Model Solution: Numerical Algorithms
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Introduction

Macroeconomic models become more and more complex nowadays and, as a rule, are not tractable
analytically. These models, in general, are solved numerically. Below we describe several techniques
that are employed in Python Framework to find numerical solution.

A. Non-Linear System



We are solving a system of equations,

f(y) = 0, where (A.1)
91(xt—1;xt; Exiiq, el,t) Xt-1

fOto1, X0 Xev,8) = and e =13 Xt
9n (xt—b Xe, EXpy1, eN,t) Xt+1

Here E is the expectation operator. The boundary conditions are:

Xo = Starting values; x;,, = steady state values

Equations (A.1) are general equations for variables with a maximum lead and lag of one. If equations
have lead and lags variables more than one, than these equations can be rewritten in the form of (1) by
introducing new variables. For example, if equations have a variable x;.,, we can introduce a new
variable y, add new equation y; = x;,, and rewrite original equations in form of (1).

We apply an iterative algorithm and linearize equations (A.1). At iteration k:

ark
0Xty1

k k
f(xf—pr' Ex£<+1) + 6ax_]:_1 (xfjf - xf—1) + Z_];t (xéﬁl - xé() + (Exé‘:ll - Exfﬂ) =0 (A2)

These equations are linear with respect to next iteration variables, xf*!, xk*1, xk*1 Equations (A.2)
can be rewritten as,

LtAxt_l + CtAxt + FtEAle == _ft (A3)

Jacobians L;, C;, F; can be stacked and equations (A.3) can be represented in a matrix form:

I 0 0 0 0 0 0 0 o0 Axg 0
1 G F 0 0 0 0 0 0 Axy fi

0 L, G, F, 0 0 0 0 0 Ax, f>

0 0 L C; F; 0 0 0 0 Axs fs
Lo . . L =] (A4)
0O 0 O 0 Ly, Cr— Fr 0 0 Axr_; fr—2

0o 0 0 O 0 Lry Crq Frq O Axr_4 fr-1

0 0 O 0 0 0 Ly Cr Fr Axy fr

0 0 O 0 0 0 0 0 I Axriq 0

The size of the matrix is N(T + 2) by N(T + 2). Inverting this matrix could be problematic for large
number of equations N or large time horizon T. Please note that this matrix is sparse. We can use
sparse matrices linear algebra scipy package to solve these equations.

Equations (A.4) are solved iteratively until solution converges.

Another approach that can be used is an application of LBJ method. It is briefly described below.
The starting values are, Ax, = 0. By substituting this value in (A.3) we get,


https://docs.scipy.org/doc/scipy/reference/sparse.linalg.html
ttp://www.sciencedirect.com/science/article/pii/S0165-1889(98)00013-X

Ax1 = MlAXZ + dl’ Where M1 = _Cl_lFl and d1 = _Cl_lfl.
Repeating these steps, we can find expressions:

M, = _(Ct + LtMt—l)_lFt

(A5)
dy = —(Cp + LeMy_1) 7 (fe + Lede—q)
After computing these matrices, the solution can be easily obtained by backward substitution:
Axy = M{Axy 1 +d;  Axpyq = steady state (A.6)

While the initial conditions are fixed and Ax, = 0, the terminal conditions are set to steady state
solution. This requires one to find a steady state solution of system (A.1). A reasonable assumption
would be to assume that the terminal conditions are floating and that the solution does not change in
time for the right boundary, i.e., Ax;,, = Axy. Then by substituting it in (A.6), we can find formula
for the terminal condition,

Axpyq = (I — Mp)~ tdy (A7)

The LBJ algorithm consists of two iterative steps: firstly, compute matrices M and vector d and
secondly, compute solution x. These steps are repeated until the numerical solution converges.

Yet another assumption is that the endogenous variables at right boundary have fixed values. Then the
terminal condition at the right boundary is, Ax;,; = 0. Below we describe a modified LBJ method.
By substituting this expression in (A.3) results in expression

AXT = MTAXT_1 + dT’ Where MT = —C'FILT and dT = —C,;lfT (A8)

The solution can be easily obtained by forward substitution:

Axp11 = My Dxe +deyq 5 Axp =0 (A.9)

B. Linear System

Equations (A.1) are linear with respect to endogenous and exogenous variables. These equations can be
rewritten as,

th—l + Cxt + Fxt+1 = _f_ ¢et (Bl)

By stacking endogenous variables x;, x;_, we can rewrite (3) as,



Xt
Ayti1 = By, + C + ey, Ye = {xt—l

A= D=0 )= =(7)

Here A, B, C, i are the constant matrices, y; are the endogenous variables and e, are the shocks.

