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1 Problem Statement

1.1 The Boltzmann Transport Equation

From the Boltzmann transport equation, we have
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where f is any density function, p is the momentum of the particles, F is the external
force, and I[f] is the collision integral. In the context of conductivity of electrons,

F=—cE+vxB), (3)

and replacing the momentum p with the wavevector k, we have
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If we consider a fluctuation to the equilibrium distribution fy(k) (the Fermi-Dirac distribution
here), then,

Viof =+ (E+V><B) Vif =1[f] (4)

f(r7k;t) = fO(k) + g(I‘, k; t) (5)

(assuming the material is uniform, the equilibrium distribution does not have any r
dependence). We could also rewrite the wavevector gradient by applying the chain rule
and using the relation between the group velocity and the energy. That is,
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where v is the group velocity ¢ is the energy. Using all this, equation (4) becomes
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(note that v X B is perpendicular to v). Now, we only consider the case of uniform
fields (i.e. no r dependence), so we can drop the spatial gradient term. Also, for the
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conductivity tensor, we are only interested in the linear response to the electric field
E, so we can drop the electric field term on the left-hand side (g itself is in first order
with respect to the electric field, so multiplying by the electric field itself gives a term
of second order in the electric field). Finally, linearizing the collision integral in terms of
the fluctuation g, we have

Ifo+g) - / 0K Ok, K )g (K 1) — / aK C(K, W)g(k; 1) + O(gP), (9)

where C'(k,k’) is a scattering kernel. I call the two terms the in-scattering and out-
scattering terms respectively. The out-scattering is usually expressed with the relazation
time T or scattering rate I' = 1/7, which is equal to

1 / /

) /dk C(k', k). (10)

In-scattering is dropped in the relazation time approrimation, which is the case for the
Chambers formula. Our goal here is to keep this term, as it especially becomes important
when there is strong anisotropy in the scattering, which is the case for cuprates. When
the scattering is roughly isotropic, C'(k,k’) does not strongly depend on k and, because
of charge conservation, [dk'C(k,k)g(k’;t) = C [dk' g(k’;t) = 0. Due to time-reversal
symmetry, C'(k, k") = C(k/, k), so if we consider any anisotropy in the out-scattering, we
must do the same for the in-scattering. This means the Chambers formula is just wrong
for anisotropic scattering. So, why does it work effectively anyway? The scattering in
cuprates might only be low-angle, so the in-scattering is small compared to the out-
scattering.

Plugging in the expression for the collision integral into equation (8) and applying
the approximations, we get

(% + T(lk) _ev ; B). Vk>g(k; t) — /dk’C(k, K)g(K:t) = B - v%. (11)
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Depending on whether we want to study steady-state DC fields or AC fields, we can set
0/0t to equal to zero or perform a Fourier transform and set /0t = —iw. For the sake
of completeness, I will go with the latter case (just setting w = 0 and using the regular,
non-Fourier-trasformed fields would produce the former case easily).

This equation can be expressed as

/dk’v(k)A(k, k) g(kK') = h(k) (12)
where
N w 1 _e(v(k) X B) o Ok K)
Ak, X) = ( o(K) + oK) () - Vi |6k — k) ) (13)
h(k) = eE - V(k)%. (14)
Where v = ||v|| and ¥ = v/v. Separating the velocity magnitude v(k) seems like an

arbitrary choice here, but it is done with good reason. Later, it will make the formula



for the conductivity tensor more symmetric and makes the calculation of A a bit more
streamlined. The solution can be expressed as

/ Ak’ A= (k, KA (K'). (15)

So, if we could discretize everything, this would just become a linear system of equations.
This is the goal of the finite element method (FEM).

