1− s), so
|D− (A+W(c, ∅))| = sW≤2.89ε here

degree-determined:
s=1, D=0 exactly

Absolute drop tracks intact performance

Figure 4: The absolute ablation drop against intact perfor-
mance, same scorers and markers as Figure 2. By Lemma 3.6
the drop differs from advantage plus a constant by exactly
𝑠𝑊 (𝑓 ,𝐺), at most 2.89𝜀 here across a 33-fold span, which is
why the points track a line, and why no fit is needed to say
so. Degree-determined rows sit at 𝐷 = 0 exactly (Lemma 3.7);
the learned arm sits off the line because its survival ratio is
not small. The line is drawn to make the alignment visible;
the bound it illustrates holds for each point separately.

paths. From the two measured ranges alone, without pairing any

particular 𝑠 with any particular 𝑊 (𝑓 ,𝐺), the same discrepancy

is bounded a priori by Lemma 3.6’s 𝑠max𝑊max = 0.0579 = 3.94𝜀,

weaker than the observed maximum, and available from Table 1

without the per-scorer pairing.

G Cross-benchmark co-occurrence diagnostic
Table 2 provides a different kind of evidence from Table 1. The

scorer sweep varies the scorer under one fixed protocol, so its rows

are commensurable by construction. The cross-benchmark rows

vary the benchmark, and benchmarks differ in more than the graph.

Figure 5 shows the relative-drop range permitted by each bench-

mark’s co-occurrence bound, with the bounded class’s measured

drops inside it. Figure 6 compares the degree-sequence estimate 𝑠𝜋
with the measured 𝑠𝜋 ; its error is in the direction that recommends

an unnecessary draw.

What differs across the rows. Each benchmark keeps its own

published metric and 𝐾 : Hits@50 on ogbl-collab, Hits@20 on the

other four. Negatives follow each benchmark’s own convention: the

published fixed set on the OGB graphs, per-positive candidate pools

on Cora, CiteSeer and PubMed. Neither choice is ours to make and

neither is neutral, which is why the comparison the argument rests

on is Cora against CiteSeer: same metric, same 𝐾 , same negative

convention, same generator of node content, and a 𝑠𝜋 that differs

by less than a factor of two. Rows that cross those lines support

ordinal statements and are read no more strongly.

ogbl-collab
sπ=0.038

CiteSeer
sπ=0.044

Cora
sπ=0.068

PubMed
sπ=0.095

ogbl-ddi
sπ=1.000
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f) 

 (%
)

shaded: bound using the
class minimum intact score

ceiling >1:
no constraint

Co-occurrence bound on relative drop

Figure 5: Range permitted by the co-occurrence bound. Each
open circle is one of the 5 strictly co-occurrence-supported
scorers at itsmeasured relative drop; each shaded region runs
from the smallest drop Lemma 4.8 permits any member of
the observed class up to 100%. The displayed envelopes insert
the null co-occurrence mass and each observed class’s min-
imum intact score, and are therefore retrospective. Bench-
marks are ordered by 𝑠𝜋 . On the three with 𝑠𝜋 ≤ 0.0684 the
measured drops span at most 1.9 percentage points, while
the corresponding theorem envelopes are at most 12.9 points
wide; on ogbl-ddi the ceiling exceeds one and constrains noth-
ing. Every point falls inside its own region, 25/25 across all
draws. Envelope width is an analytical range, not evidence
of advantage, which is a separate axis and is not shown here.

What does not differ. 𝑠𝜋 and 𝜋+ (𝐺) are functions of the graph, the
null and the evaluation positives, so they are invariant to the nega-

tive protocol. Re-running ogbl-collab against 500 hard candidates

per positive [18] reproduces both to the displayed precision, while

every scorer’s𝑊 (𝑓 ,𝐺) and 𝑠 changes (Section 4.3). This invariance

makes 𝑠𝜋 suitable as a dataset-level diagnostic.

