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2 ORTHOGONAL POLYNOMIALS

1 Introduction
Why this paper? Why Spectral Methods? Why a Spectral Toolbox? Why Python?

2 Orthogonal Polynomials
Orthogonal polynomials can be used in order to approximate functions in space. There exist
infinite sets of orthogonal polynomials, however some of them have been studied extensively due
to their simplicity and performances.

The Spectral Toolbox includes several polynomials for bounded as well as for unbounded
domains. The available polynomials will be presented in the following. More information about
orthogonal polynomials can be found in literature (e.g. [3]).

2.1 Jacobi Polynomials
2.1.1 Legendre Polynomials

2.1.2 Chebyshev Polynomials

2.2 Hermite Polynomials
Hermite polynomials span the interval I := (−∞,∞).

2.2.1 Hermite Physicists’ Polynomials

The Hermite Physicists Polynomials denoted by Hn(x) are eigenfunctions of the Sturm-Liouville
problem:

ex
2
(
e−x

2

H ′n(x)
)′

+ λnHn(x) = 0, ∀x ∈ I := (−∞,∞) (1)

• Recurrence relation 
H0(x) = 1

H1(x) = 2x

Hn+1(x) = 2xHn(x)− 2nHn−1(x)

(2)

• Derivatives 
H

(k)
n (x) = 2nH

(k−1)
n−1 (x)

H
(0)
n (x) = Hn(x)

H
(k)
0 (x) = 0 for k > 0

(3)

• Orthogonality

w(x) = e−x
2

(4)

γn =
√
π2nn! (5)

• Gauss Quadrature points and weights
The Gauss points {xj}Nj=0 corresponding to HN+1(x) can be obtained using the Golub-
Welsh algorithm [2] where:

aj = 0 bj =
j

2
(6)
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2.2 Hermite Polynomials 2 ORTHOGONAL POLYNOMIALS

The Gauss weights are obtained by:

wj =
λN
λN−1

(HN (x), HN (x))

HN (xj)H ′N+1(xj)
=

γN
(N + 1)H2

N (xj)
(7)

2.2.2 Hermite Functions

Hermite Functions are used because of their better behavior respect to Hermite Polynomials at
infinity.

• Recurrence relation
H̃0(x) = e−x

2/2

H̃1(x) =
√
2xe−x

2/2

H̃n+1(x) = x
√

2
n+1H̃n(x)−

√
n
n+1H̃n−1(x), n ≥ 1

(8)

• Derivatives
The recursion relation for the k-th derivative of the function of order n is:

H̃(k)
n (x) =

√
n

2
H̃

(k−1)
n−1 (x)−

√
n+ 1

2
H̃

(k−1)
n+1 (x) (9)

Using this recursion formula we end up having an expression involving only Hermite Func-
tions H̃(0)

n (x), that can be computed using the recurrence relation, and derivatives of the
first Hermite Function H̃(k)

0 that have the following form:

H̃
(k)
0 = a0e

−x2/2 + a1xe
−x2/2 + a2x

2e−x
2/2 + . . .+ akx

ke−x
2/2 (10)

The values {ai}ki=0 can be found using the following table:

k a0 a1 a2 a3 a4 a5 a6 a7 a8 . . .
0 1 . . .
1 -1 . . .
2 -1 1 . . .
3 3 -1 . . .
4 3 -6 1 . . .
5 -15 10 -1 . . .
6 -15 45 -15 1 . . .
7 105 -105 21 -1 . . .
8 105 -420 210 -28 1 . . .
...

...
...

...
...

...
...

...
...