1.2 The Conductivity Tensor

The current density is given by

2e
J= —W/BZ dkv(k)f(k), (16)

where BZ is the Brillouin zone. The factor of 2 in the numerator is due to the two possible
spin configurations per wavevector k and the factor (27)? in the denominator comes from
the weighted sum over the wavevectors. The conductivity tensor is given by

aJ,
ab — . 1

7 = 9E, (17)

Since there are no currents in equilibrium, we have

2e dg(k)
b = ——— dk v, (k)—=—=. 18
e (27r>d/Bz %®%E, (18)
plugging in the expression for g(k),
2¢? vq(k) dfo
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As T — 0, the Fermi-Dirac distribution becomes a step function, so the term df,/0e
becomes a Dirac delta at the Fermi energy. If we apply the integral over the delta function,
an extra factor of (V,e)™t = (hv)™! (the Jacobian) is added. In the end, we have

Tap = —éﬁ /F K / dk' 0, (k) A~ (k, K)oy (K), (20)

where FS is the Fermi surface, and 0, = v,/v is the component of the velocity in the a
direction, divided by the full magnitude of the velocity.

2 Finite Element Method

2.1 Discretization

To solve this using the finite element method, we first define a set of basis functions, and
then approximate everything as a linear combination of these basis functions. So, the goal
is to express everything in equation (20) in terms of linear combinations of these basis
functions and transform the differential equation problem into a linear algebra problem.



To do this, we use the machinery of tensor calculus, but it is not necessary to have a deep
understanding of it. It is only used to simplify the notation.

Before we begin, remember the simple rule that when summing over an index, it
should be on the top for one quantity and on the bottom for another. If an index is not
summed over, then it will obviously stay where it is in the final quantity. We call this the
index contraction rule. The placement of indices on the top or the bottom has a deeper
connection with tensor calculus and covariance and contravariance, but it is not needed
to understand the procedures here. You can just think of it as a syntactic game. I will
also not use the Einstein summation convention, just to make things completely explicit
and hopefully clearer.

Defining the basis as the set {1;(k)}, we can approximate any function by a linear
combination of these basis functions;

= Z Fiabi(k). (21)

Now, we would like to evaluate integrals over the Fermi surface. So, to make our notation
simpler, we can define quantities with subscripts to represent integrals. Also, notice these
are projections of the functions onto the basis functions.

fi= [ acu s ZfJ/dk@Dz )05 () (22)

It is useful to define the quantity

My = [ i), (23)
which we call the overlap matriz. Using it,

= Z M, f7, (24)

We now try to define the operator in this basis. The question is, where should we
put the indices for the matrix representing the action of operator A in this space? Well,
the action of such matrix on a vector f* should produce a new vector (Af)*. This should
be a linear combination of the components of the vector f!. So, to abide by our rule of
index contraction, the symbol for the matrix of A should have one index on the bottom
to sum over the elements of f and one index on the top for each of the elements of the
resulting vector (Af)’. Putting it all together,

(Af) &) =D (Af) ¥k ZAZ Fiilk (25)
For the integrals, we have
)= [ diciiti) ZA [ acx Z MgALFE(26)

To make it simpler, we can define the symbol
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so that

(AP = Y Ayf? (28)

From equations (24) and (27), we can see that the overlap matrix M performs the
action of lowering the indices. If we invert this matrix in each of these linear systems, we
have

fr=2_ (M7, (20)

A= (MR A, (30)
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Again, the index placement is done by the index contraction rule. So we can see that the
inverse of the overlap matrix M ! performs the action of raising the indices. In tensor
algebra, the equivalent of this is the metric tensor.