The 𝜌 column. 𝜌 is the rank agreement between the relative drop

and advantage over the 5 bounded scorers on each benchmark,

computed on 5 points and reported per benchmark rather than

pooled. Its range across the 4 is −0.60 to +0.90; the sign is not a

constant of the contrast. The bands those coefficients rank inside

provide necessary context, 0.9 points at the narrowest and 24.8

at the widest, because a rank computed inside a band a point or

two wide is ordering differences the benchmark can barely resolve,

which is one reason the signmoves.Whether band width determines
the sign is more than 4 benchmarks can support; the diagnostic’s

claim (Section 4.3) is about the band and not about the rank.

Per-scorer values. Table 5 gives every cell behind Table 2. Two

entries are absent rather than zero: on ogbl-ddi the Jaccard and

Salton normalizations score 2 positives above threshold on the

intact graph, so 𝑠 is 0/0 there and no survival ratio exists to report.

The degree control is marked; Lemma 4.8 does not cover it. We

include it to make the one family member outside the bound explicit.
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The screen before the sampler

Figure 6: Degree-sequence approximation to the measured
diagnostic. 𝑠𝜋 is computed from the degree sequence and the
evaluation positives with no null draw; 𝑠𝜋 is measured over
10 draws. Both values per benchmark are in Table 2. On the
2 benchmarks with more than 10

4 nodes the two agree to
within 1.0%; on the two smallest and sparsest, 𝑠𝜋 over-states
survival by up to 1.43×. Over-stating survival over-states how
much room the ablation has, so the error is in the direction
that wastes a draw rather than the direction that suppresses
an informative experiment, which is why 𝑠𝜋 is offered as a
triage step before 𝑠𝜋 and not as a replacement for it. Five
points: this establishes the sign of the error and its scale on
these graphs, not a calibration curve.

H A check on the spectral restriction
Restricting the embedding to positive eigenpairs assumes the latent-

position model is positive semi-definite, which the generalised ran-

dom dot product graph relaxes [26]. Including negative eigenpairs

does not change the conclusion for this scorer. At rank 512, twice

the selected rank and split evenly between positive and negative

eigenpairs, the indefinite embedding scores 0.2609 on the intact

graph, 1.18𝜀 below the positive-eigenpair scorer on twice the spec-

tral budget, for an advantage of −0.0705, more negative than the

−0.0531 reported in the body. The negative-eigenpair block alone

scores 0.1673, advantage −0.1640. At a smaller rank the ordering

between the two reverses by 0.25𝜀, inside the resolution scale and

therefore not a difference we would report in either direction. These

are fixed-rank probes rather than scorers selected under the pro-

tocol of Section 5, so they answer only whether the restriction is

what produces the negative advantage. It is not.

I Per-replicate intervals for the retrained
scorers

Table 6 and Figure 7 give the three scorers for which an arm was

retrained, and therefore the three that carry per-replicate intervals;

the remaining rows of Table 1 are point estimates for the reason

given in Appendix F. The values are quoted in Section 5.3.

Table 5: Every cell behind Table 2, at each benchmark’s own
𝐾 . Ceiling is Lemma 4.8’s bound on 𝑠. Ceilings above one are
vacuous, which is the ogbl-ddi case. †degree control: outside
the bound’s scope by construction, and reported so its exclu-
sion is checkable.

