Scientific documentation for TARTES

This document describes the Two-streAm Radiative TransfEr in Snow (TARTES) model. TARTES

computes the spectral albedo and irradiance profiles of a multilayer snowpack which physical properties

are known. It also computes the broadband albedo and energy absorption profiles to compute the energy

budget of the snowpack. All technical details about the resolution of the radiative transfer equation using the

d-Eddington approximation and the determination of snow single scattering properties from snow physical

properties are given below.
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1 Radiative transfer theory

1.1 The radiative transfer equation

The radiative transfer equation (e.g. Chandrasekhar, 1960) describes the intensity field in a homogeneous
absorbing and scattering medium. Such a medium is characterized by its extinction coefficient o, (m™=1),
its scattering coefficient oy (m~!) and its scattering phase function p. The absorption coefficient is defined
as 0, = 0. — 0s. The phase function p(6, ¢, 6, ¢') describes the probability that light be scattered in the
direction (0, ¢) when coming from the direction (¢’,¢’). Here we consider an horizontal multilayer snowpack.
Each layer of the snowpack is assumed to have homogeneous physical characteristics. The snowpack is
illuminated at the surface by a solar beam whith zenith angle 6y. There are no internal sources of light
in the snowpack. Inside the snowpack, the intensity I is defined along the direction s characterized by the
azimuthal angle ¢ and the zenith angle 6. Along s, intensity decreases due to extinction (absorption and

scattering) but increases due to scattering from other directions (€', ¢'):

LD —o1(s,0.0) +o [ 500,0.0.6)1(5,0'. )29, 1)
ds N————
Extinction (94
Scattering

1
where the phase function is normalized so that o /p(G, ¢,0',¢)dQ = 1.
T
Q/

Figure 1: Geometry of the stratified snowpack

We rewrite dQ' = sin#'d6’d¢’ so that Eq. 1 becomes

T 27

dI(s,0 . o o
w:061(8,97¢)+Zﬂ//p(9,¢>,9,qb)](s,@,d))smﬁdedgb. 2)
0 0
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We perform the variable change p = cos so that dQY = —du/d¢’ and

1 27
I . o S
W:—Uel(s,u,¢)+Zﬂ//p(u,¢,u,¢)f(s,u,<b)d¢du- (3)
-10

Eventually we define the variations of optical depth d7 = o.uds and the single scattering albedo w = o4/0e.

Hence Eq. 3 can be written:

1 2w
dI ) / / / / / /
p LD ten o)+ [ [ oot o)1 )t @
-1 0

We agssume that within each layer snow is isotropic, so that the phase function depends only on the angle of

deviation © between the incident and scattered light. This angle is given by:

cos © = ppt’ + /(1 — p2)(1 — p'?) cos(¢ — ). (5)

p(cos ©) is now expanded in Legendre polynomials:

p(cos®) = ZwlPl(cos 0), (6)
1=0

1

20+ 1 1
where w; = T+ p(cos ©)Py(cos ©)dcos© and Py(x) =1, Pi(x) =z, Py(z) = 5(3x2 —1).

-1
In particular, the first moment of the phase function is called the asymmetry factor g and w; = 3g, so

that the two-term truncation of the phase function is:

’p(cos ©) =1+ 3gcos @.‘ (7)

Using the addition theorem of spherical harmonics, it can be shown that

l
Fi(cos®) = Pi(u)Ri(u') +2 Y P™(w)P" (i) cosm(¢ — &) (8)
m=1

Since we are interested in irradiance through horizontal surfaces, only the azimuth-integrated quantities

are calculated. We define the azimuth-independent phase function

27

1 o

plus ') = 5 /p(u, $u,¢)dp = w P () P(p) ~ 1+ 3gup (9)
0 =0
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1
For sake of simplicity we rewrite I(1, u) = o / I(7, pu, )do. The equation for the azimuthally-averaged
T

0
intensity I is thus:

dI(r, p)

1
_ w / INETY,
= I(T,M)Jr2/p(u,u,)l(7,u)du-
-1

1.2 The /-Eddington approximation

(10)

To solve Eq. 10, an assumption is made on the phase function. To take into account the strong forward scat-

tering of snow particles, the phase function is written as the sum of a strictly forward scattering component

and a two-term expansion of a phase function (Joseph et al., 1976).