Finding the components of the vectors f! is easy; they are just the value of the
functions at each discrete point in our approximation space. But how do we find the
elements of the matrix A? The action of the operator A on a function f(k) is

(Af)() = / 0K Ak, K F(K). (31)

Inserting this into equation (26), and utilizing equation (28), we get
S auf = [ ko) [ ae A1) (32)
J
expanding the function f(k’) in terms of the basis functions from equation (21),

S Auf = [ it [ dk A1) S £u,0). (33)

J

This is true for any function vector f7, so we can drop it from both sides. This finally
gives

Ay = / dk / 4k 165 (k) A (K, K'Y, (). (34)

Now that we know how to expand everything in this discrete basis, let us go back to
our original integral equation (12). We would like to solve

/ 0K Ak, K )g(K) = (Ag)(k) = hk). (35)

To express this equation in terms of the symbols we know, we can multiply both sides by
¥;(k) and integrate over k. This gives

[ k04919 = [ dicitono). (36)
Using equations (22) and (28), this becomes
(Ag)i = hi. (37)
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Expanding the left-hand side,

J

and solving the linear system,
g =) (A)h;. (39)
J
Again, the index placement is done by the index contraction rule. The important result
is that we need to invert the A;; form of the matrix to get the inverse we need for our
case.
(A7 = (Ay)~" (40)

Finally, to calculate the conductivity tensor from (20), we need to multiply v, with
A0, and take an integral over the result. To express this operation in our discrete basis,
consider two functions f and g. Their product is

= uik)e(k), (41)
ij
and the integral over this product is

[k rwal ~3r [ k0w, LRI

So, the vector for one function needs to have indices on top and the other on the bottom.
From equation (39), we can see A0, has the form (A~1)¥(%,);, which would have an
index on top after contraction. Therefore, 0, would have to have an index on the bottom
to perform the multiplication and integration.

Putting everything together, we have

Oab = _(231% Z (0a); (A_l)ij(f)b)j, (43)

or, in terms of all the terms we know how to calculate,

Oup = —(Qfm > [(Z Mz-k@a)’f) (Aiy) ! (Z Mjk@b)’f)] : (44)

To do the computation in practice, M;; and A;; can be calculated from (23) and (34)
respectively, and (9,)" and ()" vector components are the values of 9, and o at the
discrete points of our approximation space. Afterwards, all that will be left to do is two

matrix multiplications M, one linear system solution A~*(M,), and one dot product
(Mtg) - (A" Miy).



2.2 Differential Operator Terms

Splitting A into the comprising terms using (13) and (34), we have
A = /dk (—iw + ! ) (45)
7(k)
- [ v TR B ;XB Vit (K
/dk/dk’z/} ) k) (k)

= Fl] ﬁ ( B) — Sij. (46)

The matrices I';;, D, g and S;; are called the out-scattering, derivative and in-scattering
matrices respectively.
Expanding the k-dependence in terms of the basis functions for the out-scattering

matrix I';; gives
o . 1\ vi(k); (k) (k)
F”—%l/&(zw+a> . (47)

Vg

Let us define the tensor 1I,;; and the vector ~*, such that

iy — / s (k) () (K), (48)
Fz] = Zk Hijkfyk = iw 1
= (49)
Vg Vi Tk

So, for any given basis, we have to calculate the II;j; tensor. The " vector is given by
the velocity, frequency, and scattering kernel (or possibly the scattering rate 1/7 defined
“by hand” when ignoring in-scattering).

Expanding the k-dependence in terms of the basis functions for the in-scattering
matrix S;; gives

S9=3 [ i [ 0000002, () ). (50)

m

Let us define the tensor Z;;,,,,, and the matrix s, such that

o = / dk / Ak 5K (K Y (K)o (), (51)
Sij = D Sigmns™ = C

= . 52
= (52

So, for any given basis, we have to calculate the =, tensor and the s™" matrix is given
from the scattering kernel.

2.3 Piecewise Linear Basis for 2D Fermi Surfaces

The 2D case is a bit simpler and can help you gain a better understanding before moving
to the full 3D case.