Benchmark Scorer 𝑊 (𝑓 ,𝐺 ) 𝑠 (𝑓 ) ceiling 𝐴

ogbl-collab Common nbrs 0.4170 0.0052 0.0497 0.0856

Adamic–Adar 0.5240 0.0205 0.0396 0.1926

Resource alloc. 0.5235 0.0200 0.0396 0.1921

Jaccard 0.4869 0.0010 0.0426 0.1555

Salton 0.4888 0.0010 0.0424 0.1574

Pref. attach.
†

0.0804 1.0000 0.2581 -0.2510

CiteSeer Common nbrs 0.2088 0.0621 0.0747 0.0365

Adamic–Adar 0.2593 0.0551 0.0602 0.0870

Resource alloc. 0.2615 0.0546 0.0597 0.0892

Jaccard 0.2418 0.0609 0.0645 0.0695

Salton 0.2330 0.0632 0.0670 0.0607

Pref. attach.
†

0.0242 1.0000 0.6455 -0.1481

Cora Common nbrs 0.2258 0.0529 0.1294 0.1213

Adamic–Adar 0.3055 0.0553 0.0957 0.2009

Resource alloc. 0.3036 0.0563 0.0963 0.1991

Jaccard 0.2676 0.0709 0.1092 0.1630

Salton 0.2676 0.0702 0.1092 0.1630

Pref. attach.
†

0.0190 1.0000 1.5400 -0.0856

PubMed Common nbrs 0.0589 0.2559 0.4510 0.0162

Adamic–Adar 0.0837 0.2631 0.3173 0.0410

Resource alloc. 0.0754 0.2931 0.3524 0.0326

Jaccard 0.0580 0.3883 0.4580 0.0153

Salton 0.0449 0.5035 0.5915 0.0022

Pref. attach.
†

0.0196 1.0000 1.3529 -0.0231

ogbl-ddi Common nbrs 0.1773 0.2118 5.6396 –

Adamic–Adar 0.1861 0.2055 5.3735 –

Resource alloc. 0.0623 0.6157 16.0577 –

Jaccard 0.0000 – – –

Salton 0.0000 – – –

Pref. attach.
†

0.0393 1.0000 25.4668 –

J What the measurements do not establish
The spectral scorer is an ordinary combination of two standard

constructions, with eleven other scorers in the same ablation band;

it is not a constructed counterexample. Its negative advantage is

measured against a trained arm, however, while the scorer itself

trains nothing. The result is therefore consistent with the scorer

reading real arrangement information through a fixed inner prod-

uct less efficiently than 𝑐 reads content. Lack of training alone does

not explain the result: 7 other untrained scorers clear the same

comparator and 6 outrank the trained graph arm. Nor is the result

specific to the selected spectral rank: rank is chosen on validation

within each condition, and adding negative eigenpairs makes the

advantage more negative (Appendix H). A trained readout on the

embedding at the comparator’s budget would distinguish the re-

maining explanations; we did not evaluate one, so the claim remains

comparator-relative as Definition 3.3 requires.

Dependence and advantage are correlated here for the algebraic

reason in Lemma 3.6. The absolute drop has correlation 0.9982 with

advantage over the 12 arrangement-reading scorers, but this is
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GraphSAGE

Modularity-matrix spectral

Adamic–Adar
98.0% of W(f,G)

91.7% of W(f,G)

34.2% of W(f,G)

(a) What the graph ablation reports
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(b) What a structural claim needs

Figure 7: The two contrasts measured, ogbl-collab, Hits@50. Rows are the three scorers of Table 6; colour identifies the scorer
and is constant across panels, so no hue changes meaning between them. Open circles are the 10 paired per-replicate differences,
the filled diamond their mean, the bar the two-sided 95% paired Student-𝑡 interval at df = 10 − 1; each circle is one replicate,
not one evaluation pair. (a) What an ablation reports: all three scorers are strongly dependent, annotated as a share of intact
performance. The two non-learned intervals are narrower than the diamond that covers them because those scorers are
deterministic on the intact graph, so only the null draw varies: a low-variance object, not extra evidence. (b) What a structural
claim asserts, against a content-only comparator on identical features. The band is ±𝜀 = 0.0147, a benchmark-relative resolution
scale and not an application-level minimum useful effect. The comparator is trained and the spectral scorer is not, so panel (b)
shows arrangement information failing to beat trained content, not arrangement information redundant with node content
(Section 5.3); and three scorers illustrate the dissociation, not a rule for how 𝐷 and 𝐴 order scorers.