p(cos©) ~ ps(cosO) = f6(1 —cosO) + (1 — f)(1 + 3g" cos O),

(11)

where 0(1 — cos ©) = 4nd(u — p')d(¢p — ¢'). ps should have the same first and second moments as p, so that

g=f+(1—f)g* and f = ¢g* (there it is assumed that the phase function can be approximated by the

Henyey-Greenstein phase function with second moment g?). Eventually,

* g 2
= —— and =
=Ty =y

From Eq. 9 we can write:

po(p, 1) = 2g°5(n — p') + (1 — ¢*) (1 + 3g* i)

Combining Eqgs. 10 and 13 we obtain:

dI(T, )
dr

1

w 1-— 92 *

= —I(1,p) + wg*I(7, p) + (2) /p(m w' ) (14 3g* )y
—1

Using the variable change:

™=7(1- ng)
2

= (1—g )w’

(1 —wg?)

(12)

(14)
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leads to the final equation in the new coordinates, which is strictly similar to Eq. 10:

1
dI (", N w* . .
NEJZT*) =—I(r",p) + 2/(1 + 3¢  pp ) I(77, 1)y (18)

-1

1.3 Equation for the diffuse intensity
The intensity I can be written as the sum of a direct intensity Igi, (light that has not been scattered) and a
diffuse intensity Iqig:

I(r*, ) = Tag (7", ) + Laie (75, 1) (19)

Replacing Eq. 19 in Eq. 18 we obtain two equations:

d1gir (T, 1)
———— = — g (77, 2
= air (77, 1) (20)
1
d-[i T*v * w* * * *
u“fd(T*m = —lain(7" 1) + /(1 + 39" i) (Taige (7%, 1) + Lawe (77, 1)) Ay’ (21)
—1

At the surface the direct incident intensity is Fid(p — po, @ — ¢o). From this we deduce

1
2T
Reporting Eq. 22 in Eq. 21, we obtain the radiative transfer equation for the diffuse intensity:

Laie (7", 1) = 5=Fob(u — po)e™ ™ /4. (22)

1

d_[ i 7'*7 . w* . § w/ ) .

Mdld(T*H) = ~laa(7", 1) + = /(1 + 39"V aier (77, 1) dp’ + (14 39" o) Foe™ /mo(23)
-1

From now on Igg will be referred as simply I.

1.4 The two-stream approximation

In TARTES, we are interested in the vertical downward and upward fluxes of energy in the snowpack, F~

and F'*. These quantities are defined by



1 RADIATIVE TRANSFER THEORY

(7%, —p) pdp.

Hence Eq. 18 can be decomposed into two differential equations

1 11
dF—(7* . *
dr(*T) - _2”/1(7*’“)‘1/‘*”“*//(1 + 39" )1 (7*, ) dp'dp + %74}7@677 /1o

0 0 —1

Art) =

F T* * * % " w* .

T =or [ 16— = met [ [0 39 ) I, i)l = S a o™

0 0 -1

where

1 *
Yy = 1(2 + 39" o)

1 *
V3 = 1(2 — 39 o)

(24a)

(24b)

(27)

(28)

The next step is to approximate the intensity by the Eddington approximation: I(7*,u) = Io(7*) +

pli(7*), so that:

F(r) = 2 [10(27 R *>]
FH(r*)=2r {10(27*) _ 11(37*)]
This reads
dmI(r*, ) = 3 [(2430)F~(7°) + (25 3) FF ()]

and therefore

[(A£3)F (") + (A F 3)FF(r)].

=~ =

1
QW/I(T*,iu)du:
0

(32)
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Eventually

11
w*
wot [ @39 w16 )l = (42390 F () + (47390 F ()] (33)
0 —1
Substituting Egs. 31 and 33 into Eqgs. 25 and 26 we obtain:

dF—(r*) 1 ) ’ ’
dT(*T) = = [TF= () + FH()] + - [(44 39" F (%) + (4 = 3g")F* ()] + S-quFoe ™™ /10 (34)
dF*(r) 1 - ) ‘
T 2 () 4 TE (] - (4 897 (7) + (44 30 F ()] — L Bae e, (35)
which can be factorized as:
dF—(7* i '
dT(*T) =2 FT (") = mF () + %74F®6_T fo (362)
dF+(r* . ‘
T _ NEF (%) = 1F~(1%) = oy Foe Tk, (36b)
dr* 2
where
1 " "
71 =7 7= (4+3¢") (37
1 * "
2= =7 [1 - w4 =39 (38)