We choose n points on k; to represent the Fermi surface. Then, the discretization
of the Fermi surface would be the line segments I; connecting these points. These line
segments are also called the elements. The length of each line segment is

Note that since our domain is a closed curve (the Fermi surface is closed), there are
periodic boundary conditions, which means the point ¢ = n + 1 is the same as i = 1
and ¢ = 0 is the same as ¢ = n. The simplest continuous basis one can define on these
elements is the piecewise linear basis. The basis function for each point k; on the Fermi
surface is linear on the connected elements and peaks at the point k;, equal to 1. It is
zero everywhere else. So, with the parametrization of each line segment I; as

x: I —[0,1], (54)

then the basis functions can be defined as

x, kel_q; (55)
Pik) =< 1—ux, k € I; (56)
0, kel Jjé¢{i—1,i}. (57)

We can now calculate the matrices M;; and A;; in this basis. It is easy to see that,
because each element in these matrices contains the multiplication of two basis functions,
they are only nonzero when i and j are associated with the same point or neighboring
points.

For the overlap matrix,

My = [ dkoiou) = [ dkivl + [ aleor

Iy I

! ! b + 4 58)
= / dx 20, 4 +/ drx (1 —x)%; = u,
0 0 3
1 E
I; 0
Therefore, the full overlap matrix is
bia+ 0 l;
M;; = 1T5z’j + g Girg + Gign)- (60)
For the derivative term D, g, note that the part

(¥(k) x B) - Vi (61)

is the directional derivative in the direction ¥(k) x B. Since the functions are only defined
on the discretized 2D rings in k-space, this is the dot product of the vector v(k) X B
with the direction of the vector k;,; — k; (which is along the line segment I;), which we
call Ak;. The diagonal terms vanish, since the integral over I; and I;_; are completely



the same, but with opposite signs; in the direction of k;_; to k;, the function v); increases
on [;_1, and in the direction of k; to k;,1, it decreases on I;. The neighboring terms are

v x B) - Ak;
(D\‘/X A)m‘+1 = _(DOXB)H_M = / dk i (k) ( £Z>

I;

(oxB)ak

:/Oldx(l—l’)[({fiXE)'Af{i]: 5 )

So, the full matrix is
2 Ty
(Doxs),, = (Vi x B) .Aki(%) (63)

For the out-scattering term I';; = >, II;;57", only the elements where 7, j and k are
all associated with the same point or neighboring points are nonzero.

! ! b+ 0,
My = [ kool + [ il = [deattr [ oo 0P = S
I; I 0 0
(64)
1
l;
Hi+1,i,i = Hi,i+1,i = Hz’,i,i+l = / dk [¢i(k)]2wi+l(k) = / dx (1 - 93)25551' = Ea (65)
I 0
2 ! l;
1L i 1ie1 = Wiai01 = Wiga g1, = / dk ¥;(k) [ (k)] = / drx(l —x)%; = 12’
(66)
Uiy + 0 l; l; !/
1L, = 1T5z‘jk + E(@‘ﬂ,j,k + 8 j-1k) + 1—j2(5i,j+1,k + 6 5k-1) + 1—];(5z‘,j,k+1 +0ic1jk)
(67)
Multiplying this tensor by ", we get the full I';; matrix.
iy + 0 . by . l; , . »
| PP et PN TP IRt PV S P W I PV S
i ( R R A )U+12(7 + ) 6511, o

0., . A
+ 1—; (73 + 7]+1)5z‘,j+1

2.4 Piecewise Linear Basis for 3D Fermi Surfaces

The discretization procedure for the 3D case can be a bit more complicated. In addition
to points, we also need to define some connecting surface for sets of points. In 2D, this
was easy because we could just connect pairs of points with line segments. In 3D, to
make the elements as simple as possible, we use triangles.

We define the Fermi surface by a set of points k; and triangles T'(i, j, k) connecting
the points k;, k; and k. Also, we define 7; as the set of triangles containing the point
k;. Then, defining piecewise linear basis functions, the basis function 1; peaks with value
1 at the point k;, is linear on 7T}, and is 0 everywhere else.

