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Part 1

Foundations: Sets,
Functions, Logic (A-D)



Chapter 1

Sets, Functions, Logic,
and Relations

This chapter covers the foundational language used through-
out Morphism: sets (A), functions (B), logic and predicates
(C), and relations (D).

1.1 Sets (A)

Definition 1.1 (Set). A set is a collection of distinct objects,
called its elements. We write x € X to mean that x is an
element of X.

Definition 1.2 (Subset). A set A is a subset of B, written
A C B, if every element of A is an element of B.

We use standard notation: union A U B, intersection A N B,
product A x B = {(a,b) : a € A, b € B}, and (for later) the
empty set &.

Definition 1.3 (Finite and countable). A set is finite if it is
in bijection with {1,...,n} for some n € N. A set is countable
if it is in bijection with a subset of N.
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1.2. FUNCTIONS (B) 3

In Morphismm we often take the state space S to be a set
(e.g., all possible agent states). Countability can matter for
decidability and for certain capacity bounds (see Chapter 6).

1.2 Functions (B)

Definition 1.4 (Function). A function (or map) f from a
set X to aset Y, written f: X — Y, assigns to each z € X
exactly one element f(z) € Y. We call X the domain and Y
the codomain.

Definition 1.5 (Injective, surjective, bijective). Let f: X —
Y.

e fis injective if f(x) = f(2') implies x = 2'.

o f is surjective if for every y € Y there exists z € X
with f(z) =y.

e f is bijective if it is both injective and surjective (one-
to-one correspondence).

Definition 1.6 (Composition). If f: X - Y andg: Y — Z,
the composition go f: X — Z is defined by (g o f)(x) =

9(f ().

Composition is associative: ho(gof) = (hog)of. For each set
X, the identity function idx: X — X satisfies idx(z) = x;
then foidy = f and idy o f = f. This will reappear in
categories (Chapter 2).

1.3 Logic and Predicates (C)

We use first-order logic: propositions, and predicates with
quantifiers V (for all) and 3 (there exists).
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Convention 1.7 (Decidable predicates). A predicate P(z)
on a set X is decidable if for every x € X we can effectively de-
termine whether P(z) holds or not. In Morphism, governance
invariants are required to be decidable so that enforcement is
algorithmic.

Remark 1.8 (Invariants). An invariant is a predicate that
we require to hold before and after certain operations (e.g.,
state transitions). Morphism enforces invariants at the bound-
ary of agent actions; the mathematics of categories and sheaves
ensures that local satisfaction can be glued to global consis-
tency where possible.

1.4 Relations and Orders (D)

Definition 1.9 (Relation). A (binary) relation on a set X is
a subset R C X x X. We often write z Ry for (z,y) € R.

Definition 1.10 (Equivalence relation). A relation ~ on X
is an equivalence relation if it is reflexive (z ~ x), symmetric
(x ~y =y ~ ), and transitive (r ~y Ay ~ 2z = x ~ z).

Definition 1.11 (Partial order). A relation < on X is a
partial order if it is reflexive, antisymmetric (x < y Ay <
x = x = y), and transitive. Wesay x < yif z < y and x # y.

In governance we can think of “state A before state B” as
a preorder (reflexive and transitive but not necessarily anti-
symmetric). Equivalence relations are used to identify “equiv-
alent” states for the purpose of semantic distance (Chapter
3).
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Chapter 2

Category Theory:
Objects, Morphisms,
Functors

Categories are the central language of Morphism: objects rep-
resent states, morphisms represent allowed transitions.

2.1 Categories (E)
Definition 2.1 (Category). A category C consists of:

o A class of objects, Ob(C).

e For each pair of objects A, B, a set Hom¢ (A, B) of mor-
phisms (or arrows) from A to B. We write f: A — B
for f € Hom¢ (A, B).

e For each object A, an identity morphism id4 € Home (A, A).

e A composition law: for f: A - B and g: B — C, a
morphism go f: A — C.
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2.2. IDENTITY AND COMPOSITION (F) 7

Subject to:

1. Associativity: (hog)of = ho(gof) whenever defined.
2. Identity: idpo f = f and foidg = f for f: A — B.

Example 2.2 (Category of sets). The category Set has sets
as objects and functions as morphisms. Identity is the identity
function; composition is composition of functions.