(B.2)

Christopher Sim’s method
Christopher Sims showed that (B.2) can be translated into a system,
Vi1 = 01y + O¢c + Oper + 0, X4 Q}CQZE(er) (B.3)
For un-expected future shocks, the endogenous variable y;, ;is determined only by the current shock:
e; , and equation (B.3) simplifies:
Yer1 = 01y + 6¢ + 6ge; (B.4)

Contrary, all future anticipated shocks, govern the dynamics of endogenous variables and equation
(B.3) holds.

Binder and Pesaran Method

According to Binder & Pesaran (1997), if the unique and stable solution exists, it is given by:

Xe = Bxe_q + Hf + X720 H Y E(eqy) (B.5)
Where H = C(C + FB)~! and B satisfies a quadratic equation:
FB2+CB+L=0 (B.6)

Authors employ iteration technique to solve quadratic equation. In general, this equation can have
many solutions, a unique solution, or no solution at all.

Anderson-Moore Method

Anderson-More algorithm requires no special treatment for models with multiple lags and leads. This
distinguishes AIM method from all others where one should introduce new variables and cast the
model in a form with at most one lead and one lag. For one lead and one lag model equations authors
provide a simplified solution in the form:

Xt — Xg = B (Xp_1 — Xo) + 220 Fi@ P E (er4:) (B.7)



Here B is the reduced form coefficients matrix, @ is the exogenous shock scaling matrix, and F is the
exogenous shock transfer matrix. Anderson claim that AIM procedure exhibits significant
computational performance for large scale models in terms of CPU time.

Jaromir Benes Method

This method uses QZ matrix factorization. Vector of endogenous variables x; can be partitioned into
predetermined part xf and non-predetermined part x, ;:

P
Xt
_ B.8
e {x?{l-l (B.8)

Then equations (B.1) can be recast in the form of (B.2). Following Klein (1997), the system matrices
A,B are decomposed by applying a Generalized Schur algorithm:

A=QrzH
b= oszt (B.9)

Here Q and Z are the unitary matrices, Z is the conjugate transpose of matrix Z, and T, S are upper

triangular matrices. Following Michal Andrle (2007), when shocks are not anticipated, the system of
equations (B.2) has a solution in the state-space form:

N F F F
(&) = (Ga)ae+ (et (54)

(B.10)
xf =Uaq
The transient matrix T, the shock matrix R and the constant vector K are given below:
TF = Zy
T4 = —T3' Sy
RF = (Z31G + Zy) RY
R4 = —Ti' [ + (511G +S12) RY]
G = —Zig Zy,
RV = =S ¥,
Uu =271 (B.11)
Ky = T2+ S)7' G,
Xao = Tii' (S11G + S12)
Xo1 = G +Tq' T,
KF = —(Z31G + Z3,) Ky
K4 = —(Xg0 + Xa1)Ky _T1_11 Cy

Here indices 1 and 2 denote part of matrices T, R and vector K that correspond to predetermined and
non-predetermined transition variables.


https://en.wikipedia.org/wiki/Schur_decomposition

When shocks are anticipated, solution (B.10) is augmented with the future shocks:

€t
() = e m (0 )+ () =
€t+N

Here R is matrix of the current and the future shocks:

F FpU F U Fr2 pU FIN-1 pU

R = RA XFRU XA]RU XAjzRU XA]N—lRU] (B.13)
R4 XFRU XAJRU xAJ2RU . XAJN-1R

The auxiliary vectors and the matrix are shown below:

XF = 2216 +Z22

X4 =X +] Xao (B.14)

J = =533 Ty

C. Judgmental Adjustments

In many cases user may have her or his view on a path of endogenous variables. Here we briefly
describe the methodology that can be used to forecast variables with both anticipation and without
anticipation.

Suppose that shocks at times ¢, ¢t + 1, ..., t + N are anticipated. Then, we can write at time t + 1:

Xey1 =T x; + K+ Rpe; + Rieryq + Ryepyn + -+ Ryeian (C.1)
Attime t + 2:

Xer2 =T Xep1 + K+ Roepyq + Riepy + Ryepiz + -+ Ry_qeiy (C.2)
Or,

xt+2 = T (T xt + K + Roet + Rlet+1 + Rzet+2 + -+ RNGHN) +K + Roet+1 + Rlet+2 +
Ryeryz3 + -+ Ry_q1erin

And,
xt+2 = szt + (T + I)K + TRoet + (TRl + Ro)et+1 + (TRZ + Rl)et+2 + b + (TRZ + RN_l)et+N
By induction, we can derive that at time t + k the following equation holds:

Xesg = TExe + (TF 1+ Tk 2+ ..+ DK + Ske, + Ske 1 + Skepyn + -+ SKepin
Or,



Xewrw = T+ I =T) (U =THK + XL, Skepy (C3)
Here the aggregated shock matrix S is:

_ TSk, if k>i

Sk = and  S° =R, C4
' {TS{‘—1+Ri_k, ifk <i Lo (C4)

One can then solve equations (C.3) for values of the future shocks to match the path of endogenous
variables to the desired level. In other words, the future shocks are “endogenized” and the
corresponding variables are “exogenized”. This numerical procedure can be optimized in terms of
CPU memory and speed.