Each triangle is parametrized as

(@,y) : T(i, 5, k) = {(z,y);  €[0,1], y € [0,1 — z]}, (69)



T
>
Figure 1: visualization of the basis functions when the function peaks at each of the

three vertices of the triangle.

so that each triangle is mapped to a unit right-angled triangle. With this mapping, the
basis functions can be defined as

l—2—y, k € T;, (2, Y)max(w) = (0,0); (70)
i) = 1 k €T, (2, Y)max(w,) = (1,0); (71)
Y, k €T, (SE, y)maX(dﬁ) = (O’ 1); (72)
0, k¢ T, (73)

To visualize these basis functions more easily, you can look at Figure 1.

To compute integrals with this parametrization, we can just use the Jacobian of the
transformation. Here, the Jacobian is the ratio of the area of the triangle T'(i, j, k) to the
area of the unit right-angled triangle. Let us define it as

Then, the integrals are transformed as

1 1—2
/ dk = a(i, 7, k‘)/ dx/ dy = (1,7, k) / dx dy . (75)
T(ij,k) 0 0 T

Now, for calculating each term, note that only the elements where the indices are the
same or belong to the same triangle have nonzero overlap (see Figure 2). Here are all the
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v Basis function overlap ¥

Triangular elements S Triangular elements

vl vl

Figure 2: Only neighboring points have overlapping basis functions. Image taken from
the COMSOL website.

nonzero terms in the matrices:

M;; = / dk i(k)ihi(k) = > /T (k))? (76)

(4,,k)ET; (i.5.k)

= Z i, j,k)/d:cdy(l—a:—yf:% Z a(i, j, k),

Zj k ET (ia.j’k)eTi

My = [ vt = Y / k1 ()65 (K) (77)

(4,5,k)€T;NT T(i.3:k)

= > a(i,j,k)dedy(l—x—y)xzi > aligk)

(4,5,k)€T;NT; (i,4,k)E€T;NT;

— Z a(i,j,kz)/dedy(l—w—y)y

(’i,j,k)ETiﬂTj

M = [ ki R0 = / [ 0oy (78)

(4,4,k)€T;
1
o . . 3 _ . .
- Z Oé(Z,j,k)/le’dy(l—‘%—y) *% Z Of(l,j,k),
(Zvjvk)ETi (Z,j,k)ETi
My = Ty = Ty = [ e ()s(10,00) = [ k@mrnm (@)
(i, k)eT;nT; Y T(H3k)
1
_ T 2 .o
- Z a(zujvk)éd$dy(1_x_y)x_@z Oé(lajuk)a
(Z,j,k)ETiﬂT]’ (Z,j,k ETiﬂTj
.. 1
L, = / dk ;i (k)y;(k)yv(k) = (i, 5, k) / dedy (1 —z —y)ey = —ali, j, k).
T(i,4,k) T 120

(80)

For the derivative term, first, we approximate v(k) as a piecewise constant unit vector
field normal to each triangle. That is,

v(k) =sgn(i, g, k)i, 5, k); n(i,j,k) = (k; — k) x (kg — k), (81)
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where nn = n/||n|| and sgn(i, j, k) = +1 is chosen such that the normals always point
outwards from the surface. Also note that ||n(i, 7, k)| = a(i,j, k). The other term we
need is gradient of ¢; on triangle T'(i, j, k). Since 1); is linear on this triangle and peaks

at j, its gradient is a constant vector pointing to j and perpendicular to the opposite
edge ki — k;.

_ w6, g, k)
Viap;(k) = m, (82)
where u;(, 7, k) = ||u;(, j, k)| and
Wi, k) = (I — k) — SRl g g (33

Ik, — k|

The vector u;(7,7,k) is obtained by projecting the vector k; — k; onto the direction
perpendicular to the edge ki — k;. This is done by subtracting the component in the
direction of k; — k; from k; — k;. Using these calculations, we can finally compute the
derivative term.