2.2 Identity and Composition (F)

The two laws (associativity and identity) imply that “struc-
ture” is preserved when we compose: the result of a sequence
of transitions depends only on the order of the steps, not on
how we parenthesize them. In Morphism, this means that a
chain of agent actions (each a morphism) has a well-defined
composite.

Remark 2.3 (Why structure matters). Standard OOP gives
you structure (classes, methods) but not guaranteed behav-
ioral invariance. In a category, the only allowed transitions
are the morphisms we explicitly define. Unauthorized state
changes simply have no morphism—so they are not in the
category.

2.3 Functors (G)

Definition 2.4 (Functor). Let C and D be categories. A
functor F: C — D assigns:

e To each object A € Ob(C) an object FI(A) € Ob(D).

e To each morphism f: A — BinC amorphism F(f): F(A) —
F(B) in D.
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Such that:

1. F(ida) = idp(a).
2. F(go f)=F(g) o F(f) whenever go f is defined.

Remark 2.5 (Morphism interpretation). A policy document
(category C) and executable code (category D) can be related
by a functor F: C — D. If the map fails (e.g., a rule has
no valid implementation), there is no morphism—so the code
does not compile or execute. This is structural enforcement,
not semantic guessing.

2.4 Natural Transformations (H)

Definition 2.6 (Natural transformation). Let F,G: C — D
be functors. A natural transformation n: F = G assigns to
each object A € Ob(C) a morphism n4: F(A) = G(A) in D,
such that for every morphism f: A — B in C the following
square commutes:

neo F(f)=G(f)ona.

Remark 2.7 (Architecture updates). In practice, changing
the system architecture corresponds to replacing the functor
F by a new functor G. A natural transformation n: F = G
tells us how to translate data from the old to the new structure
while preserving compatibility with the morphisms (business
logic).

2.5 Universal Properties (I) — Optional

Products and pullbacks in a category are defined by universal
properties: “an object plus maps such that any other such
object factors uniquely through it.” The gluing condition for
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sheaves (Chapter 4) can be viewed as a kind of limit: global
sections are “compatible families” that glue uniquely. We do
not develop this in full here; see Mac Lane, Categories for the
Working Mathematician, for limits and colimits.

2.6 Examples (J)

Example 2.8 (Category of states and transitions). Let S be
a set of states (e.g., agent states, database snapshots). Take
objects to be elements of S, and allow a morphism s — ¢t
only when the transition from s to ¢ is permitted by gover-
nance. Identity: s — s. Composition: follow one transition
by another. This is a (small) category modeling the allowed
behavior of the system.

Example 2.9 (Category of types and programs). In type
theory, objects are types and morphisms are programs (or
equivalence classes of programs) from one type to another.
Functors between such categories can model compilation or
refinement.
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Metric Spaces and Fixed
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Chapter 3

Metric Spaces and the
Banach Fixed-Point
Theorem

Convergence of agent loops in Morphism is governed by the
Banach fixed-point theorem on a metric space of semantic
states.

3.1 Metric Spaces (K)

Definition 3.1 (Metric space). A metric space is a set X to-
gether with a function d: X x X — Rx>¢ (a metric or distance)
such that for all z,y, 2z € X:

1. d(z,y) =0 if and only if x =y,
2. d(z,y) = d(y,z) (symmetry),
3. d(z,z) < d(z,y) + d(y, z) (triangle inequality).

Example 3.2 (Semantic distance). In Morphism, S is the
set of agent states (e.g., code snapshots, text responses). We

11



12CHAPTER 3. METRIC SPACES AND THE BANACH FIXED-POINT 1

take d(s,t) to be a semantic distance between states—for ex-
ample, one minus the cosine similarity of embeddings of s
and ¢, or an edit distance. Then (S, d) is a metric space (after
ensuring symmetry and the triangle inequality in the chosen
definition).

3.2 Completeness (L)

Definition 3.3 (Cauchy sequence). A sequence (zp,)p>1 in a
metric space (X,d) is Cauchy if for every € > 0 there exists
N such that for all m,n > N, d(zp,z,) < €.