...

that can be generated iteratively using the following rules:
A(0, 0) = 1

A(i, j) = 0 if i < j

A(i, j) = A(i, j)−A(i− 1, j − 1) if j 6= 0

A(i, j) = A(i, j) +A(i− 1, j + 1)(j + 1) if i > j
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2.2 Hermite Polynomials 2 ORTHOGONAL POLYNOMIALS

• Orthogonality

w(x) = 1 (11)

γn =
√
π (12)

• Gauss Quadrature points and weights The Gauss points {x̃j}Nj=0 corresponding to
H̃N+1(x) can be obtained using the Golub-Welsh algorithm [2] where:

aj = 0 bj =
j

2
(13)

These points are exactly the same of the Hermite Polynomials in (6).
The Gauss weights are obtained by:

w̃j =
γN

(N + 1)H̃2
N (xj)

(14)

2.2.3 Hermite Probabilists’ Polynomials

The Hermite Physicists Polynomials denoted by Hn(x) are eigenfunctions of the Sturm-Liouville
problem: (

e−x
2

He′n(x)
)′

+ λne
−x2

Hen(x) = 0, ∀x ∈ I := (−∞,∞) ∧ λ ≥ 0 (15)

• Recurrence relation 
He0(x) = 1

He1(x) = x

Hen+1(x) = xHen(x)− nHen−1(x)
(16)

• Derivatives 
He

(k)
n (x) = nHe

(k−1)
n−1 (x)

He
(0)
n (x) = Hen(x)

He
(k)
0 (x) = 0 for k > 0

(17)

• Orthogonality

w(x) =
1√
2π
e−x

2/2 (18)

γn = n! (19)

• Gauss Quadrature points and weights
The Gauss points {xj}Nj=0 corresponding to HeN+1(x) can be obtained using the Golub-
Welsh algorithm [2] where:

aj = 0 bj = j (20)

The Gauss weights are obtained by:

wj =
γN

(N + 1)He2N (xj)
(21)
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2.3 Laguerre Polynomials 3 GENERALIZED POLYNOMIAL CHAOS

2.3 Laguerre Polynomials

3 Generalized Polynomial Chaos

Example 3.1 (Stochastic Test Equation).
Consider the stochastic test equation

du(t, ξ)

dt
= −k(ξ)u(t, ξ), u(0, ξ) = u0 (22)

ξ ∼ U(−1, 1), ρξ(ξ) =
1

2
, k(ξ) =

1

2
ξ +

1

2

where the decay rate is uniformly distributed in I ∈ [0, 1]. Let’s apply non-normalized
Legendre-chaos on the random input as well as on the function u(t, ξ), where{
J
(0,0)
i (ξ)

}N
i=0

are the orthogonal Legendre basis functions.

k(ξ) ≈ kN (ξ) =

N∑
i=0

k̂iJ
(0,0)
i (23)

k̂i =
1

γi

∫ 1

−1
k(ξ)J

(0,0)
i (ξ)w(ξ)dξ ≈ AT k(ξ) (24)

u(t, ξ) ≈ uN (t, ξ) =

N∑
i=0

ûi(t)J
(0,0)
i (25)

ûi(t) =
1

γi

∫ 1

−1
u(t, ξ)J

(0,0)
i (ξ)w(ξ)dξ ≈ ATu(t, ξ) (26)

where Aj,i =
J

(0,0)
i (ξj)

γi
wj and {ξi, wi}Ni=0 is a set of quadrature points. The gPC-

expansion of (22) is given by:

E

[
du(t, ξ)

dt
J
(0,0)
k (ξ)

]
ρξ(ξ)

= E
[
−k(ξ)u(t, ξ)J (0,0)

k (ξ)
]
ρξ(ξ)

(27)

∫ 1

−1

N∑
i=0

dûi(t, ξ)

dt
J
(0,0)
i (ξ)J

(0,0)
k (ξ)ρξ(ξ)dξ = (28)

−
∫ 1

−1

N∑
i,j=0

k̂iûj(t)J
(0,0)
i (ξ)J

(0,0)
j (ξ)J

(0,0)
k (ξ)ρξ(ξ)dξ

dûk(t)

dt
= − 1

γk

N∑
i,j=0

k̂iûj(t)

∫ 1

−1
J
(0,0)
i (ξ)J

(0,0)
j (ξ)J

(0,0)
k (ξ)w(ξ)dξ︸ ︷︷ ︸

≈
∑2N
l J

(0,0)
i (ξl)J

(0,0)
j (ξl)J

(0,0)
k (ξl)wl=eijk

(29)

The initial conditions for the gPC-expansion are:

ûi(0) =
1

γi

∫ 1

−1
u(0, ξ)J

(0,0)
i (ξ)w(ξ)dξ =

{
u0 i = 0

0 i ≥ 1
(30)
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3 GENERALIZED POLYNOMIAL CHAOS

The expectation of the solution is given by

E [u(t, ξ)]ρξ =

∫ 1

−1
u(t, ξ)ρξ(ξ)dξ ≈

∫ 1

−1

N∑
i=0

ûi(t)J
(0,0)
i (ξ)ρξ(ξ)dξ (31)

=

N∑
i=0

ûi(t)
1

2

∫ 1

−1
J
(0,0)
i (ξ)w(ξ)dξ = û0(t)

The variance of the solution is given by

Var[u(t, ξ)]ρξ(ξ) = E
[
(u(t, ξ)− µu(t))2

]
ρξ(ξ)

(32)

≈ E[u2N (t, ξ)]ρξ(ξ) − 2µu(t)E[uN (t, ξ)]ρξ(ξ) + µ2
u(t)

=

∫ 1

−1

N∑
i,j=0

ûi(t)ûj(t)J
(0,0)
i (ξ)J

(0,0)
j (ξ)ρξ(ξ)dξ − µ2

u(t)

=
1

2

N∑
i=0

û2i (t)γi − û20(t) =
1

2

N∑
i=1

û2i (t)γi

If normalized Legendre-chaos is employed, then some modifications to the equations

have to be considered. The normalized basis are given by J̃ (0,0)
i (ξ) =

J
(0,0)
i (ξ)√
γi

, thus

k̂i =

∫ 1

−1
k(ξ)J̃

(0,0)
i (ξ)w(ξ)dξ ≈ AT k(ξ) (33)

ûi(t) =

∫ 1

−1
u(t, ξ)J̃

(0,0)
i (ξ)w(ξ)dξ ≈ ATu(t, ξ) (34)

where Aj,i = J̃
(0,0)
i (ξj)wj and {ξi, wi}Ni=0 is a set of quadrature points. The gPC-

expansion is then written as

dûk(t)

dt
= −

N∑
i,j=0

k̂iûj(t)

∫ 1

−1
J̃
(0,0)
i (ξ)J̃

(0,0)
j (ξ)J̃

(0,0)
k (ξ)w(ξ)dξ︸ ︷︷ ︸

≈
∑2N
l J̃

(0,0)
i (ξl)J̃

(0,0)
j (ξl)J̃

(0,0)
k (ξl)wl=eijk

(35)

The initial conditions are given by

ûi(0) =

∫ 1

−1
u(0, ξ)J̃

(0,0)
i (ξ)w(ξ)dξ =

{
2 u0√

γ0
i = 0

0 i ≥ 1
(36)
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3.1 Time Dependent gPC 3 GENERALIZED POLYNOMIAL CHAOS

The expectation and the variance of the solution for the normalized gPC are given by

E [u(t, ξ)]ρξ =

∫ 1

−1
u(t, ξ)ρξ(ξ)dξ ≈

∫ 1

−1

N∑
i=0

ûi(t)J̃
(0,0)
i (ξ)ρξ(ξ)dξ (37)

=

N∑
i=0

ûi(t)√
γi

1

2

∫ 1

−1
J
(0,0)
i (ξ)w(ξ)dξ =

û0(t)√
γ0

Var[u(t, ξ)]ρξ(ξ) = E
[
(u(t, ξ)− µu(t))2

]
ρξ(ξ)

(38)

≈ E[u2N (t, ξ)]ρξ(ξ) − 2µu(t)E[uN (t, ξ)]ρξ(ξ) + µ2
u(t)

=

∫ 1

−1

N∑
i,j=0

ûi(t)ûj(t)J̃
(0,0)
i (ξ)J̃

(0,0)
j (ξ)ρξ(ξ)dξ − µ2

u(t)

=
1

2

N∑
i=0

û2i (t)− û20(t) =
1

2

N∑
i=1

û2i (t)

An advantage of using orthonormal polynomials is that we don’t need to compute {γi}Ni=1

values that involve factorials and can become hard to compute accurately for big N values.

3.1 Time Dependent generalized Polynomial Chaos
In order to improve the performances on time dependent ODEs, one can employ Time Dependent
generalized Polynomial Chaos (TDgPC) first introduced in [1].