<\7(k) X 13) Vi = (Viey; X v(k))-B = sgn(i, j, k) <“J(”uf<)l>;‘;(>” k)) .B. (84)

You can simplify this expression by hand. But, using a bit of geometric thinking, it can
be done in a simpler way: since u; is perpendicular to k; — k; and 1 is perpendicular to
the plane of the triangle such that it is generated by counterclockwise ("right-handed”)
cross products of vectors on the plane, u; X fi must be in the direction of k; — k. This
means

- L oo ki—k
w; (2, j, k) X 0(i, j, k) = uj(z,J,k)| - (85)

ki — ke[|

Furthermore, u;(i, 7, k) and k; — ki, can be taken as the high and the base of the triangle
T(i,j, k) respectively, so the product of their norms is twice the area of the triangle,
which is the same as the Jacobian «(i, 7, k). Putting it all together, we have

<(f(k) X B) - Vi = %(kl — k) - B. (86)

Using this, we can compute the derivative matrix.
(Doxs)is = [ diusd) (+() x B) - Viaiy () (87)

)9 sgn iaja k ~
- Z Oé(’l,j,k)/dxdy(l—x—y)ﬁ(ki_kk).]g
(4,4,k)ET;NT) T » I

1 - ~
=3 > sen(i, g k) (k — k) - B,

(4,5,k)€T3NT

Note that this matrix is antisymmetric and the elements on the main diagonal are equal
to zero. The antisymmetry is apparent from the sgn(i, j, k) term. The diagonal being
zero is a bit more subtle. Think about what the sum means when 7 = 7. We are summing
the edges not containing the point ¢ over all triangles containing . But, for any point
inside a closed surface, this just means going around the point ¢ in a closed loop. So,
since we are concerned with closed surfaces, this is always zero.
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Finally, for the in-scattering term, we have

= ([ k000010 ) ([ @k 0,000 ) = Mt (59)
S =Y Eijmns™ =Y My Mjps™. (89)
In summary, defining

( QG = Z O‘(i>j> k)? (90)

(,5,k)€T;

Q5 = Z (ivjv k)v (91)

(4,5,k)€T;NT

dy= Y sen(i,j k)(k — k), (92)

. (i,j,k)ETiﬁTj

the different matrices can be expressed as

(67 (67
M, =% ij
= 25 - 45 (93)
) k
(0781 071780 Z j?
1.
(Doxplis = 5B - dijdgj). (95)

1 1 mn ii
Sz'j = m (Z mgn AimAjnS 5(Zm>6<ﬂn> + Qi S ’
1 in 1 mj
+ 3 E "y + 5 g Qim0 8" O iy | -

d(i5) is equal to 1 if 7 and j are neighboring points, and 0 otherwise. Technically, due to
the definitions, it is not really needed, but I include it to make things a bit clearer.

3 Implementation Details

3.1 Solving Matrix Equations

When sticking with the relaxation time approximation and ignoring the in-scattering,
the matrices are sparse, since there is only overlap between neighboring elements. Even
better, they are nearly banded, meaning that the nonzero elements are only on the main
diagonal and the minor diagonals surrounding it. I say nearly, because there are also
extra corner terms, coming from the periodic boundary conditions of the Brillouin zone.

For solving our matrix equations which involve nearly-banded matrices, there are two
approaches. The first is to treat the matrix as a general sparse matrix and utilize sparse
matrix solvers. The second approach is to use a banded matrix solver in combination
with some other method for handling the off-diagonal, periodic boundary terms.

In terms of time complexity, efficient sparse matrix solvers achieve O(N®/?)
performance, where N indicates the number of nonzero elements in the matrix. In our
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systems, since the nonzero elements correspond to single-point terms and terms coming
from the interaction of closest neighbors (which do not grow with the size of the system),
N scales linearly with the number of discretization points of the system. Note that this
is only true when there is no in-scattering, since that term generates fully dense matrices,
because of the global interaction of states that the scattering Kernel introduces.