Finally, Egs. 36a and 36b are identical to egs. 26 and 27 of Jiménez-Aquino and Varela (2005). They

show that this coupled system of differential equations has solutions of the form:

F~(1%) = Ae™%7" 4 Beke™ 4 G /10 (39)
* 3k B * *
FH(r*) = ade ™™ 4 —eh™ 4 GTe ™ /i, (40)
(6
where
ke =/t —13 (41)
o= Nk (42)
72
2, %
- pw” Fo
G 1 43
(k*po)? — 1 (71 + 1/ p0)7a + 23] (43)
2, %
uiw* F
G* 2 (1 — 1/ o) + 727a) - (44)

~ (ktpo)? —1
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These are the solutions for the diffuse fluxes in a layer. To get the total downward flux, the contribution

of the direct incident flux must be considered, that is the solutions for the total fluxes are:

Fo (7)) = Ae™ ™" 4 BeFe™ 4 (G + poFp)e ™ /Mo (45a)

* % B * *
Fr(r*) = ade F ™ + Ee’fef + Gte /o, (45b)

1.5 A multilayer snowpack

Within each layer of the snowpack the fluxes have the form given by Eqgs. 45. To determine the fluxes, we
search for the parameters A and B for each layer. For a snowpack with N layers, we have thus 2/N unknowns
denoted (A1, By, ..., 4, B;, ..., An, By). These unknowns are deduced from the continuity and boundary
conditions. The former state that the fluxes be continuous at each interface 7;° between two layers. This

leads to 2(/N — 1) conditions:

—k* T * ok — —T* —k* . * * * - —T*
AjeFei™ 4 BieleTi +Gre /o = A;ye Fein™ 4 Byyqefeint™ + G ho (46)
% * B * * e _ L% * B 1 * * "
a; Ase ki + 2t ke + G;‘e T /o — ip1Aipre kg i1 4 2l kS T 4 G;ﬁ;le /1o (47)
Q; Q41

The last two equations are given by the boundary conditions at the top of the snowpack and at the

bottom, where the soil albedo ay is known:

A1+ DBi1+G; =0 (48)
ayAye FNTN 4 fj\jek:’NﬁV + Ghe NI = o (ANe—k:,NTz*v + Byeren™ 4 (Gy + MOFQ)e—n*V/uo> ‘
(49)
These equations form a linear system of 2N independent equations:
MxX =1V, (50)

where X = (A1, By,...,A;, B;,...,Ax, By). To avoid extreme values in the matrix we incorporate the

exponential terms in the vector X, so that we eventually have:

X = t(Al, By, ..., Aie_ki Tifl,Bieki Tis1 L, ANeikNTNfl,BNekNTN*Q. (51)
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For sake of simplicity, we used k7 = £, and X is now rewritten as follows:

X =YA,, By, .., AL B, ..., Ay, By), (52)
Thus the matrix M reads:
1 1 0 0 0 0 0 0
e~kidri ekrdry -1 -1 0 0 0 0
- 1 ., -
ale—kldrl 76k1d7—1 —a —1/&2 0 0 0 0
aq
0 0 67k;d7'2* 6k;d‘r2* -1 -1 0 0
- 1 . )
0 0 agek2drs  _ckadrs oy 1/az 0 0
(65)
0 0 0 0 0 0 . (ay—ap)e ™™ (1/ay — ap)efndn

and

V =H=Gy, . (Gry — Gy)e /10 (G, — GHe™ /10, [y (Gly + poFla) — Gy e 7R/, (53)

2

The matrix M can be tridiagonalized doing consecutively the following operations for 0 < ¢ < N and

even:
L Li = Li — a1 Lina
2. Li_i'_]_ — (]. — Oéi/Qai/2+1)Li+]_ — al'/QLi.