Table 6: Dependence and advantage on ogbl-collab, Hits@50,
𝑛 = 10 paired replicates over training seeds 21–30; brack-
eted rows are two-sided 95% paired Student-𝑡 intervals at
df = 10 − 1. 𝐷 is what a graph ablation reports, against
a degree-preserving null draw; 𝐴 is measured against a
content-only comparator on identical node features, which
is content-matched and not capacity-matched, with the mis-
match favouring the graph arm (Section 3.1). Arm means are
in Section 5.3. The non-learned scorers are deterministic on
the intact graph, so their 𝐴 intervals inherit their variance
from the comparator arm alone (Appendix A). These are the
three scorers for which an arm was retrained and intervals
therefore exist; the remaining 15−3 are in Table 1 as point
estimates. Every scorer here has large 𝐷; one has negative 𝐴;
what the full family supports is in Section 5.2.

Scorer 𝐷 (% of𝑊 (𝑓 ,𝐺 )) 𝐴

Adamic–Adar +0.5133 (97.95%) +0.1926
[0.5122, 0.5144] [0.1838, 0.2015]

Modularity-matrix spectral +0.2552 (91.70%) −0.0531
[0.2538, 0.2565] [−0.0620, −0.0443]

GraphSAGE +0.1622 (34.25%) +0.1423
[0.1535, 0.1709] [0.1309, 0.1537]

Content only (no graph) — 0

induced by their shared intact score and is not independent evi-

dence. The non-ordering result instead concerns survival, and hence

relative drop. The inverted pair in Table 1 satisfies the empirical

condition in Theorem 3.10.

The saturation is a statement about an enumerated class, the 12

scorers listed in full under a stated inclusion rule, and not about

a population; why neither result of Section 5.2 needs a sampling

frame is set out in Appendix F.

The large dependence estimate does not quantify how much

recoverable spectral signal ogbl-collab contains. Its value remains

compatible with preserved degree statistics, incomplete null-chain

mixing, other preserved structural summaries, and candidate-set

composition.

Separately, negative advantage does not establish that the ar-

rangement information is redundant with node content. Here

“worse than using no graph” means worse than the specific trained

content-only model with 164,608 encoder and 131,841 predictor

parameters. Section 5.3 reports the within-table comparisons that

narrow this ambiguity, but the present protocol does not distin-

guish redundancy from a less effective fixed readout. This is the

relevant limitation of the measurement.

K Sensitivity to the resolution scale
The resolution scale’s recorded derivation is 0.0147 = 0.1×(0.4812−
0.3342), ten percent of a gap between a published reference value

and a prior three-seed comparator mean. It is therefore calibrated

on the same type of comparator gap evaluated here. It is also close

to one replicate standard deviation of the primary contrasts (their

mean per-replicate standard deviation is 0.015385, so 𝜀 is 0.9555

of it), which is an observation about the value rather than about

its provenance. Neither reading is necessary for the conclusions,

because Table 7 evaluates each result across a fourfold range of 𝜀
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Table 7: Every ogbl-collab verdict recomputed at 0.5×, 1× and
2× the frozen resolution scale 𝜀 = 0.0147, from the retained
per-replicate arrays. A verdict is > +𝜀 when the interval’s
lower bound exceeds +𝜀, < −𝜀 when its upper bound is be-
low −𝜀, within ±𝜀 when the whole interval lies inside the
band, and unresolved otherwise. Two contrasts change ver-
dict across the range, and they are the two the paper reports
as unresolved; no claim made in this paper depends on the
value of the constant.

Quantity 0.5 × 𝜀 𝜀 2 × 𝜀

𝐷 , GraphSAGE > +𝜀 > +𝜀 > +𝜀
𝐷 , GraphSAGE (𝑁2 rung) > +𝜀 > +𝜀 > +𝜀
𝐴, GraphSAGE > +𝜀 > +𝜀 > +𝜀
𝐷 , Adamic–Adar > +𝜀 > +𝜀 > +𝜀
𝐴, Adamic–Adar > +𝜀 > +𝜀 > +𝜀
𝐷 , spectral > +𝜀 > +𝜀 > +𝜀
𝐴, spectral < −𝜀 < −𝜀 < −𝜀
GraphSAGE − Adamic–Adar < −𝜀 < −𝜀 < −𝜀
randomized − content

† < −𝜀 unresolved unresolved

rung difference
†

unresolved within ±𝜀 within ±𝜀
†
verdict is not stable across the range.

and none changes. The sensitivity table allows the threshold to be

stated without making the conclusion depend on the calibration

constant.