For a banded matrix solver, the time complexity is O(Nb?) where b is the bandwidth
of the matrix, which is defined as the number of nonzero diagonals. So, whether this
beats the sparse solver depends on the scaling of the bandwidth. For a 2D system, this
bandwidth is constant and equal to 3, so our system is just a tridiagonal matrix, with 2
corner terms coming from the endpoints of the closed Fermi surface interacting with each
other. This is extremely fast to solve, and thoroughly beats a sparse solver. However, for
3D systems, no matter how we index the points, the bandwidth of the matrix is about
VN and the time complexity will be around O(N?), which is a worse scaling than the
sparse solver.

To understand the 3D bandwidth scaling, picture a cylindrical surface. Imagine that
to construct this surface, we stack rings of points on top of each other. To index the
points, we number the points in each ring in order, and then move to the next layer.
Each point, in addition to being neighbors with points that have close index numbers,
is also neighbors with a point from the other end of the loop and also points from the
top and bottom rings. The difference of the index of these other points from the point is
around the number of points in a ring. Since there are N points in total on the surface,
the number of points in each of the rings should be around v/N. The nonzero elements are
belong to neighbors, and now we have neighbors that have indices that are v/ N apart. On
the matrix, this is a point where row number and the column number (which correspond
to two different points) are v N apart, which means that it is VN away from the main
diagonal. So, the bandwidth will be around 2v/N.

In practice, we see that the sparse solver is faster than the banded solver for any
system size, not just large systems. See Figure 3. So, I decided to use a sparse solver in
general.

3.2 Triangulation and Periodic Boundary Conditions

There are many different ways of dividing up the Fermi surface into triangles. I tried
any of these triangulation methods that I could find, and I found that there is negligible
difference between them. So, in the package, the simplest one is used, which is marching
cubes. This was already used before in the Chambers package.

One difference of the FEM and the Chambers formula is the fact that in the FEM, the
periodic boundary conditions of the Brillouin zone need to be enforced explicitly. This is
only required if we have a Fermi surface that crosses the boundaries of the Brillouin zone,
and the symmetry is broken in the axis where the crossing happens. So, for example, in
the case of ADMR, where we have a rotating field, pointing in arbitrary directions.

To enforce the periodic boundary conditions, we first assume the triangulated Fermi
surface has identical points on the opposite sides of the Brillouin zone on the axis where
the crossing happens. Then, to force these points to be the same in the solution, we
reduce the system to a smaller one with only unique points. Suppose we have some
vector b where we have a quantity attributed to each point on the full triangulated Fermi
surface. Now, the same quantity defined only on the unique points can be represented
by a vector with smaller number of dimensions, b’. To go from b to b’, we can define a
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Figure 3: Comparison of the runtime of the sparse and banded implementations on a
wide range of system sizes. The banded solver is never faster.

matrix P such that
b'=Pb = b= P'D. (97)
Most of the columns in P just contain a single 1, but for the points that are duplicated,

the corresponding column contains multiple 1s, one for each duplicate point. Now, if we
have a matrix equation such that

Ax=b (98)
and we want the quantity
c=a-x=a-(A"'b), (99)
we can rewrite everything in the “reduced” space as
Ax=P"0' = o=P"a' - (A7'P"D). (100)

One might prefer to think of P as a transformation for the matrix A:
o=a’x=a" PA'PTb = a" (PAPT)" b, (101)

but I like to keep it as a transformation for the vectors, since we can just transform the
vectors and keep every other step the same. In fact. the transformation only needs to be
done once, since a and b are different components of the projected velocity v; and v;,
and it suffices to transform the matrix containing each component in each column. This
turns out to be faster than transforming the matrix A.