The new matrix M is:

1 1 0 0 0 0 . 0 0
. (a3 .
(1 - arag)e*Tdmi (1 - 22)kidr] (a2 —1) 0 0 0 . 0 0
ai
1 1
0 (— —ay)eFidrd (a1 — az) (a1 — —) 0 0 . 0 0
a1 * g% [eY az .
0 0 (1 — agaz)e %2973 (1 - 22y kadT3 (@2 —1) 0 .. 0 0
g
1 % 1
0 0 0 (— —a2)ef292  (ag —az) (azg— —) .. 0 0
a2 a3
0 0 0 0 0 0 o (any —ap)e *NYN (1/ay — ap)eNITN

and the new vector V is:

V =4=GT, .., (dG] — ip1dGF)e /M0 (dG — a;dGy)e /M0 L [ap(Gy + poFo) — GR] e ™V/H0) (54)
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For the equations above, we have used the following notations:

dri =7, — Ti_1 is the optical depth of layer ¢ (55)
dG¥ =G, - GF (56)

Summarized formally, we have the following expressions for M and V:

My =Mp=1

—k*, dr* QG /241 k¥, dr* 2 .
Mi,i—l = (1 — ai/zai/2+1)e /27012, Mm‘ = (1 — 70[/ )e i/27"i/2; Mi,i—H = (ai/2+1 — 1); for 7 even
i/2

1

A(i-1)/2

k7. dr/. —k7 dr}.
Mi,ifl = ( — a(i—l)/Q)e (i—1)/2 (271)/2; M’i,i — (a(i—l)/Q — a(i+1)/2)€ (i+1)/2 (z+1)/2;

1

Q(i41)/2

M1 = (agi—1)2 — JekatiTa: for i odd

_ 1
Maoyan-1 = (an — ap)e ™™™, Myyon = (a — )N
and

Vo= Gy
Vi=(dG; ), - 0%/2+1dG:72)€_T:/2/“° for i even
Vi = (dG]_yy o = sy 2dGiiyy e T2 for i odd

Von = [aw(Gy + moFo) — G§| e "N Ho
where ¢ is the quotient in the division algorithm of ¢ by 2.

The 2N unknowns can be retrieved by inversion of the system M x X = V. Then the fluxes at each

interface can be calculated:

*

Fiop(77) = Aje M9 4 Bieh 70 4+ (G + poFo)e ™™ /10 (57)

ot

* * B/ * * %
Fu(rf) = aq el 4 Zhe o - Gremmivme, (59)

where the terms in parenthesis are the components of the solution vector X. From these expressions the

energy absorbed by layer ¢ > 1 can be calculated:
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E; = Ftht (7)) — Ftht (1i1) — (Ft;t (77) = Fiot (7}‘*—1)) (59)
Ey Ey
* * B, * * * *
B, = aAl(e7Kidm 1) 4 Zi(FdTT 1) 4 G (e /M0 — T Tim Ko (60)
a;
Eq = Aj(e7M% — 1) + Bj(F ™ — 1) + (G} + poFo)(e 7 /M0 — 7T /Mo), (61)

For the first layer,

By = Aj(oq —1)(e™MT —1) 4+ B(1/ay — 1)(eM™ —1) + (G — G — poFp)(e71/H0 — 1), (62)

The energy absorbed by the soil is given by:

Egoit = (1 — ap)(Aye VI 4 By VTN 1 (G + poFo e TN/10) (63)

The spectral albedo is also calculated:

(67

B
<041A1 + -t + GT) (64)

ko Qg

1.6 Diffuse incident radiation

To be accurate, in the case of diffuse incident radiation, the optical properties should be calculated by
integrating the solution for direct incident light, at all angles. Since it is too computationally demanding,
any diffuse flux is replaced by a direct flux at 53°. Only the vector V depends on incident light caracteristics,
the matrix M depends only on snow physical properties. For instance, to compute the optical properties of

a snowpack at various angles of incidence, M has to be calculated only once.

1.7 Spectral integration

Since the single scattering properties of the snowpack are wavelength-dependent, the matrix M as well as
the vector V are calculated at each wavelength of the incident light. Broadband quantities are thus obtained
by summing the contribution of all wavelengths. The broadband albedo @ is obtained through spectral

integration:

N
> (M) Fo(N)
a=— (65)

N
> Fo()
1




2 SINGLE SCATTERING PROPERTIES OF SNOW 12

1.8 Handling of a deep snowpack

1.8.1 Numerical handling of thick layers

+k7477 become extremely large or small and cannot be handled numer-

When a layer is to thick, the terms e
ically. To avoid this, when a layer is too thick (practically when k}dr; > 200), its optical depth is modified

so that k7dr; = 200.