Suppose that user has a specific view on the path of endogenous variables which is given by, X;,.

Then, writing equation (C.3) for the deviation of the endogenous variables from this path, one can find
adjustments to the future shocks Ae;, :

Xerke = Rerre = S{heprs + SFhepsy + -+ Syhey,y (C.5)

By solving equation (C.5), one can find values of the new shock é;,, = esix + Aeryr . This shock
brings path of x,, to the desired level of X, .

Equation (C.5) simplifies when there is one un-expected shock at time t + k:

Xesk — Xeyx = Ro Depyy (C.6)
It can be easily solved. The new value of the shock is:

vk = €t T Ral(ka — Xqp) (C.7)
If there are several un-expected shocks, the new shock is computed at the first occurrence of this shock
and the endogenous variables are forecasted onwards, then the shock is computed at the second

occurrence of shock and the forecast is updated. This procedure is successively repeated until all
shocks are accounted.

D. Blanchard-Kahn Condition

Below we formulate condition for an existence of a unique solution of system of equations (A.1). We
linearize these equations around a steady state solution x:

Axeeq) _ Ax,
a( Ax, )=5 (Axt_l) (C.1)

In general, matrix A is a singular matrix and may not have its inverse. Because of that we cannot
proceed with finding eigen values of A™1B.



To find eigen values of equation (C.1) we apply QZ decomposition of matrices A, B. The eigen values
can be expressed via diagonal elements of matrices T and S:

Si,i * Tizl,ifTi'i * O
Ai =1 +oo, ifTi,i = 0, Sl',l' >0 (CZ)
—00, ifTi,i = 0, Sl',l' <0

Eigen values (C.2) could be greater or less than one. Because of that some path of endogenous
variables starting from the steady-state solution may diverge and some may converge. This is a typical
saddle point instability problem. Blanchard and Kahn formulated a condition for existence and
uniqueness of a model solution. It states that solution of equation (A.1) exists and is unique if and only
if the number of eigen values [A;| > 1 is equal to the number of non-predetermined endogenous
variables. In other words, the number of unstable eigen roots should be equal to the number of
forward-looking endogenous variables (variables with leads greater than zero).

E. Kalman Filter and Smoother

Standard Filter and Smoother

Kalman Filter is an algorithm that uses a series of measurements observed over time containing
statistical noise. It produces estimates of unknown variables that are more accurate than the estimates
that are based on a law of motion of these variables alone. It assumes that underlying model is a state-
space model,

Xeg1 = Fry1Xe + Cogq + RepqWiegq
(E.1)
Zy1 = Hep1Xp41 + Vpgq

Here: t is the time index, x; are the state variables vector (unobserved values), z; are the measurement
variables vector (observed values), C; is the vector of constants, w, and v, are the process and the
measurement noises. The latter are assumed to be drawn from normal distribution:

Wi ~ N(Or Qt)
(E.2)
vt"’N(O, Rt)
The covariance matrices Q and R are assumed to be diagonal and time independent:
o’ 0
Qe =| ¢ 5
0 o}
(E.3)


https://en.wikipedia.org/wiki/Kalman_filter

We introduce variables £, and P, Which are a posteriori state estimate of endogenous variables
and of covariance matrix at time t 4+ 1 given observations up to and including at time ¢ .

Kalman filter is a two-step algorithm. In the prediction step, the state variables and posterior error
covariance matrix P are estimated based on information available at the previous time,

£t+1,t = Ft+153't,t + Ciia (E-4)
Priy1t = FrotPreFivae + Rev1QeeaRE4

In the update step, the state variables are corrected based on measurements,

Riv1e41 = Rewre + Kt+1(zt+1 - Ht+15et+1,t)
Stv1 = Hey1PryacHiva + Resa (E.5)
Kiy1 = Pt+1,thT+1St_+11

Pt+1,t+1 = (1 - Kt+1Ht+1)Pt+1,t

Here K, 4 is the Kalman gain matrix, and S, ,is the pre-fit residual covariance matrix. The prediction
(E.4) and correction (E.5) steps are repeated to get the filtered unobservable variables for the entire
time domain.