Definition 3.4 (Complete metric space). A metric space
(X,d) is complete if every Cauchy sequence in X converges
to some limit in X.

Remark 3.5. R” with the usual Euclidean distance is com-
plete. For semantic spaces built from embeddings in R", com-
pleteness typically holds when S is closed in the embedding
space. Morphism assumes (.5, d) is complete so that the Ba-
nach theorem applies.

3.3 Contraction Mappings (M)

Definition 3.6 (Contraction). Let (X, d) be a metric space.
A map T: X — X is a contraction (or k-contraction) if there
exists a constant x with 0 < xk < 1 such that

d(T(x),T(y)) < kd(z,y) forall z,y € X.

So a contraction “shrinks” distances by a factor of at least .
Iterating T' makes points get closer together.
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3.4 Banach Fixed-Point Theorem (IN)

Theorem 3.7 (Banach fixed-point theorem). Let (X, d) be
a non-empty complete metric space and let T: X — X be a
contraction with constant x € [0,1). Then:

1. T has a unique fized point z* € X (i.e., T(z*) = x*).

2. For any x¢ € X, the sequence defined by xyn11 = T (xy)
converges to x*.

n

3. We have the estimate d(x,,x*) < &

1-k

d(ﬂﬂo,ﬂh)-

Proof sketch. Uniqueness: if T'(a) = a and T'(b) = b, then
d(a,b) = d(T(a),T(b)) < kd(a,b), so (1 — k)d(a,b) < 0,
hence a = b. Existence: the sequence (x,) is Cauchy because
d(xpi1, Tn) < K"d(x0,21) and > k™ converges. By complete-
ness, , — x*; continuity of T" gives T'(z*) = x*. O]

Remark 3.8 (In Morphism). The governance operator I': S —
S applies validation and correction to agent outputs. If I is
a contraction on the complete metric space (S5, d) of semantic
states, then by Theorem 3.7 the system has a unique con-
sensus state x*, and iterating T' (e.g., in agent loops) must
converge to x*. Thus we guarantee stability instead of hop-
ing for it.

Remark 3.9 (Detecting oscillation). In practice we estimate

a local “contraction” coefficient, e.g. &y, = d(Xp11,2n)/d(Tn, Tn_1).
If &, > 1, the system is diverging or oscillating; Morphism

can then inject a stronger operator (e.g., a “kernel override”)
with a lower x to force convergence.



Part IV

Sheaves and Cohomology
(0-T)
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Chapter 4

Sheaves and Cohomology

Morphism uses sheaf theory to ensure that local agent de-
cisions can be glued into a globally consistent state, and to
detect when they cannot.

4.1 Topological Spaces (O) — Brief

Definition 4.1 (Topological space). A topological space is a
set X together with a collection T of subsets of X (the open
sets) such that: @ and X are open; any union of open sets is
open; any finite intersection of open sets is open.

Definition 4.2 (Continuous map). A map f: X — Y be-
tween topological spaces is continuous if for every open set
V C Y, the preimage f~1(V) is open in X.

In Morphism, X can be the “project structure” (e.g., a poset
or graph of components); opens represent regions of the project.
We do not need the full machinery of general topology—only
the idea that we have “local” regions and “restriction” of data
from larger to smaller regions.

15



16 CHAPTER 4. SHEAVES AND COHOMOLOGY
4.2 Presheaves (P)

Definition 4.3 (Presheaf). Let X be a topological space. A
presheaf F (of sets) on X assigns:

e To each open set U C X a set F(U) (think: “data on
U”)’

e To each inclusion V' C U a restriction map resy,y : F(U)
F(V),

such that resyy = idgy) and, for W C V C U, resy,w o
Tresy v = resy,w-

So a presheafl is “data that can be restricted to smaller re-
gions.” Elements of F(U) are often called sections of F over
U.

4.3 Sheaves (Q)

Definition 4.4 (Sheaf). A presheaf 7 on X is a sheaf if it
satisfies the gluing axiom: whenever {U;} is an open cover of
an open set U and we have sections s; € F(U;) such that s;
and s; agree on U;NUj (i.e., their restrictions coincide), there
exists a unique s € F(U) whose restriction to each U; is s;.