1.8.2 Effective snowpack

When a snowpack is deep, energy does not penetrate through the whole snowpack, it is essentially absorbed
in the topmost layers. To save computation time, the snowpack used for the calculations is reduced to the

top n layers, where n is such that:

n—1 n

> kidr <30 and ) kidr > 30. (66)
1 1

At the same time, the optical thickness of the last layer is set to 30/k} and the underlying albedo is set to 1

so that the soil does not absorb energy.

2 Single scattering properties of snow

The radiative transfer equation in snow can now be solved, but the single scattering properties of snow, w
and g, still need to be determined from the physical properties of each layer. These properties include SSA,
density, grain shape and impurity contents. In TARTES it is assumed that all the snow grains in a layer are

identical.

2.1 Specific Surface Area (SSA)

Snow SSA is defined as the ratio of the total contact surface between ice and air, to the total mass of snow:
S

SSA = ——. We assume here that snow is composed of a collection of identical convex grains, so that the

Pice
definition holds for a single grain.

2.2 From a particulate to a continuous medium

The radiative transfer theory presented in previous sections should be applied to a continuous medium. Here,
the extinction and absorption coefficients of snow are related to the extinction and absorption cross sections

of snow particles (Kokhanovsky, 2004):
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O — nCext (67)
Oq = ncabSa (68)

where n is the particle concentration (m~2). The assymetry factor of snow is simply the asymmetry factor

of the single particles.

2.3 The asymmetry factor g

g corresponds to the average cosine of the angle of deviation of scattering by snow grains. It depends
essentially on snow grain shape s at weakly absorbing wavelengths but at absorbing wavelengths depends
also on the ice refractive index m = n — ix and SSA.
Kokhanovsky (2004) show that:
9(n,8) = goo(n) = (goo(n) = go(n, s)) * eV, (69)
241y

ApiceSSA”
Joo(n) is the asymmetry factor of a purely absorbing sphere and gg(n, s) is the asymmetry factor of a

where ¢ =

non absorbing particle of shape s. We provide here the values valid for spheres (the linear dependence on n

comes from a linear regression of data from Kokhanovsky (2004)):

gso(n) = 0.9751 — 0.105(n — 1.3) (70)
go(n) = 0.8961 — 0.38(n — 1.3) (71)
y(n) = 0.728 + 0.752(n — 1.3) (72)

2.4 The optical depth 7

By definition the optical depth of a layer is defined as 7 = 0.2, where z is its geometrical depth. For convex

particles it can be shown that:

_ pSSA

Oe 5 (73)

2.5 The single scattering albedo w

According to Kokhanovsky (2004):

(1 —w) = 51~ W) (1 V) (74)



2 SINGLE SCATTERING PROPERTIES OF SNOW 14

W (n) is given by the equations below and 1(n, s) depends on the shape parameter B(n,s):

1
o W(n)=Wlln(n)+ W2In (ZH) +W3

8n(nt+1) W2 — n?(n? —1)2%)

—le(n4—1)2(n2+1)’ T (n241)3
7
ZAjnj
— J=0 A= (1 —1 — ~9 —-13. —
W= S D = (L L 3T -9, -13,-7,3)
2 B(n,s)
* ) = S T Wy

Here, W(n) is approximated by:

W(n) =0.0611 + 0.17 % (n — 1.3) (75)

For spherical particles,
B(n) =1.22+0.4(n — 1.3). (76)

2.6 Impurities

In TARTES, it is assumed that impurities are external to snow grains, that is the external mixture hypothesis
is made. When impurities are added in low quantities, we assume that the extinction cross section Ceyt of
snow is unchanged but the absorption cross section Chps of impurities has to be considered. We also assume
that impurities are small compared to the wavelength, and spherical. In that case the absorption cross

section of impurity of type i (of refractive index m;) is given by (Kokhanovsky, 2004):

i 6V m? —1
Cy(A) = — 3 Im (m2 n 1> . (77)

1 :
Since (1-w) = (1 —wW)gnow + — Z n;C,, the total single scattering albedo is the sum of the contributions
Oe

of pure snow and impurities:

1 127 C; m2—1
1—w)==(1-W 1 _ e~ ¥(ms)c S i
( w) 2( (m)( € ) )\SSA pZ <ml2 + 1) (78)

In particular, the characteristics of black carbon (BC) are taken from Bond and Bergstrom (2006):
pec = 1800 kg m~3 and mpc = 1.95 — 0.79i.
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