Kalman filter allows to compute filtered variables based on measurements available up to current time
t. By using Kalman filter recursively one can compute filtered variables up to final time T. These
filtered variables can be additionally rectified based on the whole set of measurements up to time T.
These filtered variables are updated by applying Rauch-Tung-Striebel Smoother in a backward pass:

L; = P FIP .
Rer =Rt Lt(£t+1,T - £t+1,t) (E.6)
Por =P+ Lt(Pt+1,T - Pt+1,t)L€

Durbin and Koopman Approach

Durbin and Koopman proposed a multivariate and univariate approach to state filtering and smoothing.
Below we briefly describe this method. According to this approach, the state equation is that shock is
assumed to happen at the previous time step.

xt+1 = tht + Ct + RtWt (E.?)
Zy = Htxt + V¢


https://en.wikipedia.org/wiki/A_posteriori
https://en.wikipedia.org/wiki/Kalman_filter
https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=3&ved=2ahUKEwimjMq9-c_fAhVDu1kKHXiMB3wQFjACegQICRAC&url=http%3A%2F%2Fautomation.berkeley.edu%2Fresources%2FKalmanSmoothing.ppt&usg=AOvVaw2PruM9UAsDb3jvLBTZOcgo

Non-Diffuse Filter and Smoother

Multivariate approach

The Kalman filter recursions for non-diffuse state multivariate filtering are:

Rey1, = Fe®e + G + K&
Peyq = FtPtLI + RtQtR;r
K = FtPtstfl

& = zy — H%¢

L, = F — K H,

S¢ = HP.H{ + R.Q¢R{

And the Kalman smoother recursions are:

= HES{lgt + LIT‘t
Xe + Pereq

These recursions are applied backward for t = N,N — 1, ...,1 with ry, = 0.

Univariate approach

When measurements are precise and measurements errors are zeros, the matrix S, could become

(E.8)

(E.9)

singular and its inverse can not be found. Durbin and Koopman proposed a univariate approach to state
variables filtering. When the covariance matrices of the measurements errors and state variables errors

are diagonal, the filtering equations for each of the components of filtered endogenous variable

'ﬁt = [ﬁt,l ; kt,z ) ey X‘t,n] become

Riv1 = R + Mt,iSt_,ilgt,i
Peiv1 = Py - Mt,iSt_,ilMZ:i
M.; = P.;H{;

&i = Zei — Hei%ei

Sei = HeiPeiHY; + R Qe iRE;

The transition from time ¢ to time t + 1 is achieved by relations

£t+1,1 = tht,n + C;
Pt+1,1 = HtPt,nHtT + RtQthT

In case S;; = 0, we have:

Jet,i+1 = X‘t,i
Pt,i+1 = Pt,i

10

(E.10)



The univariate smoother recursion is like the multivariate one:

_ T c-1 T
Tei-1 = HeiSei€i + Lyt (E.9)
_ T
Te—in = FioqTen
X = X + Py

Diffuse Filter and Smoother

Kalman filter and smoother require one to set initial condition for a posterior estimate of endogenous
variable and its covariance matrix. Durbin and Koopman proposed an elegant way to treat these
conditions when one does not have a full information and hence assumes that that initial covariance is
infinite. The authors proposed a diffuse filtering and smoothing algorithm for state variables.

Multivariate approach

The mean square error covariance matrix is decomposed into a finite P, an infinite Py, , parts:
P, =P., + kP, . Authors derive asymptotic equations to the first order of k=* when k — oo.

Rep1 = Fe2e + G+ Ko i&

POO,t+1 = FtPOO,t FtT

P, ry1 = FPo Ly + ReQcR{

K.:= FtPthTS;tl (E.10)
& = zy — He%¢

L. =F, — K. H;

Se = HtP*,tH{ + RtQtR;r

These equations are applied for the first d periods until the infinite part of covariance matrix P,
becomes zero, i.e., P, 4 = 0. Thereafter the non-diffusive state filtering algorithm (E.8) is used. State
smoothing backward recursions start at the last period N. Regular algorithm (E.9) is applied until
period d, and then it is followed by a diffuse state smoothing one:

ft = ft + P*,t T't(_oi + Poo,t T't(_li

r® = [Lr® (E.11)
1 _ 0 1

Tt(_i = H{ (S — KZtTt( )) + LCO,tTt( )

with initialization r®

N =Tg4 andrd(l) =0

Univariate approach

The diffuse state filtering recursions are:

11



Reiv1 = R + Koo ;1tl€tl
P*,t,i+1 = P*,t,i + KOO,tL OotlS*tlSootl_ (K*,t,l OOtl+ KOOtL *tl) SOOtl (E12)

POO,t,i+1 = POO,t,i - KOO,tl 0o tlSoo t,i
In the case where S, ;; = 0, the usual filtering equations apply,

Reiv1 = R + K*,t,iS*_tlzetl
P*,t,i+1 = P*,t,i + K*,tl *tlS*tl (E-13)

Pootit1 = Pooyi

The transition from time t to time t + 1 is achieved by,

Rer11 = Fen + G

Pity11= Fe Potn FtT + RtQthT (E.14)
Potr11 = Ft Poorn FtT

The diffuse smoothing backward recursions start at period d,

ft = k\t-‘l_P*t T'(Oi +Poo't7‘t(_13

ny = L (E.15)
1 0 1
nD, = HtTlS Yee+ LT D+ LT Y

Loou—l KOOtlHtlSO_otl
L*tl_ (KOOtlS*tl ootl K*tl)HtlSootl

© W _ g

with initialization r; * = r; and r,

F. Initial Conditions

Kalman filter requires initial conditions for a posterior estimate of state variables and error variances.
There are several options to set these conditions. For example, one can take historical data to set these
initial values,

fo == xo (Fl)

Another option would be to use asymptotic values that can be derived from state-space model
equations. The state variables (E.1) can be decomposed into stable and unstable parts. The stable states
correspond to the absolute values of eigen values of transition matrix F; less than one, and the unstable
states — to greater than one. One can assume that initial condition for the estimate of unstable states are
zeros, while for the stable states are defined by asymptotic conditions,

12



JzO,unstable =0 (F-Z)
J?O,stable = (1 - Foo)_1 Cstable

Similarly, we can write equations for an estimate of error covariance matrices:

POO,O = 0

The latter equation is a discrete Lyapunov type equation. It can be rewritten in the form,
(Iz — F ® E,,) vec(P.y ) = vec(RQuoRL) (F4)

Here & is the Kronecker product operator, and vec is the vector operator. The latter
stacks columns of a matrix on top of each other. Equation (F.4) has a solution of the form,

vec(P.y) = (Iyz — Fo @ F)™ vec(ReQuRE) (F.5)

G. Model Calibration

It is a common practice to assume that probability of model fit can de decomposed into prior
probability of model parameters 1y, (p) and conditional probability of series x; given observations y;
and parameters p, ¥, (xt| Xp—1,Xt—2, s X0» p). The latter is assumed to be a Markov process, i.e.,

Y, = lliz(xcl xt_ll,p). A reasonable assumption is that these probabilities are independent, so that log
of a product of probabilities is additive:

log() =1log(h1) +log(¥) (G.1)

Here 1 is the probability of model fit to the data. The probability v, is a prior probability and depend
on user assumptions about its distribution. For example, user may assume that the prior probability has
Normal , Lognormal, Beta, Gamma, Inverse Gamma, Student t, Weibull, Wishart, etc., density
functions.

Assuming normal pdf, ¥, has the form:
log(Pr) = = Sias- (i = P (G.2)

Here p; is the mean of parameter, and o; is it standard deviation.

Following Bayesian interpretation of Kalman filter, the distribution of probability i,
can be written as,

Ny log (2m) 1 2

log(hy) = — 2= — =~ N1 log (det(S)) — 5 BTy X (xei — Ve (G.3)

2

13


https://en.wikipedia.org/wiki/Lyapunov_equation

Here N, is the dimension of measurement vector y.

Calibration of model parameters consists in searching for parameters p that maximize likelihood ¥
given equations (G.1) and (G.2)

max(ll)(plﬁ, O-rytryt—lruyl)) (G4)

E. Parameters Sampling

We apply a Markov chain Monte Carlo (MCMC) algorithm to create random samples of model
parameters. These random draws of parameters are characterized by a probability density function that
tends to the distribution (G.1) as the number of draws increases. There are multiple algorithms such as
acceptance-rejection Metropolis-Hastings method which draws continuous random variable given its
probability density function, Gibs sampling which requires all the condition distributions of (G.1) to be
sampled, Hamilton Monte Carlo method which applies Hamilton dynamics, and many more.

These algorithms require a lot of steps to converge for skewed probability distributions. For example. a
model could be highly sensitive to changes in one parameter and not sensitive to changes in another
parameter. The framework uses algorithm of Jonathan Goodman and Jonathan Weare (2010). This
algorithm falls under umbrella of MCMC algorithm. It is affine invariant ensemble sampler algorithm
which works well for skewed distributions.
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