So a sheaf is a presheaf for which “locally defined, compatible
data” glues uniquely to a global section.

Example 4.5 (Morphism: local decisions). In Morphism,
“sections” over a region might be local agent decisions (e.g.,
code in a file). “Restriction” is how a decision in a larger
component constrains decisions in a smaller one. The sheaf
condition says: if local decisions are compatible on overlaps
(e.g., interfaces), they come from a unique global decision.
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4.4 Global Sections H" (R)

Definition 4.6 (Global section). The set of global sections of
F is F(X), often denoted H(X, F). These are “data defined
on the whole space” that are consistent everywhere.

In Morphism, HY(X, F) represents the global consistent state:
a single state that restricts to the local decisions in each re-
gion. When such a state exists, the system is globally consis-
tent.

4.5 First Cohomology H'! (S)

When the sheaf has more structure (e.g., abelian groups), one
can define cohomology groups H¥(X, F). The first cohomol-
ogy H'(X, F) measures “obstructions to gluing.”

Definition 4.7 (Obstruction). Roughly: H'(X, F) # 0 means
there exist local sections that agree on pairwise intersections

but do not come from any global section—i.e., there are local

conflicts that cannot be resolved globally.

Theorem 4.8 (Morphism use of H'). If HY(X,F) # 0, the
system has local decisions that cannot be glued to a global con-
sistent state. Morphism detects such non-trivial cohomology
classes and can block the commit (or force resolution) until
the conflict is resolved.

4.6 Obstructions in Practice (T)

In implementation, one does not always compute H' literally;
one checks “compatibility” of local states along a cover. When
two agents (or two files) have made incompatible choices that
cannot both be satisfied, that is an obstruction. The sheaf-
theoretic language unifies this with the mathematical notion
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of non-trivial H', and ensures that the governance layer has
a precise criterion for when to allow or block a transition.



Part V

Governance
Mathematics (U-Z)
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Chapter 5

Governance Mathematics
in Morphism

This chapter ties the preceding mathematics to Morphism:
the governance operator (U), the semantic metric space (V),
and sheaf-theoretic consistency (X).

5.1 The Governance Operator I' (U)

Definition 5.1 (Governance operator). Let S be the set of
all possible agent states (e.g., code snapshots, text responses).
The governance operator I': S — S is the function applied
by the Morphism engine to an agent’s output. It has two
components:

1. Validation: Check the state against the governing ax-
ioms and invariants.

2. Correction: If the state violates a constraint, modify
it (within allowed morphisms) so that it satisfies the
constraints.

20



5.2. SEMANTIC METRIC SPACE (S,d) (V) 21

So I is the “traffic cop”: every agent output is passed through
I’ before being accepted. The mathematical guarantee (Ba-
nach) applies when I' is a contraction on (S, d).

5.2 Semantic Metric Space (S,d) (V)

Definition 5.2 (Semantic metric space). Let S be the set
of agent states. A semantic metric is a metric d: S x § —
R>o that reflects “how different” two states are in meaning.
Common choices:

e One minus the cosine similarity of embeddings of the
states (in R™).

e Edit distance (e.g., Levenshtein) for text or code.

e A combination of syntactic and semantic distances.

We assume (S, d) is a complete metric space so that the Ba-
nach fixed-point theorem applies.

Remark 5.3. Completeness is a modeling assumption: we
take S to be closed under limits of Cauchy sequences in the
chosen metric. In practice, we work with a subset of “reach-
able” states and ensure it is complete in the induced metric.

5.3 Sheaf-Theoretic Consistency in Mor-
phism (X)

We model the system as a sheaf F on a topological space X
(the project structure).

e Sections: Local agent decisions (e.g., code in a file, a
decision in a component).
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e Restrictions: How decisions in a larger component re-
strict to smaller ones (e.g., dependencies).

e Gluing: HY(X, F) is the set of global consistent states.
A state is “allowed” only if it lies in H° (or more pre-
cisely, if it extends to a global section).

e Obstructions: If H!(X,F) # 0, there are local con-
flicts that cannot be glued. Morphism detects these and
blocks the commit (or triggers resolution).