Note: In the code, PT is called the projection matrix and is all that the package
works with, since it is the only thing that is needed to transform the vectors. You can
think of PT as the transformation reducing the full space to the unique space. The reason
I did not use this for the explanation is that it is not clear that the reduced space point
should be a sum of the full space points before seeing the transformation matrix from the
reduced space to the full space.
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3.3 Curvature corrections

There is one very cheap correction we can do to improve the accuracy at low resolutions.
When triangulating a curved surface, we are always underestimating the surface area,
since the flat triangles always have less surface area than the patch on the curved surface
that they are approximating. This happens when the points are on the surface. Now,
imagine having the triangular faces tangent to the surface instead. In this case, the surface
area is much closer to the actual curved surface. In the limit, these two approximations
converge to the same surface, but at low resolutions, the tangent plane approximates the
surface area much better. To understand this intuitively, imagine taking a curved patch
of the surface and flattening it on a table. The resulting shape is the projection of the
curved patch onto the tangent plane. This looks close to the tangent face we are using,
but slight misalignments make it inexact. But it is still much better than the face that
has the vertices on the surface.

4 Results

4.1 Free Electrons

Figure 4 shows the comparison of the FEM to the Drude model for free electrons in two
dimensions. As expected, they match perfectly. The convergence is exponential, as seen
in Figure 5. The results are quite similar in 3D, so I do not include them here.

4.2 Cuprates

In the more complicated case of the cuprates, we only have the Chambers formula to
compare to. Since the Chambers formula itself is an approximation, it is hard to evaluate
the actual accuracy of the FEM. However, seeing as the results of the FEM converge
faster, and that the results of Chambers get closer to the results of the FEM at higher
resolutions we can be confident that the FEM is more accurate. See Figure 6 and 7 for
some comparisons. See Figure 8 for a comparison of the convergence. Also, you can see
from the comparison to the Drude model in Figure 9 that the FEM is more accurate at
calculating the resistivity for free electrons, which adds to the evidence that the FEM is
more accurate.

We can also see that the Ry of the FEM correctly converges to —1/ne at very high
fields. See Figure 10. This does not require high resolutions, and higher fields do not
require more computation, unlike the Chambers formula. This shows another advantage
of the FEM over the Chambers formula.

4.3 Performance

As seen in Figure 6 from the previous section, the FEM is 5 to 6 times faster than
the Chambers formula at resolutions with similar accuracy. Keep in mind that this is
a comparison to the marching squares implementation, which is faster but not always
possible to use, as the absolute value of the resistivity can be quite inaccurate.

Having said that, the true power of the FEM becomes apparent in cleaner materials
like PdCoOs. The FEM can be two orders of magnitude faster. For an example, see
Figure 11.
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Figure 4: Comparison of the FEM to the Drude model for free electrons in 2D at a
relatively low marching cubes resolution of 20.
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Figure 5: The maximum relative error of the FEM compared to the Drude model for
free electrons in 2D as a function of the marching cubes resolution. The convergence is
exponential, and we already hit 99.9% accuracy at a resolution of around 20. The
jaggedness is because of imperfections in the triangulation.
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Figure 6: Comparison of the ADMR of Nd-LSCO calculated by the FEM and the
Chambers formula. By focusing on the relative changes only instead of the full absolute
resistivity, we can see that the models are quite similar.
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Figure 7: Comparison of the magnetoresistance of Nd-LSCO calculated by the FEM
and the Chambers formula. This is at high resolution, and there is even a larger
discrepency at lower resolutions. However, most of the discrepency comes from a

difference in the absolute value, and the relative changes are quite similar.
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Figure 8: The convergence of the FEM and the Chambers formula for Nd-LSCO. As you
can see, the FEM converges faster, which indicates that it is probably more accurate.
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Figure 9: The resistivity of free electrons is 3D, as calculated by the FEM and the
Chambers formula (with similar resolutions), compared to the Drude model that is the
exact solution here. As you can see, the FEM is more accurate.

19



Nd-LSCO

..... —1/nee
0.0 —— (Chambers |

=== FEM

Magnetic field (T)

Figure 10: The Hall coefficient of Nd-LSCO calculated by the FEM and the Chambers
formula. Both correctly converge to —1/ne at high fields.
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Figure 11: Comparison of the ADMR of PdCoO, calculated by the FEM and the
Chambers formula. The FEM is more than 120 times faster at similar accuracy.
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