L Precision of the heuristic contrast
Adamic–Adar outscores the trained model: the trained-minus-

heuristic contrast is −0.050327 (CI [−0.0573, −0.0434]). Prior work
also reports strong heuristic performance [18]; here the relevant

property is the contrast’s precision. Its half-width is 0.006954, be-

low the 0.00735 target, which makes it the only non-deterministic

contrast in the study meeting the protocol’s prospective precision

target. When Adamic–Adar is used in Section 5.3 as the scorer

whose dependence and advantage are both large, the credibility of

that measurement therefore rests on this study’s best-estimated

quantity. We use that precision only for the specific contrast in

Section 5.3.

M Training conditions and study provenance
All four arms share one split over train, validation and test positives,

one fixed negative set and one set of node features, and all four

were trained with identical hyperparameters on all ten seeds: three

layers, 256 hidden channels, dropout 0, learning rate 10
−3
, batch

size 65536, 400 epochs with per-epoch validation selection. The

arms therefore differ in their information condition and in message

passing, not in their optimization. Encoder and predictor parameter

counts were read off each trained model, which is why the capacity

mismatch of Section 3.1 is a measured gap rather than one inferred

from a pilot. Training seeds are 21–30, the extension seeds named

in Section 6 are 31–40, and the seeds used for the diagnostic draws

of Appendix E are disjoint from every draw entering an interval.

Three limitations qualify the findings above. The study was not

preregistered, was partially informed by prior analyses, and its

original analysis plan is unavailable. The resolution scale 𝜀 was

derived from three earlier training seeds, disjoint from the ten used

here, so it is calibrated on this benchmark but not on this sample,

which is why every conclusion is evaluated across a fourfold range

of it (Appendix K). And the 0.02 perturbation-matching threshold

of Appendix E has no documented derivation; no claim in the paper

turns on its exact value, only on Lemma 4.4, which bounds 𝑆forest’s

perturbation without reference to it.

N What the intervals resample
Each interval in this work resamples a different object. Table 8

identifies that object and the resulting interpretation. Two rows

require particular care.

Not represented in any interval anywhere: split variation, held at

a fixed seed; hyperparameter variation; and generator variation

for the visible-bridge experiment, whose intervals are case-level at

five fixed generator seeds. Secondary contrasts are not adjusted for

multiplicity, and the primary contrast, primary slice and primary 𝑘

were declared in the protocols before analysis.

O Failure modes and diagnostics
Table 9 organizes four checks around the intervention, the contrast,

and the compared arms. Support adequacy (Definition 4.5) tests

whether the sampler can deliver the intended perturbation; the

selectivity threshold (Definition 3.9) tests whether the contrast

separates the property of interest. Arm comparability is a property

of the two protocols themselves: an anchor offered as a ceiling

must share the observation contract of the arms it bounds. For

the partition condition, the available statistic does not identify the

affected evaluation units required by Proposition 4.6, so it provides

no resolution bound.

P The controlled testbed
The testbed is a typed co-affiliation graph built from a curated cor-

pus of professional profiles, in which every edge traces to a named

profile field and the relevance labels are held apart from graph

construction. Two regimes are held fixed: in the hidden-dominant
regime much of the relevance-generating state is available only

to the evaluator, and in the visible-bridge regime the relevance

rule is materialized in the typed structure and withheld from the

text-only view, so recoverability can be checked before model re-

sults are interpreted. The profile-level inputs sit under a restricted

access boundary. The public benchmark therefore carries the re-

producible empirical analysis, while this testbed is reported as a

separate controlled case. The testbed informed the diagnostic de-

sign; the primary evidence and conclusions come from the public

benchmark analysis presented first.