Stop criteria

max
(
| ûj 2(t)|, . . . , | ûj N (t)|

)
≥
| ûj 1(t)|
θ

(39)

Integral relation ∫
Iψj

g(ψj)fψj (ψj)dψj =

∫
Iξ

g(T(ξ))fξ(ξ)dξ (40)

where Tj(ξ) is the composition T1◦· · ·◦Tj of transformations from the variable ξ to the variables
ψ1, . . . , ψj .

Example 3.2 (Stochastic Test Equation - continuing example 3.1).
Consider the solution u(tj , ψj−1) at time tj that satisfy the stopping criteria (39). Let’s
define a new random variable ψj corresponding to such solution:

ψj = Tj(ξ) = u(tj , ψj−1) ≈
N∑
i=0

[ ûj−1 i(t)][ φj−1 i(ψj−1)] (41)

=

N∑
i=0

[ ûj−1 i(t)][ φj−1 i(Tj−1(ξ))]

7



3.1 Time Dependent gPC 3 GENERALIZED POLYNOMIAL CHAOS

We now seek for the best set of orthonormal polynomials in order to describe the distribu-
tion of this random variable. We use a generalized version of Gram-Schmidt orthog-

onalization algorithm [4] for weighted normed spaces. The orthogonalization is started

with the Vandermonde matrix of ψ. We finally obtain a set
{
φj i(ψj)

}N
i=0

of basis functions

s.t. ∫
I

[ φj i(ψj)][ φj k(ψj)]fψj (ψj)dψ = δik, for i, k = 0, . . . , N (42)

We now need to rewrite the system of ODE with respect to this basis functions. First we
rewrite the initial conditions, that are given by:

u(t, ψj) ≈
N∑
i=0

[ ûj i(t)][ φj i(ψj)] (43)

ûj i(tj) =
1

‖ φj i‖ fψj

∫
Iψj

u(tj , ψj)[ φj i(ψj)]fψj (ψj)dψj (44)

=
1

‖ φj i‖ fψj

∫
Iξ

u(tj ,T(ξ))[ φj i(T(ξ))]fξ(ξ)dξ︸ ︷︷ ︸
≈
∑QN
l=0 u(tj ,T(ξl))[ φj i(T(ξl))]wl

where Q determines the precision of the quadrature rule, that is used for estimating an
integral that can possibly not be a polynomial. We now rewrite the ODE in terms of
the new polynomials. For the parameter k(ξ) the expansion (33) can still be used, while
the new expansion (43) will be used for u(t, ψj). We plug these expansion in the weak
formulation of gPC, obtaining

E

[
du(t, ψj)

dt
φj i(ψj)

]
fψj

= E
[
−k(ξ)u(t, ψj)[ φj i(ψj)]

]
fψj

(45)

d[ ûj i(t)]

dt
= − 1

‖ φj i‖ fψj

N∑
l,i=0

k̂l[ ûj i(t)]

∫ 1

−1
J̃
(0,0)
l (ξ)[ φj i(T(ξ))][ φj k(T(ξ))]fξ(ξ)dξ︸ ︷︷ ︸

≈
∑QN
n=0 J̃

(0,0)
l (ξn)[ φj i(T(ξn))][ φj k(T(ξn))]wn=elik

(46)

The mean and the variance can now be computed using

E [u(t, ψj)]fψj
=

N∑
i=0

ûj i(t)

∫ 1

−1
[ φj i(T(ξ))]fξ(ξ)dξ︸ ︷︷ ︸

≈
∑QN
n=0[ φj i(T(ξn))]wn

(47)

Var [u(t, ψj)]fψj
=


N∑
i=0

ûj i(t)

∫ 1

−1
[ φj i(T(ξ))][ φj i(T(ξ))]fξ(ξ)dξ︸ ︷︷ ︸

≈
∑QN
n=0[ φj i(T(ξn))][ φj i(T(ξn))]wn

− µ2
u(t) (48)
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4 Probabilistic Collocation Method
Probabilitsic collocation is a non-intrusive approach used to solve stochastic problems.
Let
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