Thus category theory (states and morphisms), metric spaces
(convergence), and sheaves (local-to-global consistency) to-
gether form the mathematical backbone of Morphism’s gov-
ernance layer.



Chapter 6

Information Bounds and
the Interface of
Uncertainty

This chapter covers information-theoretic and methodological
bounds used in Morphism (W), the Interface of Uncertainty
(Y), and a short summary with further reading (Z).

6.1 Information and Uncertainty Bounds
(W)

Morphism uses capacity bounds inspired by information the-
ory. These are methodological: they constrain what we can
infer from finite observations, not literal quantum uncertainty.

Definition 6.1 (Agent Uncertainty Principle — finite-query
form). In a finite-query setting, we have a capacity bound of
the form

L] -|C] < 2,
where |L| and |C| are measures of “language” and “context”
complexity and k is a capacity parameter. This expresses that
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we cannot simultaneously resolve arbitrarily fine language and
context with limited capacity.

Definition 6.2 (Drift Uncertainty Principle). An extension
adds a “drift” dimension D, yielding

L] -|C]-|D] < 2%

Definition 6.3 (Seed-wise exactness / adaptive capacity).
Under suitable conditions (e.g., injective transcripts), we have
|H| < 2* for a hypothesis set H. This is used in the proof
backlog (P5-P6) for agent uncertainty.

Remark 6.4 (Non-claim). These are not Heisenberg variance-
product statements. They are information-capacity bounds:
given limited “query budget” or “observation capacity,” we
cannot distinguish arbitrarily many alternatives in all dimen-
sions at once. The Bell-like framing in some Morphism docs is
methodological (inferring constraints from observables), not
a claim about quantum nonlocality.

6.2 Interface of Uncertainty (Y)

Definition 6.5 (Interface of Uncertainty). The Interface of
Uncertainty is the boundary where ezact mathematics (cate-
gory theory, invariants, contraction mappings) meets stochas-
tic LLM output. We do not predict the exact token sequence;
we constrain the bounds of allowed outputs and the allowed
transitions (morphisms). The morphism system “wraps” the
probabilistic chaos in a mathematical box: only states and
transitions that satisfy the governance layer are permitted.

So: exact governance, stochastic generation. The governance
layer is deterministic; the agent’s raw output is not. By apply-
ing I' and checking morphisms, we ensure that whatever the
agent produces is mapped into an allowed state or rejected.
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6.3 Summary and Further Reading (Z)

We have reviewed:

e A—D: Sets, functions, logic, relations — the language
of invariants and state.

e E—-J: Categories, functors, natural transformations —
structure-preserving maps and allowed transitions.

e K—NN: Metric spaces, completeness, contractions, Ba-
nach fixed-point — convergence of agent loops.

e O-T: Topology, presheaves, sheaves, H? and H' —
local-to-global consistency and obstructions.

e U-Z: Governance operator, semantic metric, informa-
tion bounds, Interface of Uncertainty.

Further reading:

e Mac Lane, Categories for the Working Mathematician
(category theory).

e Banach (1922) and any analysis text for the fixed-point
theorem.

e Morphism Whitepaper: Morphism: A Category-Theoretic
Framework for Multi-Agent Governance.

e Governance Mathematics Rigor Ledger and Proof Back-
log (repository docs).

See the Appendix for notation and a short reference list.
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Appendix A

Notation and
Conventions

e X, Y, S: sets (often S = state space).
e f: X — Y: function from X to Y; idx: identity on X.

e C, D: categories; Ob(C): objects; Home (A, B): mor-
phisms.

e F': C — D: functor; n: F' = G: natural transformation.
e (X,d): metric space; d(z,y): distance.

e T: X — X: map; k-contraction: d(Tz,Ty) < kd(z,y),
0<kKk<1.

o I': § — S: governance operator (Morphism).

e F: presheaf/sheaf, F(U): sections on U; H(X,F):
global sections; H'(X,F): first cohomology (obstruc-
tions).

e R, N: reals, nonnegative integers; R>(: nonnegative
reals.

27
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