Contract-matched results. In the hidden-dominant regime a lin-

ear typed-incidence scorer, matched to the learned family under the

same statically enforced observation contract, beats the content-

only arm by 0.0292 (hierarchical bootstrap CI [0.0209, 0.0380], 20/20

generator seeds positive; the seed-level interval [0.0229, 0.0356]

agrees). Both quantities are positive, so this regime’s signal is reach-

able under the contract the arms share. The trained model does not

reach it: the best of six GraphSAGE configurations scores −0.0184
against that scorer (CI [−0.0286, −0.0090]), and all six lose. In the

visible-bridge regime the same scorer’s advantage is 0.0000 (CI
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Table 8: What each interval resamples. Two rows would otherwise read as defects: the non-learned 𝐴 contrasts report an
identical dispersion because it comes entirely from the comparator arm, and the non-learned 𝐷 contrasts are narrow because a
deterministic scorer on a fixed graph leaves only the null draw to vary. Narrowness here reflects a low-variance object, not
extra evidence.

Contrast Varies across replicates Consequence

𝐷 , GraphSAGE training seed on both arms and the null draw

jointly

confounds training-seed with draw-to-draw variance; not sepa-

rable at 𝑛 = 10

𝐴, GraphSAGE training seed on both arms the cleanest of the three

𝐴, non-learned the comparator arm only the scorer is deterministic on the intact graph, so both non-

learned 𝐴 contrasts report an identical per-replicate standard

deviation

𝐷 , non-learned the null draw only no training is involved; these are the only contrasts meeting the

precision target, and the small dispersion reflects a low-variance

object

rung difference training seed plus two draws shares replicate structure with both 𝐷 contrasts, so its variance

is not independent of theirs

Table 9: Diagnostic checks and their implications for the
reported contrasts.

Check Finding and implication

Design sensitivity

resolution bound
For the partition condition, the 0.9772 both-in-

giant share does not identify which Hits@50

units can change. Proposition 4.6 therefore

does not apply; the proposed ceiling 0.0228 also

exceeds the achieved half-width 0.0111.

Sampler support

perturbation check
𝑆
forest

fixes 2.2283% of edges, compared with

the constraint-forced lower bound 0.3122%, and

cannot meet the overlap threshold 0.020693 at

any sampling budget. A leaf-exchange sampler

shows that the constrained graph space does

admit a qualifying perturbation.

Contrast selectivity

selectivity
Dependence is 91.70% for a scorer whose

advantage is −0.0531; selectivity threshold

𝜏★ = 99.25% with yield 3/12(§5.2). Dependence

should therefore be reported alongside a graph-

free comparison rather than interpreted as ad-

vantage.

Comparator align-

ment

comparability

An anchor at 375 warm cells with no hold-

out, offered as a ceiling for arms run at 241

cases under an inductive split (§P). The anchor

must be recomputed under the same observa-

tion and holdout protocol before it can bound

those arms.

[−0.0051, 0.0049]). A contract-matched scorer reports reachable

signal in one regime and none in the other; the second null re-

tains enough support to be informative under the stated protocol

(Figure 8).

The withdrawn anchor, in full. Appendix O states the compara-

bility failure. The numbers behind it: an evaluator oracle reaches

0.9915 NDCG@8 in the visible-bridge regime and a structural an-

chor that reads each candidate’s own target-bearing edge reaches

0.7053, while the text ladder sits at chance; the learned arms scored

0.0195. The anchor was computed under a warm regime with no

holdout over 375 evaluation cells, and the learned arms ran under

−0.06 −0.04 −0.02 0.00 0.02 0.04 0.06
Paired ΔNDCG@8 (20 generator seeds)

Bridge
structural − content

Hidden
GraphSAGE − structural

Hidden
structural − content

Figure 8: Controlled testbed, NDCG@8, unit = generator seed
(20 seeds). Open circles are per-seed paired differences, the
filled diamond their mean, the bar a 95% hierarchical boot-
strap interval resampling seeds and caseswithin seeds; colour
repeats the regime already named in each row label and car-
ries nothing further. A contract-matched structural scorer
reports reachable signal in the hidden-dominant regime and
none in the visible-bridge regime; the trained model reaches
neither. The bridge contrast has enough sensitivity to de-
tect 0.0047, a fifth of the hidden-regime effect. Relevance is
evaluator-constructed, so the contrast measures signal recov-
ery under a known generator, not recommendation quality.
This controlled result is supplementary; no primary claim
depends on it.

an active inductive split retaining 70% of candidates over 241 cases,

so a comparison between them crosses two populations under two

observation contracts in either direction.

What remains open. For held-out candidates the exact target

block is absent from the declared InferenceView; the contract-

matched ceiling uses only allowlisted declared-entity relations. Its

implementation is identifier-equivariant: under any bijective rela-

beling of opaque candidate identifiers, with allowed attributes and

relations carried along, its scores relabel but do not change. The

test suite checks that property. This is an interface guarantee for

the audited scorer, not an information-theoretic claim that every
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conceivable program lacks the generator seed or could not recom-

pute the identifier hash. For the roughly 70% held in, the target is

present in the graph the model fits on, and whether an arbitrary

20-pair matching over 40 block representations is expressible by

the decoder in use and learnable from the available supervision

is a question about a bilinear form that we have not settled. It is

not closed by the structural scorer’s null in this regime, because

a similarity-shaped scorer returning zero against a disassortative

target is equally consistent with no reachable signal and with no

similarity-shaped method reaching it.

Q Confirmatory topology contrasts
The confirmatory experiment in the hidden-dominant regime ran

over 30 generator worlds (1000–1029) at a fixed split seed, with

the primary contrast, primary slice and primary 𝑘 declared in the

protocol before analysis. On the primary full slice the randomization

contrast is 0.0068 (CI [0.0041, 0.0098], 22/30 worlds positive) and

the content contrast is 0.0079 (CI [0.0041, 0.0117], 22/30). On the

secondary non-obvious slice both intervals contain zero: −0.0029
(CI [−0.0081, 0.0022]) and 0.0040 (CI [−0.0026, 0.0104]).

We keep the non-obvious slice out of the primary claim because

the minimum detectable effect at this sample size is 0.0077, larger

than the 0.0068 effect detected on the full slice. A design that could

not have detected an effect of that size has not shown that no

effect is present. Figure 9 shows the world-level dispersion behind

each interval, which the intervals alone do not convey and which

pre-empts the reading that a mean is carried by a few worlds.

−0.04 −0.02 0.00 0.02 0.04
Paired ΔNDCG@8 (30 generator worlds)

Non-obvious
intact − content

Non-obvious
intact − randomized

Full
intact − content

Full
intact − randomized

Figure 9: Hidden-dominant regime, NDCG@8, 30 generator
worlds. Open circles are per-world means of the paired case-
level difference, the filled diamond their mean, the bar a
percentile bootstrap over worlds. Blue is the primary full
slice (22/30 worlds positive on the topology contrast), grey
the secondary non-obvious slice. The non-obvious rows are
not evidence that typed structure fails there: the minimum
detectable effect at this sample size is 0.0077, larger than the
0.0068 effect measured on the full slice. Primary contrast,
primary slice and primary 𝑘 were declared in the protocol
before analysis; the remaining contrasts are secondary and
not adjusted for multiplicity.

R Reproducibility and access
The ogbl-collab side rests entirely on public data: the benchmark,

its published split and its fixed negatives. Every quantity in this

paper is traceable to the run that produced it, and every contrast,

recomputed from the per-replicate values, agrees with the summary

it is quoted from to within 10
−12

for all thirteen contrasts. The

controlled testbed’s profile-level inputs sit under a restricted access

boundary, so what stands behind Appendix P is its summaries and

protocol files, not the inputs themselves.
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